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Abstract

In this paper, a new concept of L-fuzzy cover spaces regarding fuzzy topological spaces is
added. Secondly, the ideas of L-fuzzy compact open topology is established and the number
of their interesting properties are studied.
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1 Introduction

Zadeh added the essential standards of fuzzy sets in his classical paper [14]. Fuzzy sets
have applications in lots of fields of engineering, social technological know-how, economics,
clinical science and many others,. In mathematics, topology furnished the most natural frame-
work for the ideas of fuzzy units to flourish. Bayramov [1] added and advanced the concept
of L-fuzzy topological spaces. Additionally fibrewise variations of homotopy concept were
studied in [8, 11]. The perception of fuzzy homotopy principle was delivered by way of G.
Culvacioglu and M. Citil in [10]. The essential organization of fuzzy topological areas was
brought by using Abdul Razak Salleh and Mohammad faucet in [2, 7]. Prompted through
[2, 7], fuzzy essential organization in fuzzy topological areas became prolonged to numer-
ous fuzzy structure spaces in [5, 6]. The concept of compact-open topology has a important
position in defining function spaces in standard topology. Routaray et al. [9] introduced the
concept of fuzzy - structure covering map, fuzzy J*-Structure compact open topology.

One of the most crucial ideas in general topology is compactness, which many authors
[3, 13] have extended to L-topological space.The objective of this article is to present an
original concept of L-fuzzy compact-open topology and contribute some theories and effects
relating to this concept.

The rest of paper is organized as follows: Section "Introduction" highlights the importance
of fuzzy topology. The "Preliminaries" section emphasizes the fuzzy logic and L-fuzzy
topology. The next part discusses the L-fuzzy covering space and some related theorems. The
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section " L-fuzzy compact open topology" details suggested the concept of L-fuzzy compact
open topology, L-fuzzy connected set and L-fuzzy path connected space. The contributions
of the work are summarized in the "Conclusion" section which highlights the achievements
and identifies possible direction for further study.

2 Preliminaries

Definition 2.1 [14] A function from a non-empty set X to a unit interval / = [0, 1] is called
a fuzzy set A. I denotes the fuzzy set family as a whole.

Definition 2.2 [8] Let X be a set and 7 be a family of fuzzy subsets of X. Then t is called
fuzzy topology on X if satisfies the following conditions:

(i) Ox, IX €T
() fa,pertheniAper
@iii) If x; € t forall [ then VA; € t.

Definition 2.3 [12] For any fuzzy set A € F(X) and any A € [0, 1], the A-cut and
strong A-cut of A are respectively defined as follows: A} = {x € X : A(x) > A}, Ay =
{x e X: A(x) > A}, where A(x) = uA(x) since A(x) is more convenient than pA (x).

Definition 2.4 [12] Let /T be set of all monotonic decreasing maps A : R — L (where L is
completely distributive lattice) satisfying:

(1) r(t)=1forr <O,
(i) A(#r) =0fort > 1.

For A, u € I, we define that A = p iff A(r—) = u(r—) and A(t+) = p(t+) forall r € R,
where A(t—) = infs,A(s) and A(t+) = sup,.,A(s). Then = is an equivalence relation on
IT, [A] denotes the equivalence class of 1 € I and the quotient set / T'/ =is called the L-
fuzzy unit interval which in symbols is written /(L).

We define an L-fuzzy topology 7 on /(L) by taking as a subbase {L,, R,:,ER}, where we
define L; ([A]) = (A(t—)) and R, ([A]) = (A(t+))’. The topology 7 is called the standart
topology on I (L), and the base of T is {Ls A R; : 5,1 € R}.

Definition 2.5 Let f, g : (X, t) — (Y, 0) be L-fuzzy continuous maps. We say that f is
L-fuzzy homotopic to g if there exists an L-fuzzy continuous map F : (X, t) x ({(L), 1) —
(Y, o) such that F(aq, [Xo]) = f(ay) and F(ay, [A1]) = g(ay) for every L-fuzzy point
ay € (X, t) wherei =0, 1.

1,t<i
0,t>1

ri(r) = {
The map F is called an L-fuzzy homotopy between f and g, and written F : f = g.

Definition 2.6 Let (X, 7) and (Y, o) be any two L-fuzzy space. Let p : (X, 7) —> (Y, 0)is
called a L-fuzzy covering space if and only if

(i) p is L-fuzzy onto.
(ii) Forevery a, € X there exists a neighborhood a, € U such that p‘1 (u) = US; such that
each s; is L-fuzzy homeomorphic to U.
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Each s; is called a sheet. Each u for which p~!(u) = Us; is said to be L-fuzzy covered.
p_1 (ay) is called a L-fuzzy fiber.

Definition 2.7 Let p : (X, 7) — (Y, 0) be a L-fuzzy covering map and let f : (X,6) —
(Y, o) be a L-fuzzy continuous f~unction. Then amap f : (X,6) — (X, 1) is said to be
L-fuzzy liftonthe map fif po f = f.

3 L-Fuzzy covering space

Theorem 3.1 Let p : (X1, T, x3) — (X2, 0, x3,) be a L-fuzzy covering space generated by t
ando. Let f : (Y, n, y,) = (X2, 0, x3,) be aarbitrary L-fuzzy map. If (Y, n, y») is L-fuzzy
connected then f "is unique (if it exists).

Proof Let f " be another L-fuzzy lifting of the map pf = f.pf "= f. Define
A={ver:fom=r"w}

and
B={vev:fm#s m}

clearly Y = AUBandAﬂB d)

Fory e Awehavef (y) = f (y) andpf (y) = f(y)implies pf (y) € ufromthlslmelt
is clearthatf ) € p~tw). Agalnf (y) €S, f (y) € S this implies y € f (S)ﬂf S C
A.

If not let there exists z € Bso f(z) € S,f (z) € Sand f(z) # f (z) implies
pf (@) # pf (2). So we get f(z) # f(z) which is a contradiction. So A is a L-fuzzy open
set. Similarly B is also L-fuzzy open. Since Y is L-fuzzy connected one of A and B must be
empty.

P
(X1, 7, x0) —— (X2, 0,x3,)

/7
Y, n,y)

Clearly £ (x,) = y, and f (x3) = y5.Sox, € Aand A # ¢, B = ¢. This competes
the proof. O

Theorem 3.2 Let p : (X1, 7,x5) — (X2,0,x3,) be a L-fuzzy covering space and w be a
L-fuzzy path in (X1, T, X;.), then there exists a unique w1 X1 such that 0 = o

Proof Since [ is L-fuzzy connected, ' (if it exists) must be unique. Now we shall prove that
o exists.

Case-1: Suppose X3 itself is L-fuzzy structure covered, i.e., p’l(Xg) =US; = E. xy,
belongs to some sheet S;. Then p/S; is a homeomorphism and v be the inverse map, i.e.,
¥ 1 Xo — ;. Clearly ¢ exists and L-fuzzy continuous. Since p/S; is a homeomorphism.
Letw:1 — Xpthenyow : I — §j,1.e., E. Let o = Y ow. So o isa L-fuzzy path in
X5. This is our required o isa L-fuzzy path in S;.

To show that po = w po = (p/S)w = (p/S)¥ 0w = w since (p/SHV = id, i.e., ¥ is
the inverse of p/S;.
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Case-II: For each x; € X, there exists a L-fuzzy neighborhood x, € Xy, which is
L-fuzzy covered and each {w_l W xx)} is a L-fuzzy open set. Thus the collection of these
L-fuzzy open sets will be a L-fuzzy covering . Since / is L-fuzzy compact it is possible to
choose a L-fuzzy finite covering

O=f<ti<h---<tp,=1

such that [#;, t;41] C o~ 1 (Uy) for some x and for all i. w[f;, tiv1] C o~V (Uy) for some x
and for all i.
There exists wl1 . [to, t1] — X such that pa)/1 = w/[ty, 1] similarly there exists a)/z :
[t1, 2] — X such that pa)/z =w/[t, 1]
o (1) t<t<n

l
, w,(t) 11 <t=<nh
Define w (t) = . O

0, () tho1 <t <ty

Theorem 3.3 Let f : (Y, v) — (X, 0) admit a L-fuzzy lifting f/ generated by T and o ; then
any L-fuzzy homotopy F : (Y, 1) X (I(L), 1) — (X, 0) with F(ay, [Ao]) = f(ay) can be
L-fuzzy lifted to a L-fuzzy homotopy F : (Y, t) x (I(L), t) — E with F (aq, [Mo])) = f/ (y)

Proof Given that F(ay, [A0]) = f(ay). Theorem states that there exists F " such that
F' (g, [Mo]) = f(aw).

Case-1: If the whole space X is evenly L-fuzzy covered then p~'(X) = US; = E. p/S;
defines a L-fuzzy homeomorphism from S; to X. Thus S; = X. Hence there exists inverse
map ¥ such that F =y oFwhere F:YxI— E. Clearly F, ¢ and F' are L-fuzzy
continuous. F'(aq, [ho]) = ¥ F(aq, [2o]) = ¥ f(aa) = f (aa).

Case-Il: Leta, € Y and A; € I, then F (), aq) € X. Since E is L-fuzzy covering space
there exists a L-fuzzy neighborhood Uf (g, 1,) Which is evenly covered {F~!(Ur(4,.2,))}
where a, is fixed and A; € I.Clearly {ay} ® [is L-fuzzy compact set and F! (UF(ag,30)) 18
a L-fuzzy covering set of {a,} ® I. Now consider 0 = A/, < Ay; < A, < ---A,, = 1 and we
get{ag} x[Ay;, Ay ] C F1 (UF(ag.2,))-But F1 (UF(ay,1,)) 1s a L-fuzzy open set containing
(@a, Ar). Choose a neighbourhood Ny, of ay such that F(Ny X [Ay;, A1) C Up(g,,s,)- Thus
UF(ay.5,) 1s evenly L-fuzzy covered. ]

Corollary 3.4 Let (X, t) and (Y, o) be two L-fuzzy structure and (I (L), t) be L-fuzzy space
introduced by t. Leta, B : (L) > Xand p:Y — XAfa >~ Bthena ~p B.

Proof Let« : (I(L), 1) — (X, t) be any L—fuzzy continuous function. Define a function
F: (L), 7)x (L), ) = (X, 1) such that F(ay, [M]) = alay) and F(ay, [M]) =
Blagy).- Then there exists F such that F/(aa, [Ao]) = a/(aa) pF/(aa, (A1) = F(ag, [AM]))
and pF (aq, [M]) = Blay). SoF’ (aa, [A1D is a lifting of B. ﬂ is also hftlng of B. Since
I(L) is L-connected both are equal. /3 (ay) = F (ag, [X1]). Clearly we have @ =~ /3 ]

Corollary 3.5 Let (X, t) and (Y, o) be any two L-fuzzy path connected spaces and p :

(X, 1) = (Y,0) be a L-fuzzy continuous function. Let x; be a fuzzy point in (X, t) and
P« (X, x3) = 11 (Y, p(xp)). Then p, induces a L-fuzzy monomorphism.
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Proof For each [«], [B] € TT1(X, x3),

ps([a] o [B]) = pxla * B]
=[po(ax*p)]
=[(poa)x(pop)]
=[poalx[pof]
== px([a]) o p([B])-

Thus p, is a L-fuzzy homomorphism. Let [«] € T1;(X, x;) then p,[a] = [y] (where
y 1 — Y) this implies [p o o] =~ [y]. So we get p oo >~ y. Again y has a lifting in
X. Suppose § is its lifting, i.e., p§ = y. pé(x;) = y(x;) = p(x;). Let (x;) = y;. Now we
get §(x;) € p~'(y). But p~(y,) is a fuzzy discrete set of points in X. §(/) C Lo,
8(1) is L-fuzzy connected, hence it must a singleton. Since the points are L-fuzzy discrete
8(I) = x;.6 is the L-fuzzy lifting of y and « is the L-fuzzy lifting of p oa. Therefore o« ~ &
and [«] is the identity class. ]

4 [-Fuzzy compact open topology

Let (X, ) and (Y, o) be any two L-fuzzy spaces generated by t and o.
Let

yX = {f:(X,7) > (Y,0)| fis L-fuzzy continuous function.}

We give this class Y X a topology called the L-fuzzy compact open topology as follows:
Let

k :{K:I — X :K is L-fuzzy compact in X}.
n={U :1 — Y suchthat U is L-fuzzy openin Y}.
Forany K € k and U € 1, let

W(K,U) = [a)e YX: w(K) C U].

The collection {W (K, U) : K € k, U € n} can be as a fuzzy subbase to generate a L-fuzzy
topology on the class Y¥, called the L-fuzzy compact-open topology. The class ¥ X with
this topology is called L-fuzzy compact-open topological space. Unless otherwise stated,
Y will always have the L-fuzzy compact-open topology.

Theorem 4.1 Let (X, t) and (Y, o) be two L-fuzzy compact space. Let ay be any L-fuzzy
pointin X and N be a L-fuzzy open set in the L-fuzzy product space X X Y containing a, x Y.
Then there exists some L-fuzzy neighborhood W of a,, in X suchthatay x X € W xY C N.

Proof 1t is clear that x; x Y is L-fuzzy homeomorphic to ¥ and hence x; x Y is L-fuzzy
compact. We cover {x;} x Y by the basis elements {U x V} (for the L-fuzzy topology of
X x Y)lying in N. Since {x;} x Y is L-fuzzy compact, {U x V} has a finite subcover, say,
a finite number of L-fuzzy basis elements Uy x Vi, --- U, x V,. Without loss of generality
we assume that x; € U; foreachi = 1, 2 - - - n; since otherwise the basis elements would be
superfluous. Let W = (i, U;. Clearly W is L-fuzzy open and x, € W. We show that

n
Wy [ JWi x Vi)

i=1
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Let (x,, ys) be any L-fuzzy point in W x Y. We consider the L-fuzzy point (x;, ys). Now
(x7, ys) € U;j x V; for some i; thus y; € V;. But x, € U; forevery j = 1,2---n (because
xr € W). Therefore (x,, ys) € U; x V;, as desired. But U; x V; € Nforalli =1,2,--- ,n;
and W x Y € | J_, (Ui x V;). Therefore W x ¥ € N. O

Theorem4.2 Let Y be a L-fuzzy connected and L-fuzzy locally path connected space.
P(Y, yo) denote the set of all L-fuzzy paths whose initial point is yo. Then ¢ : P(Y, yp) — Y
is L-fuzzy continuous, L-fuzzy onto and L-fuzzy open map.

Proof We have
wmnn:[weWmengy

So clearly {w : @(1) C U} be L-fuzzy open set in the L-fuzzy compact open topology. Let
¢ : P(Y,y9) — Y and consider u as L-fuzzy open set in Y. So

¢ w) ={w: ) eu} ={o:w(l) e u)

is L-fuzzy open. This implies ¢ is L-fuzzy continuous map.

Letw € P(Y,yo) and W = (}_; W(K;, U;) where K; be L-fuzzy compact and U; be
L-fuzzy open set. Arrange the K; according to decreasing end points. Choose j < n such
that

16K1ﬂK2ﬂ~~Kj
and
1¢Kjy1NKjaN--- Ky

Againw € W(K;, U;) then w(K;) C U; foralli =1,2,---nandi = 1,2, --- j. From this
itis clear that w(1) € ﬂ?:l U;. Choose L-fuzzy connected neighborhood of V of w (1) such
that

Vcn_U.
Choose ¢’ € (0, 1) such that
[ AIN[K U ... UKJJ=2¢

such that o[t’, 1] C V.

We claim that V. C ¢ (W). Let y’ € V to show that y’ € ¢ (W), i.e., show that there exists
a L-fuzzy path in W whose end point is yl. Define a L-fuzzy path w from w(t/) to y’. Now
define a L-fuzzy pathw : [ — Y

. (1), 0<r<t
t = ’
o w’(i:’,,), <r<1

Fori=j+1,j4+2,---,n, o(K;) =w(K;) C U.

coo e WK, Up).
Fori=1,2,---,,
o(K;) =ao[K; N[0, '1TU[K; N[t 1]]
Cw(K)Uao'(I)
cU; UV =1U;
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Wegetw(K;) CU;,i =1,2,---.Letw € W(K;,U;),sow € ﬁ;’ZIW(K,', U;) = W. This
implies @ € W. Since ¢ (@) = @(1) =Y’ we get V C ¢(w) = ¢ is L-fuzzy open.

Now we have to show that ¢ is onto. Clearly ¢ is L-fuzzy path connected as ¢ is L-fuzzy
connected and L-fuzzy locally path connected. Let y € Y, then 3 w from yp to y imply

w € P(Y, yo) and ¢ (w) = end point of w = y;. This implies ¢ is onto. m}

5 Conclusion and future work

In this work, the concept of L-fuzzy compact open topology has been introduced along
with some basic theories. This work will lay the foundation for further research on L-fuzzy
compact open topology. We hope to build a concept of fuzzy higher homotopy groups and
fuzzy universal covering space using this concept. Further, this topic can be expanded in
fuzzy category theory in future.
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