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1 Introduction

We survey those aspects of the theory of singular integral operators which have been
obtained since the pioneering work of Zygmund, Calderén and Mikhlin, concern-
ing the Calderén program as developed by Coifman and Meyer. Key results in this
development include the Calderén commutator theorem, L2 bounds on the higher com-
mutators and on the Cauchy integral on Lipchitz curves, the solutions of the Painlevé
problem on analytic capacity and the Kato square root problem for elliptic operators,
along with further applications to analytic capacity and partial differential equations.

Our emphasis is on L2 boundedness criteria for singular integrals, commonly known
as T'1, Th and local Th theorems, which have arisen from and contributed to the above-
mentioned program. We conclude the survey with a discussion of some recent progress
and applications.

For the classical theory of singular integrals and square functions, we refer the
reader to the excellent monographs of Stein [86,87], and of Christ [32].

1.1 Singular integrals

A singular integral operator (SIO) in R" (in the generalized sense of Coifman and
Meyer) [37], is a linear mapping T from test functions D(R") := C3°(IR") into dis-
tributions D’ (R"), which is associated to a Calderén-Zygmund kernel K (x, y), in the
sense that

(To,v) = //lﬂ(x)K(x, Y)o(y)dydx (1.1)

whenever ¢, ¢ € C3°(R") with disjoint supports. A Calderon-Zygmund kernel is one
which satisfies the standard size and Holder bounds

K@,y = Clx—y[™ and (1.2)
|h|*

h
IK(x,y+h)— K&, )|+ |Kx+hy)— K,y < Cm (1.3)

for some o € (0, 1], whenever 2|h| < |x — y|. For now, let us take the point of view
that K : R" x R"\{x = y} — C, although in the sequel we shall also mention the
case that the range of K is, more generally, a Hilbert space.
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Singular integrals and square functions 203

We remark that, given a closed cube Q9 C R”, T extends to a bounded linear
mapping from L2(Q) into L?(R"\ Q), with the representation

Tf(X)=/QK(x,y)f(y)dy (1.4)

for all f € L*(Q) and all x € R”\ Q. Indeed, this follows readily from the kernel
estimate (1.2), and the Hardy inequality

1
/ '/ L rondy
RrR\o /o [x — y|"

along with (1.1) and a density argument.

The theory can be extended to settings other than Euclidean space, and there are
worthwhile reasons for doing so, but for most of this survey we shall just consider
functions defined on R", for the sake of simplicity of exposition.

Let us now mention several examples. The Hilbert transform

2
dx < G, / ()P,
]Rn

1 1
Hf(x) := p.v. —/ —f(y)dy = hm —/ — f(y»dy, (1.5
[x—y|>e X — Y

-0 T

relates the real and imaginary parts of a holomorphic function F in the half-space
Cy = Ri = {(x,1) € R x (0, 00)}, by the formula H (9ie F (-, 1)) = —3m F(-, 1),
assuming adequate integrability of F' on horizontal slices (say F (-, t) is uniformly in
LP(R) for some p € (1, 00)). Here, the convergence of the principal value limit holds
pointwise a.e. and in L?, for f € LP, 1 < p < oco. We shall not explore pointwise
convergence further in the present survey, but see, e.g., [86], Chapters II-III, and [87],
Chapter I, Section 7.
In higher dimensions, the operators analogous to H are the Riesz transforms

2 ' :
Rjf(x):= p-v-a—n/Rn Wf(y)dy, j=1L2...,n, (L6

where o, is the volume of the unit n-sphere in R"t! The Riesz transforms relate the
tangential and normal derivatives of a harmonic function u in the half-space R'J’FH =
{(x,1) € R" x (0, 00)}, via the formula R; (3;u(-, 1)) = Oy u(-, ), assuming, say,
u(-,t) € LP(R"™). They also arise naturally in the study of W2 ? regularity of solutions
of Poisson’s equation Au = f in R” (see [86], Chapter III).

We observe that the two examples (1.5) and (1.6) are both of convolution type, i.e.,
K(x,y) = K(x — y). We shall discuss convolution operators further in Section 3.1.

We now mention some examples that are not of convolution type. The Calderon
Commutators are the operators

' Ax) —AM) 1
Chf) = p'”'é/ﬂ@( ("j_y(y)) S (17)
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204 S. Hofmann, A. McIntosh

where A is a Lipschitz function. Observe that, up to normalization, the case k = 0 is
the Hilbert transform, and that at least formally, C }‘ is a commutator:

cly= % [LH A]f == (L(HAS) — AL(HF)) (1.8)

while Cff‘ is a higher commutator (k = 2, 3, ...):

' i d*
s = o[ [[ma]a] - a) s

The operator C}l (and its higher dimensional analogues) arose in Calderén’s construc-
tion of an algebra of SIOs suitable for the treatment of partial differential operators
with merely Lipschitz coefficients, thus, a sort of pseudo-differential calculus which,
in contrast to the classical pseudo-differential calculus, was applicable to operators
with rather minimally smooth coefficients [26].

Moreover, the family of operators C ff‘ arise in the power series expansion of the
operator

1

i
Cafx) = p.v.o— X =y T I(AG) — AD)) F()dy, (1.9)

namely

o
¢y =D (—DFCh,

k=0

at least when ||A’||oo < 1. In turn, the operator €4 arises when writing the parametric
representation of the Cauchy singular integral operator on a Lipschitz graph. More
precisely, set

i 1
= pv.— [ —— g(v)dv.
Cy8(2) = p.v 2ﬂ/yz_vg(v) v

If y is a Lipschitz curve in the complex plane C parametrized by z = x +i A(x), then

Caf(x) =Cpg(x +iA(x)),  where (1.10)
fO) =0 +iA(y)gly +iAY)).

Of course, the role of the Cauchy integral in complex function theory is well known.
We observe that, for A Lipschitz, the kernels K (x, y) = (A(x) — A(y)*/(x — y)*+!
and K (x, y) = (x — y +i(A(x) — A(y))) "', corresponding to the operators Cg and
€4 respectively, satisfy the Calderén-Zygmund kernel conditions (1.2) and (1.3), as
the reader may readily verify.
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Singular integrals and square functions 205

Calderdn’s lecture at the International Congress of Mathematicians in Helsinki in
1978 contains a clear account of the state of the art at that time concerning commuta-
tors, Cauchy integrals on Lipschitz curves and applications [28].

Let us note that for all of the operators (1.5), (1.6), (1.7) and (1.9), the kernel
K (x, y) is anti-symmetric, i.e.,

K(x,y)=—-K(y,x). (1.11)
For all anti-symmetric kernels which satisfy the pointwise kernel bound (1.2)
|K(x,y)] < Clx — y|™", the associated principal value operator is always well
defined, at least in the sense of distributions. Indeed, in that case, one may extend

the representation (1.1) as follows. For all ¢, ¥ € C§°(R") (with supports that are
not necessarily disjoint), the principal value

(T, 4) = lim //I | ¥ (x) K(x,y) (y)dydx (1.12)
x=y|>e

e—0

exists. Moreover it satisfies the Weak Boundedness Property (WBP), i.e. there exists
C = C(K, n) such that

KT, )l = CRMll¢lloc + RIVElocHIV lloo + RIVY oo} (1.13)

forall R > 0 and x € R”, and all test functions ¢, ¥ supported in the ball
B(x,R):={yeR":|x —y| <R}

Indeed, to verify (1.12) and (1.13), we use (1.11) and then a re-labelling of the
variables to write

(Te 0, Y) = //l | Y(x) K(x,y)o(y)dydx
x=y|>e
—// ‘ W(X)K(y,XW(y)dydx:—// ‘ V() K(x,y)e(x)dxdy,
x—yl|>¢e x—y|>¢e
and thus

1
(Te o, ¥) = 5// ‘ K(x,y) (W(x)e(y) — ¥ (ne(x)) dydx.
x—y|>e

Written this way, the integrand is only weakly singular, in the sense that the kernel
bound (1.2) |K (x, y)| < C|x — y|™" has been improved to

[K (e, V) (¥ (D)) = ¥ (0e@)] < [K@x, )Y () (@(y) — () + o) (x) =¥ ()]
< C'lx =y IV ool Velloo + 1@lloo |V lloo}
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206 S. Hofmann, A. McIntosh

from which it is easy to deduce convergence of the limit in (1.12), along with the
bound (1.13).

We remark that the weak boundedness property (1.13) holds for any L? bounded
operator 7, with C = ||T||,p (by Cauchy-Schwarz), and for an SIO should be viewed
as expressing some cancellation in the operator 7.

We remark also that there are L? bounded singular integral operators T which do
not satisfy (1.12). Indeed some care is needed, for in our definition of an SIO, nothing
is said about the behaviour of K (x, y) when x = y. So the L% bounded operator T = [
is associated to the kernel K (x, y) = 0, as also is the unbounded operator T = %,
though the latter does not satisfy WBP.

1.2 Square functions

Closely related to SIOs are the square functions. These can arise in the analysis of
SIOs, and in turn, may be viewed as singular integrals with kernels taking their values
in a Hilbert space. They are also of interest in their own right, especially in applications
to partial differential equations. We describe one particular set-up, but note that there
are several others of interest, as e.g. in [85].

Following Christ and Journé [33] and Christ [32], we say that a family of kernels
{V: (x, ¥)}e(0,00) 18 a standard Littlewood-Paley family if, for some exponent o > 0
and C < oo, we have

tC{
, <C—— d 1.14
WIS Co e (1.14)
||

U+ x — ypr+a’ lhl <z, (1.15)

[Ye(x,y +h) — ¥ (x, )| < C

for all x, y € R” and r > 0. Often, one may also have local Holder continuity in the
x variable:

|h|*

m, |h] <t. (1.16)

WYi(x +h,y) = ¥ix, )| =C
For any family {y,} which satisfies (1.14), one can show that
‘ [ s y)f(y)dy‘ < Mf).

where M denotes the Hardy-Littlewood maximal operator which is well known to be
bounded onevery L?, 1 < p < o0o.See (1.30). Thus, in particular, the linear operators
©®; defined by

O,/ (x) i= /R e S0y
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Singular integrals and square functions 207

are uniformly bounded in L*°(R") with

1©:blloc < Cnia 1bllso (1.17)
forall b € L°°(R") and all ¢ > 0, and are uniformly bounded in L2(R") with

1©9: fl2 < Cna Il fll2 (1.18)

forall f € L>(R") and all > 0.
Alternatively, one may observe that (1.14) implies uniform L' bounds

max[ sup /n [V (x, y)|dx, sup /n |1//,(x,y)|dy]

yeR” xeR?

v 1

<C ———dz=C —————dz=:Cyq, 1.19
R (1 + |21t e (1+[z])rre mer (119
whence (1.17) follows directly, and then (1.18) follows either by duality and interpo-
lation, or else as a consequence of the Schur estimate (1.32) below.
We now define two square function operators:

o0 L dr\'?
Gy f(x) == (/0 10, £ ()] 7) and (1.20)
dvdi\ 12
Sy f(x) := (//r( : Ok I:Ht) ; (1.21)

where I'(x) := {(y,1) € R’}FH : |x — y|] < t} is the standard cone with vertex at
x. For obvious reasons, Gy and Sy, are typically referred to as vertical and conical
square functions, respectively. We remark that they have equivalent L? norms:

I f”2 —/ / / 1O f( )|2 ! d
S = ® d X
v R JO [x—y|<t S y ]

:/ / (_/ dX) O WP dy T = 0alGy fIB - (122)
0 n N\ -yl <t t

where w,, is the volume of the unit ball in R”. The choice of aperture 1 in the cone defin-

ing Sy is merely a normalization, and one could just as well integrate over the cone

with any other fixed aperture 8 > 0, i.e., I'g(x) := {(y, 1) € R’}f‘ Dy —y| < Bt}
The prototypical example is

a
Vi, y) =Yi(x —y) =12 pilx =), (1.23)
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208 S. Hofmann, A. McIntosh

where

2t

pi(x) =
o (t2 + |X|2)(n+l)/2

is the classical Poisson kernel for the Laplacian in the half-space R’fl , with o;, denot-
ing the volume of the unit n-sphere in R"*!. Thus,

ad
®tf=WZ*f=t§,Ptf,

where P, := e~V ~4 is the Poisson semigroup, so that the Fourier transform is

O, f(€) = YE) f(E) = —2mt|Ele 2™ f (&)

(See Section 3.1.) Note that in this case the operator ©; is of convolution type. Not sur-
prisingly, the corresponding square function operators G and Sy, play a fundamental

role in the theory of harmonic functions in R’fl.
A general class of convolution examples is provided by choosing ¥ € C§°(R") (or
more generally, in the Schwarz class §), with fR” ¥ (x)dx = 0, and setting

X
t

=2 = 1.24
i == (3). Ouf =ik . (1.24)

Itis an easy exercise to verify that the functions ¥, (x, y) := ¥, (x — y) form a standard
Littlewood-Paley family with &« = 1. In this situation, it is the usual notational con-
vention to use Q; inplace of O, thus O, f := ¥, x f, Gy f = (fooo |Qlf|2a’t/t)1/2 ,
and so on.

An important class of non-convolution examples arises in the theory of divergence
form elliptic operators. Let A be an n x n matrix with bounded measurable entries

Ajp:R"—C, j=1,....,n, k=1,...,n, (1.25)
satisfying the ellipticity condition

MEP < ReA(x)E-E and |A(E-C| < AIE||Z], V& ¢ eC", x eR" (ae)
(1.26)

for some constants 0 < A < A < oo. Let L denote the second order divergence form
operator defined by

Lf = —div(AVf)=— > i(A af), (1.27)

i e
1< k<n 0x; 0Xp
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Singular integrals and square functions 209

which we interpret in the usual weak sense via a sesquilinear form, and let ptL (x, y)and

PL = VL be the associated Poisson kernel and Poisson semigroup, respectively.
Generalizing (1.23), we then set

9 9
Y (x, y) :=t5pf(x—y), e, :=t57>,L. (1.28)

If the coefficient matrix A has real entries, then this kernel ¥, satisfies the bounds
(1.14), (1.15) and (1.16) by the classical De Giorgi/Nash regularity theory [43,78].
The De Giorgi/Nash estimates remain true for complex coefficients when n = 2 [16],
or when A is sufficiently close (in L) to a real matrix [1,18]. On the other hand, in
general, ¥, (x, y) need not satisfy the pointwise bounds (1.14), (1.15) nor (1.16), yet
even then it is still possible to develop some aspects of the theory. We refer the reader
to [3] and to [11] for a discussion of the latter situation.

1.3 Notation

The Lebesgue measure of a measurable subset S C R” is denoted by |S|, while its
indicator function 1g is defined by 1g(x) = lif x € S and 15(x) = 0 if x € R"\S.
For each cube Q C R”, the mean value of a function f over Q is defined to be

[flg = |Q|1/Qf<x>dx, (129)

while £(Q) denotes its side length, and x Q denotes the concentric dilate of Q by a
factor of ¥ > 0. Our cubes always have sides parallel to the coordinate axes.

For each integer N, the symbol D(N) denotes the collection of all dyadic cubes in
R" with £(Q) = 2N that is, the collection of cubes 2Ng + (0, 2N with k € 7", and
D= Jyez D(N).

Foreachx € R" andr > 0, B(x, r) denotes the open ball with centre x and radius .

The Hardy-Littlewood maximal function of a measurable function f defined on R”
is Mf(x) := sup,.q|B(x, r)|_l fB(x,r) f(y)dy. We use the well-known result that,
when 1 < p < oo, there exists C;,,, < 00 such that

IMfllp < Cuplfllp (1.30)

for all f € L?(R™). (This is the first theorem in [86].)

We use the notation X < Y to mean that there exists a constant C > 0 such that
X < CY. The notation X ~ Y means that X < Y and ¥ < X. The value of C varies
from one usage to the next.

For later use, we note Chebychev’s inequality with exponent p € [1, 0o): For each
geLP(R") and A > 0,

APl{x e R"; [g(0)] > A} < ligllp, (1.31)
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210 S. Hofmann, A. McIntosh

which is easily verified, as is the Schur estimate for integral operators Sf(x) =
fRﬂ K (x,y) f(y) dy with weakly singular kernels:

1/2 12
1S£1l2 < [ sup /n |K(x,)’)|dx] [SUP /n |K(x,y)|dy] 2. (1.32)

yeR" xeR?

The theory of SIOs deals with integral operators with kernels which are not abso-
lutely integrable in this sense, but whose boundedness depends on some cancelation
properties of the kernel.

2 L? and endpoint theory of SIOs and square functions

In this section, we discuss L? and endpoint bounds that are satisfied by SIOs and
square functions, assuming boundedness on L?. The fundamental result is that of
Calder6n and Zygmund [40].

Theorem 2.1 (Calder6n-Zygmund Theorem) [40]. Let T be an SIO associated to a
Calderon-Zygmund kernel K (x, y) satisfying the standard bounds (1.2) and (1.3).
Suppose also that T extends to a bounded linear operator on L*(R™), i.e., that for all
f. g € CC(R"), we have

KTf. g)l = Clfl2ligl.

Then T extends to a bounded operator on LP (R"), 1 < p < oo.

To be historically accurate, we should observe that the original paper [40] treated
only the convolution case, but the argument there extends essentially verbatim to the
general setting described above. Let us now give the proof, following [40]. We begin
with a fundamental stopping time lemma, in which an L' function f is decomposed
into a good part g and a bad part b.

Lemma 2.2 (Calderén-Zygmund decomposition). Suppose that f € L' (R"), and let
A > 0. Then there is a family F := {Qj};?‘;l of non-overlapping dyadic cubes, and a
decomposition [ = b + g such that

(M) 2 =107 fo, If()ldx < 2", forevery Q; € F;

@ 21051 =27 flh:

(3) b=2>;bg;, withsupp(bg,) C Qj, and [bg; =0,VQ; € F;
@) g e L'®)NLARY, with gl < | fll and |Igll3 < Cu i1l 1.

Proof of Lemma 2.2 We start with an initial grid D(N) of dyadic cubes of side length
2N | chosen so large that for Q € ID(N), we have

1 1
— d — A.
|Q|/Qlf()€)| x = 0] Iflh <
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Singular integrals and square functions 211

We then subdivide each Q in D(N) dyadically, stopping the first time we reach a
sub-cube Q' C Q for which

1
10|

/ [f()dx > A. (2.3)
Q/

The family F is simply the collection of cubes that are maximal with respect to the

property (2.3). The left hand inequality in (1) then holds by definition, while the right

hand bound follows from the maximality of Q; € F. In turn, (2) follows directly from

the left hand estimate in (1), since the cubes Q ; are non-overlapping (by maximality).
To establish (3) and (4), we set E := U; Q;, and define

1
g = flrmg + E lo; @/ f(x)dx, b:=f—g.
j J1JQ;

Then (3) holds by definition, with

ij = (f - [f]Qj)lQ/,

recalling that [ f]p; denotes the mean value of f over Q; (1.29).

To prove (4), we observe first that the claimed L! bound for g is trivial, while the
L? bound may be obtained from the L! bound and the fact that || g||cc < 2"A. In turn,
the latter estimate follows directly from Lebesgue’s differentiation theorem (to control
g on R"\ E), and the right hand inequality in (1). O

Proof of Theorem 2.1 We shall obtain this result by interpolation and duality, after
first establishing the weak-type (1,1) bound:

iulg(ﬂ{xeR”:ITf(X)|>)»}|)§C||f||1, 2.4

where C depends only on dimension, the kernel bounds (1.2) and (1.3), and the L? -
L? operator norm of T'. It is enough to prove (2.4) for f € L> N L', as one may then
extend by continuity to all of L. To this end, we fix A > 0, and write f=b+gas
in Lemma 2.2. Then

[{x eR" : |Tf(0)| > A} <|[{x eR" : |Th(x)| > A/2}] + [{x eR" : [Tg(x)| > 1/2}|.

The desired bound for T g follows directly from Chebychev’s inequality with expo-
nent 2 and the L? bound for g in Lemma 2.2:

A 4 4C
Ix; ITg(x)| > 5” < 5 IT8l} = =2IT I, 1/ Ih.
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212 S. Hofmann, A. McIntosh

To handle T'h, we set Ey :=U;(5Q ). Then
[{x e R" : |Th(x)| > 1/2}| < Z|5Q,»| + [{x € R™\Ey : [Tb(x)| > 1/2}|
j
=1+1I

By Lemma 2.2 (2), we have that I < 5"A~!|| f|I1, as desired.

It now remains to treat term /7. We proceed as follows. First, by our qualitative
assumption that f € L> N L', we have in particular that the sum in Lemma 2.2
converges in L2. Since T : L?> — L2, it therefore follows that

ITb()| < D 1Tho,(0)] ae.,
J

so that by Chebychev’s inequality we have

>
1<z ITho, (x)| dx. 2.5)

Next, we let y; denote the center of Q;, and note that by (1.4), the fact that by i has
mean value 0, and (1.3), we have

Tho, ()| = ‘/ K(x,y>bQ_,(y>dy‘ _ ‘/(m,y)—K(x,y,-)) bo, () dy

Q)

<cC
(L(Q) + Ix —yj

T /|ij(y)|dy, Vx e R"\50;, (2.6)

where £(Q) denotes the side length of Q. Combining (2.5) and (2.6), we obtain

C C C
1 < ”’“Z/wQ,(yndy: ”""/|b(y>|dysz “Z N £l
J

A A A

thus completing the proof of (2.4).

By the Marcinkiewicz interpolation theorem, as presented e.g. in Theorem 5, Ch. I
of [86], it follows from the L2 bound for T and the weak-type (1,1) bound (2.4), that
T is bounded in L? for all p € (1, 2]. By the symmetry of the kernel conditions (1.2)
and (1.3), the same is true for its transpose ' T'. So, by duality, T is bounded in L? for
all p € [2, 00), and the proof is complete.

We shall not discuss L” theory for square functions explicitly, but let us simply note
that, assuming (1.14)—(1.16), the square function operators G and Sy may be viewed
as SIOs with standard kernels taking values in an appropriate Hilbert space, and thus
bounded on L”, given L? boundedness. For example, in the case of Gy, we set

K(x,y) ={K@x, y)O} = {{:(x, Y},
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Singular integrals and square functions 213

and observe that K (x, y) satisfies the kernel bounds (1.2), (1.3), if the modulus | - | is
replaced by the Hilbert space norm

00 di\ 12
Ihlly = (/ |h<r)|2—’) .
0 t

We leave this observation as an exercise for the reader. In this context, the proof of the
Calder6n-Zygmund Theorem 2.1 carries over mutatis mutandi.

It is worth emphasizing that the L? bounds in Theorem 2.1 were obtained by inter-
polating between the assumed L? estimate and an endpoint estimate, in this case a
weak-type (1,1) bound. However, there is another type of endpoint estimate which
may also serve via interpolation to obtain L” bounds, namely, the fact that an L?
bounded SIO maps L°°(R") into BMO(RR"), the space of functions of bounded mean
oscillation.

We recall that BMO(R") is the Banach space of locally integrable functions modulo
constants for which the norm

b1l =sup|Q|—1/Q|b(x>—[b]Q|dx

is finite, where the supremum runs over all cubes Q C R” with sides parallel to the
co-ordinate axes (though balls would work just as well). The fundamental result about
BMO is the John-Nirenberg Theorem [67], which implies in particular that, when
1 <p<oo,

1/p
5]l & sup (|Q|—l /Q |b<x)—[b]Q|"dx) : 2.7)

where the implicit constants depend only on p and dimension. We also note the
elementary fact that the mean value [b]¢ is essentially the optimal constant. More
precisely,

1 . -
SIPl = supinf{Q] 1/Q|b(x)_CQ|dx = bl (2.8)

where the infimum runs over all constants cg, and the supremum again runs over all
cubes Q C R”.

The following result was obtained independently by Peetre [81], Spanne [83] and
Stein [84]:

Theorem 2.9 (Peetre-Spanne-Stein Theorem). Let T be an L? bounded SIO, asso-
ciated to a standard Calderon-Zygmund kernel K (x,y) (cf. (1.2), (1.3).) Then the
mapping T : L°(R") — BMO(R") is bounded.

Proof Fix Q, and let f € L*. We write f = fi + f», where fi := fls5¢0. Let xg
denote the center of Q, and set cp := T f2(xgp). We then have

/|Tf(x)—cQ|dx §/|Tf1(x)|dx +/ |Tfo(x) —co| dx =11 +11.
0 0 0
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By Cauchy-Schwarz and the L? boundedness of 7', we have that

I < ITopl Q1" Fill2 < 52N T 1lop| Q1 1l £ llco-

Also, by (1.3) we have, for x € Q:

ITfr(x) —co| = ‘/ (K(x,y) = K(xp.y) f(»)dy
R"™\50

€Q)"
< C||f||oo/ _
R (£(Q) + |xg — yI)""

dy = Cna I flloo,

whence 11 < C| f|loo|Q|. The conclusion of the theorem then follows by (2.8). O

Note that, implicitly, 7 f is only defined modulo constants for general f € L°°.

A few remarks are in order. Suppose that T is an L? bounded SIO. By the symmetry
of the kernel conditions (1.2) and (1.3), the same is true for its transpose ’T. Then
by Theorem 2.9, both T and 'T map L into BMO, whence by Fefferman’s duality
theorem [51], T also maps the Hardy space H'(R") into L'. By the Fefferman-Stein
interpolation theorem [51], we then have that T : L? — LP, 1 < p < o0, thus
providing an alternative proof of Theorem 2.1.

Moreover, the same line of reasoning leads to a more subtle observation, which in
turn serves to clarify the nature of the results in the next section. Notice that if we start
with the hypothesis that T and ' T both map L* into BMO, then the same duality and
interpolation arguments yield that 7 is bounded on L?. The L? boundedness criteria
that we shall discuss in Section 3 state that, rather than testing 7 and ’ T on all of L,
it is enough to verify that each of them maps one particular function in L* into BMO.

Finally, Theorem 2.9, and also the Calder6n Zygmund Theorem 2.1, say that given
L? boundedness of an SIO associated to a standard kernel, one then automatically
knows L? and endpoint estimates for the operator. Thus, the question of L? bounded-
ness is paramount. We remark that one can also obtain weighted L? estimates. See,
e.g. [53]. The weighted theory is also of considerable interest, and has, in fact, enjoyed
arenaissance of late. However, we shall not touch on this subject in the present survey.

3 L2 boundedness criteria
3.1 The convolution case

The theory of convolution integral operators is closely related to Fourier theory. Sup-
pose ¥ € LY (R™). Its Fourier transform 1, defined by

VE = /R TN Y (x) dx

is a continuous function which satisfies ||1//}||oo < ||¥|l1 and the Plancherel identity
l¥ll2 = l|¥ ]2 provided also that ¢ € L2(R™). The transform of convolution is mul-
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tiplication, in the sense that m(&‘) = 1? (s)f(g) for all £ € R" when f € L'(R").
Hence

1 flla =19 F 2 < 1@ llooll Fll2 < 11l £ll2

forall v € L'(R") and f € L' N L*(R").

The question of L? boundedness of a convolution SIO with kernel K (x, y) =
K (x — y) is straightforward: by Plancherel’s Theorem, it is sufficient to verify that
the associated Fourier multiplier

m(€) := lim e TEY K (x) dx

>0 Joc)x|<e!

belongs to L°°. In turn, it is not hard to establish the boundedness of 2, given the stan-
dard kernel estimates (1.2), (1.3) and sufficient cancellation, say that K has mean value
0 on every annulus 0 < a < |x| < b < oo. Clearly, the latter cancellation condition
holds for any odd kernel K, for example as one encounters in the Hilbert and Riesz
transforms. In this case, we have formally that T f = K * f, or ﬂ‘(é) = m(é)f(é), SO
T canbe written in terms of the bounded functional calculus of commuting self-adjoint
operators:

rovy o (L (22 9
(T)(x) =m (% (a—x1 Pl g)) f@)

with [T |lop = Imlloc as [T fll2 = IK * fll2 = ||mf||2. We must be careful though.
When, for example m(£) = |£|, then the corresponding SIO is not given by a prin-
cipal value integral, though it can be obtained as a limit of a particular sequence of
€n — 0. (See p. 51 of [86]).

There is an excellent account of convolution SIOs in the classic [86].

For square functions, Plancherel’s theorem is also applicable in the convolution
case when Q;f = v, * f with ¥;(x) = "¢ (x)/t where ¥ € Ci°(R") with
fR" W Qc) dx = 0 as discussed in (1.24). The key point is that the Fourier trans-

form v belongs to the test space S(R") of rapidly decreasing C* functions and
Y (0) = [y ¥ (x)dx =0, so that

7@ s min {lg, 17"}

for all &€ € R". Moreover v/, (£) = ¥ (t£). Then, using (1.22),

5 dxdt
1Sy fll2 =~ ||Gx/ff||2=// [Q: f ()]
R t

* -~ 2 Fren2 e 41 Ten 2 <~ o dt
=/ / [V (@87 | f (&)l d$—=/ [ f (&) (/ [ (2§ /16D —)d$
0 R» t R~ 0 t

1 00
dt _, dt
S 1@, (/0 z27+/1 t 27) SISl 3.1
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We remark for later use that if v is a non-trivial real-valued radial function, then
Y has the same properties, so with a slight abuse of notation we have

/ |w<r5)|2—t=/ walenPe =/ TP = ¢ < o0,
0 t 0 1t 0 t

and by renormalizing, we may suppose that ¢ = 1. In this case |Gy fl2 = || fll2.
On noting that Q; is self-adjoint in this case, we obtain that

o sds
QS? =17, 3.2)
0

in the strong operator topology on L2, where J is the identity operator on L?(R").
The identity (3.2) is referred to as the Calderon reproducing formula.

3.2 The non-convolution case

The non-convolution case is much more subtle. The original proofs of the L2 bound-
edness of the prototypical non-convolution examples (1.7) and (1.9), had each been
a real tour de force, obtained by a variety of methods. See [25] for the first Calderén
commutator, [35] for the second commutator, [36] for the higher commutators, [27] for
the Cauchy integral on a Lipschitz graph with small Lipschitz constant, and [39] for the
Cauchy integral on all Lipschitz graphs. Thus, the search for general L? boundedness
criteria was driven in large part by the desire to better understand these fundamentally
important examples and to treat them in a more systematic way.
The first such criterion was the T'1 Theorem of David and Journé [44]:

Theorem 3.3 (T1 Theorem) [44]. Suppose that T is a singular integral operator
associated to a standard kernel K (x, y) satisfying (1.2), (1.3). Then T extends to a
bounded operator on L? if and only if T satisfies WBP (1.13), and T1 € BMO and
'T1 € BMO.

Remark 1f K (x, y) is antisymmetric, and 7 is the associated principal value opera-
tor given by (1.12), then T = —T, and WBP is satisfied automatically, as we have
observed above (cf. (1.12), (1.13)). Thus, in that case, matters reduce to the simple
statement that 7 : L2 — L2 <= T1 € BMO.

Remark Note that the “only if” direction of the 7' 1 Theorem was already known: given
that 7 is L? bounded, one obtains that 71, ‘T1 € BMO by the Peetre-Spanne-Stein
Theorem, and as we have noted earlier, WBP follows by Cauchy-Schwarz.

Remark The T 1 Theorem yields a simple proof of the L? boundedness of the first Cal-
derén commutator C }‘, for A a Lipschitz function. Here is a formal proof, which can
easily be made rigorous. By antisymmetry, it is enough to verify that C}1 1 € BMO. By
the representation (1.8), and the factthat (d /dxo H)1 = 0, we have that Cf]‘ 1= ll HA'.
By the Peetre-Spanne-Stein Theorem, the latter belongs to BMO, since A’ € L*° and
H : L?> — L. Similarly, one may handle the higher order commutators by induction,
reducing CX 1 to C]f\_lA/.
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We now present the proof of the 7'1 Theorem, following an approach made explicit
in [33], although many of the essential ideas were already implicit in [38]. We begin
with an analogue of Theorem 3.3 for square functions, which appears in [33].

Theorem 3.4 (T1 Theorem for square functions) [33]. Let
O f(x) :=/R Vi (x, y) f(y)dy,
where r;(x, y) satisfies (1.14), (1.15). Suppose that du(x,t) := |®t1(x)|2dxdt/t is

a Carleson measure, i.e., that

1 Ho) ,dxdt
sup —- [0 1(x)]" —— =t |lulle < oo. (3.5)
o 10l 0 t
Then the following square function estimate holds:

1Gy £ 122 n, = // () X4 <||f||Lz(Rn (3.6)

Remark The converse direction (i.e. that (3.6) implies (3.5)) is essentially due to
Fefferman and Stein [51].

Proof of Theorem 3.4 We start with the special case when ®,1 = 0 for all r > 0. We
shall show that, in this case, ©; satisfies the orthogonality condition

t )7
19:Os ;2,12 < min (;, ;) for some 1 > 0, 3.7

with respect to convolution operators Qg defined by Qs f := ¢ * f with {(x) =
s (x/s) with ¢ € C(‘;O(B(O, 1)) and f ¢ = 0. To do this, we shall apply the Schur
estimate (1.32) to the kernel Ky (x, y) = [ ¥ (x, 2)¢s(z — y) dz of ©; Q.

When s < r, we use the smoothness (1.15) of ¥, (x, y) and cancellation of ¢; to
estimate

/ |K,s(x,y>|dy=/
Rn n

</]R sup 1Y (x, 2) — Y (x, )| dy

"{zilz—yl<s}

/ D e G = )| d
=yl=s

s e s
_ ynta dy S Ga
re (1 +[x —y)) t

for all x € R". Also, using (1.19),
/ |K,s(x,y>|dxs/ / W (e, 2112z — )l dx dz S 1
]Rn Rn Rn
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for all y € R”, so the Schur estimate (1.32) gives |0, Qs lop S (s/1)%/%.
When t < s, we reverse the roles of smoothness and cancellation, so in fact here is
where we use ©,1 = 0. For all y € R":

/ IKm(x,y)Idx=/ ‘/ Y (x, 2) sz —y) — &(x — y))dz| dx
R" R |JRe

sh/ /.l (6, 208, (2 — )| dzda

+//| ‘ Vi (x, 2)¢s(x — y)dzdx

+/n/| ‘ ,|1//t(x’z)||§S(Z_Y)—§s(x—y)Idzdx,

so that in turn,

s ¢
/Rn Ky (e, )l dx S /R TR (/‘HM — dx) dz
+ / S — ( / " dz) dx
R (s + [x — Y|)n+1 [x—z|>s |x — z|Fe
tot/Z sot/2 la/2|x_z|a/2 [a/2
+—7 dz ) dx <
s@/2 /R" (s+|x —yprre/2 (/R” (t+]x —z|)He ) /2
(We have used the fact, noted after (1.24), that the family {¢;(x — y)} satisfies the
Littlewood Paley bounds (1.14) and (1.15) forall @ < 1.)
Continuing as above we obtain [|©; Qsllop S (¢ /$)%/*, thus completing the proof
of the orthogonality condition (3.7).
We further recall that |G f |2 = fooo I st||% < IIfll2, as we have shown in (3.1).

On choosing ¢ to be a non-trivial real-valued radial function, appropriately normalised,
we have the Calderén reproducing formula

/ Qz ds -7
as shown in (3.2).

We are now ready to dispose of the special case when ®;1 = 0. Indeed

o dxdt o dt
// 1O f (x)] =/ 18: £z =
R t 0

o0 o0 d
W(&&&Ji
0 S

2 dt

2 t

o d *© d
SW/H&MWSW/H&&M%
t>0J0 >0J0
o0 ds
2
x/nmm—
0 )
2
<IFI3
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where we have used (3.2) in the second line, a variant of the Schur inequality (1.32)
in the third line, and (3.7) and (3.1) in the final one.

We now return to the proof of Theorem 3.4 in the general case. To this end, we
use a technique from [38], which has become standard in this subject. Let P; be
a nice approximate identity, i.e., P, f := ¢, * f, where ¢;(x) := ™ "¢(x/t), and
0 < ¢ e CP(B(, 1)), with [ ¢ =1, so that ;1 = 1. Write

0= — (O 1HP)+ (O, )P = R + (6, F;. (3.8)

Then R;1 = O for all + > 0, and, since ®;,1 € L°°(R") uniformly in ¢t > 0 by
(1.17), the kernel of R, continues to satisfy (1.14), (1.15). The contribution of R, may
therefore be handled by the special case that we have just proved.

The term (®,1) P, may be treated by Carleson’s embedding lemma [29]:

dxd
// 1O 1) [P f ()2 2 =:// P f OP dpe(e, )
Rn++l t Rijrﬂ

Clile INS PO o gy B9

IA

where i and ||u||¢ are defined in the statement of the theorem and

N.F(x) .= sup [F(y,1)|
{0 |x—yl<t}

is the non-tangential maximal function. In turn, it is a routine matter to verify that

No(Pf)(x) S Mf(x) whence [No(P )l 2@ny S IMFll2@e S 1112w by
(1.30). The proof of Theorem 3.4 is now complete.

Remark 3.10 The lemma of Carleson which we have just applied, is of fundamental
importance in analysis. There is a proof in Chapter 2, Section 2, of [87].

Remark 3.11 For later use, we note that our proof of the 7'1 theorem for square func-
tions, Theorem 3.4, remains valid when the Holder condition (1.15) is replaced by the
following weaker integral condition: There exists ¢ > 0, C < oo, such that for all
xeR"andall0 <s <t < o0,

/R sup [ (x,2) =i (x, y)[dy < C j—a (3.12)

"z lz—yl<s}

Proof of Theorem 3.3 With Theorem 3.4 in hand, we now turn to the proof of the 7'1
theorem. As in the proof of Theorem 3.4, let O denote convolution operators of the
form Qs f = ¢ * f with ¢;(x) := s7"¢(x/s) for s > 0, where ¢ is a real-valued
radial function in Cgo (B(0, 1)) with f ¢ = 0, normalised so that (3.2) holds. The
interested reader may readily verify that the operators

P, ._/ Q2 ds (3.13)

form a nice approximate identity in the sense that P, f = ¢; * f with ¢;(x) =
t™"(x/t), where ¢ € C3°(B(0,2)) with fgo =1.
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Now, for T as in Theorem 3.3, f, g € Cgo, and P; as in (3.13), we may write

1/e d
(Tf.g) = lim (TP, f. P,g) = — lim / LTS Pg) di
=0 e—0 /), dt
1/¢ ) dt 1/¢ 5 dt
= lim (TP f, Q,g)——i—liln/ (TQtf, Pg)y—=1+1I,
e—0 /¢ t e—0 /¢ t

where we have used the WBP (1.13) to obtain the the fact that, as R — oo,

KT Pr f. PRg)I S R*(I1Pr flloo + RIV PR flloc) (I Pr&lloc + RIIV PRElo0)
S RIS Iliglh — 0.

(For the L bounds, use || P f oo = ll$r * flloc < Irllocll fll1 S R™NIf 11, ete.)
The dual of term 71 is the same as term 1, except with ’T in place of T and the
roles of f and g reversed, so it is enough to treat term /. Since Q;, having a radial

kernel, is its own transpose, we therefore have (applying (3.1)) that
)1/2

12
dxd
|1|s(// RN “) (// 1012
lej t Rijjl
dxdt 2
X
5(// 1|®tf<x)|2—) HE
R f

where ®; = O;T Py, i.e., O, f(x) := fR,, Y (x, y) f(y)dy, and
Vi(x,y) == (& (x =), To (- — y)).

Here, as above, ¢; and ¢, are the kernels of Q; and Py, respectively.

What remains is to bound the first factor by || f'||2, for we can then conclude that T
is a bounded operator in L>(R"). We do this by applying the 7'1 Theorem for square
functions, Theorem 3.4.

For this we must first show that ¥, (x, y) satisfies the standard kernel conditions
(1.14) and (1.15). When |x — y| < 8¢ then (1.14) is a consequence of (1.13) as we
now show:

[ e, 1= 1 (x =), T - = I S 1 (e lloo + HIV i lloo) (9t oo + 21Vt lloo)

tO[

dxdt
t

<c "N —
(t+ Ix — yphr+e

while (1.15) can be verified in a similar way. When |x — y| > 8¢, we may use the
representation (1.1) along with (1.3) and the fact that f ¢y = 0 to argue as in (2.6) to
prove the claim:

1Y (x, )| = '/R /Rn &(x —w)(K(w, z) — K(x,2)¢(z — y)dwdz

lw —x|*

= Csup { |w _ Z|n+a

:Ix—wlft,lz—y|§2t]
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x/ 6 (x — w>|dw/ 91z — y)ld=
Rn Rn

o o
< t ~ t
Sy S G ey

(using |w — z| > 1x — y));

while (1.15) can be verified in a similar way.
Finally, we need to establish the Carleson measure bound (3.5):

1 o

,dxdt
sup —- O 1(X)|"—— =: llnllg < o0
o 10| 0 t

In fact, since P;1 = 1, we have

O:1=Q0(T1) = Qb

where b := T'1 € BMO by hypothesis. It is enough to invoke a simple version of the
Fefferman-Stein inequality [51]:

1 /K(Q) 10:b() 2 L4
—_— X
01Jo Jo = t

)
- @/O . |0: ((b— [b130) 130) ()]

2 dxdt

2 2
< b—[blso|” < CIbI2.
“lol ’ ol *

where in the middle line we have used that Q,1 = 0 and that ¢, (x — -) is supported in
the ball B(x, ) with ¢ < £(Q), and in the last line we have used the L2 bound (3.1)
and the consequence (2.7) of the John-Nirenberg inequality.

This concludes the proof of the 7'1 Theorem. O

The T 1 theorem shed considerable light on the behavior of the Calderén commuta-
tors Cf‘ (1.7). Indeed, as we have remarked above, the 7'1 theorem provided a general
framework which incorporated the fundamental result of Calderdn [25] concerning
the L? boundedness of the first commutator Cy I Moreover, an 1nduct10n scheme based
on the T'1 theorem produces an operator norm of the order of ¢* (for some constant
¢) for the ki commutator Ch kThus, expanding the operator ¢ in (1.9) as a series of
commutators:

[ee)
Ca= > (-D)'Ch,
k=0

one obtains a proof of the boundedness of the Cauchy integral on a Lipschitz curve with
small Lipschitz constant, first proved by Calderén in [27]. However, the T'1 theorem
does not yield a direct proof of the L? boundedness of the Cauchy integral operator
on an arbitrary Lipschitz curve, which was first established by Coifman, McIntosh
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and Meyer, by showing that the norms of the commutators Cf; actually depend poly-
nomially on k. [39]. The desire to rectify this shortcoming of the 7'l theorem, and to
develop a general theory that would encompass the Cauchy integral operator, led to
the so-called Tb Theorem.

The Th theorem is an extension of the 7'1 theorem, in which the conditions
T1,'T1 € BMO are replaced by the conditions Thy, ‘Th, € BMO for suitable
functions by, by € L°°(R"). It was first proved in a special case by Mclntosh and
Meyer [75], and in general by David, Journé and Semmes [45].

Theorem 3.14 (Tb Theorem) [45]. Suppose that by, by € L are accretive, i.e., there
is a constant § > 0 such that

Re(b) > 8, i=1,2. (3.15)

Let T be a mapping from by C§° into (byC§®)', associated to a standard kernel K (x, y)
(equivalently, by T by is a mapping from test functions to distributions associated to the
kernel by(x)K (x, y)b1(y).) Suppose also that b>oT b satisfies WBP (1.13) and that
Thy and'Th, are in BMO. Then T extends to a bounded operator on L2(R™).

Remark For the principal value operator associated to an antisymmetric kernel, it is
enough to verify that there is a single accretive b such that 7h € BMO. In this case
W B P holds automatically for bT'b.

Remark The accretivity condition (3.15) may be relaxed to pseudo-accretivity:

inf |[blo| = 6,
inf |[blo| =

or even para-accretivity, a relaxed version of pseudo-accretivity in which nondegen-
eracy of the average over each given cube is replaced by nondegeneracy of the average
over some sub-cube of comparable size.

Remark Somewhat earlier, it was proved in [75] that when T'by and ' T b both satisfy
WBP, and Th; = 0 = "Tby, then T extends to a bounded operator on L2(R"). (In
fact, this paper only mentions the case b1 = b;, though the same proof holds when b
and b, are different functions [73].)

Both papers [75] and [45] provide alternative proofs of the Cauchy integral theo-
rem of [39]. Indeed, let y be the graph of a Lipschitz function A, and observe that
b :=1+iA’is accretive. By definition, (cf. (1.9), (1.10)),

Cab(x) = (Cy1) (x +iA(x)),

and at least formally, by the formula of Plemelj, €45 = 0 in the sense of BMO. More-
over, the requisite operators satisfy WBP. (Some care must be taken in interpreting
the Plemelj formula on an infinite graph, but this can be managed.)

The Th theorem also provided a more direct proof of n dimensional analogues of the
Cauchy integral theorem, which had initially been proved by using the Calderén rota-
tion method to extend the one dimensional theory to higher dimensions. In particular,
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such results include L2 bounds for double layer potential operators, and derivatives
of single layer potential operators, on strongly Lipschitz surfaces, thus allowing the
methods of potential theory to be used to solve boundary value problems for harmonic
functions on domains with such boundaries. There is a vast literature on singular inte-
grals and potential theory, as developed for example by the school of Mikhlin [76]
and many others. Calderén’s paper [27] provided L? bounds for potential operators on
surfaces with small Lipschitz constants, and was used by Fabes, Jodeit and Riviére to
[50] to solve Dirichlet and Neumann problems on C!' domains. After the publication of
[39], Verchota [89] showed how to solve these boundary value problems for harmonic
functions on all regions in R" with strongly Lipschitz boundaries, using appropriate
Rellich identities to invert the boundary potential operators, thus complementing the
approach, via harmonic measures, of Dahlberg, Jerison, Kenig and others.

We shall not present the proof of the 7b theorem in the present survey, but here is
the basic idea: one constructs a discrete variant of the Calder6n reproducing formula
(3.2) that is adapted to the accretive functions b1 and b;, and for which discrete square
function estimates still hold for the adapted Q; operators. In the discrete version, they
are now Qy’s. The main outline of the proof then follows that of the 71 Theorem.
We refer the reader to [34] or to [32], pp 64-67, for the details of an argument that is
somewhat simpler than the original one in [45].

We shall however, present the proof of a square function version of the 7b theo-
rem, due to Semmes [82], as it contains the germ of an idea that has turned out to be
quite useful and to which we will return in the next section. The theorem generalizes
Theorem 3.4, and the latter will be used in the course of the proof.

Theorem 3.16 (70 Theorem for square functions) [82] Let

O f(x) = / Ve ) F ) dy

and assume that ; satisfies the standard kernel conditions (1.14), (1.15). Suppose
there exists an accretive function b such that du(x,t) := |®,b(x)|2dxdt/t is a Car-
leson measure, i.e., that

1 o) dxdt
sup — / 196 P = e < oc. (3.17)
o 1091Jo 0 t
Then the square function estimate (3.6) holds:

dxdt
2 _ 2 2
1G F 12y = / /R o 100 TP S Sy

dxdt

, is a Carleson measure.

Proof By Theorem 3.4, it is enough to show that |©®, 1 (x)|?
By accretivity, we have that

10/1] < C1(©;1) Pb],
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where P; is a nice approximate identity (e.g., as in (3.8)), with kernel supported in a
ball of radius 7. For each cube Q, letbg := bl;, sothat whenx € Q andt < £(Q),
then P;b(x) = P;bo(x). Therefore

€«Q) dxdt _ 1 €(Q) dxdt
/ 10,112 |(®,1)P,bQ|2—
10| r ol
/uQ) zdxd, (o)
1©:b0] / / Ryb |—=1+11
S0l bl = g e

where, again following [38] as in (3.8), we let R; = ©; — (®;1) P;. Now the kernels
of R; satisfy (1.14), (1.15), and R;(1) = 0, so by the T'1 theorem for square functions,

1 dxdt 1
I < —// Ribol? Iboll? <
101/ Jure RS

To bound the first term /, apply the assumption (3.17) together with the estimate

Ho) dxdt Ho) 2 dxdt
[ [ ieb-bor== = [ - b dy
0 0 ! 0 0 |JRM20
«Q) 1o 2 dxdt
s/ / / —dy 1613 S1Q1-
0 o |JrRm20 [x—YI
Thus |©; l(x)l2 ‘@ is a Carleson measure, and the proof is complete. O

Remark 3.18 Observe that this argument carries over if b is allowed to vary with Q,
i.e. if we have a system {b(}, indexed on the dyadic cubes, satisfying

Q) dxdt 20Q) dxdt
— |© 2—<0sup— |(®1)Pb |2
IQI/ 0] i1) Pibo
(3.19)
and
) dxdt
up—/ @b 2 < C. (3.20)
101 Jo Jo t

This observation is essentially due to Auscher and Tchamitchian [18], and is the start-
ing point for the solution of the Kato problem, which we shall discuss in the next
section.

Thus, it is natural to pose the question: when does (3.19) hold? In fact, the solution
to the Kato problem provided a sufficient condition which answers this question (see
in particular Theorem 4.7 (1), (iii), and Theorem 4.15 (i), (iii) below). Moreover, the
question is related to some previous work of Christ [31], who gave the first example
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of a class of results which have come to be referred to as local 7b theorems. Here is a
brief overview of the latter notion.

In some applications, it may not be at all evident that there is a single accretive (or
pseudo-accretive) b for which 7b is well behaved (where we should think of T as either
an SIO or a square function operator.) On the other hand, in such cases it is sometimes
possible to find a family {bp}, indexed by dyadic cubes Q, such that Thy behaves
well locally on Q as e.g. in (3.20). This motivates the introduction of the notion of
a Local Tb Theorem, in which good local control of 7', on each member of a family
of suitably non-degenerate functions by, one for each dyadic cube Q, still suffices to
deduce global L? boundedness of T'. Such results are the topic of the next section.

4 Local Tb theorems and applications

The first local 7b theorem was proved by Christ [31], in connection with the theory of
analytic capacity. The appropriate version of non-degeneracy in this context is as fol-
lows: a pseudo-accretive systemis acollection of functions {b ¢}, indexed by the dyadic
cubes, with b supported in Q and integrable, such that for some § > 0, we have that

e
Q

Theorem 4.1 [31] Suppose that T is a singular integral operator associated to a
standard kernel K (x, y), which in addition we assume to be in L°°. Suppose also that
there are constants § > 0 and Cy < oo, and pseudo-accretive systems {le}, {b2Q},

with supp biQ C Q0,1 = 1,2, such that for each dyadic cube Q,

> 8|0

@) Ibgllizeco) + 163 ll<(0) < Co
(i) ITbyllL=co) + I'ThyllL=(0) < Co

(iif) min {‘fQ AR bZQ‘} > 50.

Then T extends to a bounded operator on L2, with bound depending on n, §, Co and
the kernel constants in (1.2), (1.3), but not on the L*° norm of K (x, y).

’

A few remarks are in order. The assumption that K € L°° is merely qualitative, and
is satisfied, e.g., by smooth truncations of a standard kernel. This assumption allows
one to make certain formal manipulations with impunity, during the course of the
proof. Christ actually proved this theorem in the setting of a space X endowed with
a pseudo-metric p and a doubling measure p (meaning that u(B(x, 2r)) < Cu(x,r)
forall x € X and r > 0 and some constant C), which, as he demonstrated, neces-
sarily possesses a suitable version of a dyadic cube structure. Christ’s theorem and
the technique of its proof are related to the solution of Painlevé’s problem concerning
the characterization of those compact sets K C C for which there exist non-constant
bounded analytic functions on C\ K. We will not discuss the latter subject in detail,
nor the deep related work on extending 7b theory to the non-doubling setting. See
Section 5 for some further results in this vein.
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Instead, we shall concentrate on extensions of Christ’s result in another direction,
in which L* control of by and Tby is replaced by local, scale invariant L? control.
Moreover, our emphasis will be on local Tb theory for square functions, as opposed to
singular integrals, although in Section 5 we shall discuss briefly some recent progress in
the latter case. It turns out that the square function setting is somewhat technically sim-
pler, yet, to date, it is that setting which has been more fruitful in terms of applications.

Before presenting the local 76 theorem for square functions, we introduce the dyadic
averaging operator A;, defined by

1
[O(x, D] Jow,n

where Q(x,t) € D denotes the minimal dyadic cube containing x, with side length
at least ¢. Just as the nice approximate identity P, defined before (3.8) filters out fre-
quencies higher than 1/¢, so does A;, the difference being that A, f approximates f
by a piecewise constant function, whereas P; f approximates f by a smooth function.
These approximations are close in the following sense:

A f(x) = Fdy, (4.2)

Lemma 4.3

dxd
/ / A= PP B <1712 (44)
R+ t

forall f € L*>(RM).

Proof Write the operator A; as an integral operator A; f (x) = fR,, xt(x, ) f(y)dy
with

xe(x,y) = (),

1
— 1
o, 0| ©

where Q(x,t) is the unique dyadic cube containing x with £(Q) > ¢t > %K(Q).
It is easy to check that x;(x, y) satisfies the first Littlewood-Paley estimate (1.14),
and although it does not satisfy (1.15), it does satisfy the integral version (3.12) pre-
sented in Remark 3.11 with « = 1. This is because, when |z — y| < s < ¢, then
Xt (x, 2) — x:(x, y) can only be non-zero when dist(y, dQ(x, ?)) <s. Here dQ(x, t)
denotes the boundary of Q(x, 7). Therefore

Iy < Sf”_l
y ~J
1Q(x, 1)]

/R sup  Ixi(x,2) — x(x, )| dy 5/

" {z;]z—y|<s) dist(y,00(x,0)<s 1Q(x, )]

~

~ | @«

as required. The kernel ¢, (x, y) = ¢;(x — y) of P; satisfies the standard Littlewood-
Paley estimates (1.14) and (1.15), so the kernel (x; — ¢:)(x,y) of ®; := A; — P
satisfies (1.14) and (3.12). Moreover ©;1(x) = fx,(x, y)dy —1=0forall x € R",
so by the special case when ®;1 = 0 of the 71 Theorem for square functions as
generalised in Remark 3.11, the square function estimate (4.4) holds. O
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Before coming to the local T theorem for square functions, we make two prelim-
inary observations about Carleson measures. A Carleson measure is a Borel measure
i on R1+1 such that, for some constant C;, < 00, u(Rp) < C,|Q] for all cubes

Q C R", where Rg denotes the Carleson box Rg := Q x (0, £(Q)) C RT].
In the first observation, we note that it is sufficient to check the Carleson measure
condition on dyadic cubes:

Lemma 4.5 Let 1 be a Borel measure on R'fl such that w(Rg) < C|Q| for all
Q0 € D, where Rg := Q x (0, £(Q)). Then u(Rg) < 22"C| Q| for all cubes Q C R,

Proof For acube Q C R", cover Q with Q; e D, j =1,2,--- ,N, with N < 2"
and £(Q) < £(Q;) < 2£(Q). Then Ry C U/' Ry, so that

1(Rg) < D u(Rg,) < C D 1051 < €C2"2"Q).
O

In the second, we show that when proving that a measure © on R’}FH is a Carleson
measure, it suffices to prove a bound for . on an n-ample sawtooth region of each Car-

leson box R for some n > 0. This is a region of the form EY, := Rp\ (U, RQj) ,
where {Q ;} is a collection of non-overlapping dyadic sub-cubes of Q such that E¢p :=
O\ (Uj Qj) has Lebesgue measure |Eg| > n|Q|. This result is known as a John-

Nirenberg type lemma for Carleson measures.

Ro
EQ
e B n
1
: e (x,1)
1
1
................... fmmmmmmm—-
. |
. .......; ....... P R .......é ....... RQ]
1 0
Ldrinfh O ;
03 Q4 ()3 ~ M (o)
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Lemma 4.6 (“John-Nirenberg” lemma for Carleson measures). Let u be a Borel mea-
sure on R:’[H. Suppose that there exist 1 > 0, C1 < 0o such that for every dyadic cube
O, there is a collection { Q ;} of non-overlapping dyadic sub-cubes of Q satisfying

|Eol =10\ (U; Q)1 = nlQl,
for which the n-ample sawtooth EE = Rp\ (U/ RQJ.) satisfies

n(Ep) < CilOl.

Then 1 is a Carleson measure, with

sup
Qeb 0]

=<

n(Ro) _Cy
23

Sketch of proof Start with a dyadic cube Q. Then Rg = E*é Uy i Ro, (disjoint
union), and Zj 0] = | Uj Qjl = (1 —n)|Q|. Iterating, we decompose Rp; =
E*Qj U U Rg;, (disjoint union) and

DOkl =D (=@l < (1 =)0l
Jik J

and so on. Therefore

w(Rg) :M(E*Q)+ZM(RQ,-)
J
< CQ|+ ZM(EZJ) + Z:LL(RQ_/.k)
J ik

< CllQI+Ci D 1Qj1+ D w(EY, )+
J

ik

C
< CLlIOI+ (=IO + (1= QI+ ) = 17'7Q'.

4.1 Local Th theorems for square functions

We begin with a local 7b theorem for square functions, which extends the global ver-
sion, Theorem 3.16. This result is essentially contained in the solution of the Kato
problem: see [60,56,9]. The stated version is formulated explicitly in [2] and [54].

Theorem 4.7 Let ®; f(x) = flﬁ;(x, ) f(y)dy, where V:(x,y) satisfies (1.14),
(1.15). Suppose that there exist constants 6 > 0, Cy < 0o, and a system {bp} of
functions indexed by dyadic cubes Q in R" such that for each dyadic cube Q:
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(i) fn Ibo(0)2dx < ColQl;
Qi) Jo @ fo 10bo)PLL < ColQ;
(i) |fobo() dx| = 8101

Then the following square function estimate holds:
dxdt
// 1O, f()> —— < II£15. (4.8)
Rn:—l t

Remark 4.9 On dividing each function bg by an appropriate complex constant, we
may replace (iii) by

(ii") [, bo(x)dx = Q)

noting that the constant Cy in (i), (ii) needs to be modified. We shall assume (i), (ii)
and (iii’) in the proof.

Proof We follow the outline of the proof of Semmes’ result Theorem 3.16 (cf. [18]
and Remark 3.18), but with an additional stopping time argument, in the spirit of that
used in Christ’s proof [31] of Theorem 4.1, to exploit the pseudo-accretive system
condition, which is weaker than global pseudo-accretivity of a single function b.

As in the proof of Theorem 3.16, again by Theorem 3.4, it suffices to verify that
|©,1|2dxdt/t is a Carleson measure, now given the existence of a family {bp} sat-
isfying hypotheses (1), (ii) and (iii"). To this end, we first observe that, as in [82] and
[18], it is enough to verify the bound

1 ,dxdt 1 ,dxdt
sup — |©;1]"—— < Cy sup — (O Abg|"——, (4.10)
0eD 1C1 J Ry t 0eD 11 J /Ry t

where Rp := Q x (0, £(Q)) is the Carleson box above Q, and A; is the dyadic aver-
aging operator defined in (4.2). Indeed, suppose momentarily that (4.10) holds. Then
to obtain (3.5), and thus also the conclusion of the theorem, it suffices to show that
the right hand side of (4.10) is bounded. Once again let P, define a nice approximate
identity as defined before (3.8), and following [38], write

(©;1)Pbg = ((©,1)Pibg — ©;bg) + ©;bg =: Ribg + O,bg
where R, := (®;1) P, — O, satisfies R;1 = 0. Therefore

dxd dxd
// 1O, Abo ()2 5// (O, 1)(Ar — P)bo(r) 25
RQ 1 Rirrl

t

dxdt dxdt
+// |RtbQ(x>|2—+// 1©:bo (x)[?
erl t Ro t

S [ o+ [ thotoldr+1015 0l

where the bound on the first of the three integrals follows from Lemma 4.3 and (1.17),
the bound on the second follows from the special case of Theorem 3.4 since R;1 = 0,
and the bound on the third is hypothesis (ii). The final estimate needs (i).
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We turn now to the proof of (4.10). In order to apply Lemma 4.6, it suffices to show
that there are constants n > 0, C < 00, such that for each Q € D, there is a dyadic
sawtooth region

EZ = Ro\(U;jRy)), (4.11)
where {Q ;} are non-overlapping dyadic sub-cubes of Q, with
[O\(U; 0| = n|Q|

and

2dxdt dedt
// 10, 1(0)] —54// (©,1)) (Ab)PEY. @12
E} t E} t

We prove (4.12) via the same stopping time argument as in [60,56,9]. See also
[31], where a similar idea had previously appeared. Our starting point is (iii"). We
sub-divide Q dyadically, to select a family of non-overlapping cubes {Q ;} which are
maximal with respect to the property that

Ne

b 1/2. 4.13
1051 Jo, o =1/ (4.13)

IfE ’é is defined as in (4.11) with respect to this family {Q ;}, then by construction, if
(x,1) € E%, it follows that

Ne Abo(x) > 1/2
so that (4.12) holds. It remains only to verify that there exists n > 0 such that

|Egl = nlQl, (4.14)

where Eg := Q\(U; Q,). By (iii’) we have that

|Q|=/bQ=me/bQ=me/ bQ+9’teZ/ bo
0 0 Eg PR

1

5|EQ|5(/Q|bQ|2)2+%Z|Qj|,
when in the last step we have used (4.13). From hypothesis (i), we then obtain
01 < VColEol1 Q1% + 4101,
and (4.14) now follows readily with n = ﬁ.
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To conclude the proof, we apply Lemma 4.6 with

dxdt
di = 10,1(x)|? xt and

1 s dxdt
Ci = 4Cs sup — (©,1)Abg] .

m}

The previous Theorem has an extension to the matrix valued setting. We explain
in the next subsection why this is interesting. Let MV denote the space of N x N
matrices with complex entries.

Theorem 4.15 Suppose that W, : R" x R" — CV satisfies the standard kernel
conditions (1.14), (1.15). Define, for f : R" — CN, the operator

O -f(x) := / W, (x,y) -f(y)dy. (4.16)

Suppose also that there are constants § > 0, Co < 00 and a system of matrix valued
functionsbg : R" — M | indexed by the dyadic cubes, such that

@) Jzn Do) dx < ColQl;

Qi) fo @[, 1©:bo ()P4 < Col Q)

Gii) 9t & - (1017 [ bo(x) dx) = dl¢ P
where the ellipticity condition (iii) holds for all € € CN, and where the action of ®,
on the matrix valued function b is defined in the obvious way as in (4.16) by viewing

the kernel W,(x, y) as a 1 x N matrix which multiplies the N x N matrix bg. By
[bo (x)| is meant the operator norm of the matrix bg(x). Then the following square

function estimate holds:
dxdt
[ ete S < (4.17)
Rr:rl 1

Remark 4.18 Tt turns out that a variant of this theorem lies at the heart of the solution
of the Kato problem [9,56,60]. See also [18], where a similar result is given but with
(3.19) in lieu of (iii). Thus, the present result, along with the scalar version Theorem
4.7, addresses the question posed immediately following Remark 3.18.

We now sketch the proof, which is essentially the same as the argument used to
establish the Kato conjecture. Let 1 denote the N x N identity matrix. Since

0,1=(0!1,0%1,...,0N),
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Proposition 3.4 therefore implies that it is enough to show that |®,1|> ¢~ 'dxdr is a
Carleson measure. For € small, but fixed, cover CV by cones

2

where v, € MY with lvgl = 1fork =1,2,3,..., K(e, N). We see that

Z
— — Vi

FZ:IZG(CN: o

(& dxdt < [UQ dxdt
[ [ear=2 <> [ ] jeapigen ™.
o Jo ! im/o Je !

Thus, it suffices to show that there is a constant C; = C (¢, 8, Co, n, N) such that

Ho) dxdt
sup IQI‘I/ / o172 1@ < ¢,
Qeb 0 ) t

for each fixed cone I'¢, provided that € is small enough, but fixed.

To this end, normalizing so that § = 1, and fixing Q, we follow the stopping time
argument of the previous theorem, in the present case extracting dyadic subcubes
Q; C Q which are maximal with respect to the property that at least one of the
following holds:

1
bo| > — 4.19
/Q.|Q|_4€ 4.19)
J

or

3
Ye v |Q,-|—1/ bo )v <2, (4.20)
0; 4

J

where v € C¥ is the unit vector in the direction of the central axis of ¢, i.e.,

<e].

As in the proof of the previous theorem, one may check that

F€=[ze<CN:

Z
— =
|z]

|Egl == 0\(U; Q) = nlQ.

for some fixed n > 0. Moreover, for (x, t) € E*Q = RQ\(Uj Rg;), and forz € re,
we claim that

1
|z - Atbg (x)V] = §|Z|7 (4.21)
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where again A; denotes the dyadic averaging operator defined in (4.2). Indeed, since
the opposite inequalities to (4.19) and (4.20) hold in E%,, we have that

— — _ 1
lw - Atbg (X)V| = [v - Atbg (X)V] = [(@ —v) - A/bg (x)V] = 1°3

B~ w

when |w —v| < €and (x,1) € E’é Taking w = z/|z| with z € T'¢, we obtain (4.21).
Consequently, we have that

5 dxdt _pdxdt
|©:1|" Ir<(O,1) <4 |©:1- A/bgV]| )
Ey ! Eo !

and the rest of the proof follows as in the previous theorem.

4.2 Application to the Kato square root problem

Asmentioned above, a variant of the preceding theorem leads to the solution of the Kato
problem. We recall the statement of the problem. Let A be an n x n matrix of complex-
valued L™ coefficients, defined on R”, and satisfying the ellipticity (or accretivity)
condition (1.26). Then the associated divergence form operator L = — div AV defined
as in (1.27), considered as an unbounded operator in the Hilbert space L2(R") with
inner product (u, v) := (u, v), has both its spectrum o (L) and its numerical range
{(Lu,u) € C;u,Vu, Lu € L2} contained in a sector {¢ € C; |arg ¢| < w} for some
w € [0, /2). Such an operator, called w-accretive, generates a contraction semigroup
{e7"L};-0 and has unique aw-accretive fractional powers L% when 0 < a < 1. In par-
ticular, L has a unique square root /L := L'/? satisfying ~/L~/L = L. See [69,68].

We note for later use (see e.g. [8]) that such an w-accretive operator L also satisfies
the uniform bounds

ltLe "Lully < Jull forall T > 0 (4.22)

and (since L is one-one) quadratic estimates such as
OO —er, 297 2
[vVTLe "ul - [Juell” (4.23)
0

When A, and hence L, is self-adjoint, then it is easy to see that the domain of the
operator /L is the Sobolev space W!-2(R"), because

IVLullz = (Lu,w)'"? = (AV, Vi) '/ = || Vul|2.
The Kato square root problem is to establish the same equivalence of norms

IV Lullz ~ [|Vul), (4.24)
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for non self-adjoint operators, with C depending only on 2, A and A. When the dimen-
sion n = 1, the latter estimate is closely related to the L? boundedness of the Cauchy
singular integral operator on a Lipschitz curve, and indeed it was solved affirmatively
in the same paper [39].

The initial affirmative results for n > 2 concerned small perturbations of the La-
placian, i.e. ||A — I||lc < € for some small € [30,49,66]. After that came various
partial results (see [74] for a survey up to this point), but the main achievement for a
long time after was the writing of the book [18] by Auscher and Tchamitchian, con-
solidating and extending prior results, and relating them to local 7h square function
estimates (cf. Remark 4.18.) This led on to affirmative solutions, first in 2 dimensions
[60], then in all dimensions for small perturbations of real symmetric operators [10],
and for operators which satisfy Gaussian heat kernel bounds [56], and finally for all
divergence form operators with bounded measurable coefficients [9].

In order to give some feel for the connection with local 7b theorems for square
functions, let us make the additional assumption of heat kernel bounds (G):

e—fLu(x)z/ k:(x, Yu(y)dy — forallu € L*(R")
Rn

where the heat kernel k, (x, y) satisfies the Gaussian kernel bounds:

b2

B
lkz(x, y)| < ape and

G

(ke Ceth y) —he (6, V) Tk (6, y+h) —ke (6, )| = Bommme e ViRl =1,

for some ¢, B > 0. We remark that the classes of operators which are stated to satisfy
Poisson kernel bounds in the paragraph following equation (1.28), also satisfy heat
kernel bounds.

What follows is an outline of the proof under this additional assumption, essentially
following the relevant parts of the book [18] and the paper [56].

As L* has the same form as L, only the direction

IVLulls < IVl (4.25)
needs be shown, because ||[+/L*u|2 < C||Vu||; implies that | Vulls < v/ Lull2, for
IVul3 < L(AVu, Vi) = L (VLu, VL*u) < SIIVLul2 | Vull>.

(We are leaving out technical considerations concerning domains of operators, etc.)
Now (4.25) is equivalent to the square function estimate:

dxdt
// rLe~"Lu)? 258 < )2, (4.26)
RAH! t
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because, by (4.23),

2 dxdt o0 2.d
// » ‘tLe_tzLu(x) xt = %/ H\/tLe_tL(\/Zu)H2 ?T ~ II«/ZMH%.
n 0
T

The square function estimate (4.26) has the form of equation (4.17) in Theorem
4.15 with

0, =te "L divA

and f = Vu. However we cannot apply this theorem as stated because ®; does not
satisfy the standard kernel estimates (1.14) and (1.15), and indeed the square function
estimate (4.17) can, in this case, only be expected to hold for gradient vector fields
f = Vu. To proceed, the structure of the operator L is used to show that the operators
{Z:}, defined by

Ziu(x) : = 0,Vu(x) — 0;1(x) - (P,Vu)(x)
= (tLe " Lu)(x) — (tLe " Lp(x)) - (P, Vi) (x),

(where ¢ (x) := x) satisfy
dx dt
/ / ZauoPEL < a2, (“.27)
R’IH 1

Once we have proved that du(x) = 19,1(x)|? @ is a Carleson measure on
RTI, we can then verify (4.26) as follows:

// =// |Zu(x) + ©,1(x) - (P Vu)(x)[?

Rnﬂ n+l1 t
dxd

// \Zou(oy 2 2 // V(o 10,102 L G < \Tull,

by (4.27) and Carleson’s Theorem as used in (3.9). (We shall not include a proof of
(4.27), though remark that it is somewhat similar to the “7"1”-type reductions of square
function bounds to Carleson measure bounds which we have already considered.)

The next step is to proceed exactly as in Theorem 4.15, to show that the Carleson
estimate is a consequence of an estimate of the form:

dxdt dxdt

2
tLe_tzLu(x))

dxdt
// |®;1(x) - A,bQ(x)|2xT < C»|Q| for all dyadic cubes Q C R", (4.28)
Ro

provided we can find a system of matrix valued functions by : R" — MV, Q0 e D,
which satisfies hypotheses (i) and (iii) of that theorem. For this purpose, we define
bo : R" — M¥ for each dyadic cube Q C R” by
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bp = Ve U@ Lg = Vi, (4.29)
with € > 0 to be chosen, small enough, and
do(x) =no(x)(x —xg),

where ng € Cg°(5Q) withn = 1 on Q, and x¢ denotes the centre of Q.
Before checking the hypotheses (i)—(iii), we note some consequences of the heat
kernel bounds (G), namely that ®,1 € L°°(R", C") with a uniform bound

1O1]l0c = ||tLe_12LqS||OO <M <o forallt > 0;and (4.30)

e — Dpglloc < Mat forall t > 0. 4.31)

We now show that the hypotheses (i), (ii), (iii) of Theorem 4.15 are satisfied by the
system of matrix valued functions bg.

(i) The estimate ||bo ||% < Co|Q] is a consequence of the more general fact that a
homogeneous elliptic operator L in divergence form generates a bounded semigroup
with respect to the homogeneous Sobolev norm ||Vu||;. Thus

2 2
Ibollz = Ve < “D g1 S IVl ~ 10112

(i1) Noting that ;b (x) = e LLe—€ Q)L , we have
g o o

“o) dxdt o0 2, 2 2
/O /Q|®,bg(x)|2 ; s/o |Le™ e @Lg 13 ¢ dt

o _ dt
= %/ ltLe ™o l5 —
GZK(Q)Z T

where 7 = 1% + e2€(Q)2
l 2 C1l
=<0 (m) lgollz = 2 0],

using (4.22) to obtain the uniform operator bounds.

(iii)

Re & - (|Q|—1/QbQ(x)dx)§ = IE]* + Re & - (|Q|_1/Q(bQ —1)(x)dx)§

/ V(e—ezfi(Q)zL — D¢ o(x)dx g
0

op

> g2~

Cl

E17(1 — c; Mae) (by (4.31))
1 2
gl

> g7 -

IV 1V
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provided e is chosen sufficiently small. We fix such a value of €, and in particular use
it back in part (ii).

All that remains is to check (4.28). To this end, as in the proofs of Theorems 4.7
and 4.15 above, we follow [38] to write

©/1-(A/bg) = O,1-((A; — P)bg) + (©,1- P, — ©,) by + O;by,

and we note that, in view of (4.29), (©;1- P; — @;)bg = —Zf(. Thus,
dxdt
[ 1010 (b S < ol + Iboli + Col0l < Cal0)
Ro

by (4.30), (4.4), (4.27) and (ii).

That completes our description of the proof of the Kato square root problem for
elliptic operators which satisfy pointwise heat kernel bounds. As we have said, the
result holds without this additional assumption. One may use, in lieu of the Gaussian
heat kernel bounds (G), the “Davies-Gaffney” off-diagonal estimates, which hold for
every divergence form elliptic operator L as in (1.25)—(1.27). We refer the reader to
[9] for a complete proof of the Kato square root estimate in this general setting.

The question whether accretive operators satisfy the estimate (4.24) was originally
asked by T. Kato, J.-L. Lions and others in an attempt to better understand the equiva-
lence between the operators and their associated sesquilinear (or energy) forms. This
question arose again during Kato’s study of hyperbolic wave equations with time-vary-
ing coefficients, as it is connected with the question whether the mapping A — L!/?
is analytic. See [72]. Another application, and an easier one to describe, was noted by
Kenig [70, Remark 2.5.6]: On IR:’_‘H :=R" x (0, co) consider the Dirichlet problem:

atzU(t)—LU(-,z):O
U(-,t) =u(-) € DWL)

where still L = —Z/k 1 ax (Ajk FED ). Then the solution U (x,t) = _“/Zu(x)
also satisfies the Neumann boundary condition

U

B 707 —VLu

if /Lu € L?>(R"). Hence the Kato estimate |+/Lu||» & || Vyul|2 is equivalent to

H—Iz =0 | A [Vaull,.

This alternative form of the Kato estimate is also known as a Rellich inequality or a
Dirichlet-Neumann inequality.

For an excellent survey of the Kato square root problem, see Kenig’s featured review
[71].
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Before completing this section, we comment briefly on L? estimates. For the vari-
ous 7b results proved up to Section 4.1, the estimates also hold with L? norms in place
of the L2 norms, as follows from Theorem 2.1 (to treat the case 2 < p < o0, this
requires either that we work with conical square functions, or that we impose some
regularity in the x-variable, of the kernel v, (x, y); see, e.g., [11] for a more detailed
discussion of this point.) On the other hand, the operators @; used in the current
section, arising in the proof of Kato’s square root estimate, do not typically satisfy
standard kernel bounds, even if L does have heat kernel bounds, so we cannot expect
the Kato estimates to remain true for all p # 2. However, a variety of means have
been used to prove bounds in specific cases. One method, involving weak-type (1-1)
bounds via an adaptation of the Calderén-Zygmund theorem [46], was used to obtain

IVull, < IV Lullp, (4.32)

when 1 < p < 2, provided L has pointwise heat kernel bounds (i.e. satisfies the first
equation in (G)) [47], and, via a duality argument,

IVLull, S IVullp, (4.33)

when2 < p < oo.Another, involving the use of Hardy spaces, was used in [9] to show
that if L has pointwise heat kernel bounds, then (4.33) holds when 1 < p < 2. In the
absence of pointwise kernel bounds, an extension of the Calderén-Zygmund method
of [46] was developed independently in [20,21], and in [57], to prove the “Riesz trans-
form” estimate (4.32) for a (necessarily) restricted range of p; the Kato estimate (4.33)
was proved for a sharp (and again restricted) range of p in [3]. We refer the reader
to [3] for a rather complete discussion of the L” theory in the absence of pointwise
kernel bounds. Another approach to L? estimates is mentioned in Section 5.1.3 below.

5 Further results and recent progress

In this section we briefly discuss some recent advances in this subject.

5.1 Tb theory for SIOs
5.1.1 Analytic capacity

As mentioned above, Christ’s local Tb theorem (Theorem 4.1) was motivated in part
by its connection with the theory of analytic capacity and the Painlevé problem, which
was eventually solved in the remarkable work of Tolsa [88]. See also the earlier work of
Mattila, Melnikov and Verdera [77], and David [41,42]. Analytic capacity is connected
with Tb theory via the Cauchy integral: the existence of non-constant bounded analytic
functions may be used to produce a testing function » which yields L? bounds for the
Cauchy integral. These bounds, in turn, encode geometric information via the so-called
Menger curvature. In practice, this program was quite difficult to carry out, especially

@ Springer



Singular integrals and square functions 239

in the general situation in which the underlying measure may be non-doubling. Some
extensions of either local or global 7b theorems to the non-doubling setting have been
obtained by David [41] and by Nazarov, Treil and Volberg [79,80]. The latter, espe-
cially, played a useful role in Tolsa’s solution of the Painlevé problem and the related
Vitushkin conjecture concerning the semi-additivity of analytic capacity. Finally, much
of this theory has been extended to higher dimensions by Volberg [90].

5.1.2 Local Tb theory for SIOs

Theorem 4.1 has been extended in another direction, closer in spirit to the results that
we described above in Section 4, in which one requires weaker quantitative control
onbg and Thg. In [13], Conditions (i) and (iii) of Theorem 4.1 are relaxed to

M) /Q|b"Q|f’sc()|Q|, (i) /Q|Tb1Q|P’sc()|Q|,/Q|fTb2Q|P’sCO|Q|,

respectively, for 1 < p < oo, assuming that T is a perfect dyadic SIO. In the case
of standard SIOs, the same result was obtained with p = 2 in [19], but it remains an
open problem, in general, to treat the case 1 < p < 2. The current state of the art
appears in [17], where the case 1 < p < 2 is handled in the presence of additional
hypotheses in the spirit of WBP, and in [62], where the theory is extended to a class
of non-doubling measures.

5.1.3 Tb theory for vector valued functions

Many applications require the study of SIOs acting on spaces of vector valued functions
f :R" — X, where X is a Banach space. As mentioned in the Introduction, many
proofs in this survey carry over to this context provided X is a Hilbert space. However,
the situation is much more complicated when X is not isomorphic to a Hilbert space,
and even the Hilbert transform may then be unbounded. In the 1980’s, Bourgain [22]
and Burkholder [23] proved that the Hilbert transform is bounded on L2(R"; X) if
and only if X has the UMD (Unconditional Martingale Difference) property. See [24]
for a survey. The connection between SIOs and martingales turns out to be the key to
the vector valued theory, but is also an important tool for the scalar valued theory, for
example in obtaining best constants. The first UMD valued 7'1 theorem was obtained
in the influential paper [48] by Figiel. Over the past ten years, applications to PDEs
such as maximal regularity, have motivated the study of SIOs with operator valued
kernels K : R" x R"\{x = y} — B(X), where B(X) denotes the set of bounded
linear operators from X toitself, and X is a UMD space. In this direction, a 7' 1 theorem
was obtained by Hytonen and Weis [64], and a 7b theorem followed in [65]. A type
of local Th theorem for square functions, used to solve Kato’s problem in L7 (R")
and more generally in a UMD valued context, was then proven in [63]. Currently the
vector valued theory is also being developed in contexts where the space of variables
R" is replaced by a more general metric measure space; see [01].
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5.2 Local Tb theory for square functions and applications
5.2.1 L? control on by

In contrast to the situation for SIOs, the local 7b theory for square functions has been
generalized to permit bp € L?, with 1 < p < 2, asin (5.1.2). See [55], where this
is done in the Euclidean case (i.e., to obtain the square function estimate (4.8) in the
upper half space R1+1). A further extension to the case that the half-space is replaced
by R+1 \E, where E is a closed Ahlfors-David regular set of Hausdorff dimension r,
appears in [52]. The latter extension has been used to prove a result of free boundary
type, in which higher integrability of the Poisson kernel, in the presence of certain nat-
ural background hypotheses, is shown to be equivalent to a quantitative rectifiability of
the boundary [58,59]. In the spirit of the work mentioned above on analytic capacity,
local Tb theory enters by allowing one to relate Poisson kernel estimates to square
function bounds for harmonic layer potentials, which in turn are tied to quantitative
rectifiability of the boundary. In this case, the “b’s” are normalized Poisson kernels.

5.2.2 Extensions of the Kato problem and elliptic PDEs

The circle of ideas involved in the solution of the Kato problem, including local 75 the-
ory for square functions, has been used to establish certain generalizations of the Kato
problem with applications to complex elliptic PDEs and systems. These include L?
bounds for layer potentials associated to complex divergence form elliptic operators
[4,55], and the development of an L? functional calculus of certain perturbed Dirac
operators and other first order elliptic systems [5—7,14]. The layer potential bounds,
and the existence of a bounded holomorphic functional calculus for first order elliptic
systems, were each then applied to obtain L? solvability results for elliptic boundary
value problems.

The local Tb theory for square functions has also been used to establish other gen-
eralizations of the Kato problem, such as to higher order elliptic operators and systems
[12] and to elliptic operators on Lipschitz domains [15].
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