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Abstract
It is given a characterization of being a matrix Q;,k(zl3 by OF linear combination of a matrix

. . I
Q((;le’bl) and a matrix Q;"gz’bz), where a;, b; € R*,i =1,2,3, m,n, k € Z, and Q;;()a,h)

denotes an (a, b)-generalized Fibonacci Q-matrix with/ € Z. In addition, some examples are
presented illustrating the main result. Finally, some applications of the main result obtained
are given.
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1 Introduction and preliminaries

In this section, we remind some fundamental definitions and propositions related to Fibonacci
and generalized Fibonacci sequences.
The classical Fibonacci sequence {F},} is defined by the recurrence relation

F.+1 = F, + F,—; forallintegers n > 1,

with Fy = 0 and F; = 1. The Fibonacci sequence with negative subscript is determined by
the relation
Foy=(=D""F, M

for all integers n > 1, see, for instance, [4].
It is well known that the identity

Fan_Fch:(_l)r(Fuferfr_Fcferfr) (2)
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holds for all integers r, where a, b, ¢ and d are integers such that a + b = ¢ + d [1]. In
addition, the identity
Fup1Fuoy — Fp = (=1)" 3)

is known as Cassini identity, see, for example, [4].
Now, consider the sequence {G,} defined by the relation

Gn=Gy—1+ Gy

for n > 3 with the initial conditions G| = a and G, = b, where a and b are arbitrary nonzero
real numbers. This sequence is called the generalized Fibonacci sequence (or gibonacci
sequence) [5]. The constant ;o = a4 ab — b produced by a and b in the definition is called
the characteristic of generalized Fibonacci sequence.
There is arelation between the Fibonacci sequence and the generalized Fibonacci sequence
as follows:
G,=aF, »+bF,_1 for n>3. )

Of course, there are many different generalizations of Fibonacci sequences, see for example,
[2, 3]. However, throughout the work, we shall use the definition in (4) of the generalized
Fibonacci sequence. And also, the identity

Gm+n = Gan+l + Gu-1F, (5)

in [4] will be used in the remaining parts of the work.

Fibonacci sequences have amazing application in coding, encryption, and decryption, see,
forexample, [12, 13]. On the other hand, these types of special sequences occur in many places
in nature and art, see, for example, [4, 14]. One such example is that generalized Fibonacci
numbers appear in bee colonies in examining the genealogical growth from generation to
generation, see for example [4].

The main result in this work includes the main results in [10] and [11].

From now on, nth term of generalized Fibonacci sequence defined as in (4) will be denoted

F, F,
by GEZ) - On the other hand, we know that Q" = [ ntl n

holds for all integer n,
Fn Fn—l ] g

where Q = |: } é], which is known as Fibonacci Q-matrix [6, 7]. Hence, we easily get that

6)

aQn—2+an—l — |: aF,—1 +DF, aFn—Z‘l‘bFn—l]

aFy > +bF,_y aF, 3+bF, >

for all integers n with a, b € R*. For the sake of simplicity, we will denote the matrix in (6)
by ng)a by and call this matrix as (a, b)-generalized Fibonacci Q-matrix.

(k)
g(asz,bs)
(m)

g(az,bz)

(m)

of linear combinations of a matrix Qg(a1 ,b1)

2 Being a matrix Q

and a matrix Q

Consider the matrix equation

) m A
1@ b)) T2Cu0) = Clas s @)

where ¢, ¢ are unknowns, m,n, k € Z,and a;, b; ¢ R*,i = 1,2, 3.
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The matrix equation (7) is equivalent to the system of linear equations

ci(arFp—2+b1Fy—1) +ca(@aFpn—2+brFy—1) =a3Fr_2 +b3Fr— )
ci(aiFu_3+b1Fy2) +ca(@aFn_3+brFpu_2) =az3Fr_3 +b3Fr_>.

It is seen that the determinant of coefficient matrix of the system (8) is

arFy_2+bi1Fy_1 axFyp_s+byFy_

= (—=D)"(— G(m—n+2) b G(m_n_H) 9
@1 Fus + b1 By axFy s + baFy |~ + by ) ©

(az2,b2) (az,b2)

taking the identity (2) into account. In case a; GEZ;_b"Z ';2) = b GE;"Z_b"Z ')H), the determinant

(9) is zero, and nonzero, otherwise. First, suppose that the determinant is nonzero. In this
case, it is clear that the matrix equation (7) has unique solution such that

k— (m—k+2) (m—k+1) (k—n+2) (k—n+1)
J S S e S N L (A N LA
- (m—n+2) (m—n+1) - (m—n+2) (m—n+1) "
G g1 T 01G 1) G g1 T 01G 1)
(m—n+1)
Next, consider the case where the determinant is zero. Writing a; = % in the
(ap.bp)
augmented matrix of the system of equations (8) under the condition GEZ’Z_b’; J)rz) # 0, and

then rearranging the entries of the matrix in view of (5) lead to the augmented matrix

hlG(m)

(@,
G(,,,ii‘ﬁé) arFyp—2 +byFy_1 | a3Fr_o + b3Fi_y

(ap.,by)
(m—1)
by G(a2,b2)
(m—n+2)
G(azvhz)

(10)
ayFy 3 +b2Fy 2| a3Fr_3+b3Fy 2

(m—1)

If the first row of this matrix is multiplied by — GEZ?)'bZ) with GEZ; by 7 0, and then added
(ap.bp)

this row to the second row, and finally the last entry of the second row is rearranged, then it
is obtained the augmented matrix

(m)
PGty G 0m) c®
Gt~ (az,b2) (a3,b3)
(@2.h2) k (m—k+2) (m—k+1) (11)
0 0 (=D (a3G(a2,b2) 7b3G<a2.b2) )
(m)
(ap,b2)

which is equivalent to (10). So, the system of linear equations corresponding to the matrix

(11) has no solution in case a3G " X+ _ p; G5+ £ 0, otherwise, there are finitel
(a3,b3) y

(a3,b3)
many solutions. Now, suppose that @GEZZ?JD = b3GEam27bk;)rl)
b Gl - . . .
If we first take a3 = % with GEZZ bkz ';'2) # 0 in the equation corresponding to the

(ap.bp)
first row of (11), and next rearrange this equation by using (5), then we get finitely many

solutions, for the matrix equation (7), based on the parameter t € R* such that (c1, ¢p) =

(f b3 _ thy
’ (m—k+2) (m—n+2) |-*
Glag ) Gaz.by)
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Now, consider the case GE;"Z) by = 0. In this case, the augmented matrix (10) turns into
the matrix

0 0 azFr_2 + b3 Fr—1
Gl ) ' 12
Zooney @Fn—3 +brFp2 | a3Fi3 + b3 Fi—2
(ap,b2)

Consistency of the system corresponding to the augmented matrix (12) is possible if a3 Fy_2+
b3 Fr—1 = 0. Itis clear that k # 2, since k = 2 leads to b3 = 0, which is a contradiction. If
we first write a3 = —% in the equation corresponding to the second row of the matrix
in (12), and next rearrange this row by using (2) and (3), then we obtain the general solution

of the matrix equation (7) as

(=b3(=DF2) by Fu—2
= — R*.
(c1,¢2) (t, ( s an> (—bz)(—l)m‘2> , te

Thus, we have proved the following theorem.

. . . (n) (m) _
Theorem 1 For the solutions of the matrix equation c Qg(a] by T2 Qg(az,bz) = Qg(a3,b3)’
where ¢, ¢y are unknowns, m,n, k € Z, and a;, b; € R*, i = 1, 2, 3, the followings are true.

(1) In case —a GEZ’Z_bZ')‘_z) + by GEZ;—br;-)H) # 0, there is unique solution such that

k (m—k+2) (m—k+1) (k—n+2) (k—n-+1)
(el c2) = ((—1) (—a3G(gQ,b2) +b3G(az,b2) ) (—a1G(a3’b3) +b1G(a37b3) )>.

(—1)"(—a1 G(m—n+2) + blG(m—n—H)) ’ (_alG(in—11+2) + blG(m—n-H))

(az,b2) (az,b2) (az,b2) (az,b2)

(m—n+2) (m—n+1) __ . (m—n+2)
(2) In case —alG(az’bz) + b]G(az’bz) =0, ’fG(az,bz) # 0, then

. . . . —k+2 —k+1

(i) There is no solution ’fa36812,b2) ) _ b3GE;"2,b2) ) #£0, GEZ;)J’Q) # 0.
.. —k+2 —k+1

(ii) In case a3G812,b2) ) _ b3GEZ;,b2) ) — 0,

(a) There are finitely many solutions such that

bs thy "
(c1,02) = (” k1 G(m—n+2)> ;1 e RY,
(az,b) (az2.,b2)

.. (m—k+2) (m)
under the conditions G(az,bz) # 0 and G(a2’b2) #0,

(b) There are finitely many solutions such that

(c1,c0) = |1t (_b3(_1)k_2)— b Fn2
L) =\ Fi Faon ) (=by)(—1)"2

under the condition GEZZ by) = 0.

3 Numerical examples

Now, we give some examples illustrating the theorem.
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Example 1 Suppose that m = 5,n = 4,k = 6, a; = 2,ap = 5,a3 = 6, b1 = 3,by =
7, b3 = 4. Under these assumptions, since —ZGE?D + BGE?D =-3#0,wegetc) = %
and ¢p = —% by Theorem 1(1).

Actually, it is easily seen that ¢; and ¢, obtained above hold the equality c; Qg?Z,S) +

1) Q;s()”) = Q;G()& e that is the matrix equality
c 138+c 50 31| (62 38
Mg 57231 19| |38 24
which has the unique solution such that ¢; = 23—2 and ¢; = —%.

Example2 Assume thatn = 4,m = 5,k = 6, a1 = l4,ay = 5,a3 = 6,b; = 24,by =
7.bs = 4. So, we have —14G (3, +24G(Z; = 0. GZ; = 12 #0,6G (s, — 4G, =
22 # 0 (by (1)), and Gg?ﬂ = 31 # 0. Hence, there is no solution of the matrix equation
10424 + 200505 7, = O 4) by Theorem 1(2)-(i).

Actually, there is no pair (c1, ¢2) satisfying the matrix equation ¢ Qif?l 424 TC2 QS()SJ) =

Q;6()6 4y that is the matrix equality

100 627 150 317 _f62 38
g 38|72 31 197 |38 24
which has no solution.

Example3 Take n = 4,m = 5,k = 6, a; = 14,a0 = 5,a3 = 6, by = 24,by =

7.bs = 15. So, it is clear that —14G{, + 24G{, = 0, G, = 12 # 0, and

6Gg?7) - 15G22?7) = 0. Thus, by Theorem 1-(ii)-(a), there are finitely many solutions

such that (c1, ¢2) = (t, G% - Gzé)’ ) = (¢, 3 — 2t) with the conditions Gg?ﬂ =-2#0
5.7 6.7

(by (1)) and G35, = 31 # 0.
Actually, if we try to find the values c¢; and ¢, satisfying the equation ¢ Qgt)l 404 T

c2 Qés()sj) = Qéé()é’ 15> OF equivalently, the matrix equality

100 627, 50 317 _[150 93
“Uler 38|72 31 19793 57|

then we get 2¢ 4 ¢2 = 3, and therefore (cq, ¢2) = (¢, 3 — 2t) withr € R*.

4 Applications

In this section, we give some new identities related to generalized Fibonacci sequences by
using Theorem 1.
Firstly, consider the equations (8). Adding these equations side by side leads to the equation

cr(@ Fu—1 + b1 Fy) + ca(@ Fy—1 + baFyy) = a3 Fr—1 + b3 Fy, (13)
or equivalently,
c G(’1+1) +C G(m+1) — G(k+1) (14)
@b T 2 (ab2) T Yas.by)
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From now on, suppose that a; = ay = a3 = a and by = by = b3 = b. We consider
Theorem 1(1). The condition —a GEle_bnz ;’2) +b GEZ’;;;’U # 0 in the theorem turns into the
conditions m # n and u # 0.

Now, let’s handle the cases a = Fb and a? # b?, separately.

First, suppose that a = b. In this case, from (13), we get

c1Fu1 +c2Fp1 = Fr (15)

taking into account a # 0. On the other hand, in this case, the solutions ¢; and ¢ in Theorem
1(1) becomes as follows:

F,— Fi_
¢ = (—l)kin m—k Fk n )
m—n m—n

If these solutions are written in (15), the identity
(=D " Fpt Fas1 + FionFing1 = FunFrp (16)

is obtained. Notice that the identity (16) holds for all m,n,k € Z even if m # n in the
hypothesis. Also, since a = b and a, b € R*, in this particular case the condition u # 0 is
already satisfied. So, writingn — 1 +c¢,m — 1 + ¢, k — 1 + c instead of n, m, and k in (16)
leads to the following result.

Corollary 1 The identity
(_l)k_n Fm—an+c =Fy_n Fk+c - Fk—nFm+c
holds for all c,m,n, k € Z. O

Note that when proceeding with the condition a = —b, the same result as above is obtained.
Now, suppose that a> # b>. Writing ¢1 and ¢, obtained in Theorem 1(1) in the equation

(14) yields
k— (m—k+2) (m—k+1) (n+1)
=D n(_a3G(azybz) +b3G(a2,b2) )G(al,bl)

_ (m—n+2) (m—n+1)y ~(k+1)
_(_alG(az,bz) +b1G(a2,b2) )G(as,b3) a7

(k—n+2) (k=n+1)\ ~(k+1)
— (Ca1G 4y by T 01G (4, 1) VG a1y
Since a; = a; = a3 = a and b1 = by = b3 = b, from the equality (17), we get
(_l)k_n (_aGm7k+2 + mefk+1)Gn+l
= (_aGmfnJrZ + me7n+l)Gk+l - (_akanJrZ + kafnJrl)Gerl .

From this, we obtain

(18)

(D" 0? = a®) Fy—kGui1 = 0> — a®) Fpy—nGp1 — (0> — a*)Fy—yGyr. (19)
Since a® # b2, from the equality (19), it is obtained that
(=" Fp—k Gyt = FunGis1 — FenGm1. (20)

Notice that in case of m = n, the identity is also (20) provided. Also, if it is written n — 1 4-¢,
m — 1+ ¢,k — 1+ cinstead of n, m, and k in (20), the following result is obtained.

Corollary 2 For all integers ¢, m, n, k, the identity
(_1)k_nFm—an+c = Fm—nGk+c - Fk—nan+c
holds with a* # b% and . # 0. O
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Now, consider Theorem 1(2-ii)—(a). Suppose thata; = a» = a3z =aandb; = by = b3 =
b. So, the conditions in the first case of Theorem 1(2-ii)—(a) turn into the conditions
(b* — a® — ab)Fy—p = 0,
aFy_p +bFy_ns1 #0,
(a®> = b* +ab)Fy_; =0,
aFy_x +bFy_j41 #0,
aFy_2+bFy,_1 #0.
t

Gm—k+2 Gm—n+2
in (14) by taking r = 1, then we get the following result.

Also,wehavec| =tandcy; = b ( ) with s € R*. If we write these solutions

Corollary 3 For all integers m, n, k, the identity
(Gnt1 — Gk+1)Gm—rt+2Gm—n+2 = bGu11(Gu—t+2 — Gm-n+2)
holds, where —puFy—y = wFpy—x = 0and Gy—n42, Gp—k+2, Gy # 0. ]

Finally, we handle the second case of Theorem 1(2-ii)-(b). Assuming that a; = a; =
a3 = a and by = by = by = b, we see that the conditions in the second case of Theorem
1(2-ii)-(b) turn into the conditions

(b*> —a®> —ab)Fp_, =0,
aFy_n+bF,_ny1 #0,
(@* —b* + ab)Fy— = 0,
aF,,_»+bF,,_1=0.

If the solutions ¢ and c; in this part of the theorem are written in (14), and it is rearranged
the equality obtained by using (1), then the following result is obtained.

Corollary 4 For all integers m, n, k, the identity

1 1
G -G =F_,G e
k+1 n+1 2-mUm+1 <F27k + F27n>

holds, where —uFy—p = wFy_x = Gy, = 0and Gy—p42 # 0. O
NOTE: In case a; = b, the matrix equation (7) turns into the matrix equation

(n) RPNG) ' o
d Qg(al,bl) +d, 0" = Qg(a3,b3)’ dieR* i=1,2

which was handled in [11]. If ap = b, and a3 = b3, then the matrix equation (7) turns into

the matrix equation

thz(;E?Zl-bl) +h2Qm — Qk’ hl c R*, i = 1’2

which was considered a special case the main resultin [11]. Finally, incase a; = by, a2 = b,
and a3z = b3, the matrix equation (7) turns into the equation

10"+ 0" =0 e R, i=1,2

which was discussed in the studies [9] and [10].
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