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Abstract The purpose of this survey article is to give an introduction to double oper-
ator integrals and multiple operator integrals and to discuss various applications of
such operator integrals in perturbation theory. We start with the Birman—Solomyak
approach to define double operator integrals and consider applications in estimating
operator differences f (A)— f (B) for self-adjoint operators A and B. Next, we present
the Birman—Solomyak approach to the Lifshits—Krein trace formula that is based on
double operator integrals. We study the class of operator Lipschitz functions, operator
differentiable functions, operator Holder functions, obtain Schatten—von Neumann
estimates for operator differences. Finally, we consider in Chapter 1 estimates of
functions of normal operators and functions of d-tuples of commuting self-adjoint
operators under perturbations. In Chapter 2 we define multiple operator integrals in
the case when the integrands belong to the integral projective tensor product of L*°
spaces. We consider applications of such multiple operator integrals to the problem of
the existence of higher operator derivatives and to the problem of estimating higher
operator differences. We also consider connections with trace formulae for functions
of operators under perturbations of class S,,, m > 2. In the last chapter we define
Haagerup-like tensor products of the first kind and of the second kind and we use
them to study functions of noncommuting self-adjoint operators under perturbation.
We show that for functions f in the Besov class B;o’l(R2) and for p € [1,2] we
have a Lipschitz type estimate in the Schatten—von Neumann norm S, for functions
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16 V. V. Peller

of pairs of noncommuting self-adjoint operators, but there is no such a Lipschitz type
estimate in the norm of S, with p > 2 as well as in the operator norm. We also use
triple operator integrals to estimate the trace norms of commutators of functions of
almost commuting self-adjoint operators and extend the Helton—Howe trace formula
for arbitrary functions in the Besov space B;O’I R?).

1 Introduction

In this survey article we study the role of double operator integrals and multiple oper-
ator integrals in perturbation theory. Double operator integrals appeared in the paper
[24] by Daletskii and Krein. In that paper they considered the problem of differenti-
ating the operator-valued function t — f (A + tK), where A and K are self-adjoint
operators on Hilbert space. They discovered the following formula that expresses the
derivative in terms of double operator integrals:

d _
S+ 1K) lmo = / / T =IO (0K dEAG)
t xX—y

RxR

for sufficiently nice functions f. Here E4 stands for the spectral measure of A.

That time there was no rigorous theory of double operator integrals. Such a theory
was developed later by Birman and Solomyak [17,18,20].

In general double operator integrals are expressions of the form

// O(x, y)dE| (x)T dEa (),

where @ is a measurable function, T is a linear operator, and £ and E, are spectral
measures on Hilbert space.

The Birman—Solomyak approach allows one to define such integrals in the case
when T is a Hilbert—-Schmidt operator and & is an arbitrary bounded measurable
function. This, in turn, permits us to define double operator integrals for arbitrary
bounded linear operators 7" and for functions ® satisfying certain assumptions (such
functions are called Schur multipliers).

It turned out that double operator integrals play a very important role in perturbation
theory. They appear naturally when estimating various norms of operator differences
f(A) — f(B), where A is an unperturbed operator and B is a perturbed operator.
In particular, double operator integrals are very helpful when studying the class of
operator Lipschitz functions, i.e., functions f on R, for which

If(A) = f(B)| < const||A— B (1.1)
It turns out that if inequality (1.1) holds for all bounded self-adjoint operators A and
B, then the same inequality holds for unbounded A and B once A — B is bounded.

Roughly speaking, a functions f on R is operator Lipschitz if and only if the divided
difference (x, y) — m%;(y) is a Schur multiplier.
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Multiple operator integrals in perturbation theory 17

It is obvious that operator Lipschitz functions f must be Lipschitz, i.e., the inequal-
ity | f(x) — f(y)| < const |x — y| must hold for x, y € R. The question whether the
converse is true was resolved in negative by Farforovskaya [25]. Later McIntosh [45]
and Kato [35] proved that the function x > |x| is not operator Lischitz. Then in [34]
it was shown that operator Lipschitz functions must be differentiable everywhere on R
(but not necessarily continuously differentiable, see [38]. Later in [51] necessary con-
ditions for operator Lipschitzness were found in terms of Besov spaces and Carleson
measures (see also [54]).

In Chapter 1 we give an introduction to the theory of double operator integrals
and define and characterize the class of Schur multipliers. Then we consider var-
ious applications of double operator integrals in perturbation theory. Namely, we
study operator Lipschitz functions, operator Holder functions, operator differentiable
functions. We obtain sharp estimates for Schatten—von Neumann norms of operator
differences f(A) — f(B) for functions f in the Holder class Ay (R). We present
the Birman—Solomyak approach to the Lifshits—Krein trace formula that is based on
double operator integrals. We also consider similar problems for functions of normal
operators and for functions of m-tuples of commuting self-adjoint operators.

In Chapter 2 we proceed to multiple operator integrals, i.e., expressions of the form

/~’~/®(X1,X2,..-,xm)dEl(X1)T1dE2(X2)T2'~'Tm71dEm(xm)~

~———
m

We follow the approach to multiple operator integrals given in [57] and define such
multiple operator integrals in the case when the integrand WV belongs to the (integral)
projective tensor products of the spaces L°(E;), 1 < j < m. We use this approach
to study the problem of the existence of higher operator derivatives of the function
t = f(A+1tK) and express higher operator derivatives in terms of multiple operator
integrals. We also use multiple operator integrals to obtain sharp estimates of higher
operator differences

S -1y (’7) FOA+ K.
=0

Finally, in the last section of Chapter 2 we apply multiple operator integrals to trace
formulae for functions of self-adjoint operators of class S, withm € Z, m > 2.

An alternative approach to multiple operator integrals is given in [33]. That approach
is based on the Haagerup tensor product of L spaces. We define in Chapter 3 triple
operator integrals whose integrands belong to the Haaherup tensor product of three L*°
spaces. We study Schatten—von Neumann properties of such triple operator integrals
and we see that their Schatten—von Neumann properties are not as nice as in the case
of triple operator integrals with integrands in the integral projective tensor product.

We are going to use triple operator integrals to estimate functions of pairs of non-
commuting self-adjoint operators under perturbation. It turns out that for our purposes
none of the approaches based on the integral projective tensor product and on the
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18 V. V. Peller

Haagerup tensor product of L™ spaces works. We define new tensor products and call
them Haagerup-like tensor products of the first kind and of the second kind. Then we
define triple operator integrals with integrands in such Haagerup-like tensor products
and use them to estimate the norms || f (A1, B1) — f(A2, B2)|l, where (A>, By) is a
perturbation of (A1, By) and f is a function in the Besov space B;O’l (R?).

Note that functions f(A, B) for not necessarily commuting self-adjoint operators
are defined as double operator integrals

f(A, B) = / fx, y)dEs(x)dEp(y).

We show that for p € [1, 2], we have a Lipschitz type estimate in the Schatten—von
Neumann norm S, but such Lipschitz type estimates do not hold in §, with p > 2 as
well as in the operator norm. We conclude the chapter with estimating commutators
of almost commuting self-adjoint operators (A and B are called almost commuting is
AB — BA € S1). Such estimates allow us to extend the Helton—Howe trace formula
for arbitrary functions in the Besov class B;O’I (R?). The results of the last chapter
were obtained recently in [1-3,12].

I am grateful to A. B. Aleksandrov for helpful remarks.

2 Preliminaries

In this section we collect necessary information on function spaces and operator ideals.

2.1 Besov classes of functions on Euclidean spaces and Littlewood—Paley type
expansions

The technique of Littlewood—Paley type expansions of functions or distributions on

Euclidean spaces is a very important tool in harmonic analysis.
Let w be an infinitely differentiable function on R such that

I
w >0, suppr[E,Z], and w(s):l—w(%) for s €[1,2]. (2.1)

We define the functions W,,, n € Z, on R4 by

1/2

d
(«?Wn)(x)=w(”2x—n”), nez, x=x1,...,x2), |x ||d£f Zx% ’

where .Z is the Fourier transform defined on L' (R?) by

(Jf)(z)=/f(x)e*i<x’f>dx, X = (s Xg)y 1=ty tg)s (6,0) difzx]zj.
R4
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Multiple operator integrals in perturbation theory 19

Clearly,

DUFW) =1, teRN\(0}

nez

With each tempered distribution f € .#/(R?), we associate the sequence { f,,} <7,

Fo & f W, (2.2)

The formal series >, .7 f, is a Littlewood—Paley type expansion of f. This series
does not necessarily converge to f. Note that in this paper a significant role is played by
the Besov spaces B;O’l (R?) (see the definition below). For functions f € B;o, 1 (RY),
we have

FO) = fG) =D (f10) = fu»). x. yeR?,

nez

and the series on the right converges uniformly. )
Initially we define the (homogeneous) Besov class B;',, q(Rd), s > 0,1 < p,
q < 00, as the space of all f € .%/(R") such that

2" fullLrtnez € £4(Z) (2.3)

and put

def
I fllss, = 2" I fullrdnezllea z)-
P

According to this definition, the space B; q (R9) contains all polynomials and all
polynomials f satisfy the equality || f|| By, = 0. Moreover, the distribution f is
determined by the sequence { f}, },,c7 uniquely up to a polynomial. It is easy to see that
the series >, fu converges in .7’ (RY). However, the series >, _o f» can diverge
in general. It can easily be proved that the series

d

ar
P In —.  where r; >0, for 1<j<d. D ri=r. (24
= 0xy - Oy =

converges uniformly on R? for every nonnegative integer r > s — d/p. Note that in
the case g = 1 the series (2.4) converges uniformly, whenever r > s — d/p.
Now we can define the modified (homogeneous) Besov class B;’ q(Rd ). We say

that a distribution f belongs to B‘;,‘ q (R9) if (2.3) holds and

U

af 0" fn .
a9 = Z o o whenever r; >0, for 1<j<d, er =r.
1 d nez 1 d j=1
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20 V. V. Peller

in the space .’ (R?), where r is the minimal nonnegative integer such thatr > s—d/p
(r > s —d/pif g = 1). Now the function f is determined uniquely by the sequence
{fn}nez up to a polynomial of degree less than r, and a polynomial g belongs to
B;,q(Rd) if and only if deg g < r.

In the case when p = ¢ we use the notation B;', (R?) for B;’ p(Rd).

Consider now the scale A, (RY), @ > 0, of Holder—Zygmund classes. They can be

defined by A (R%) def B, (R?). We need a description of Ay in terms of convolutions

with de la Vallée Poussin type kernel V,.
To define a de la Vallée Poussin type kernel V,,, we define the C* function v on R
by

v(x) =1 for x e [=1,1] and v(x) =w(x]) if x| =1,  (2.5)

where w is the function defined by (2.1). We define V,,, n € Z, by
yVn(x)défv(”zx—n”), neZ, xelR

In the definition of the classes A, (Rd ),a > 0, we can replace the condition || f;, ]| o <
const 27", n € 7Z, with the condition

If — f * VallLe < const 27", n € Z. (2.6)

In the case of Besov classes BS, q (R?) the functions f,,, defined by (2.2) have the
following properties: f, € L>®°(R?) and supp.Z f C {€ € R?: ||&|| < 2"*!}. Such
functions can be characterized by the following Paley—Wiener—Schwartz type theorem
(see [63], Theorem 7.23 and exercise 15 of Chapter 7):

Let f be a continuous function on R? and let M, o > 0. The following statements
are equivalent:

() |f] <M andsupp 7 f C (£ € RY: |§]| < o}
(i) f is a restriction to R of an entire function on C¢ such that

|f(2)] < Meom =l

forall z € C4.

Besov classes admit many other descriptions. We give here the definition in terms
of finite differences. For h € R?, we define the difference operator Ay,

(Anf)(x) = f(x +h) — f(x), xeR
It is easy to see that B;.q(Rd) C L] .(RY) for every s > 0 and B;’Q(Rd) C C(RY)

for every s > d/p. Let s > 0 and let m be the integer such that m — 1 <s < m. The
Besov space B‘f,, q (R?) can be defined as the set of functions f € L} (R?) such that

loc
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Multiple operator integrals in perturbation theory 21

/Rd ||~ AT £119, dh < 00 for g < o0

and

1A fllLe

o ST for 4= 0.

However, with this definition the Besov space can contain polynomials of higher
degree than in the case of the first definition given above.
We refer the reader to [49,66] for more detailed information on Besov spaces.

2.2 Besov classes of periodic functions
Studying periodic functions on R? is equivalent to studying functions on the d-

dimensional torus T¢. To define Besov spaces on T4, we consider a function w
satisfying (2.1) and define the trigonometric polynomials W, n > 0, by

Wa@) € > w (';-')y =1 W)= Y ¢,
jezd {j:1j1=1}
where
C=( et €T j=Groooda), and = (3P + -+ L),
For a distribution f on T¢ we put
fao=fxW,, n=>0,
and we say that f belongs the Besov class Bz’q(Td), s>0,1<p, qg<o0,if

{2%s1l fullLr tn=0 € €7. 2.7

Note that locally the Besov space Bj, q(Rd) coincides with the Besov space B, ,
of periodic functions on R¥.

2.3 Operator ideals

For a bounded linear operator 7 on Hilbert space, we consider its singular values
si(T), j=0,

5;(T) & inf{||T — R|: rank R < j}.

LetS,,0 < p < o0, be the Schatten—von Neumann class of operators 7" on Hilbert
space such that
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22 V. V. Peller

1/p

ITls, € (> (5;)” | <.

j=0
This is a normed ideal for p > 1. The class S is called trace class. For a linear
operators 7' on a Hilbert space .77 its trace is defined by

def
trace T = Z(Tej,ej),
j=0

where {e;} j>0 is an orthonormal basis in 7. The right-hand side does not depend on
the choice of a basis.

The class S is called the Hilbert—Schmidt class. It is a Hilbert space with inner
product

(T, R)s, & trace(T R*).

For p € (1, 00), the dual space (S)* can be isometrically identified with S p With
respect to the pairing

(T, R) & trace(T R).

The dual space to S| can be identified with the space of bounded linear operators,
while the dual space to the space of compact operators can be identified with S with
respect to the same pairing.

We refer the reader to [32] for detailed information on singular values and operator
ideals.

Chapter 1
Applications of double operator integrals in perturbation theory

In the first chapter we give an introduction to the theory of double operator integrals that
was developed by Birman and Solomyak. We discuss the problem of a representation
for operator differences f(A) — f(B) in terms of double operator integrals. This
allows us to obtain necessary conditions and sufficient conditions for a function on
the real line to be operator Lipschitz. In particular, we show that if f belongs to
the Besov class Bc1>o,1(R)’ then f is operator Lipschitz. It turns out that the same

condition f € Béo,l(R) is also sufficient for operator differentiability. Next, we present
the Birman—Solomyak approach to the Lifshits—Krein trace formula. Their approach
is based on double operator integrals. We also discuss Holder type estimates and
Schatten—von Neumann estimates for operator differences.

Finally, we consider perturbations of functions of normal operators and perturba-
tions of functions of m-tuples of commuting self-adjoint operators.
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Multiple operator integrals in perturbation theory 23

1.1 An introduction to double operator integrals

Double operator integrals appeared in the paper [24] by Daletskii and Krein. It was
Birman and Solomyak who developed later the beautiful theory of double operator
integrals in [17,18,20].

Let (27, E1) and (%, E3) be spaces with spectral measures E| and E; on a Hilbert
space 77 . The idea of Birman and Solomyak is to define first double operator integrals

/Cb(x, VAE((x)T dE>(y) (1.1.1)
x
for bounded measurable functions ® and operators 7 of Hilbert—Schmidt class S>.

Consider the spectral measure & whose values are orthogonal projections on the Hilbert
space S», which is defined by

E(A x A)T = E{(AMTE>(A), T €S,

A and A being measurable subsets of 2" and %". Obviously, left multiplication by
E{(A) commutes with right multiplication by Ez(A). It was shown in [22] that &
extends to a spectral measure on 2~ x % and if ® is a bounded measurable function
on 2" x %, by definition,

//@(x,y)dEl(x)TdEz(y)déf / ode | T.
AR X xY

Clearly,

//d><x,y>dE1<x)TdEz<y> < Bl ]T s,
2 S»

It

/ @(x, y)dE1(x)T dE2(y) € S
VA4
forevery T € S1, we say that ® is a Schur multiplier of S1 associated with the spectral
measures E| and E».

To define double operator integrals of the form (1.1.1) for bounded linear operators
T, we consider the transformer

0 //cb(y,x)dEzdeEl(x), 0es,
A
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24 V. V. Peller

and assume that the function (y, x) — ®(y, x) is a Schur multiplier of S| associated
with £, and E;.
In this case the transformer

T — //Q(x,y)dEl(x)TdEz(y), T €8s, (1.1.2)

extends by duality to a bounded linear transformer on the space of bounded linear
operators on .7 and we say that the function @ is a Schur multiplier (with respect to
E1| and E;) of the space of bounded linear operators. We denote the space of such
Schur multipliers by 9(Ey, E>). The norm of ® in MM (Ey, E») is, by definition, the
norm of the transformer (1.1.2) on the space of bounded linear operators.

The function ® in (1.1.2) is called the integrand of the double operator integral.

Note that the term Schur multiplier in the context of double operator integrals was
introduced in [51]. This is a generalization of the notion of a matrix Schur multiplier.
Indeed, consider the very special case when the Hilbert space is the sequence space
€2 and both spectral measures E| and E; are defined on the o-algebra of all subsets
of Z4 as follows: E1(A) = E»(A) is the orthogonal projection onto the closed linear
span of the vectors e,, n € A, where {e, },>0 is the standard orthonormal basis of 2
In this case a function ® on Z x Z is a Schur multiplier if and only if the matrix
{®(m, n)}u.n>0 (for which we keep the notation ®) is a matrix Schur multiplier, i.e.,

T ={tjx}ji=0e B = &xT eB,

where B is the space of matrices that induce bounded linear operators on £> and ® T
is the Hadamard—Schur product of the matrices ® and T'. Recall that the Hadamard—
Schur product A x B of matrices A = {a i} ;>0 and B = {bjx} k>0 is defined by

(AxB)jx =ajibji, J, k € ZLy.

It is easy to see that if a function ® on 2~ x % belongs to the projective tensor
product L (E)®L®(E;) of L>(E1) and L*®(E>) (i.e., ® admits a representation

D(x,y) = D @al)Pu(),

n>0

where ¢, € L*(E}), ¥, € L°°(E3), and

D lgallo¥nllLe < o0),

n>0

then ® € MM (E, E3). For such function ® we have

n>0

//@(x,y)dEl(x)TdEz(y)zz /(pndEl T /WndEz
PARS a

C
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Multiple operator integrals in perturbation theory 25

More generally, ® € 9M(E|, E») if ® belongs to the integral projective tensor
product L (E1)®;L>(E>) of L®(E}) and L (E»), i.e., ® admits a representation

<I>(x,y)=/9</)(x,w)¢(y, w) di(w), (1.1.3)

where (€2, 1) is a o -finite measure space, ¢ is a measurable function on 2"~ x Q, ¥ is
a measurable function on % x €, and

/Q loC, wllLeemp 1V ¢ w)ll Lo (£, dA(w) < o0. (1.1.4)
If ® € L®(E)®;L>®(E,), then

/ / ®(x, y) dE1 ()T dEx(y)
AR

=/ /w(x,w)da(x) T /w(y,undEz(y) dr(w).
Q VA w

Clearly, the function

w s (/ o(x, w)d&(x)) T (/ v, w)d@(y))
KA A

is weakly measurable and

/ /(p(x, w)dE{(x) | T /1/f(y, w)dE>(w) dr(w) < oo.
Q A w

It is easy to see that

|©||EUZ(E1,E2) = ”q)”L“(El)@iLOO(Ez)’

where || ®|| Loo@; Lo is, by definition, the infimum of the left-hand side of (1.1.4) over
all representations of @ of the form (1.1.3).

It turns out that all Schur multipliers can be obtained in this way (see Theorem 1.1.1
below).

Another sufficient condition for a function to be a Schur multiplier can be stated in
terms of the Haagerup tensor products of L spaces. The Haagerup tensor product
L*°(E}) ®p L*°(E>) can be defined as the space of functions ® of the form

D(x,y) = D ou(X)Yn (), (1.1.5)

n>0
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26 V. V. Peller

where ¢, € L*(E), ¥, € L°°(E3) and

{@nln=0 € LT (€%) and {Y}n=0 € LT (£7).

The norm of ® in L*°(E) ®n L°(E») is defined as the infimum of
” {(pn }nzo H L%OI (52) ” {Wn }IIZO ” L%Oz(eZ)

over all representations of ® of the form (1.1.5). Here

1/2 172

>yl

n>0

> lgal®

n>0

def def
lnbnzollLgs ) = and | (Ynbnz0ll s 2) =

L>®(Ey) L (E)

It can easily be verified that if ® € L°°(E1) ®y L°(E3), then ® € 9M(E, Ey) and

// O(x,y)dE1 ()T dEs(y) = D (/ On dEl) T (/ i dEz) :

n>0

Itis also easy to see that the series on the right converges in the weak operator topology
and

1@ lonce,, ) < IPllLooE)@LL®(ES)-

As the following theorem says, the condition ® € L*°(E|) ®p L°°(E>) is not only
sufficient, but also necessary.

Theorem 1.1.1 Let ® be a measurable function on 2 x % and let i and v be positive
measures on 2 and % that are mutually absolutely continuous with respect to E|
and E3. The following are equivalent:

(1) ® € M(Ey, Er);
(i) ® € L¥(E)®iL®(E);
(ili)) ® € L>*(E1) ®n L*(E2);
(iv) there exist measurable functions ¢ on Z x Q and  on & x Q such that (1.1.3)

holds and
1/2
(/Q 1Y (-, w)|2dx(w))

1/2
H ( / (., w)|2dx<w>)
Q

(v) if the integral operator f +> [k(x,y)f(y)dv(y) from L*(v) to L*(n)
belongs to Si, then the same is true for the integral operator f +>

JW(x, k(x, y) f(y)dv(y).

< 00;

L®(E}) L*>®(E7)

(1.1.6)
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Multiple operator integrals in perturbation theory 27

The implications (iv) = ()< (v) were established in [20]. In the case of matrix
Schur multipliers the fact that (i) implies (ii) was proved in [15]. We refer the reader
to [51] for the proof of the equivalence of (i), (ii), and (iv) and to [60] for the proof of
the fact that (i) is equivalent to (iii).

Suppose that §; and > are closed subsets of R. We denote by Mz, = the space
of functions that belong to 9 (E, E,) for arbitrary Borel spectral measures E; and
E; such that supp E1 C §2 and supp E> C §2.

It is well known (see [37,39]) that if @ is a continuous function on §; x §» and E;
and E; are Borel spectral measures such that supp E; = §» and supp E3 = §2, then
® € Mg, 3, if and only if & € M(E, E). The same conclusion under the weaker
assumption that @ is continuous in each variable was established in [8].

It is easy to see that conditions (i)—(iv) are also equivalent to the fact that ® is a
Schur multiplier of S;. It follows that if J is an operator ideal that is an interpolation
ideal between the space of bounded linear operators and trace class S and @ satisfies
one of the conditions (i)—(iv), then ® is a Schur multiplier of J, i.e.,

Tel = // ®(x, y)dE)(x)T dEa(y) € 7.

In particular, this is true when J is the Schatten—von Neumann class S, 1 < p < oo.

If J is a separable (symmetrically normed) operator ideal (see [32]) , we say that a
function @ is a Schur multiplier of J if the transformer 7'+ [[ ® dE;T d E defined
on § admits an extension to a bounded linear operator on J. In the case when J is an
operator ideal dual to separable, we can define Schur multiplier of J by duality. We
denote the space of Schur multipliers of J with respect to E; and E; by M5(Eq, E»).

Consider now the case when £1 = E», = E and T € S;. It follows easily from
Theorem 1.1.1 that functions in the space M(E, E) of Schur multipliers have traces
on the diagonal

D — <I>|{(x,x):xe 2}

and the traces of functions in .Z (E, E) belong to L>°(E).
The following useful fact was established in [20].

Theorem 1.1.2 Let E be a spectral measure and ® € M(E, E). Supposethat T € S.
Then

trace (//fb(x, VAEX)T dE(y)) = / D (x, x)du(x), (1.1.7)

where  is the complex measure defined by
w(A) = trace(T E(A)).

Proof 1Tt follows easily from Theorem 1.1.1 that it suffices to establish formula (1.1.7)
in the case @ (x, y) = ¢(xX)¥ (y), ¢, ¥ € L°*(E). We have

@ Springer



28 V. V. Peller

e ([ sz azis) - wae ([ oaz) [ var))
e ([ war) (f iz )
e ([ ovaz) 1) = ot

O

1.2 A representation of operator differences in terms of double operator integrals

In the paper [24] by Daletskii and Krein under certain assumptions on a function f
on R the following formula was discovered:

f(A)—f(B)=//WdEA(s)(A—B)dEB(t) (1.2.1)

R R

for bounded self-adjoint operators A and B. Here E 4 and E p are the spectral measures
of A and B. Later in Birman and Solomyak [20] proved formula (1.2.1) in a much
more general situation.

Consider first the case when A — B belongs to the Hilbert—Schmidt class S>. Suppose
that f is a Lipschitz function on R, i.e.,

[f(s) — f()] <const|s —1]|, s, t€R, ||f||Lip(¥Sipw-
s#L -

Consider the divided difference © f defined by

®@Ns.0) =

f(Si—f(Dv sE1.

—1

It was established in [20] that in the case A — B € S, formula (1.2.1) holds for
arbitrary Lipschitz functions f. To understand the right-hand side of (1.2.1) for

Lipschitz functions, we have to define the divided difference ®© f on the diagonal

def
A= {(x,x): x € R}. It turns out that no matter how we can define © f on

the diagonal, formula (1.2.1) holds. If f is differentiable, it is natural to assume
that (D f)(s,s) = f/'(s). We can also define D f to be zero on the diagonal.
Put

@), 0, s #t,
(Do f)(s, 1) = |0

s s =1.
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Theorem 1.2.1 Suppose that A and B are (not necessarily bounded) self-adjoint
operators such that A — B € S,. Let § be a bounded Borel function on R? such that

f|R2\A = @f|R2\A' Then

f(A) — f(B) = //f(s,t)dEA(s)(A — B)dER(1). (1.2.2)
R R

Corollary 1.2.2 If A and B are self-adjoint operators such that A — B € S> and f
is a Lipschitz functions on R, then f(A) — f(B) € S, and

If(A) = f(B)lls, = I fllLipllA = Blls,-
Proof It suffices to put f = Do f. O

We refer the reader to [20] for the proof of Theorem 1.2.1. Here we prove an analog
of Theorem 1.2.1 in the case when A — B is a bounded operator.

Theorem 1.2.3 Suppose that A and B are (not necessarily bounded) self-adjoint
operators such that the operator A — B is bounded. Let § be a function on R? such
that f € M(E 4, Ep) and f|go, o = D f|ga, o+ Then formula (1.2.2) holds and

£ (A) = fFB = IflonEs, £5) 1A — Bl

Proof Consider first the case when A an B are bounded operators. We have
// f(s,1)dEa(s)(A — B)dEpg(1) =/ f(s,t1)dEA(s)AdER(1)

- / f(s,t)dEA(s)BdEpR(1).

It is easy to see from the definition of double operator integrals in the Hilbert—Schmidt
case that

[[16.0aEsadEnw = [[si6.0dErs) aEw
and

/ / (5. 1) dEa(s)BdEp(r) = / / (5. 1) dEa(s) dEg (1),
Thus

// f(s,1)dEA(s)(A — B)dEp(1) =/ (s = D)f(s, 1) dEs(s) dEp(1).
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Clearly, (s — t)f(s,t) = f(s) — f(¢) forall s, t € R. It follows that

// fls,1)dEA(s)(A— B)dEg(1) = // f(s)dEA(s)dEp(t)

—// J@)dEA(s)dEp(1) = f(A) — f(B).

Suppose now that A and B are unbounded self-adjoint operators.

Clearly, f must be a Lipschitz function. It follows easily that the domain of f(A)
contains the domain of A and the same is true for the operator B. Hence, f(A) — f(B)
is a densely defined operator. Let us prove that it extends to a bounded operator and
its extension (for which we keep the same notion f(A) — f(B)) satisfies (1.2.2).

Consider the orthogonal projections

def def
Py Z E4(=N.N)) and Qy = Ep([—N.N))
and define bounded self-adjoint operators A[y] and B[y by

Any = PvA and By = OnB.

Obviously,
Jm Py (/ f(s, 1) dEa(s)(A — B)dEB(t)) On
=/ f(s,1)dEA(s)(A — B)dEp(t)

in the strong operator topology.
On the other hand, it is easy to see that

Py (// f(s, 1) dEA(s)(A — B)dEB(t)) On

=Py (/ (s, 1) dEayy (s)(AN — BN) dEBy, (l)) OnN

= Py(f(Any) — f(Bv))ON

because equality (1.2.2) holds for bounded self-adjoint operators. It remains to observe
that

Py (f(Av) — f(Bv)) Onx
= Py(f(A) — f(B))Qnx — (f(A)— f(B)x as N — o0

for all vectors x in the dense subset UN Range Ep([—N, NJ). O
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Remark 1 Suppose now that J is a separable (or dual to separable) operator ideal of
HB () equipped with a norm that makes it a Banach space. Let A and B be self-adjoint
operators such that A — B € J and let f be a Lipschitz function on R. As above one
can show that if the divided difference ®© f can be extended to the diagonal A and the
resulting function § on R? belongs to the space M5(E 4, Ep) of Schur multipliers of
J, then formula (1.2.2) holds,

S(A) = f(B) €T and [ f(A) = f(B)l5 = Ifllonyes,E5) 1A — Bll3.
We refer the reader to [20] for more detail.

Remark 2 Note also that the significance of formula (1.2.1) is in the fact that it allows
us to linearize the nonlinear problem of estimating f(A) — f(B). Indeed, one can
obtain desired estimates of f(A) — f(B) by studying properties of the linear trans-
former

T — //(’Df)(s, t)dE(s)T dE(t).

Remark 3 Similar results hold for functions of unitary operators, see [20]. Analogs
of the above results can also be obtained for analytic functions of contractions and of
dissipative operators, see [9,52,58]. However, in the case of contractions and in the
case of dissipative operators one has to consider double operator integrals with respect
to semi-spectral measures.

1.3 Commutators and quasicommutators

In the previous section we have seen that operator differences f(A) — f(B) can be
represented as double operator integrals with integrand equal to the divided difference
® f. Birman and Solomyak observed (see [23]) that similar formulae hold for com-
mutators f(A)Q — Of(A) and quasicommutators f(A)Q — Qf(B). The proof of
the following result is practically the same as the proof of Theorem 1.2.3.

Theorem 1.3.1 Suppose that A and B are (not necessarily bounded) self-adjoint
operators and Q is a bounded linear operator such that the operator AQ — QB is

bounded. Let § be a a function in Mg g such that f’RQ\A = ©f|R2\A' Then the
quasicommutator f(A)Q — Qf (B) is bounded,

F(A)Q - 0Of(B) = //f(s, 1AEA(s)(AQ — OB)dEp(r)  (1.3.1)
R R

and

If(A)Q — Of (B)|| < const [[fllong z IAQ — OB].
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Note that in the special case A = B we obtain commutators f(A)Q — Qf(A),
while in the special case Q = I we obtain operator differences f(A) — f(B).

Similar result holds in the case when AQ — QB belongs to the Hilbert—Schmidt
class or other operator ideals.

In the rest of the paper we discuss in details estimates of f(A) — f(B). Practically
all the results are also valid for commutators and quasicommutators though we are not
going to dwell on them.

1.4 Operator Lipschitz functions

In Sect. 1.2 we have observed that if f is a differentiable function on R such that
the divided difference ® f belongs to the space of Schur multipliers Mg g, then f
is operator Lipschitz. It turns out that the converse is also true. First of all, if f is
an operator Lipschitz function on R, then f is differentiable everywhere on R which
was established in [34] (but not necessarily continuously differentiable: the function
x > xZsin(1/x) is operator Lipschitz, see [38]). On the other hand, it was shown
in [51] (see also [53]) that if f is a differentiable operator Lipschitz function, then
D f € Mg r. Similar results hold for functions on the unit circle.

In this section we discuss some necessary conditions and sufficient conditions for
a function to be operator Lipschitz.

We start with necessary conditions for functions on the unit circle. The following
result was established in [51].

Theorem 1.4.1 Let f be an operator Lipschitz function on T. Then f belongs to the
Besov class Bl1 (T).

Proof As we have discussed in Sect. 1.2, the divided difference

f&) = f(@
H—

€. 7) —

belongs to the space of Schur multipliers 9t . Trivially, this implies that the function

f&) - f@
QAT ANL)

0= ==

belongs to M T.
Consider the rank one operator P on L>(T) defined by

(Ph)(%) =/Th(f)dm(f)-

By Theorem 1.1.1, the integral operator C s defined by
erme) = [ FOLEh ameo
T 1-7¢
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belongs to trace class S1. An elementary calculation shows that
Crh=P_fhy —P,fh_,

where P, is the orthogonal projection from L? onto the Hardy class H2, P_ is the

orthogonal projection onto H? 2 S H> hy o Pih,and h_ p_p (see [55],

Ch. 1, § 1). Itis easy to see that both Hankel operators H y and H7 belong to S;. Recall

that the Hankel operator Hy : H? — H? is defined by Hip =P_fo.
By the trace class criterion for Hankel operators [50] (see also [55], Ch. 6, § 1), we
find that f € B} (T). o

The following stronger necessary condition was also obtained in [51] by using the
trace class criterion for Hankel operators.

Theorem 1.4.2 Let f be an operator Lipschitz function on T. Then the Hankel oper-
ators Hy and H7 map the Hardy class H' into the Besov space Bll (T).

Note that Semmes observed (see the proof in [52] that the Hankel operators Hy
and Hy map H Uinto B} (T) if and only if the measure  defined by

du@) = (1" O+ I(F 0" ©)]) dma()

is a Carleson measure on the unit disk D.

Theorem 1.4.1 implies easily that a continuously differentiable function on T does
not have to be operator Lipschitz. Indeed, it follows from (2.7) that the lacunary Fourier
coefficients of the derivative of a function f in Bll (T') must satisfy the condition

D@ < o0,

k=0

while it is well known that an arbitrary sequence in £ can be the sequence of lacunary
coefficients of the derivative of a continuously differentiable function.

The above results can be extended to functions on R. The analog of Theorem 1.4.1
is that if f is an operator Lipschitz function on R, then f belongs to the Besov space
B 11 locally. An analog of Theorem 1.4.2 also holds as well as the characterization of
the last necessary condition in terms of Carleson measures. We refer the reader to
[52,53].

We proceed now to sufficient conditions for operator Lipschitzness. The following
result was obtained in [51].

Theorem 1.4.3 Let f be a function on T of Besov class Béo {(T). Then f is operator
Lipschitz.

We give here an idea of the proof of Theorem 1.4.3. It is easy to see that it suffices
to prove the following inequality: suppose that ¢ is an analytic polynomial (i.e., a

@ Springer



34 V. V. Peller

polynomial of z) of degree m, then the norm of ®¢ in the projective tensor product
C(T®C(T) admits the following estimate:

190l cmae < const milgllce. (14.1)

Note that the projective tensor product C(T)®C (T) can be defined in the same way
as the projective tensor product of L* spaces.
It can easily be verified that

@) 1.2 = D ¢(j +k+ 2]k

J-k=0
Clearly,
DG +k+ D =D [ Dl eue(i+k+ Dz |
J:k=0 k=0 \j=0
m—1 )
+ D B +k+ 1| 2
j=0 \ k=0
where

%1 j=k=09 %, J=k=0,
7 JHEk#FO, 5 JHk#O.

It can be shown that
D ap@(i+k+Dz/ | <constlglee
j=0 C(T)

and
D> Bl +k+Dz/| < constllglicer
k>0 c(T)

(see [51,57] for details). This implies easily inequality (1.4.1).
A similar fact holds for functions on R. The following result was obtained in [57].

Theorem 1.4.4 If f belongs to the Besov class Bgo |(R), then f is an operator Lip-
schitz function on R.
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It follows from the definition of Béo’ 1(R) (see (2.3)) that to prove Theorem 1.4.4,
it suffices to establish the following fundamental inequality:

1D fllontg z < const ol fllre (1.4.2)

for an arbitrary bounded function f on R with Fourier transform supported in [—o, o].
Inequality (1.4.2) together with formula (1.2.1) implies that

I f(A) — f(B)|l = consto| fllL=lA— Bl (1.4.3)

for arbitrary self-adjoint operators A and B with bounded A — B and for an arbitrary
function f in L°°(R) whose Fourier transform is supported in [—o, o]. In [7] it was
shown that inequality (1.4.3) holds with constant 1 on the right.

To prove inequality (1.4.2) we introduce the functions r,, u > 0, whose Fourier
transforms % r,, are defined by

L s|<u,

ﬁ, Is| > u.

(Fry)(s) = [

It is easy to show that r, € L'(R) and ||r,|| 11 < const. It follows that the function
1 — r, is the Fourier transform of finite signed measure. We denote this measure by
. We have

0, Is] < u,

‘s“‘Tf‘”, Is| > u.

(F ) (s) = [
To prove inequality (1.4.2), we establish the following integral representation for
the divided difference © f:

Lemma 1.4.5 Let f be a bounded function on R whose Fourier transform has compact
support in [0, 00). Then the following representation holds:

@), 1) = i/ (f * wa) (s)e Sl gy +i/ (f = wa) (e e dy.
R Ry
(1.4.4)
To prove identity (1.4.4), we can first consider the special case when f is the Fourier
transform of an L! function, in which case this is an elementary exercise, and then

consider suitable approximation, see [53,57] for details.

Corollary 1.4.6 Let f be a bounded function on R whose Fourier transform is sup-
ported in [0, o]. Then inequality (1.4.2) holds.
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Proof Clearly, f x u, = 0 for u > o. Representation (1.4.4) gives us the following
estimates:

o

(e
19 f ey < 2/ 1 % e du < 2/ U f e + 1f % rll o) du
0 0

< const o flpee.

]

To prove inequality (1.4.2) in the general case we represent f as the sum of f, =
f * W, (see (2.2)). Consider now the function ( f;,)+ whose Fourier transform is equal
to xR, -# fu. It remains to observe that ||(f;)Ilzee < const || f, I, see [53,57] for
details.

Proof of Theorem 1.4.4 By (1.4.2), we have
1D fllomg e < D 1D fullog . < const >~ 2" fullzoe,

ne’ neZ

def
where, as usual, f, = f *x W,. O

Note that inequality (1.4.3) and its version for Schatten—von Neumann norms will
play a very important role in Holder type inequalities, in Schatten—von Neumann
estimates of operator differences, see Sects. 1.7 and 1.8.

To conclude the section, I would like to mention that similar results also hold for
functions of contractions and functions of dissipative operators, see [9,40,52].

1.5 Operator differentiable functions

In the previous section we have shown that the condition f € Béo 1 (R) is sufficient

for f to be operator Lipschitz on R. It turns out that the same condition f € Bgo 1 (R)
is also sufficient for operator differentiability.

Definition A function f on R is called operator differentiable if the limit
lim €1(f (A + tK) = £(A))
exists in the operator norm for an arbitrary self-adjoint operator A and an arbitrary
bounded self-adjoint operator K.
The following result can be found in [53,57].

Theorem 1.5.1 Let f be a function in Béo’l(R). Then f is operator differentiable
and

wdEA(Sl)KdEA(Q)

52

}ir%t‘l(f(A +1K) — f(A) = //
(1.5.1)

whenever A is a self-adjoint operator and K is a bounded self-adjoint operator.
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Formula (1.5.1) is called the Daletskii—Krein formula. It was established in [24]
under considerably stronger assumptions. Later Birman and Solomyak proved in [20]
formula (1.5.1) under less restrictive assumptions.

Let me give an idea of the proof of Theorem 1.5.1. Under the hypotheses of the
theorem, we have

f(A+1tK) — f(A) =t/ WdEA,(Sl)KdEA(Sz),

where A; &ef A +tK (see Sect. 1.2). To establish formula (1.5.1), we can represent
the divided difference ® f as an element of the integral projective tensor product

D f)(s1,82) = / @x (1) Yx(s2) do (x),
where o is a o -finite measure and

/||<Px||L°°||1/fx||L°° do (x) < oo.

Moreover, the functions ¢, satisfy the following:

lim [|ox (A +1K) — @ (A)|| =0
t—0

for all x. This can be deduced easily from Lemma 1.4.5, see [53] for details.
We have

/ fGs) — f(s2)

DI 0K dEa2) = [ 040K V() do (o).

Clearly, the above conditions easily imply that
lim / 0x(ADK Y1y (A) do (x) = / 0x (A)K Y1y (A) do (x)

- / JED = 6D 4 (K dEaGsr)

ST — 82
which implies (1.5.1).

Remark 1 The problem of differentiability of the function ¢ — f(A + ¢K) is the
problem of the existence of the Gateaux derivative of themap K — f(A+K)— f(A)
defined on the real space of bounded self-adjoint operators. We have proved that
this map is differentiable in the sense of Gateaux for functions f in Béo,l (R). The
reasoning given above allows one to prove that under the same assumptions this map
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is differentiable in the sense of Fréchet and the differential of this map is the double
operator integral

(s1) — f(s2)

/ T = T2 o (6K dEAGs).

S1— 82

Remark 2 The above argument shows that under the hypotheses of Theorem 1.5.1,
the function ¢ +— f(A;) is actually continuously differentiable in the operator norm.

Finally, I would like to mention that similar results hold for functions of unitary
operators, functions of contractions and functions of dissipative operators, see [9,51,
58]. In particular, in the case of functions of unitary operators we can consider the
problem of differentiability of the function ¢ — f (ei’AU ), t € R, where f is a
function on the unit circle T, U is a unitary operator and A is a bounded self-adjoint
operator. It was proved in [51] that under the assumption f € B<1>o,l (T), the function
t— f (ei’ AU) is differentiable in the operator norm and its derivative is equal to the
following double operator integral:

i (// % dEy(0)A dEU(r)) U.

1.6 The Lifshits—Krein trace formula

The notion of the spectral shift function was introduced by Lifshits [43]. He discovered
in that paper a trace formula for f(A) — f(B) where A is the initial operator and
B is a perturbed operator that involves the spectral shift function. Later Krein [42]
generalized the trace formula to a considerably more general situation when A is an
arbitrary self-adjoint operator and B is a trace class perturbation of A.

Let A be a self-adjoint operator on Hilbert space and let B be a perturbed self-
adjoint operator with A — B € S;. It was shown in [42] that there exists a unique real
function & in L' (R) such that

trace(f(B) — f(A)) = /R F(5)E(s) ds. (16.1)

whenever f is a differentiable function on R whose derivative is the Fourier transform
of an L' function. The function £ is called the spectral shift function associated with
the pair (A, B).

Moreover, it was shown in [42] that under the same assumptions

lEll1 =1I1B—Alls, and /Ré(s)ds = trace(B — A).

The right-hand side of formula (1.6.1) is well defined for an arbitrary Lipschitz
function f. Krein asked in [42] whether formula (1.6.1) holds for an arbitrary Lip-
schitz function f. It turns out, however, that the Lipschitzness of f does not imply that
the operator f(A) — f(B) € S; whenever A— B € S;. This was first observed in [26].
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On the other hand, it can be shown that a function f preserves trace class pertur-
bations, i.e.,

A—BeS = f(A)—f(B)eS (1.6.2)

ifand only if f is operator Lipschitz (the operators A and B do not have to be bounded).
This implies that the necessary conditions for operator Lipschitzness mentioned in
Sect. 1.4 are also necessary for property (1.6.2).

On the other hand, it was proved in [53] that the condition f € B1 1 (R), sufficient
for operator Lipschitzness (see Sect. 1.4), is also sufficient for trace ‘formula (1.6.1)
to hold.

In this section we use the Birman—Solomyak approach [19] that is based on double
operator integrals. Actually, their approach allows to prove the existence of a finite
real signed Borel measure v such that

trace(f(A) — f(B)) =/Rf/(S)dV(S), and |v]| < [ITs, (1.6.3)

for sufficiently nice functions f. It follows from the results of [42] that v is absolutely
continuous with respect to Lebesgue measure and dv = & dm, where & is the spec-
tral shift function. Moreover, we combine the Birman—Solomyak approach with the
observation that for f € B1 1(]R) the function t — f(A 4+ t(B — A)),t € R, is
continuously differentiable in ‘the trace norm (this can be proved in the same way as
Theorem 1.5.1) and the Daletskii—Krein formula holds for the derivative of this opera-
tor function. This allows us to prove the following extension of the Birman—Solomyak
result:

Theorem 1.6.1 Let A and B be self-adjoint operators on Hilbert space such that
B — A € S1. Then there exists a real signed Borel measure v on R such that formula
(1.6.3) holds for an arbitrary function f in B;o’l (R).

Recall that under the hypotheses of the theorem, f(A) — f(B) € S;.

Proof Put A; def A +t(B — A). Then the function t — f(A;) is differentiable in the

trace norm and

d
Ef(At) .

=/ (D f)(s1,52)dEa,(51)(B — A)dEy, (52).

This can be proved in exactly the same way as Theorem 1.5.1.
Since ®© f is a Schur multiplier (see Sect. 1.4), it follows that

/ D f)(s1,52)dEa, (s1)(B—A)dEx,(s2) € S1.

By Theorem 1.1.2 , we have
trace ( / / (D f)(s1, 52) dEn, (51)(B — A)dEs, (Sz)) _ / F(s) dva(s),
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where the signed measure v is defined on the Borels sets by
vy (A) = trace(E 4, (A)T).

Clearly, [lv, [l = ITlls, -
It is easy to verify that

trace(f(A) — f(B)) = /trace(j—tf(A,)

)du =/f’(s)dv(s),
t=u

where the signed measure v is defined by

1
v:/ v, du.
0

Note that the function u# — v, is continuous in the space of measures equipped with
the weak-* topology, and so integration makes sense. Clearly, ||v| < || T|s,. O

We have already mentioned that dv = & dm, where & is the spectral shift function.
This implies the following extension of the Krein theorem.

Theorem 1.6.2 Let A and B be self-adjoint operators such that B— A € S1. Suppose
that f € Béo,l (R). Then trace formula (1.6.1) holds.

The original proof of Theorem 1.6.2 by a different method was obtained in [53].

1.7 Operator Holder functions: arbitrary moduli of continuity

In this section we obtain norm estimates for f(A) — f(B), where A and B are self-
adjoint operators and f is a Holder function of order o, 0 < @ < 1. Then we consider
the more general problem of estimating f(A) — f(B) in terms of the modulus of
continuity of f.

By analogy with the notion of operator Lipschitz functions. We say that a function
f on R is operator Holder of order a, 0 < o < 1, if

If(A) — f(B)] < const||A— B|*.
The problem of whether a Holder function of order « (recall that the class of such
functions is denoted by Ay (R), see Sect. 2) is necessarily operator Holder of order

« remained open for 40 years and it was solved in [4] (see also [5] for a detailed
presentation). The solution is given by the following theorem:

Theorem 1.7.1 Let o € (0, 1). Then
I£(A) — f(B)| < const(l —a)~'|A — B,

whenever A and B are self-adjoint operators with bounded A — B.
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Thus the term “an operator Holder function of order «” turns out to be short-lived.
We prove here Theorem 1.7.1 for bounded self-adjoint operators and refer the reader
to [7] for details how to treat the case of unbounded operators.

Proof of Theorem 1.7.1 Let N be an integer. Then f(A) — f(B) admits a represen-

tation

N
f(A) = f(B)= Z (fu(A) = fu(B) + ((f = f* VN)(A) = (f = [ * VN)(B))

n=-—00
(1.7.1)
and the series converges absolutely in the operator norm. Here f,, = f % W, (see (2.2))

and Vy is the de la Vallée Poussin type kernel defined by (2.5). Suppose that M < N.
It is easy to see that

N
f(A) = f(B) —( D A = B+ ((f = = VWA = (f = f * VN)(B)))

n=M+1

= (f *Vu)(A) — (f = Vi) (B).

Clearly, the Fourier transform of f % V) is is supported in [—2M+1 2M+1] Thuys it
follows from fundamental inequality (1.4.3) that for M < 0,

[(f % Va)(A) = (f * Va)(B)|| < const2M || f V[l ]|A — B]|
< const2M || f % Vgllz~l|A — B] > 0 as M — —oo.
Suppose now that N is the integer satisfying
27N < A= B|| <27V
By (2.6), we have
I = f*VN)A) = (f = [ VB <21 f — f* Vnlre
< const || fla, @2 N < const || flla,mlIA— BI*

On the other hand, it follows from fundamental inequality (1.4.3) and from (2.3) that

N N
S 1fald) = fuB)l <const > 2" fullz=llA - Bl

n=—0oo n=—oo

N
<const M 2"27"| flla,m A - Bl

n=—0oo
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= const 2NV~ ZZ_k(l_“)llfllAa(R)HA — B
k=0

= const 2V (1 — )| flla,® 1A — B
=< const (1 — )| flla,m®lA — Bl
O
Suppose now that w is an arbitrary modulus of continuity, i.e., w is a continuous

nondecreasing function on [0, co) such that w(s + 1) < w(s) + w(t), s, t > 0 and
w(0) = 0. We associate with w the function w, defined by

w*(x)=X/oo$dt=/oo a)(sx)ds’ x > 0.
X 1

52

It is easy to see that if w,(x) < oo for some x > 0, then w,(x) < oo for all x > 0 in
which case w, is also a modulus of continuity.
The following result was obtained in [4,5].

Theorem 1.7.2 Let w be a modulus of continuity. Then
I f(A) = f(B)| < const w.(|A — BJ)

for arbitrary self-adjoint operators A and B with bounded A — B.

The proof of Theorem 1.7.2 is similar to the proof of Theorem 1.7.1.
Slightly weaker results were obtained independently in [30].
Theorem 1.7.2 implies the following result proved in [5]:

Corollary 1.7.3 Suppose that A and B are self-adjoint operators with spectra in an
interval [a, b]. Then for a continuous function f on [a, b] the following inequality
holds:

1£(A) — f(B)] < const log (e ﬁ) wr (A - B).

Theorem 1.7.3 improves earlier estimates obtained in [27].

We refer the reader to [8] for more detailed information and more sophisticated
estimates of f(A) — f(B).

Note that similar results hold for functions of unitary operators, contractions and
dissipative operators, see [5,9].

1.8 Schatten—von Neumann estimates of operator differences

In this section we list several results on estimates of the norms of f(A) — f(B) in
operator ideals and, in particular, in Schatten—von Neumann classes.
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Fundamental inequality (1.4.2) together with formula (1.2.1) allows us to use Mitya-
gin’s interpolation theorem [46] to generalize and generalize inequality (1.4.3) to
arbitrary separable (or dual to separable) ideals J:

I f(A) — f(B)lly < const o fllL<l|A — Blly (1.8.1)

for arbitrary self-adjoint operators A and B with bounded A — B and for an arbitrary
bounded function f on R whose Fourier transform is supported in [—o, o].

In particular, inequality (1.8.1) holds in the case J = S, p > 1.

This implies the following result (see [51,53]).

Theorem 1.8.1 Let J be a separable (symmetrically normed) operator ideal or an
operator ideal dual to separable and let f be a function in the Besov class Béo,l(R)'
Suppose that A and B are self-adjoint operators such that A — B € J. Then f(A) —
f(B) € Jand

17 (A) = f(B)lly = const [ fllzt IIA—Bl3.
In the case when J = S, 1 < p < oo, Theorem 1.8.1 was improved significantly
in [61]:

Theorem 1.8.2 Let 1 < p < oo and let f be a Lipschitz function on R. Suppose that
A and B are self-adjoint operators such that A — B € Sp. Then f(A) — f(B) € S,
and

If(A) — f(B)ls, = cpll fllLipllA — Blls,,

where ¢, is a positive number that depends only on p.

We proceed now to estimating Schatten—von Neumann norms of f(A) — f(B) for
functions f in the Holder class A4 (R), 0 < o < 1. For a nonnegative integer / and
for p > 1, we define the following norm on the space of bounded linear operators on
Hilbert space:

1/p
def

[
ITlg = [ 2657 )
j=0

where s;(T) is the jth singular value of T'.
The following result obtained in [6] is crucial.

Theorem 1.8.3 Let 0 < o < 1. Then there exists a positive number ¢ > 0 such that
foreveryl > 0, p € [1,00), f € Aq(R), and for arbitrary self-adjoint operators A
and B on Hilbert space with bounded A — B, the following inequality holds:

sj(f(A) = f(B)) < cllflla,@ 1+ ) */PIA - Bllzzp

forevery j <.
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Proof Put f, e f * Wy, n € Z, and fix an integer N. We have by (1.8.1) and (2.3),

N N
PIRCACIENACH] N I FACYES A P

n=—o00 SII’ n=—00
N
< const 2" ~||A—
< 2 2'Ifall=A = Blig
n=—0oo
N
< const nl—e))q —
< I lau D 2"71A = Bllg,
n=—0oo
1—
< const 2 £, )14 — Bllg,
On the other hand,

D (faA) = fu(B))

<2 Ifulle

n>N n>N
= const || flla, ) Z 27" < const 27| f o, ®)-
n>N
Put
o - def
Ry S D (fu(A) = fu(B) and Oy = D" (falA) — fu(B)).
n=-00 n>N

Clearly, for j <1,
sj(f(A) = f(B) < 5j(Ry) + [ Qn1l = A+ NTVPIS(A) = f(B)llg +11QN]
< const (1 + )72V £a, @) 1A = Bllg, + 27 flla,m) -
To obtain the desired estimate, it suffices to choose the number N so that
27V <+ )TVPIA - Bllg <27V

O

The following result can be deduced from Theorem 1.8.3. We refer the reader to
[6] for details.
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Theorem 1.84 Let 0 < o < land 1 < p < oo and let f € Ay(R). Supposed
that A and B are self-adjoint operators such that A — B € S,. Then the operator
f(A) — f(B) belongs to S 4 and

[ £ = FB)s, . < cap I fllaumllA = BIS,.

where cy, p depends only on a and p.

Note that for p = 1, the conclusion of Theorem 1.8.4 does not hold, see [6]. The
example given in [6] is based on the S, criterion for Hankel operators, see [50,55].

Nevertheless, the conclusion of Theorem 1.8.4 can be obtained under stronger
assumptions on f. The following result was obtained in [6].

Theorem 1.8.5 Let 0 < a < 1 and let f be a function in the Besov class BS, | (R).
Supposed that A and B are self-adjoint operators such that A — B € Sy. Then the
operator f(A) — f(B) belongs to Sy, and

1f(A) = f(Blsyje = callflle, @A — BIl,.

where ¢, depends only on «.

Note that in [6] the above results were generalized to the case of considerably more
general operator ideals.

Remark As before, I would like to mention that similar results hold for functions of
unitary operators, contractions and dissipative operators, see [6,9].

1.9 Functions of normal operators

We proceed now to the study of functions of normal operators under perturbation. The
results of this section were obtained in [13]. Earlier weaker results were obtained in
[29].

The spectral theorem allows us to define functions of a normal operator as integrals
with respect to its spectral measure:

F(N) =/C§dEN(§).

Here N is a normal operator and E is its spectral measure.

We are going to study estimates of f(N7) — f(N3) in terms of N; — N».

As in the case of functions of self-adjoint operators we can consider the divided
difference

@ N oy = L8 e
1 — &

and prove the formula

f(Nl)—f(NZ)Z/ (D)1, ©2)dE1(51)(N1 — N2)dEx(82),  (1.9.1)
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whenever N and N, are normal operators with N1 — Ny € S and f is a Lipschitz
function. Again, it does not matter how we define © f on the diagonal of C x C.

If f is a function on C such that the divided difference ® f can be extended to
the diagonal and the extension belongs to the space of Schur multipliers M ¢, then
formula (1.9.1) as soon as N and N, are normal operators with bounded difference.
Moreover, such functions are necessarily operator Lipschitz, i.e.,

Il £ (N1 — f(N2)Il < const [Ny — Nafl.
The trouble is that such functions are necessarily linear which follows from the results

of [34].
In [13] we used the following representation for f(N1) — f(Na):

FND) — f(N2) = // (Dy f) (21, 22) dE1(21)(B1 — By) dEx(22)
2

+//(@xf)(21, 22)dE1(z1)(A1 — A2) dEx(z2), (1.9.2)
(CZ

where
Aj=RCN‘, Bj:Il’l’le, x]'=RCZj, yj=Iij, j=1, 2,
and the divided differences D, f and D, f are defined by

(3 X1, - X2,
(@Xf)(m’zz)d:ff(l ¥2) f(zyz)’ 1. € C,
X] — X2

and

®, )1, 22) def fx,y) — f(xla)’2)’ 21 22 € C.

yi—n

It was established in [13] that for a function f in the Besov class Béo,l (Rz), both
divided differences D, f and ©, f belong to the space of Schur multipliers Mc c.
This follows from the following analog of fundamental inequality (1.4.2).

Theorem 1.9.1 Let f be a bounded function on R* whose Fourier transform is sup-
ported in [—o, 0] x [—0, 0. Then both ®, f and D, f are Schur multipliers and

19x fliome c + 1Dy fllone ¢ < const o|| fllL. (1.9.3)

The proof of Theorem 1.9.1 is based on the following lemma whose proof can be
found in [13].
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Lemma 1.9.2 Let f be a bounded function on R whose Fourier transform is supported
in|—o, o). Then

fO) = fO) _ Zaf(X) — flna™h) sin(oy —7n)

xX—y ~ ox —mn oy —mn
Moreover,
> O I D 3 fhy and Y T =1 v e
(ox —mn)? - Lo @®) (oy — mn)? . ’
nez nez
(1.94)

Proof of Theorem 1.9.1 Clearly, it suffices to consider the case 0 = 1. By Lemma
1.9.2, we have

@, )21, 20) = fxr,y2) = f(x2, y2) =Z fen, y2) — f(x2, y2) sinx; —7n)

X1 — X2 mn — Xp X1 —Ttn
nez
and
(-x i )_ (-x i )
@, )1, 22) = fxy) — flxr, y
Yi—
_ Z J,y1) — fxi, ) sin(yz — wn)
B y1—T1n Y2 —Tn '

neZ

By Lemma 1.9.2, we have

_ 2
S ) = O TIE sk ey < 3 e,

— )2
nez (1 —mn)
|f(7Tn, )’2)—f(x2,y2)|2 5 )
’% (1 — x7)2 <3NFC D@y < 31 Iz

and

Z sin?(x] — nw) _ Z sin?(y, — n) _1

(x1 — 7n)? (y2 — 7n)?

nez nez

It remains to observe that (1.9.4) gives us desired estimates of the norms of ©, f
and D, f in the Haagerup tensor product L> ®; L°°. The result follows now from
Theorem 1.1.1. O

Theorem 1.9.1 implies the following result:
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Theorem 1.9.3 Let f € Bl | (R?). Then both D, f and D, f belong to Mc ¢ and

1D fllone o + 1Dy fllame, . < const ol fll 51

Moreover, if N1 and Ny are normal operators with bounded N1 — Na, then formula
(1.9.2) holds and

If (N1 = fF(N2)I < const || fllgr N1 — N2l

In other words, if f € B;o, 1 (R?), then f is an operator Lipschitz function.

To prove that D, f, D, f € Mc c, it suffices to apply Theorem 1.9.1 to each
function f x W, (see (2.3)). Formula (1.9.2) can be proved by analogy with the proof
of formula (1.2.1) for functions of self-adjoint operators. The operator Lipschitzness
of f follows immediately from formula (1.9.2). We refer the reader to [13] for details.

As in the case of functions of self-adjoint operators, fundamental inequality (1.9.3)
allows us to establish for functions of perturbed normal operators analogs of all the
results of Sects. 1.4—1.8 except for Theorem 1.8.2. In particular, a Holder function of
ordera, 0 < o < 1, on R? must be operator Holder of order «. An analog of Theorem
1.8.2 was obtained in [36].

We refer the reader to [11] for more results on estimates of operator differences and
quasicommutators for functions of normal operators.

1.10 Functions of commuting self-adjoint operators

In the previous section we considered the behavior of functions of normal operators
under perturbation. This is equivalent to considering functions of pairs of commuting
self-adjoint operators. Indeed, if N is a normal operator, then Re N and Im N are
commuting self-adjoint operators. On the other hand, if A and B are commuting self-
adjoint operators, then A + iB is a normal operator.

In this section we are going to study functions of d-tuples of commuting self-adjoint
operators. It is natural to try to use the approach for functions of normal operators that
has been used in the previous section. However, it turns out that it does not work for
d>3.

Indeed, a natural analog of formula 1.9.2 for functions of triple of commuting
self-adjoint operators would be the following formula:

f(A1, Az, A3) — f(B1, B2, B3) = / D1 )(x,y)dEA(x)(A1 — B1)dER(Y)
+/ (D2 f)(x,y)dEA(x)(A2 — B2) dEg(y)

+ / (®31)(x, y) dEA(x) (A3 — B3) dE5(y),
(1.10.1)
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where
D1 /)(x, y) = flxr, x2,x3) — f(yl,X2,X3)’
X1 — )1
(ng)(x’ y) — f(yla -x27-x3) - f(ylv y2, X3)’
X2 — Y2
(36 y) = LI T DL o ymyx), = 13200,

and E4 and Ep are the joint spectral measures of the triples (Ag, A2, A3) and
(B1, B2, B3) on the Euclidean space R3.

It can easily be shown that (1.10.1) holds if the functions 1 f, ®, f, and D3 f
belong to the space of Schur multipliers 9Migs g3 which would imply that f is an
operator Lipschitz function.

The methods of [13] that were outlined in Sect. 1.9 allow us to prove that if f isa
bounded function on R? with compactly supported Fourier transform, then ®; f and
D3 f do belong to the space of Schur multipliers Mps 3. However, it turns out that the
function ®, f does not have to be in EIRRa’Ra, and so formula (1.10.1) cannot be used
to prove that bounded functions on R? with compactly supported Fourier transform
must be operator Lipschitz. This was established in [47] where the following result
was proved:

Theorem 1.10.1 Suppose that g is a bounded continuous function on R such that
the Fourier transform of g has compact support and is not a measure. Let [ be the
function on R3 defined by

fx1,x2,x3) = g(x1 —x3)sinxa, xq, x2, x3 € R, (1.10.2)

Then f is a bounded function on R whose Fourier transform has compact support,

but©,f ¢ mR;R}.

To construct a function g satisfying the hypothesis of Theorem 1.10.1, one can take,
for example, the function g defined by

X
g(x) =/ ! sintdt, x eR.
0
Obviously, g is bounded and its Fourier transform .7 g satisfies the equality:
P ¢
(F)) = .
for a nonzero constant ¢ and sufficiently small positive 7. It is easy to see that this
implies that .% g is not a measure.

Nevertheless, it was proved in [47] by a different method that functions in the Besov
class B;o I(Rd ) are operator Lipschitz in the sense that

f(Ar, ..., Ay) — f(B1,...,By) <const max [|A; — Bj||.
l<j=d
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The following result proved in [47] plays the same role as fundamental inequality
(1.4.2) in the case of functions of one self-adjoint operator.

Lemma 1.10.2 Ler f be a bounded function on R? whose Fourier transform is sup-
ported in [—o, O']d. Then there are Schur multipliers W;, 1 < j < d, such that

W) o,y pe =< const ol fllze

and

d
FO1 ) = O ya) = D (= YWD, s Xy Y1 Ya)-
j=1

Lemma 1.10.2 implies the following result (see [47]) that considerably improves
earlier estimates obtained in [28].

Theorem 1.10.3 Let f be a function in the Besov class Béo,l (RY). Then there are
Schur multipliers ®;, 1 < j < d, such that

19l oa =< constollflig

and

d
S xa) = fOns s Ya) =Z(Xj —y)P;(x1, . Xdy Vs V).
=1

If(Ay, ..., Ag)and (By, ..., By) ared-tuples of commuting self-adjoint operators,
then

d
P A = FBre By = 3 [[ @)ty dEato@; - B dEse),
=1

where Es and Ep are the joint spectral measures of the (Ai,...,Aq) and
(Bl’ R Bd)'

Corollary 1.10.4 Let f € Béo’l(Rd). Then f is operator Lipschitz.

Lemma 1.10.2 allows us to obtain analogs of all the results of Sects. 1.4—1.8 except
for Theorem 1.8.2. An analog of Theorem 1.8.2 for d-tuples of commuting self-adjoint
operators was obtained in [36].

Chapter 2

Multiple operator integrals with integrands in projective tensor products and
their applications

Multiple operator integrals were considered by several mathematicians, see [48,64].
However, those definitions required very strong restrictions on the classes of functions
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that can be integrated. In [57] multiple operator integrals were defined for functions
that belong to the (integral) projective tensor product of L* spaces. Later in [33]
multiple operator integrals were defined for Haagerup tensor products of L spaces.

In this chapter we consider applications of multiple operator integrals with inte-
grands in the integral projective tensor product of L spaces. Such multiple operator
integrals have nice Schatten—von Neumann properties. In Chapter 3 we shall see that
multiple operator integrals with integrands in the Haagerup tensor product of L*°
spaces do not possess such properties.

We consider in this chapter applications of multiple operator integrals to higher
operator derivatives and estimates of higher operator differences. We also consider
connections between multiple operator integrals and trace formulae for perturbations
of class S,,, where m is positive integer greater than 1.

2.1 A brief introduction to multiple operator integrals

Multiple operator integrals are expressions of the form

/.../\I/(xl,xz,...,xm)dEl(xl)Tl dE>(x2)T> ... Ty_1 dE, (x).

m

Here Eq, ..., E,, are spectral measures on Hilbert space, W is a measurable function,
and T, ..., T;,—1 are bounded linear operators on Hilbert space. The function W is
called the integrand of the multiple operator integral.

For m > 3, the Birman—Solomyak approach to double operator integrals does not
work. In [57] multiple operator integrals were defined for functions W that belong to the
integral projective tensor product L™ (E1)&; - - - ®;L°°(E,). It consists of functions
W of the form

w(xl,...,xm)=/Qw(xl,w)m(xz,w)...wm(xm,w)dow), @.L1)

where ¢1, @2, ..., ¢, are measurable functions such that
/ lo1 (-, w)llLeEple2(, @) ILo(Ey) - - - 1@m (-, @) | Lo (E,,) do (@) < oo. (2.1.2)
Q

If W belongs to L (E)&; - - - ®; L (E,,), clearly, a representation of W in the form
(2.1.1) is not unique. The norm ||¥ Lo, L0 is, by definition, the infimum of the
expressions on the left-hand side of (2.1.2) over all representations of W in the form
of (2.1.1).

If W e L®(E)®; ... ®;L¥(E,) and W is represented as in (2.1.1), the multiple
operator integral is defined by

/.../\Il(xl,...,xm)dEl(xl)Tl...Tm_ldEm(xm)
—

m

@ Springer



52 V. V. Peller

‘if/g(/fpl(m,w)dE](m)) Ti...Tm—1 (/fpm(xm,w)dEm(xm))_ (2.1.3)

The following result shows that the multiple operator integral is well defined.

Theorem 2.1.1 The expression on the right-hand side of (2.1.3) does not depend on
the choice of a representation of the form (2.1.1).

The following proof is based on the approach of [14].
Proof To simplify the notation, we assume that n = 3. In the general case the proof
is the same. Consider the right-hand side of (2.1.3). It is easy to see that it suffices to
prove its independence on the choice of (2.1.1) for finite rank operators 77 and 7>.
It follows that we may assume that rank 77 = rank 7> = 1. Let 71 = (-, u1)v; and

T» = (-, up)va, where uy, vy, up and v, are vectors in our Hilbert space. Suppose that
w1 and wy are arbitrary vectors. We are going to use the following notation:

W(T, Tz)

dgf/Q (/ ¢1(X1,w)dE1(X1)) T (/ (/Jz(xz,w)dEz(xz)) ) (/ ¢3(X3sw)dE3(X3))-

It is easy to verify that

(W(T, hwy, wy)

=/Q (/(ﬂl(xl,w)dvl(m)) (/(ﬂz(m,w)dvz(xz)) (/¢3(X3,w)dv3(x3)) do (w)

where
def def def
v = (Eqvr, wa), v = (Eqvp,u1) and vz = (Ezwg, u2).
Thus

(W(T, T)wy, wp)

=/// (/Q @1(x1, ®)@2(x2, W)@3(x3, W) dU(w)) dvi(x1) dva(xz) dv3(x3)

=///\P(XLX2,X3)dV1(X1)dV2(XZ)dV3(x3)-

It follows that W (T, T>) does not depend on the choice of a representation of the form
(2.1.1). O

The following result is an easy consequence of the above definitions.
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Theorem 2.1.2 Let ¥ be a function in L®°(E})®;--- & L®(E,,). Suppose that
Ti, ..., T;u—1 are bounded linear operator. Then

m—1

/.../wxl,...,xm>dE1<x1)T1...TmfldEm(m < Wl gz [ IT51-
¢ , j=1
m

To simplify the notation, by S, we mean the space of bounded linear operators on
Hilbert space. The proof of the following result is also straightforward.

Theorem 2.1.3 Let W be a function in L (E1)®; - - - ®; L (E,,). Suppose that pj =
Ll1<j<mandl/py+1/ps+---+1/pmw < L IfTh, To,..., Ty are linear
operators on Hilbert space such that Tj € Sp;, 1 < j < m, then

/.../\I/(xl, o x)dE()Ty ... Ty 1 dEy, (x) € Sy

————
m

and

. m—1
/ -.-/‘P(xl,.--,xm)dEl(xl)Tl v Tn1 dEn Q) || S Wl poog,... 1 H I17jls,,
7 j=1
m S,
where

def
1rE1=1/p1—1/ps—-—1/pm.

In particular, all the above facts hold for functions W in the projective tensor product
L®(E))® - - - ®L®(E,,) which consists of functions of the form

k k
W, 2, xm) = @l ey () gl (),
k>1

where (pgk] € L°(Ej),1 < j <m,and

Z H‘/’Ek] ”Loo(El)|“/’£k] HLOC(EZ) e ”%[,]f] HLOO(Em) < ©oo.
k=1

2.2 Higher operator derivatives

In Sect. 1.4 we studied the problem of differentiability of the function? - f(A+¢K),
t € R, forself-adjoint operators A and bounded self-adjoint operators K . In this section
we are going to consider the problem of the existence of higher derivatives of this map.
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In the paper [24] Daletskii and Krein proved that in the case when the self-adjoint
operator A is bounded for nice functions f themapt — f(A+1K)hasm-thderivative
and it can be expressed in terms a multiple operator integral whose integrand is a higher
order divided difference of f.

Later in [57] the existence of higher operator differences was proved under much
less restrictive assumptions.

Definition For a k times differentiable function f the divided differences ©F f of
order k are defined inductively as follows:

def

f = f
if k > 1, then
@ )1, se41)

O )1y ey k=1, 50) — VA1, oy Sk—1, Sk41)
def Sk — Sk+1

% ((@k_lf)(sl, e Skfl,t))

. Sk 7 Sk,

) Sk = Sk+17
=5k

(the definition does not depend on the order of the variables). Note that D¢ = Dl¢.
The following result was obtained in [57]. To state it, we denote by B (RR) the space

of bounded Borel functions on R endowed with the norm

def
lellsr) = sup lg()].
teR

Theorem 2.2.1 Let m be a positive integer and let f be a function in the Besov class
BL, {(R). Then D f € BR)®; - - - @i B(R) and

m+1

”©mf”%(R)®im®i%(R) = const ”f”Bc':’o]

Note that the integral projective tensor product of copies of B(R) can be defined
in the same way as the integral projective tensor product of L> spaces.

We sketch the proof of Theorem 2.2.1 in the special case m = 2. In the general case
the proof is the same. Let f be a bounded functions on R whose Fouriesr transform is
a compact subset of [0, 0o). The following identity is an analog of formula (1.4.5):

(D*f)(s1,52,83) = — / / (f o Buo) (s1)e ™ TS24 qyg gy

R+ XR+

_ // (f % Mu+v)(SZ)e—i(u+v)szeius1eiUS3 du dv

R+ XR+
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- / / (f * Mo (53)e  FVIB U102 gy gy (2.2.1)

R+ XR+

This is a simplified version of formula (5.6) in [57].
Asin Sect. 1.5, it is easy to deduce from (2.2.1) the following estimate

1D £ llos ()& 8(R) & () < const o | £l e,

whenever f is abounded function on R whose Fourier transform is supported in [0, o ].
The following theorem about the existence of the mth derivative of the function

t— f(A;), where A; def A + tK, was obtained in [57].
Theorem 2.2.2 Let m be a positive integer. Suppose that A is a self-adjoint operator

and K is a bounded self-adjoint operator. If f € BZ | (R) B! o1 (R), then the function
t — f(A;) has mth derivative that is a bounded operator and

apm Zm!/.../(@mf)(sl,...,Sn1+1)dEA(S1)K...KdEA(Sm_H).
=0
—

m+1
(2.2.2)

We refer the reader to [57] for the proof.

Remark Suppose that f € B2, (R), m > 2, but f does not necessarily belong to
1 (R). In this case we still can define the mth derivative of the function t — f(A;)
in the following way. We put

dm
=2 TahAan| 223)

1=0 nez =0

o " (A

where f, = f * W, see (2.2). Then the series on the right-hand side of (2.2.3)
converges absolutely in the norm. With this (natural) definition it can easily happen
that the function ¢ + f(A;) can have mth derivative, but not necessarily the first
derivative. We refer the reader to [57] for details.

In a similar way one can consider the problem of taking higher operator derivatives
for functions of unitary operators. Note that in [57] the formula for the mth derivative
of the function ¢ — f(¢!4)U has an error. A correct formula is an easy consequence
of the results of Section 5 of [4].

Note also that similar results and similar formulae can be obtained for functions of
contractions and for functions of dissipative operators, see [4,9].

2.3 Higher operator differences

In Chapter 1 we have seen that formula (1.2.1) plays a significant role in estimating
various norms of the operator differences f(A) — f(B). In this section we are going
to study higher order operator differences
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(A% ) (A) E D (=1 (’7) f(A+jK).
j=0

where A and K are self-adjoint operators on Hilbert space. We consider here only
bounded self-adjoint operators A and K and refer the reader to [7] for a detailed study
of the case when A is an unbounded self-adjoint operators.

Asinthe case of operator differences, an essential role is played by integral formulae
for higher operator differences. In [5] it was shown that higher operator differences
can be represented in terms of multiple operator integrals. This allowed one to obtain
analogs of the results discussed in Chapter 1 for higher operator differences.

Recall that for functions f in the Besov class Bg”o’l (R), the divided difference

D™ f of order m belongs to the integral projective product B(R)®; - - - ®;B(R). The

m+1
following formula was obtained in [5].

Theorem 2.3.1 Let f € Bg’o’ | (R) and let A and K be bounded self-adjoint operators
on Hilbert space. Then

(A% N)(A)

=m!/n-/(@mf)(sl»~--»Sm+1)dEA(Sl)KdEA+K(32)K-~-KdEA+mK(sm+l)-

——
m+1

Let us prove Theorem 2.3.1 in the special case m = 2.

Proof Let f € Bgo’ 1 (R). We should prove the following formula:

fAA+K)=2f(A) + f(A—K)
- 2///(@2f)(s, t,u)dEark (s)K dEA(1)K dEs—k (u).

PutT = f(A+ K) —2f(A) + f(A—K).By (1.2.1),
T=f(A+K)— f(A)—(f(A) = f(A-K))

_ / / (® f)(s. 1) dEnsk (5)K dEA(1) — / / ® £)(s, ) dEA()K dEa_x (1)
_ / / ® f)(s. 1) dErx (5)K dEA() — / (D f)(s, 1) dEask (5)K dEa_g (1)

+//(©f)(8, HdEa+k (9K dEA—K(t)—//(Qf)(s, DAEA(s)K dEA—k (1).
We have

//(@f)(s, DAEp+k (5)K dEx(T) —/ @) (s, u)dEs1k ($)K dEs—k (1)
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_ / / / (D f) (s, 1) dEasx (5)K dEA(t) dEag ()
- / / (®£)(s. ) dEasg (8K dEA(t) dEa_g ()
_ / / (t = )@ f)(s. 1, u)d Ens () KdE()dEA_g ()

= ///(sz)(s, 1u)dEx g (K dEA()K dEs—k (u).

Similarly,
//(Qf)(s, NAEA+kx (s)K dEs—k (1) —/ (Df)(s. ) dEA()K dEs—k (1)

= / / @2 f)(s, 1, )dEp+k ()KdEA(DKdEa_g (u).
Thus
T = 2// (©2f)(s, t,u)dEsg+xk (S)KAEA()K dEA_k (u).

m}

The proof of the following result obtained in [5] is similar to the proof of Theorem
1.7.1.

Theorem 2.3.2 Let 0 < o < m and let f € Ay(R). Then there exists a constant
¢ > Osuchthat for every self-adjoint operators A and K on Hilbert space the following
inequality holds:

1A% DA = cllflla,m®) - 1K

In particular, in the case « = 1, Theorem 2.3.2 means the following: let f be a
function in the Zygmund class A(R), i.e., f is a continuos function on R such that

[f(s—1)=2f(s)+ f(s+1)] <const f],
then
lf(A—=K)—=2f(A)+ f(A+ K)|| <const || flla,IK]l.

We refer the reader to [5] for an analog of Theorem 1.7.2 for higher order moduli
of continuity.

To conclude this section, we also mention that the results of Sect. 1.8 were gener-
alized in [6] to the case higher order operator differences. We state here the following
result whose proved can be found in [6].
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Theorem 2.3.3 Leta > 0,m—1 <o <m,andm < p < oo. There exists a positive
number c such that for every f € Ay (R), for an arbitrary self-adjoint operator A,
and an arbitrary self-adjoint operator K of class S, the following inequality holds:

AR HADs, < clfla,@ KIS,

Note also that similar results hold for functions of unitary operators, functions of
contractions and functions of dissipative operators, see [5,6,9].

2.4 Trace formulae for perturbations of class S,,, m > 2

In Sect. 1.6 we have considered the Lifshits—Krein trace formula for f(A) — f(B) in
the case when B is a trace class perturbation of A. In [41] Koplienko considered the
case of Hilbert—Schmidt perturbations and he found a trace formula for the second
order Taylor approximation

d
trace (f(A+K) — f(A) — Ef(A—i—tK)‘t_O) =/Rf”(x)n(x)dx. 2.4.1)

Here A is a self-adjoint operator, K is a self-adjoint operator of class S> and 7 is a
function in L' that is determined by A and K. It is called the spectral shift function of
order 2. In [41] formula (2.4.1) was proved for rational functions with poles off R.
Formula (2.4.1) was generalized in [56] to the case when f is an arbitrary function
in the Besov class 82 1 (R).
In [62] the authors considered the more general problem of perturbation of class
Sm, where m is an arbitrary positive integer and they obtained the following trace

formula for the Taylor approximation .7, A(mK) f of order m:

T E FA+K) — f(A)

1 dm—l

d
— g AT T m— 1)!dzm—1f

(A+1tK)
t=0

t=0

They proved in [62] that there is a unique function 7, in L' that depends only on A,
K and m such that

trace(7,") f) = / £ () (5) dis (2.4.2)

for functions f on R such that the derivatives f/) are Fourier transforms of L'
functions for 1 < j < m. The function n,, is called the spectral shift function of order
m.

The results of [62] were improved in [10]. First, formula (2.4.2) was extended for
arbitrary functions f in the Besov class BY, .1(R). Secondly, much more general trace
formulae for perturbations of class S,, we obtalned in [10].
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It was shown in [10] that the Taylor approximation admits the following represen-
tation in terms of the multiple operator integral:

9‘,57}3f=/.../(©’"f>(s1,...,sm+1>dEA+K(s1)KdEA<sz)K...KdEA(sm+1>.

——
m+1

Here A is a self-adjoint operator, K is a self-adjoint operator of class S1 and f €
Bg’o’ | (R). In this formula by 7, A("z f we mean

(m) def (m)
TS ZyA K Jn:
nez

where as usual f;, = f x W, see (2.2).
To establish formula (2.4.2), the authors of [62] proved the following inequality:

2)

for functions f whose derivatives fU), 1 < j < m, are Fourier transforms of L'

functions. Here A, def A+1tK.

To prove that formula (2.4.2) holds for arbitrary functions f in B2 1(R) we have
to extend inequality (2.4.3) to the class B 1(]R) Recall that for f € B l(R) by the
mth derivative of the functions ¢ — f (A,) we mean

> jtm Fu(AD).

neZ

< const || ™| 1K, . (2.4.3)

dm
t — f(A
race(dtmﬂ 0|,

Theorem 2.4.1 Let f € BS | (R) and K € S;,. Then

dm
trace (Wf(At)) H < const ||f(m) ”L” ||K||’§’m. 2.4.4)
LOO

Note that the proof of Theorem 2.4.1 given in [10] contains an inaccuracy. We give
here a corrected proof.

Proof As before, it suffices to consider the case when f is a bounded function on R
whose Fourier transform has compact support in (0, c0). By Theorem 2.2.2, we have

am
W(f(A

=m!/.../(’}3mf)(s1,...,sm+1)dEA(s1)K...KdEA(sm+1).
——

m—+1
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For simplicity we assume that m = 2. In the general case the proof is the same.
Recall formula (2.2.1):

(D2 f)(s1, 52, 53) = — / (f 3 o) (s1)e S0 dy dy
R+XR+

- / (f * l'Lu+v)(~92)e_i(u+v)sz€i1”1é’ivs3 du dv
R+XR+

- // (f % Mupy) (s3)e TV US1 6102 gy gy

R+ XR+

Thus

d? . . .
TF(FADli=o = =2 / (f * futo) (A)eETVA R VA R A gy gy
R+XR+

-2 / / K (f % pusy) (A)e T WHVAK VA gy gy
R+XR+

-2 / / AKEVAK (f % i) (A)e 1WA gy dy.
R+XR+
(2.4.5)

Letw be afunctionin C*°(R) such that w (0) = 1 and .# w is a nonnegative infinitely

differentiable function with compact support. For ¢ > 0, we put f; (x) def w(ex) f(x).
Then supp .Z f. is a compact and

Z f. € L"(R) N C®(R).

)

” ”
I fellLe < CNF Nree,

Hence, by Theorem 2.1 of [62],

< const | 1 |~ IIKI3,-

d2
trace ﬁfg (Ay)

It is easy to see that

where C depends only on ®. Moreover, supp .7 f; is a compact subset of (0, co) for
sufficiently small ¢. It follows that

Il fe * ttusvllLoe < const || f * pyqpllze and }E}I})(fs * Uyt) (8) = (f * fut)(s), s €R.
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By the spectral theorem,
lim (fe * pusv)(A) = (f * turv) (A)
e—0

in the strong operator topology. Thus

lln})(ﬁc * Mu+v)(A)e_i(u+v)A KeivAKeiuA — (f * /Lu+v)(A)€_i(u+v)AK€ivAKeiuA
£—
in the norm of §;. It follows that

lin}) // (fe * pug) (A)e T EFVA K VA K IUA g1y gy
E—>
Ry xR

- // (f * Bugo) (A)e T EIVAR VAR A gy dy
RyxR4

in the norm of §;. The same is true about the second and the third integral on the
right-hand side of (2.4.5). This proves that

. d? d?
lim — (fe(A)| = —5(f(AD) ~

t=0 0
in the norm of Sy, and so (2.4.4) holds with m = 2. O

Note that Theorem 2.4.1 was used in [10] to obtain considerably more general trace
formulae. In particular trace formulae were found for

trace jW(f(A’)) and trace(A% f)(A).

t=0
Chapter 3

Triple operator integrals, Haagerup(-like) tensor products and functions of non-
commuting operators

In this chapter we deal with triple operator integrals and we apply triple operator
integrals to estimates of functions of perturbed noncommuting pairs of self-adjoint
operators. It turns out that for this purpose it is not enough to consider triple operator
integral whose integrands belong to the (integral) projective tensor product of L*°
spaces. In [33] multiple operator integrals were defined for functions that belong to
the Haagerup tensor product of L spaces. We define triple operator integrals for
functions in the Haagerup tensor product in Sect. 3.2. However, for our purpose we
have to modify the notion of the Haagerup tensor product. We define in Sect. 3.2
Haagerup-like tensor products of the first kind and of the second kind. We are going to
use the following representation of (A1, B1) — f (A2, B>) in terms of triple operator
integrals:
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f(A1, B1) — f(A2, By)
= / / / @M ) (x1, x2, Y) dEa, (x1)(A1 — A2) dE 4, (x2) dEp, (y)

+ / / @2 F)(x, v, y2)d Eay(¥)dEs, (y1)(Bi — BdEg, (v2), (3.0.1)

where the divided differences D! f and ©[?! f are defined by

def f(x1,y) — f(x2,y)

@M (x1,x2,3) = and
X| — X2

@[2] , , d;f f(xa)’l)_f(xJ’Z)'

@ )x, y1,32) [

Here f is a function in the Besov class Béo,l (R%) and (A, B) and (A2, By) are pairs
of (not necessarily commuting) self-adjoint operators.

It turns out that the divided differences do not have to belong to the integral projec-
tive tensor product of the L spaces. That is why we have to consider triple operator
integrals defined for other classes of functions. In Sect. 3.2 we define the Haagerup
tensor product of L°° spaces and triple operator integrals for such functions. It turned
out, however, that the divided differences do not have to belong to the Haagerup tensor
product. To overcome the problems, we introduce in Sect. 3.2 Haagerup-like tensor
products of the first kind and of the second kind. We will see in Sect. 3.5 that for
functions f in B}, | (R?), the divided difference D! f belongs to the Haagerup-like
tensor product of the first kind, while the divided difference D?! f belongs to the
Haagerup-like tensor product of the second kind.

We obtain in Sect. 3.6 Lipschitz type estimates for functions of noncommuting self-
adjoint operators in the norm of §, with p € [1, 2]. It turns out that such Lipschitz
type estimates in the norm of S, for p > 2 and in the operator norm do not hold.

Finally, we use in Sect. 3.8 triple operator integrals with integrands in Haagerup-
like tensor products to estimates trace norms of commutators of functions of almost
commuting operators.

In the first section of this chapter we define functions of noncommuting self-adjoint
operators.

3.1 Functions of noncommuting self-adjoint operators

Let A and B be self-adjoint operators on Hilbert space and let E4 and Ep be their
spectral measures. Suppose that f is a function of two variables that is defined at least
on o (A) x o(B), where 0 (A) and o (B) are the spectra of A and B. If f is a Schur
multiplier with respect to the pair (E 4, Ep), we define the function f (A, B) of A and
B by

def

f(A, B) =/ fx,y)dEs(x)dEB(y). G.L.1)
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Note that the map f +— f (A, B) is linear, but not multiplicative.

If we consider functions of bounded operators, without loss of generality we may
deal with periodic functions with a sufficiently large period. Clearly, we can rescale
the problem and assume that our functions are 27 -periodic in each variable.

If f is a trigonometric polynomial of degree N, we can represent f in the form

N .. N A .
fay = e‘”( > fu k)e"‘y).

Thus f belongs to the projective tensor product L*®L> and

N
> FG R < (142N f -

k=—N

N
£l mogre < D, sup

j=-N "

It follows easily from (2.7) that every periodic function f on R? of Besov class Béo 1
of periodic functions belongs to L®®L>®, and so the operator f (A, B) is well defined
by (3.1.1).

Note that the above definitions of functions of noncommuting operators is related
to the Maslov theory, see [44]. If A and B are self-adjoint operators, we can con-
sider the transformer .4 of left multiplication by A and the transformer % of right
multiplication by B:

2T AT, 2T < TB.

Clearly, the transformers .Z4 and % commute.

We can consider the transformers %4 and #p defined on the Hilbert—Schmidt
class S». In this case they are commuting self-adjoint operators on S» and the spectral
theorem allows us to define functions f (%4, #Zp) for all bounded Borel functions f
on RZ.

If our Hilbert space is finite-dimensional, the definition of f (A, B) given by (3.1.1)
is equivalent to the following one:

f(A, B) = f(Za, ZB)1,

where [ is the identity operator, and so the definition of functions of noncommuting
operators can be reduced to the functional calculus for the commuting self-adjoint
operators on the Hilbert—Schmidt class.

If our Hilbert space 77 is infinite-dimensional, we cannot apply f(-Z4, Zp) to the
identity operator, which does not belong to the Hilbert—Schmidt class. In this case we
can consider the transformers .£4 and Zp as commuting bounded linear operators on
the space () of bounded linear operators on .7°. However, since B(J¢) is not a
Hilbert space and we cannot use the spectral theorem to define functions of .Z4 and

@ Springer



64 V. V. Peller

Zp. Nevertheless, if f is a sufficiently nice function, we can define f (%4, Zp), in
which case the functions f (A, B) defined by (3.1.1) coincide with f(Zx, Zp)I.

3.2 Haagerup tensor products and triple operator integrals

We proceed now to the approach to multiple operator integrals based on the Haagerup
tensor product of L°° spaces. We refer the reader to the book [60] for detailed informa-
tion about Haagerup tensor products of operator spaces. The Haagerup tensor product
L*°(E}) ®n L (Ep) ®n L°(E3) of L™ spaces is defined as the space of functions
W of the form

W(x,x,x3) = D aj(x)Bik(a) (), (3.2.1)
J.k=0

where o, Bk, and y; are measurable functions such that
{aj}j=0 € LE (). {Bj}jk=0 € LEB), and {mh=0 € LE (%), (322)

where B is the space of matrices that induce bounded linear operators on £ and this
space is equipped with the operator norm. In other words,

1/2

def 2
Hetj}jz0ll o2y = Er-esssup [ Dl (xy) < o0,
Jj=0

def
1{Bjx}jk=0llLoe By = Ea-esssup [{Bjr(x2)}jr=0ll5 < 00,

and
1/2

def
I{yibe=oll o2y = Ez-esssup [ D ly(x3)l* | < oo.
k>0

The norm of W in L*° ®y L ®p L™ is, by definition, the infimum of

{Olj}jzonLOO(ﬁ) ||{,3jk}j,k20||L°°(B) H{v« }kzO”LOO(eZ)
over all representations of W of the form (3.2.1).

It is well known that LXQLX®L® C L®®,L>® ®,L>. Indeed, suppose that ¥
admits a representation

W(x1, x2,%3) = D @)Y (x2) xn (x3)

with

D enll oo ¥l Lo 1 | Lo sy < 0.

n
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Without loss of generality we may assume

def
cn = lenllzell¥nllzell xnllLe # 0 forevery n.

We define o, B x and yx by

_ N _ Ve
o) = e, ) = o ()
and
Vi)Yl e, J=k
ﬂjk(m):[oj PR Lk
9 ] .

Clearly, (3.2.1) holds,

172

12
ol poo o2y < zcj <00, vt < (Z Ck) <0
J k

and

[ {,Bjk(xz)}j,kz()“B <1

In [33] multiple operator integrals were defined for functions in the Haagerup tensor
product of L* spaces. Suppose that W has a representation of the form (3.2.1) and
(3.2.2) holds and suppose that 7 and R are bounded linear operators on Hilbert space.
Then the triple operator integral

///‘I/(xl,XQ,Xj;)dEl(xl)T dEz()Cz)RdE3()C3) (3.2.3)

can be defined in the following way.
Consider the spectral measure E. It is defined on a o -algebra X of subsets of 25.
We can represent our Hilbert space .77 as the direct integral

%”:/@g(x)du(x), (3.2.4)
25

associated with E». Here p is a finite measure on 25, x — %(x), is a measurable
Hilbert family. The Hilbert space ¢ consists of measurable functions f such that
f(x) e 9(x), x € Z,,and
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1/2

def
1flle = / oG dn@) | < oo

Finally, for A € X, E(A) is multiplication by the characteristic function of A. We
refer the reader to [21], Ch. 7 for an introduction to direct integrals of Hilbert spaces.

Suppose that W belongs to the Haagerup tensor product L*° ®p L>° ®p L> and
(3.2.1) holds. The triple operator integral (3.2.3) is defined by

/ / / W(x1, x2, x3) dE1 (e)T dEa(x2) R dEs (x3)

= z (/ajdEl)T(/,BjkdE2)R(/)/kdE3)

Jj. k>0

N M
= lim ZZ(/ajdEl)T(/,BjkdEz)R(/ykdE3). (3.2.5)
=

0 k=0

Let us show that the series on the right converges in the weak operator topology.
Let f and g be vectors in J7. Put

up R (/ ykdEg) f and v; &7 (/a—jdEl) g (3.2.6)

We consider the vectors v; and uy as elements of the direct integral (3.2.4), i.e., vector
functions on 25.
We have

% (([fonezz)ue)) -

< / 1{Bjx ()} j k=018 - Hur ()}r=0llp2 - I{vj ()} j>o0ll 2d a(x)
25

Z / ﬁjk(x)”k(x) Uj(x))cp(x)dﬂ(x)

Js k>0

Jj. k>0

1/2 1/2

< 1Bt} j k=0l Lo () / (32 k@) )y / (> 1@ R)dnc)
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1/2 1/2
= 1{Bjk}jh=0ll L (B) (Z ||uk||%;f> <Z ||v,»||?yf> ‘

k>0 j>0

Keeping (3.2.6) in mind, we see that the last expression is equal to

()] ) (gl (foren):
(EETN>

By properties of integrals with respect to spectral measures,

()

Similarly,

(foe)

This implies that

> (/ajdEl)T(/ﬂjkdEz)R(/ykdE3> f e

J:k=0

k=0

S\ 12
S

(foe):

1{Bjx}jk=o0ll Lo (B (Z

k>0

2)1/2

2
- / Sl | @Es £ 1) ) = H0deso g 1711

k=0

< HBjx}jazoll Lo IRI - Tl (Z

2

k=0

2

>

j=0

= / Dol ) @Ei1g, @) | < e} jzoll] ey gl

j=0

< HBjk}jk=0ll=s) - Hetjlk=ollLooe2) - {Vidrz0ll oo o) L1 - Mgl

It follows that the series in (3.2.5) converges absolutely in the weak operator topology.
The above inequalities show that

H///‘I’(xl,m,x,%)dEl(m)T dE>(x2)RdE3(x3)
< ¥llLegrogae T - [IR]. (3.2.7)

Note that the triple operator integral is well defined by (3.2.5), i.e., the sum of the
series in (3.2.5) does not depend on the choice of a representation (3.2.1), see [3,33].

Itis easy to verify that if W is a function that belongs to the projective tensor product
L®(E))®L>®(E>)QL™®(E3), then the above definition coincides with the definition
of the triple operator integral given in Chapter 2.

It turns out, however, that unlike in the case when the integrand belongs to the
projective tensor product L®°& L& L (see Theorem 2.1.3), triple operator integrals
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with integrands in the Haagerup tensor product L*° ®y L ®y L° do not possess the
proper ty

T €S§,, R isbounded :>///\DdE]TdE2RdE3eSp

with p < 2; this will be established in Sect. 3.8. We will see in Sect. 3.3 that for
integrands ¥ in L*°®p L>®° ®p L°,

(N 111
TeS) ReS, —+-=3 :>///\JldE1TdE2RdE3eS,, P

1
p q
We do not know whether this can be true if 1/p + 1/ > 1/2.

3.3 Schatten—von Neumann properties

In this section we study Schatten—von Nemann properties of triple operator integrals
with integrands in the Haagerup tensor product L*°®p L @y L°°. First, we consider
the case when one of the operators is bounded and the other one belongs to the Hilbert—
Schmidt class. Then we use an interpolation theorem for bilinear operators to consider
a more general situation.

The following result was established in [1] and its detailed proof was published in

[3].

Theorem 3.3.1 Let Ey, E3, and E3 be spectral measures on Hilbert space and let
® be a function in the Haagerup tensor product L°°(E|) ®n L°°(E2) ®y L (E3).
Suppose that T is a bounded linear operator and R is an operator that belongs to the
Hilbert—Schmidt class S>. Then

w ! / / / W, x0, x3) dE ()T dEy () RAEs(x3) €S2 (33.1)
2122 25
and

[Wils, < IWllzxgyLe =T - [IR]s,- (3.3.2)

It is easy to see that Theorem 3.3.1 implies the following fact:

Corollary 3.3.2 Let Ey, Ea, E3, and V satisfy the hypotheses of Theorem 3.3.1. If T
is a Hilbert—Schmidt operator and R is a bounded linear operator; then the operator
W defined by (3.3.1) belongs to S, and

[Wis, = IWllzxg,roe,e=lIT s, | RIl-

Clearly, to deduce Corollary 3.3.2 from Theorem 3.3.1, it suffices to consider the
adjoint operator W*.
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Proof of Theorem 3.3.1 Forsimplicity we consider the case when E3 is a discrete spec-
tral measure and we refer the reader to [3] for the general case. Under this assumption,
there exists an orthonormal basis {e;, },»>0, the spectral measure E3 is defined on the
o-algebra of all subsets of Z,, and E3({m}) is the orthogonal projection onto the
one-dimensional space spanned by e,,. In this case the function W has the form

W(xi,xo,m) = D aj(x)Bjx(x)yi(m), x1 € 21, x2 € 23, m € Ly,

Jj k>0
where
{aj}jz0 € LY @), {Bjx}jk=0 € LE(B),
and
sup /@Z(:) lyk(m)|* < oo.
Then
W = // > W(x1x2,m) dE\(x))T dE2(x2)R (-, em)em.
m=>0
We have
D IWenll* = D 1 ZuRenl. (3.3.3)
m>0 m=>0
where

Zn déf//w(xl,xz,m>dE1(x1>TdEz(xz)

_ / / / Wy (1, X2, m) dEy ()T dEa(x2) ] dé,

Here &, is the spectral measure defined on the one point set {m} and the function W,
is defined on 27 x 25 x {m} by

Wy (x1, X2, m) = W(x1, x2,m), x1 € 21, x2 € 25
It is easy to see that

W ll oo (B @R L (En@nL &) = IV IlLoED@nL®(En@nL=(Es), m = 0.

It follows now from (3.2.7) that
1Zmll < IWlLegyLoguLelI Tl
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and by (3.3.3), we obtain

S IWenll* < D 1Zul* [ Remll?

m>0 n>0

2 2 2
< 1l gy oL I T2 D IRenll

m=>0
= 11} oy Loy I TIZIRI, -
It follows that W € §; and inequality (3.3.2) holds. O

We are going to use Theorem 4.4.1 from [16] on complex interpolation of bilinear
operators. Recall that the Schatten—von Neumann classes S, p > 1, and the space of
bounded linear operators B(.7¢’) form a complex interpolation scale:

(S],B(ﬁf))[g] = Sﬁ’ 1<6<1. (3.3.4)

This fact is well known. For example, it follows from Theorem 13.1 of Chapter III of
[32].
The following result was established in [1] and its proof was published in [3].

Theorem 3.3.3 Let ¥ € L™ (E|) @, L*(E2)®nL*(E3). Then the following holds:

() ifp =2 T e B(H), and R € S, then the triple operator integral in (3.3.1)
belongs to S, and

[Wis, < IWllLegyroe,c=IT] - RS, (3.35)

() if p=2,T € Sp, and R € B(I), then the triple operator integral in (3.3.1)
belongs to S, and

[Wis, < IWllLegy oo =T s, I RI:

(iii) if1/p+1/q <1/2, T € S, and R € S, then the triple operator integral in
(3.3.1) belongs to S, with 1/r = 1/p + 1/q and

[Wils, < IWllzx@,oe,L=ITlls, RS,

We will see in Sect. 3.8 that neither (i) nor (ii) holds for p > 2.

Proof of Theorem 3.3.3 Letus first prove (i). Clearly, to deduce (ii) from (i), it suffices
to consider W*.
Consider the bilinear operator # defined by

W (T,R) = ///‘I‘(X1,X2,X3)dE1(X1)T dE>(x2)RdE3(x3).
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By (3.2.7), # maps B(57) x B() into B(s¢) and
17T, I <ITI-IRI.
On the other hand, by Theorem 3.3.1, % maps B(5¢) x S; into S, and
17T, R)lls, < ITIl - IRlls,-

It follows from the complex interpolation theorem for linear operators (see [16], The-
orem 4.1.2 that) % maps B(J) x S, p > 2,into S, and

17T, ®)ls, < ITI - IRls,-

Suppose now that 1/p + 1/q < 1/2 and 1/r = 1/p + 1/q. It follows from
statements (i) and (ii) (which we have already proved) that % maps 5(.7) x S, into
S, and S, x B(J7) into S,, and

17T, R)lls, < IT1l-IRlls, and [[#(T, R)lls, < ITls, - IR

It follows from Theorem 4.4.1 of [16] on interpolation of bilinear operators, %" maps
(B(?), Sy)e) x (Sr, B(I))e) into S, and

17(T, B)lls, < T B#).5)0 1R, B0 -

It remains to observe that for 6 = r/p,
(B(%), Sr)[ﬂ] = SP and (Sr, B(%))[e] = Sq’

which is a consequence of (3.3.4). O

3.4 Haagerup-like tensor products and triple operator integrals

As we have mentioned in the introduction to this chapter, we are going to use a
representation of f(Aq, B;) — f (A3, B») in terms of triple operator integrals that
involve the divided differences ®[!! £ and ©!?! f. However, we will see in Sect. 3.8 that
the divided differences D! f and ®[?! £ do not have to belong to the Haagerup tensor
product L ®p L% ®y L for an arbitrary function f in the Besov class Béo,l (R?).
In addition to this, representation (3.0.1) involves operators of class S, with p < 2.
However, we will see in Sect. 3.8 that statements (i) and (ii) of Theorem 3.3.3 do not
hold for p < 2.

This means that we need a new approach to triple operator integrals. In this section
we introduce Haagerup-like tensor products and define triple operator integrals whose
integrands belong to such Haagerup-like tensor products. Note that the Haagerup-like
tensor products were defined in [1,12], see also [3].
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Definition 1 A function W is said to belong to the Haagerup-like tensor product
L®(E1)®p L>®(E>)®" L% (E3) of the first kind if it admits a representation

W(xp,x2,x3) = D () Br)yje(xa), xj € 2, (34.1)
Jj-k=0

with {o;} >0, {Bcli=0 € L>®(¢%) and {Vjk}j k=0 € L°(B). As usual,

def .
I o, pooghroe = inf I{etj}j=0ll oo 2y 1HBi =0l oo o2y 1Y} k=0l Lo 8y
the infimum being taken over all representations of the form (3.4.1).

Definition 2 Let1 < p < 2.For W € L®(E;)®,L®(E2)®"L>*(E3), for a bounded
linear operator R, and for an operator T of class S, we define the triple operator
integral

W= //JW(XI,X2,X3) dE(x1)T dEy(x2)R d E3(x3) (3.4.2)

as the following continuous linear functional on S/, 1/p 4 1/p" = 1 (on the class of
compact operators in the case p = 1):

0O > trace ((/// W(xy, x2, X3)dEz(xz)RdE3(X3)QdE1(xl)) T) . (34.3)

Clearly, the triple operator integral in (3.4.3) is well defined because the function
(x2, x3, x1) > W(x1, x2, x3)

belongs to the Haagerup tensor product L*°(E) @y L (E3) ®n L>®(E). It follows
easily from statement (i) of Theorem 3.3.3 that

IWls, < IWlleg,rooghree 1T s, IR], 1< p <2,

» =
(see Theorem 3.4.1).

It is easy to see that in the case when W belongs to the projective tensor product
L®(E1)®L>®(E;)®L(E3), the definition of the triple operator integral given above
is consistent with the definition of the triple operator integral given in Chapter 2. Indeed,
it suffices to verify this for functions W of the form

U (xy, x2,x3) = o(x) ¥ (x2) x (x3), @ € LY(E1), ¥ € L™(Ey), x € L¥(E3),
in which case the verification is obvious.

We also need triple operator integrals in the case when T is a bounded linear operator
andRe §,,1<p=<2
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Definition 3 A function W is said to belong to the Haagerup-like tensor product
L®(E1)®"L®(Ey)®y L>®(E3) of the second kind if W admits a representation

W(xy, x2, x3) = z ajr(x)Bj(x2) v (x3) (3.4.4)
J:k=0

where {8;} >0, {Vk}k=0 € Lo°(¢?), {aji}j k=0 € L°°(B). The norm of ¥ in the space
L®Q" L®®p, L™ is defined by

”‘IIHLOO@}‘LOO@}]LOO déf inf ” {Olj}jZO ”Lm([2) ” {ﬂk }kZO ||L°°(€2) ” {yjk}j,kZO HLOQ(B)7

the infimum being taken over all representations of the form (3.4.4).

Definition 4 Suppose now that W € L®(E;)®" L®(E»)®n L™ (E3), T is abounded
linear operator, and R € S, 1 < p < 2. The continuous linear functional

O +—> trace ((/// W(xy, x2,x3)dE3(x3)QdE(x))T dEz(xz)) R)

on the class S, (on the class of compact operators in the case p = 1) determines an
operator W of class §,, which we call the triple operator integral

W= J//\l/(xl,xz,m)dEl(xl)T dE>(x2)R dE3(x3). (3.4.5)

Moreover,
[Wils, < IWllpecghzoogy L 1T - I R][s,,-
As above, in the case when W € L®(E)®L®(E2)®L>(E3), the definition of
the triple operator integral given above is consistent with the definition of the triple

operator integral given in Chapter 2.
The following result can easily be deduced from Theorem 3.3.3, see [3].

Theorem 3.4.1 Let ¥ € L® ®, L® " L>®. Suppose that T € Sy, and R € S,
where 1 < p <2and1/p+ 1/q < 1. Then the operator W in (3.4.2) belongs to S,
1/r=1/p+1/q, and

Wls, = 1Wllp~g,LoehrelIT s, IR]ls,- (3.4.6)
IfT € Sy, 1 < p <2, and R is a bounded linear operator, then W € S, and

Wls, = IWllLeogyLooghre T lls, I R- (3.4.7)

In the same way we can prove the following theorem:

@ Springer



74 V. V. Peller

Theorem 3.4.2 Let W € L® Q" L®®;, L™. Suppose that p > 1, 1 < q < 2, and
I/p+1/qg < 1.IfT € Sy, R € S, then the operator W in (3.4.5) belongs to Sy,
1/r=1/p+1/q, and

[Wils, < IWllpxcg,rooghr= T ls, RIS, -
If T is a bounded linear operator and R € S;, 1 < p <2,then W € S, and

Wlis, = IWllLeogyroegnre T lls, I R]l-

3.5 Conditions for ®1! £ and ©! f to be in Haagerup-like tensor products

As we have already mentioned before, for functions f in Béoyl(Rz), the divided
differences D! f and D11 £,

@ £)(x1, x2, ) def Sy = fGa, y) and (@mf)(x, 1, y2) def SGy) = [, Y2)!
X1 — X2 yi—»n

do not have to belong to the Haagerup tensor product L*°®y L*°®y L°°. This will be
seen in Sect. 3.8.

In this section we will see that for f € Béo’l(Rz), the divided difference D f
belongs to the tensor product L®(E1) ®p L®(E2) ®" L>®(E3), while the divided
difference D% f belongs to the tensor product L>®(E) ®" L™ (E») @, L (E3) for
arbitrary Borel spectral measures E1, E, and E3 on R.

This will allow us to prove in the next section that if (A, By) and (Aj, B,) are pairs
of self-adjoint operators on Hilbert space, (A2, B>) is an S, perturbation of (A1, By),
1 <p<2and f € Bl |(R?), then the following integral formula holds:

.f(Ala Bl) - .f(AZa Bz)
=//J SO0 = SO0 4p ) (Ar = As) dEn, (x2) dEg, (),

X1 — X2

+ J/ = y;) - ;(x’ Y2 1 1, (6) dE, (3)(B) — B2) dEp, (72).

The following theorem contains a formula that is crucial for our estimates. It was
established in [1,12], its detailed proof was published in [3].

Theorem 3.5.1 Let f be a bounded function on R? whose Fourier transform is sup-
ported in the ball {§ € R?: ||€|| < 1}. Then
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SOy = flo2, ) > sin(xy — j) sin(xa —km) f(jm, y) = flkn,y)

’

X] — X2 ez Xy — jmw Xp —kmw jm —km
3.5.1)
where for j = k, we assume that
fGr,y) = [k, y) _ 9f(x, y)
jm —kmw ox Gy
Moreover,

— —k
szzsz x| x2 € R, (3.5.2)
ez (x1 — jm) = (o —kn)

and
sup < - < const || flzoo(R)- 3.5.3)
yeR JT —km JkeZ|| g

Formula (3.5.1) can be deduced from Lemma 1.9.2, see [3] for details, identities
(3.5.2) are well-known, see, e.g., [65], 3.3.2, Example IV.
To estimate the operator norm of the matrix

’

[f(jﬂ, y) — flkm, y)

jm —km ]j,keZ

we represent this matrix as the sum of the matrices Cy = {c;r(y)}; ez and Dy =
{djx(¥)}} kez, Where

SUm.y) = fkn.y) j#k 0, JFk

cjk()’)=’ ko and  dji(y) =\ g7,y

0, j=k &, j =k

Gry)

Itis easy to see that C is the commutator of the discrete Hilbert transform g4 and an
operator of multiplication by a bounded sequence on £? and || C ylI < const || f | poc(r2)-
On the other hand,

of (x,y) ‘
ax  l(Gmy)

[ Dyll = sup = I fllp=r2)
JEZ
by Bernstein’s inequality. This completes the proof of (3.5.3).
We refer the reader to [3] for details.
The following result can be deduced easily from Theorem 3.5.1, see [3].
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Corollary 3.5.2 Let f be a bounded function on R* such that its Fourier transform
is supported in {§ € R?: ||E|| < o}, 0 > 0. Then the divided differences D f and
DI f have the following properties:

DU £ e L¥ENQLL®(E2)@"L®(E3) and D f € L¥(E;) @ L®(Ey) @ L*®(E3)

for arbitrary Borel spectral measures E1, E; and E3. Moreover,

||®[1]fHLoc®hLoo®hLoc < const G||f||L°O(R2) (354)

and

DR f [ ooy 1o < cONSt ol £l o m2).- (353)
Corollary 3.5.2 implies in turn the following theorem that was established in [6].

Theorem 3.5.3 Let f € BL, |(R?). Then
DU f e L¥(EN@hL¥(E2) ®"L®(E3) and DV f € L®(E))®"L™(E2)®n L™ (E3)
for arbitrary Borel spectral measures E1, Ey and E3. Moreover,
”Q[l]f||Loo®hLoo®hLoo S const "f”Bolo,l
and

|92 rogh gy oo < const ol flipr -

3.6 Lipschitz type estimates in the case | < p <2

In this section we discuss the results announced in [1,2] whose detailed proofs were
given in [3].

We will see in this section that for functions f in the Besov class Béo,l (R?), we
have a Lipschitz type estimate for functions of noncommuting self-adjoint operators
in the norm of S, with p € [1, 2].

The following integral formula plays an important role.

Theorem 3.6.1 Ler f € Bl |(R*) and 1 < p < 2. Suppose that (A, By) and

(A2, By) are pairs of self-adjoint operators such that A, — Ay € S, and B— By € S).
Then the following identity holds:

f(A1, By) — f(A2, By)

_ //J SO0 = SO 4p ) (Ar = As) dEn, (x2) dEg, (),

X1 — X2
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+ J/ e y;z : ;;()ﬂ 2 dEx,(x)dEp (y1)(B1 — B2) dEp,(y2).

(3.6.1)

Note that by Theorem 3.5.3, the divided differences D!!! f and D[?! f belong to the
corresponding Haagerup like tensor products, and so the triple operator integrals on
the right make sense.

Proof 1t suffices to prove that
f(A1. B1) = f(As, By)
= / / J (@ f)(x1. x2, ) dEa, (x1)(A) — A))dEa,(x2) dEp, (y)  (3.6.2)
and
f (A2, By) — f(Az, By)

= J / / (O ) (x, y1, y2) dEa, (x) dEg, (y1)(B1 — B2) dEp,(y2).  (3.6.3)

Let us establish (3.6.2). Formula (3.6.3) can be proved in exactly the same way.
Suppose first that the function D! f belongs to the projective tensor product
L%°(Eq4, )(f{)LOO(E,42)®L°°(EBl ). In this case we can write

/ / J (@M ) (x1, x2, ¥) dEa, (x1) (A1 — A2) dEa,(x2) dEg, ()
= //J (Q[I]f)(xl,m, VAEA (x1)A1dEA,(x2)dER, (y)
- //J (9[1]f)(x1,xz, VAEA (x1)A2dE A, (x2) dER, (¥).

Note that the above equality does not make sense if D!l f does not belong to
L®®L>®®L> because the operators A; and A> do not have to be compact, while
the definition of triple operator integrals with integrands in the Haagerup-like tensor
product L*° ®y L% @M L% assumes that the operators A and Aj belong to S,.

It follows immediately from the definition of triple operator integrals with inte-
grands in L*®L®®L™ that

/ / J (@M £)(x1, x2, Y) dEa, (x1) A1 dE 4, (x2) dEp, ()

- / / J x1 (O F) (x1. x2. y) dE, (v1) dEay (x2) dE, (3)
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and
//J (@M ) (x1, x2, ¥) dEa, (x1)A2 dE 4, (x2) dEg, ()
= //J”@mf)(mm Y)dE 4, (x1) dEa, (x2) dEp, ().
Thus

//J (@[I]f)(xl, X2, V)AEA (x1)A1dEA,(x2)dEB,(y)

//J F)(x1,x2, Y)dEa, (x1)A2 dE o, (x2) dE, (¥)
/ / J (1 — ) LD TS 4y dE s () dEs, (7)
X1 — X2

= //J fx1, Y)dEA (x1)dEa,(x2) dEg, (y)
- //J f(x2,y)dEa, (x1) dEa,(x2) dEp, (y) = f (A1, B1) — f(A2, By).

Consider the functions f,, defined by f, = f % W, n € Z, see (2.2). It is easy to
see from the definition of the Besov class B;o, | (]Rz) that to prove (3.6.2), it suffices
to show that

fu(A1, B1) — fu(A2, By)

= / / J (@MW £,) (x1, x2, y) dEa, (x1) (A1 — A2) dE a,(x2) dEg, (y).

As we have mentioned in Sect. 2, the function f, is a restriction of an entire
function of two variables to R x R. Thus it suffices to establish formula (3.6.2) in
the case when f is an entire function. To complete the proof, we show that for entire
functions f the divided differences ®!! f must belong to the projective tensor product
L®(E)QL™(E,)QL™(Ep,).

Let f(x,y) = 22700 ( S pajkx’ yk) be an entire function and let R be a positive
number such that the spectra 0 (A1), 0 (A2), and o (B) are contained in [—R /2, R/2].
Clearly,

o o0
1 o0 Z( la k|Rf+")
=0
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and

o o0
1 | j—1-1 &
1M fllgimare = | 2 [ 0 (D amnid ™)
=0

k=1 [=0 LOQLOGL®

3

o
EZ(Z laji| RIS l) < oo,

k=1
where in the above expressions L° means L°°[— R, R]. This completes the proof. O
Theorem 3.6.2 Let p € [1, 2]. Then there is a positive number C such that

| f (A1, B1) — f(A2, Bo)|| < CIIfIIB;o | max {|A] — Aslls,. IIB1 — lelsp},
(3.6.4)

whenever f € B;OJ(RZ), and A1, Ay, By, and By are self-adjoint operators such that
Ay — Ay e S,and B, — By € §).

Proof This is an immediate consequence of Theorem 3.6.1 and Theorems 3.4.1 and
34.2. O

Remark We have defined functions f (A, B) for fin B 1 l(Rz) only for bounded self-
adjoint operators A and B. However, formula (3.6.1) allows us to define the difference
f(Ay1, B1)— f(Aa, By) inthe case when f € B;o,l (R?) and the self-adjoint operators
A1, Ay, By, By are possibly unbounded once we know that the pair (A2, By) is an
S, perturbation of the pair (A1, By), 1 < p < 2. Moreover, inequality (3.6.4) also
holds for such operators.

Note that similar results for functions of unitary operators were obtained in [3] as
well.

3.7 Lipschitz type estimates cannot be extended beyond p < 2

It was shown in [2,3] that there is no Lipschitz type inequality of the form (3.6.2) in
the norm of S, with p > 2 and in the operator norm for an arbitrary function f in
Béo’ | (R?). In this section we give the construction of [3].

Theorem 3.7.1 (i) There is no positive number M such that
I f(A1, B) — f(A2, B)I| < M| fll oo w2y llA1 — A2l
for all bounded functions f onR? with Fourier transform supported in [—2m, 27>
and for all finite rank self-adjoint operators A1, Az, B
(ii) Let p > 2. Then there is no positive number M such that

I f (A1, B) — f(A2, B)lls, = M|l fllpo®e)llA1 — Azlls,
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for all bounded functions f onR? with Fourier transform supported in [—2, 271>
and for all finite rank self-adjoint operators A1, As, B.

Proof Let us first prove (ii). Let {g;}1<j<ny and {h}<j<n be orthonormal systems
in Hilbert space. Consider the rank one projections P; and Q ; defined by

Pjv=(v.g)g; and Q;v= (. hphj, 1<j<N.
We define the self-adjoint operators Ay, Az, and B by
N N N
A=) 2jPj, Ay=) (Q2j+1P;, and B=> k0.
j=1 j=1 k=1
1
Then ||A; — A2||Sp = Nr.Put

1 —cos2mx

px) = 7272

Clearly, supp ¢ C [—2m,27], (k) = 0 for all k € Z such that k # 0, ¢(0) = 1.
Put ¢ (x) = ¢(x — k). Given a matrix {7;;}1<jx<n, we define the function f by

fo =D e (e,

1<j.k<N

Itiseasy toseethat 2 (A1) = Pj,¢2;(A2) = 0,0 (B) = QO provided1l < j, k < N,
and

2y < const max |[Tjg|.
1/ llLooqu) < const | max |l

Clearly,

fALB) = D tiPjQr and f(A3, B) =0.
1<j,k<N

Note that
(f(A1, B)hi, gj) = tji(he, gj), 1=<j,k<N.

Clearly, for every unitary matrix {ui}1<jr<n, there exist orthonormal systems
{gj}lfij and {hj}lfij such that (hy, gj) = Ujk- Put

p

ik = —— , 1<j,k<N.
u/k WCX N) <]
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Obviously, {ujr}1<j k< is a unitary matrix. Hence, we may find vectors {g; }?’:1 and
{hj}?’:] such that (hg, g;j) = uji. Put tjx = VN U ji. Then

If (AL B)lls, = lujilh=ju=nlls, = Hlujilh=jk=nlls, = VN

because rank{|u jx|}1<jk<n = 1. So for each positive integer N, we have constructed
a function f and operators A1, Ay, Bsuchthat|f| < const,supp & f C [—2m, 2712,

A1 — Aslls, = N" and | (A1, B) — f(A2, B)||s, = +/N. It remains to observe
that 11rn1\/_>o<>N2 P = oo for p > 2.

Exactly the same construction works to prove (i). It suffices to replace in the above
construction the S, norm with the operator norm and observe that |[A; — Az = 1

and || f (A1, B) — f(A2, B)| = V/N. o

Theorem 3.7.1 implies that there is no Lipschitz type estimate in the operator norm
and in the S, norm with p > 2. Note that in the construction given in the proof the
norms of A; — A; cannot get small. The following result shows that we can easily
overcome this problem.

Theorem 3.7.2 There exist a sequence {f,}n>0 of functions in B;O,I(Rz) and

sequences of self-adjoint finite rank operators {A(n)}n>0, {A(n)}n>0, and {B(")}n>0
such that the norms || fu |l g1 ] do not depend on n, h

lim A = AL | >0, but | fu(A1, B) = fu(As, B)|| > oo.

n—oo
The same is true in the norm of S, for p > 2.

Proof The existence of such sequences can be obtained easily from the construction
in the proof of Theorem 3.7.1. It suffices to make the following observation. Let f, A1,

Aj and B be as in the proof of Theorem 3.7.1 and let e > 0. Put f.(x, y) e sf(g, 5)
Then

Ifellgr = 1flg1 o I fe(eAL eB) = fo(eAr eB)| = eN'/2 and led| —eAs] =e.
If p > 2, then
I fe(eAr. eB) — fe(eAz.eB)|s, =eN'? and |leA; —eAs|ls, = eN'/P.

O

Remark The construction given in the proof of Theorem 3.7.1 shows that for every
positive number M there exist a function f on R? whose Fourier transform is supported
in [—27, 27]? such that || || LRy < const and self-adjoint operators of finite rank
A1, Az, B such that ||A; — Az = 1, but || f(A1, B) — f(A2, B)|| > M. It follows
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that unlike in the case of commuting self-adjoint operators (see [13]), the fact that f is
a Holder function of order « € (0, 1) on R? does not imply the Holder type estimate

Il f (A1, B1) = f (A2, Bo)| < const max {||A} — A2||%, [|B1 — B2]|*}.

3.8 Counterexamples

We use the results of the previous section to show that statements (i) and (ii) of Theorem
3.3.3 do not hold for p € [1, 2). We also deduce from the results of Sect. 3.7 that the
divided differences D! f and D! f do not have to belong to the Haagerup tensor
product L*®°®y L*°®p L for an arbitrary function f in B;o,] (R2). The results of this
sections were obtained in [4-6].

Theorem 3.8.1 Let 1 < p < 2. There exist an operator Q in S, spectral measures
E1, E> and E3 on Borel subsets of R and a function ® in the Haagerup tensor product
L>®(E1)®n L (E2)®nL>*(E3) and an operator Q in S, such that

///<1>(X1,X2,X2)dEl(Xl)dEz(X2)QdE3(X3) ¢ Sp.

Proof Assume the contrary. Then the linear operator

0+ ///¢(X1,X2,X2)dEl(Xl)dEz(X2)QdE3(X3)

is bounded on §, for arbitrary Borel spectral measures £y, E>, and E3 and for an
arbitrary function ® in L>*°(E])®pL*°(E2)®p L% (E3). Suppose now that W belongs
to the Haagerup-like tensor product L (E;)®p L (E2)®@" L (E3) of the first kind.
For a finite rank operator 7' consider the triple operator integral

V= //Jw(xl’xz’x3)dEl(xl)TdEz(xz)dE3(x3).

We define the function @ defined by
D (x2, x3, x1) = W(xg, X2, X3).

Let O € §,. We have

trace(W Q) = trace ((/// W(xy, x2, x3)dE>(x3) dE3(X3)QdE1(X1)) T)

= trace ((/// D (x, x3, x1) dEr(x2) dE3()C3)QdE1()C1)) T)

(see the definition of triple operator integrals with integrands in the Haagerup-like
tensor product of the first kind in Sect. 3.2).
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Thus

| trace(W Q)| =

trace ((/// D (x7, x3, xl)dEz(xz)dEg(X3)QdE1(xl)) T)’
(///<1>(X2,X3,X1)dEz(Xz)dE3(X3)QdE1(X1))

=< const || || LogyLowy Lo Qlls, I T s,

< ITls,,

Sy

(throughout the proof of this theorem in the case p = 1, the norm in S,/ has to be
replaced with the operator norm).
It follows that

Wls, = H//J‘I’(xl,xz,xs)dEl(xl)TdEz(X2)dE3(X3)

S,y

S const ”\II”Lm@th@hLoo”T”Sp" (381)

By Theorem 3.5.3, D! f € L®®, L®@" L™ for every f in B;’I(Rz) and by
(3.6.2),

= / / J (@M £)(x1, x2, ¥) dEa, (x1)(A1 — A2) dE 4, (x2) dEp(y)

for arbitrary finite rank self-adjoint operators A, Az, and B. It remains to observe
that by inequality (3.8.1),

I/ (A1, B) = f (A2, B)lls,, < const [DM £ g, rognr Al — Aals,
< const || fllg A1 —Azls,,

which contradicts Theorem 3.7.2. O

If we pass to the adjoint operator, we can see that for p € [1,2), there exist a
function W in the Haagerup tensor product L*°®y L>*°®p L and an operator Q in S,
such that

/// ®(x1, x2, 12) dEy (x1) Q dEx (x2) dE3(x3) ¢ S,p.

The following application of Theorem 3.7.2 shows that for functions f in B éo | R?),

the divided differences D! f and D! f do not have to belong to the Haagerup tensor
product L>® ®;, L ®p, L>°. We state the result for D! f.
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Theorem 3.8.2 There exists a function f in the Besov class Béoyl(Rz) such that the
divided difference ®'V f does not belong to L™ @y L™ ®p L.

Proof Assume the contrary. Then the map
fi oy

is a bounded linear operator from B;O’I (R?) to L®°®y L°° @y L°°.
By (3.6.2),

f (A1, B) — f(A2, B)

= / / J (@M ) (x1, x2, ¥) dEa, (x1)(A1 — A2) dE a,(x2) dE(y)

for arbitrary finite rank self-adjoint operators A, A, and B. It follows now from
inequality (3.2.7) that

1/ (AL B) = [ (A2, B)| < DM f i, Loy Lo AT = A2l < const [ fll g1 A1 = Az]
which contradicts Theorem 3.7.2. O

3.9 Functions of almost commuting operators, an extension of the Helton—-Howe
trace formula

Operators A and B are called almost commuting if the commutator

[A.B]1Y AB — BA

belongs to S1. In [31] the following trace formula was discovered:

1 Jdp 0 0@ 0
trace(i[(@(A, B), Yr(A, B)]) = Z//R (a—f% - %%) g(x. ) dx dy,
3.9.1)

where A and B are almost commuting self-adjoint operators, ¢ and v are polynomials
and g is the Pincus principal function which is uniquely determined by A and B and
which was introduced in [59].

The problem considered in [54] was to extend the Helton—Howe trace formula for a
reasonably big class of functions. It was shown in [54] that under natural assumptions
it is impossible to extend formula (3.9.1) to the class of all continuously differentiable
functions. On the other hand, a sufficiently big class of functions C was such that
formula (3.9.1) holds for all functions ¢ and v in C.

In the paper [12] it was proved that formula (3.9.1) admits an extension to arbitrary
functions ¢ and v in the Besov class B;’I(Rz) which considerably improved the
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sufficient condition ¢, ¢ € C found in [54]. The main tools used in [12] are Haagerup-
like tensor products and triple operator integrals.
The following results were obtained in [12].

Theorem 3.9.1 Let A and B be self-adjoint operators and let Q be a bounded linear
operator such that [A, Q] € Sy and [B, Q] € S1. Suppose that ¢ € B;O’I(Rz). Then

[¢(A. B)., Q] € 81,

[o(A, B), 0] = //J P10 =002 ) )AL Q1dEA() dEs ()

X1 — X2

b [ [[EEEE a0 dEGOLE, Q1dE (Y

and
|[eca. B). 0] 5, < const llglig @) ([[A. Q1 +[1B. Q1)

If we apply Theorem 3.9.1 to the operator Q = ¥/ (A, B), we obtain the following
result:

Theorem 3.9.2 Let A and B be almost commuting self-adjoint operators and let ¢
and  be functions in the Besov class Béo’l(Rz). Then

[¢(A, B), v(A, B)]
_ //J PO Ty (AL (A, BYdEA(x) dER(Y)

X1 — X2

" J// - le’? :(),jz(x 2 dEs(x)dEg(y1)[B, ¥ (A, B)]dEg(y2)

and
Iloca, B), v (A, B)][[5, < const el @z V151 @y 14, B[ g,

Theorem 3.9.2 allows us to extend the Helton—-Howe trace formula to functions in
the Besov class Béo 1(]Rz).

Theorem 3.9.3 Let A and B be almost commuting self-adjoint operators and let ¢
and ' be functions in the Besov class B;oy 1 (R?). Then the following formula holds:

1 Jdp 0 0@ 0
trace(i[(¢(A, B), ¥(A, B)]) = E//R (g% - %%) g(x, y)dx dy,

where g is the Pincus principal function associated with the operators A and B.

We refer the reader to [12] for more detail.
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