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Abstract

In this paper we present a model for quasistatic frictional contact between a thermoviscoelastic
body and a moving foundation that involves wear of contacting surface and diffusion of wear
debris. The damage effect is taken into account in the thermoviscoelastic constitutive law, its
evolution is described by a parabolic inclusion with the homogeneous Neumann boundary
condition. Contact is modeled with a normal compliance condition and is associated to a
dry friction. The wear takes place on a part of the contact surface, when the wear debris
surface density diffuse on the whole of the contact surface and is accompanied by frictional
heat exchange. We derive a variational formulation of the problem and state that, under a
smallness assumption on the problem data, there exists a unique weak solution for the model.
The proof is based on elliptic variational inequalities, parabolic variational inequalities, first
order evolution equations and fixed point arguments.

Keywords Thermoviscoelastic materials - Friction - Normal compliance - Damage - Wear
diffusion - Frictional heat generation
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1 Introduction

This work studies a quasistatic model for the process of frictional contact between a thermo-
viscoelastic body and a moving foundation when wear debris is generated and diffuses on
the contact surface. The damage effect is included in the thermoviscoelastic constitutive law.
The contact is described with a normal compliance condition and the associated a version
of Coulomb law of dry friction in which the coefficient of friction is assumed to depend on
the density of the wear particles and on the slip rate. The motion is accompanied by wear
diffusion and frictional heat generation. The wear takes place on a part of the contact surface
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and its rate is described by the Archard differential condition. So, our interest is to describe
a physical process in which thermal effect, damage effect, friction, wear diffusion and fric-
tional heat generation are involved, and to show that the resulting model leads to well-posed
mathematical problem. Then we present the result on the existence and uniqueness of a weak
solution to the system. The model is set as a system of an evolutionary variational inequality
for the displacements, a parabolic variational equation for the density of the wear particles, a
parabolic variational inequality for the damage and an evolution equation for the temperature.

Frictional contact arise in structural and mechanical systems, a considerable progress has
been achieved in modeling and mathematical analysis. Models of frictional contact problems
are investigated in [13, 15, 18, 20, 21]. Frictional contact problems with wear, both in the
dynamic and the quasistatic case, can be found in [16, 17, 19, 20]. Mathematical models for
frictional contact with wear under thermodynamic considerations have been considered in
[1, 5]. General dynamic thermoelastic models, which were derived from thermodynamical
principles, can be found in [12, 23]. Quasistatic or dynamic thermoviscoelastic frictional
contact problems can be found in [4, 5, 14]. A quasistatic thermoviscoelastic problem for
a beam can be found in [10, 11], where the wear of the contacting surface is included.
Quasistatic thermoviscoelastic problem with normal compliance, multivalued friction and
wear diffusion can be found in [9].

Following [6, 7], the evolution of the microscopic cracks responsible for the damage is
determined by a parabolic inclusion with a constitutive function describing the source of
damage in the system which results from tension or compression. Using the subdifferential
of indicator function of the interval [0, 1] guarantees that the damage function 8 which
measures the decrease in the load-bearing capacity of the material, varies between 0 and 1.
When g = 1 there is no damage in the material, when 8 = 0 the material is completely
damaged, when 0 < B < 1 there is partial damage and the system has a reduced load
carrying capacity. Contact problems with damage have been investigated in [8, 17, 20] and
the monograph [22].

The rest of the manuscript is structured as follows. In Sect. 2 we present the notation we
shall use as well as some preliminary material. In Sect. 3 we present the physical setting,
describe the mechanical problem, list the assumptions on the data and give the variational
formulation of the problem. In Sect. 4 we state our main existence and uniqueness result
based on arguments of elliptic variational inequalities, parabolic variational inequalities, first
order evolution equations and fixed point.

2 Notations and preliminaries

In this section we present some notations and preliminary material we shall use later in this
paper. For further details, we refer the reader to [3]. Let 2 C R be a bounded domain with
a Lipschitz boundary I" and v denote the unit outward normal on §2. We denote by S3 the
space of second order symmetric tensors on R while "." and | . | will represent the inner
product and the Euclidean norm on the spaces R? and R3. Everywhere in the sequel the index
i and j run from 1 to 3. The summation convention over repeated indices is adopted and the
index that follows a comma indicates a partial derivative with respect to the corresponding

component of the independent variable. We introduce the following spaces

H={u=@)|u eL*(2)}=L*2)°"
H={o=(0;)) | 0jj = 0ji € L*(2)} = L*(2)},
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Hi={u=@)|ew eH =H (2)
‘Hy ={o € H| Dive € H}.

Here & and Div are the deformation and divergence operators, respectively, defined by
e(m) = (), &;j(u) = %(u,-,j +uj,;), Dive = (ojj, j). The spaces H, H, Hy and H;
are real Hilbert spaces endowed with the canonical inner products given by

(u,v)g = /“ivi dx, (0, T)n = /Gijfij dx,
Q 2
W, V), = W, V) + (@), eW)n, (0, D), = (0, D)3 + (Dive, Div)y.

The associated norms on the spaces H, H, H; and H are denoted by | - |y, | - |, | - |4, and
| - |7, respectively. For an element v € H; we denote by v its trace on I" and by v, = v - v,
v, = v—u,v its normal and tangential components on the boundary. For an element o € Hj,
by o, = (ov) - vand 0, = ov — 0,v we denote the normal and the tangential traces of o .
The following two Green formulas hold

(divv,u)j2o)+ (v, Vu)g = /u(v -v)da forallu € Hl(.Q) andv € H;, (1)
r

(0,e())n + (Div o,v)H:/av.v da Vve Hando € Hj. ?2)
r

Let T > 0. For every real Banach space X we denote by C(0, T; X) and CI(O, T;X)
the spaces of continuous and continuously differentiable functions from [0, T'] to X, with
norms

.x)= max t s .yy= max t + max 't .
| flco.r:x) max, | f(®) Ix [ flevo,r:x) max, | f(®) Ix max, | f() Ix

For k € N and p € [1,00], we use the standard notation for the Lebesgue spaces
LP?(0,T; X) and for the Sobolev spaces WP (0, T; X). Moreover, if X; and X, are two
real Hilbert spaces, then X| x X» denotes the product space endowed with the canonical
inner product (-, -) x,xx, and norm |.|x, x x, .

3 Problem statement and variational formulation

A thermoviscoelastic body occupies a bounded domain £2 C R? with a Lipschitz surface I”
that is divided into three disjoint measurable parts I, I> and I3 such thatmeas (I'7) > 0 and
meas(I3) > 0.Let [0, T] be the time interval of interest, for 7 > 0. The body is clamped on
It x (0, T), so the displacement field vanishes there. Surface tractions of density f, act on
I x (0, T) and a body force of density f is applied in £2 x (0, T'). An initial gap g exists
between the potential contact surface I3 and the foundation, and it is measured along the
outward normal v. We assume that the coordinate system is such that I3 occupies a regular
domain in the Oxjx; plane and the foundation is moving with velocity v* in the Oxjx;
plane. Furthermore, I3 is divided into two subdomains Dy and D, by a smooth curve y*.
The wear takes place only on D,,, while the wear particles diffuse on the whole of the contact
surface 3. The boundary 013 of I'; is assumed to be Lipschitz and is composed of two parts
y4 and Y. Then 0D, = y,U y* and 0Dy = y,U y*.

@ Springer



58 Page4of17 S. Latreche, L. Selmani

The wear function w = w(x, t) is defined on D,, and the wear particle surface density
function ¢ = ¢(x, t) is defined on I'3. The function ¢ measures the surface density of the
diffusing wear particles and the wear function w measures the depth of the wear i.e., the
amount of material per unit surface that has been removed, then w = A¢ in D, where A is a
conversion factor from wear debris surface density to wear depth, which we assume to be a
positive constant. For the sake of convenience we extend w by zero to the whole of I3, and
below when confusion is unlikely we use the same symbol for the function and its extension.
Thus,

w = AL XD, on I3 x(0,T), 3

where x[p, ] is the characteristic function of the set D,, (i.e., x(p,](X) = 1 when x € D,,
and x[p,1(x) = 0if x ¢ D,,). The wear diffusion coefficient k is given by

ky in Dy,

k=k(x) - { kd in Dd.

Here, wear diffusion is described by the following nonlinear diffusion equation
{ —div(kVi) =« loc| R*(jir —v*)xp,1  in T3 % (0,7T), )
where R* : Ry — R is the truncation operator

% _Jr if r <R,
R(r)_{Rifr>R, ®)

R is a fixed positive constant and « is the wear rate coefficient. We need this operator in
order to avoid some mathematical difficulties, however, from the physical point of view the
use of R* is not restrictive since, in practice, the slip velocity is bounded and no smallness
assumption will be made on R.

Then, the classical model for the above process is as follows:

Problem P. Find a displacement field u : 2 x [0, T]1 — R3, a stress field o = £ x [0, T] —
S3, a temperature field 0 : 2 x [0, T] — R, a damage field p : 2 x [0,T] - R and a
surface particle density field ¢ : I3 x [0, T] — R such that

o = Ae(t) + G(e(u), B) — C(6, B) in2 x (0, 7), (6)
B—ki B+ opy(B) > pew), 6, B) in 2 x(0,7), @)
Dive + f, =0 in2 x(0,7), ®)
u=0 on I x (0,T), )
ov=f, onls x (0, 7), (10)
=0y =py, |07 |< upy,

{"f = —npviy e £ 00 onf3x (0.1, b
¢ —div(kV) = kupy R*(| ttr — v* Dxip,) on I3 x (0, T), (12)
c=0 on a3 x (0, T), (13)
6 —div(K.V0) =y (i, 6, B) +q in 2 x (0,7), (14)
— kij0.n; = ko (0 — Or) on I3 x (0,T), (15)
=0 on I U x (0,T), (16)
B _y onl'x(0.T),  (I7)
ov
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u0) =up, 6(0) =06, BO) =po in £2, (18)
¢0) =1¢o in I3. (19)

Here p, = py(uy, — A xp,] — &) and u = (¢, | i, — v* |) is the coefficient of friction
which depends on the density of the wear particles and on the slip rate. Equation (6) represents
the thermoviscoelastic constitutive law, where o denotes the stress tensor, u represents the
displacement field, & the velocity, 6 is the temperature field and & () is the small strain tensor.
Here A and G are nonlinear operators describing the purely viscous and the elastic properties
of the material, respectively and C represents the thermal expansion tensor. Equation (7)
represents the inclusion used for the evolution of the damage field, where the set of admissible
damage functions defined by

Y={cH (Q2)/0<E<1 ae. 22},

k1 is a positive coefficient, dgy is the subdifferential of the indicator function ¢y and ¢ is a
given constitutive function which describes the sources of the damage in the system. Equa-
tion (8) represents the equilibrium equation, since the process is assumed to be quasistatic.
Equations (9)-(10) are the displacement-traction conditions. Equation (12) represents the
nonlinear diffusion equation, Eq. (13) is the absorbing boundary condition. In (18) u is the
given initial displacement field, 6y is the initial temperature and S is the given initial damage
field. In (19), ¢o is the given initial surface particle density field. To simplify the notation, we
do not indicate explicitly the dependence of various functions on the variables x € 2 U I”
andt € [0, T].

The evolution of the temperature field 6 is governed by the heat equation (see [1, 13]),
obtained from the conservation of energy, and defined by the differential equation for the
temperature given in (14), where K. = (k;;) represents the thermal conductivity tensor,
div(K.V0) = (k;;j0;),; and ¢g(¢) the density of volume heat sources. The associated tem-
perature boundary condition is given by (15), where 0 is the temperature of the foundation
and k, is the heat exchange coefficient between the body and the obstacle. Condition (11)
represents the normal compliance condition with wear and the associated general law of dry
friction on the contact surface I'3. In (16) the temperature vanishes on 17 U I>. Equation
(17) represents the Neumann boundary condition. To obtain a variational formulation of the
problem (6)—(19) we need additional notation. Let V be the closed subspace of H; defined
by

V={veH /v=0onl},

and let E be the closed subspace of H!(£2) given by
E={yeH'(2)/y=00nIUD}.

Since I" is Lipschitz continuous and meas(I1) > 0, Korn’s and Poincare’s inequalities hold
true

le() |x>=C|v|g YveV, (20)
[Vy lu=Clylu@ Vy€EE, 1)

where here and below C is a positive constant depending on the problem data but is indepen-
dent of the solutions, its value may change from line to line. We define the inner products on
V and on E by

(u,v)y = (e(u), () Yu,v eV, (22)
.2 =(Vy,V)g Vy,z € E, (23)
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respectively. It follows from (20) and (22) that | - |y, and | - |y are equivalent norms on
V and from (21) and (23), it follows that | - |g1 ) and | - |g are equivalent norms on E.
Therefore (V, | - |v) and (E, | - |g) are real Hilbert spaces. By the Sobolev’s trace theorem,
there exists a constant C > 0 which depends only on 2, I'] and I3 such that

|U|L2(F3)3§ C]" |'U|V YvelV. (24)
There exists C r > 0 depending on £2, I'1, I; and I3 such that
10 12y<Cr101p VO€E. (25)

E is the dual of the space E. Identifying L2 (£2) with its own dual we can write E C L(£2) C
E’.Below (-, -) represents the duality pairing between E’ and E, and | - | g denotes the norm
on E’. Also, (8, n) = (0, M L2(2) for 0 € L2(£2) and neeE.

Recall that I; is assumed to be a regular domain in the Ox;x plane with Lipschitz
boundary 9 I'3. Keeping in mind the boundary condition (13), for the surface particle density
function, we shall use the space

Hy(Is) =6 e H'(I3) /6 =00n I3 ).
This is a real Hilbert space endowed with the inner product
(¢, g)H(}(F3) = (V¢, vé)LZ(Q)Z >

where V : HJ (I'3) — L*(I’3)? denotes the gradient operator, that is V& = (£, & x,). By
the Friedrichs—Poincaré inequality there exists a constant c r > 0, which depends on I3,
such that ~

[ 2= Crl¢ |H0‘(1"3) V¢ € H()I(F3)- (26)

We use the notation H ~!(I3) for the dual of the space HOl (I3). Identifying L2(I3) with its
own dual we can write HO1 (I3) ¢ L3(I3) ¢ H™Y(I3). Below (-, - represents the duality
pairing between H~'(I3) and Hé (I3), and | - | -1, denotes the norm on H~1(I3). Also,
(£.8) = (. &) 2y for ¢ € L2(I'3) and & € Hy (I3).

For our existence and uniqueness result we will need the following hypotheses.

The viscosity operator A: £2 x S3 — S3 satisfies

(a) There exists L 4 > 0 such that

| A(x,e1) —A(x, &) |< Ly | e —er| Ve, e € 83, ae. x € 2.
(b) There exists m_4 > 0 such that

(A(x,e1) — A(x, €2).(e1 — &) >m4 | €1 — €2 | Ve, e € S3, ae.x € 2.
(c) The mapping x — A(x, &) is Lebesgue measurable on 2 for any & € S3.
(d) The mapping x — A(x,0) € H.

27)
The elasticity operator G : £2 x S3 x R — §3 satisfies

(@) There exists Lg > 0 such that
|G(x,e1,B1) —G(x,e2, ) IS Lg(ler—e2 |+ 1B =B )
Vel,e2 € 83, VB1, B €R, ae.x € 2.
(b) The mapping x — G(x, €, B) is Lebesgue measurable on §2 for any € € S3 and 8 € R.
(c) The mapping x — G(x,0,0) € H.
(28)
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The damage source function ¢ : £2 x S3 x R x R — R satisfies

(a) There exists Ly > 0 such that
| d(x,€1,01,81) —P(x,€2,00, B0) IS Lyp(ler—ex |+ 01— [+ B1—B2 )
Vei,ep,€ Sz3and 01, 0;, By, o € R, ae. x € 2.
(b) The mapping x — ¢ (x, €, 8, B) is Lebesgue measurable on 2 for any € € S3 and 6, g € R.
(c) The mapping x — ¢(x,0,0,0) € L2(£2).
(29)

The thermal expansion operator C: 2 x R x R — §3 satisfies

(a) There exists L¢ > 0 such that
[ C(x,01,B1) —C(x,02,2) IS Lc(| 01 =02 | + | B1 — P2 ) V01,02, B1, B2 € R, ae. x € £2.
(b) The mapping x — C(x, 0, f) is Lebesgue measurable on §2 for any 0, 8 € R.
(c) The mapping x — C(x,0,0) € H.
(30)

The normal compliance functions p,, : I3 x R — R satisfy

(a) There exists L, > 0 such that

| pv(x,u1) — py(x,u2) [S Ly [uy —uz | Vuy,up € R, ae. x € I'3.

(b) the mapping x — p, (x, u) is measurable on I3 for any u € R. 31
(c) py(x,u) =0forallu <0, ae. x € 3.

(d) There exists p;; > 0 such that p,(x,u) < piVu e R, ae.x € I3.

The coefficient of friction w : I3 x R? — R__ satisfies

(a) There exists L, > 0 such that
| w(x,ar, b)) —p(x,a1,b1) < Ly(lar—ax |+ | by — b2 |)
Yay,ar,bi1,by € R, ae.x € 3.
(b) The mapping x — wu(x, a, b, ¢) is Lebesgue measurable on I3, Va, b, ¢ € R.
(¢) There exists u* > 0 such that u(x, a, b) < u*Va,b € R, ae. x € I';.
(32)
The operator in the heat equation v : £2 x R> — R satisfies

(a) There exists Ly, > 0 such that
| (x,e1,01,B1) —V(x,€2,0,B) IS Ly(ler—e1 |+ 01 —6|+|B1—B D)
Ve, &0 € R3 V0,,6,, 81, P € R, ae. x € 2.
(b) The mapping x — v (x, &, 6, B) is Lebesgue measurable on £2, Ve € R? V6, 8 € R.
(©) ¥(x,e,0,B) € L>(H).
(33)
For some ¢, > 0, for all (&) € R3

Ke = (kij), kij =kji € L™(2), kij&j& > ci&i&i. (34)

For the initial gap function, wear diffusion coefficient, wear rate coefficient, velocity of the
foundation, heat source density, body forces and surface traction we make the following
assumptions

g€ L*(I3), g=>0ae. onl3. (35)
ke L®(I3), k>k*>0ae.onl}. (36)
k € L®(I3), k> 0ae.on 5. (37)
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v I3 x[0,T] — R3 is a continuous function. (38)
g € L*0, T; L*(2)). (39)
foe€CO.T; H), freC0,T; L*(I)%). (40)

The boundary and initial data satisfy

ug eV, g€ L*(I3), PoeY.0 € L*(R2), Og € L*(0, T; L*(I3)), ke € L®(2,Ry).

(41)
We define the vector valued function f : [0, T] — V and the bilinear forms a : HO1 (I3) x
Hi(I3) > Randb: H'(2) x H'(£2) — Rby

(f@®),v)v :/fo(t) -vdx —l—/fz(t) -vda YvelV. (42)
Q D
a(,§) = /kV{ - V& da. (43)
I3
b(%‘,qo):klfvg-vfp dx. (44)
Q

Finally, the functional j : L2(F3) x V3 — Rand the operator F : HO1 (I3)xV3 > H! (I3)
are given by

j(g“,u,v,w)=/pv(uv—k§xww]—g)wuda
I3

+/M(C1 | vy — v* ) py(uy — A X[D,] -8 | we
I3
—v*|da V¢ e L*(I3),Yu,v,we V. (45)

(F&u,v,w), &) g1yl (ry) = /KH«(E, | ve —v* Dpy(uy — 2 XD, — &)
I3

R*(| w, — v* |)éda V¢, & € HY(I3),Yu,v,we V.
(46)

Using standard arguments based on Green formulas given on (1) and (2), we obtain the
following formulation of the mechanical problem (6)—(19).

Problem PV. Find a displacement field u : [0, T] — V, a stress field o : [0, T] — H,

a temperature field 0 : [0, T] — E, a damage field B : [0, T] — H'($2) and a surface
particle density field ¢ : [0, T] — HO1 (I'3) such that

o(t) = Ae(@(t)) + G(e(u(1)), B(1)) — CO(), B(1)) (47)
(0 (1), & — () + j@C @), u(®), (), v) — jC @), u(®), i), @(t))

> (f().v—a(t)y YveV, (48)
B(1) €Y, (B(t), & — B(1))12(0) + b(BM), & — B(1))

> (p(e(1),0(), (1), & — B2y VEEY aere(0,T), (49)
6(t) + KO(@t) = S@(r),0(t), B(1)) + Q@) inE ae.te(0,7T), (50)
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(é‘(t)v E)H_I(F3)XH()I(F3) +a(§(t), “;:) = (F({(l‘), u(t), il(l‘), u(t))» ‘i:)H‘l(F_;)xH(}(Fg)

VE € HJ(I3) ae.t€(0,7), (51)
u(0) =ug, BO) = pPo, ¢(0) =20, 6(0) =, (52)
where Q : [0,T] —> E',K 1 E — E'and S : V x E x L*(£2) — E’ are given by
Q) MEXE :/keGR(t)nda+/q(t)ndx, (53)
I3 2

K ot 8'7d ket - 1d 54
( TU)E/XE—Z/tja +/ eT - Nda, (54

i,j= 19 I
(S(u,0,B), MExE :/w(u,e,ﬁ)ndx, (55)

17,

forallu,v e V,0,n,t € E, B € L?(£2) and ¢ € L*(I3). Below in this section u, Uy, Vg
and v; represent elements of V, 01, 6, are elements of E and ¢, ¢, are in L2(1" 3). Finally,
we use (45), the assumption (31) on p,,, the assumption (32) on u, (24) and (25) to see that

JC ur,v1,v2) — j(&1,ur, v, v1) + (&, w2, v2, 1) — j(82, u2, v2, v2)
< CH(Ly + w*Ly)|uy — uzly vy — valy 4+ Cr(Lyd + pn* Ly + piL)IG
— &2y vt — v2lv + PELLCElv1 — 2}, (56)

This inequality will be used in the following section.

4 An existence and uniqueness result

Our main existence and uniqueness result is the following.

Theorem 1 Let the assumptions (27)—(41) hold. There exists a constant C* > 0, depending on
Cr, mg and L, suchthatif p < C* then problem PV has a unique solution{u, o, 8,0, ¢}

satisfying

ueCY0,T;V), ¢ €COT:H, (57)
BeHY0,T;L*(2))NL*0,T; H(2)), (58)
6 eCO,T; L>*R2)NL*0,T; EYn W20, T; E'), (59)
¢ € L*0,T; Hy(I') N C(0, T; L*(I3)), ¢ € L*0,T; H ' (I3)). (60)

We conclude that, under assumptions (27)—(41), the mechanical problem (6)—(19) has a
unique weak solution with the regularities (57)-(60).

The proof of this theorem will be carried out in several steps. We assume in what follows
that assumptions (27)—(41) are satisfied and moreover

CLpiL, <mA. (61)
First let o € L2(0, T; H~'(I3)), we solve the following parabolic equation.

Problem PV,. Find ¢, : [0, T] — HO1 (I'3) such that

(iot(t)a S)H—l(r3)><Hd(r3) +a(Cu(),§) = (a(r), S)H—I(IB)XHO' (I'3)
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VE € Hi(I3), ae.1€(0,T), (62)
o (0) = Co. (63)

Lemma 1 There exists a unique solution of problem (62)—(63) satisfying
to € L*(0, T3 Hy(I'3)) N C(0, T; L*(Iy)), ¢, € L* (0. T: H'(Iy)).  (64)

Moreover, if j is the solution to Problem PV, correspondingtoa = «; € L%(0,T: H-'(I%)),
fori =1,2, then

1
|§] (f) — QU)'%‘Z(I‘;) + /|V§] (S) - vé‘Q(s)'iZ(F})zdS
0

t
=€ [l01) = aalo)y iy ds Ve €10.T] (65)
0

Proof The proof follows from an evolution equation result with linear continuous operators,
see for example [24].

Now let p € L%(0, T; E’), we solve the following evolution equation.
Problem PV,. Find 0, : [0, T] — E such that
0,(t) + K6,(t) = p(t) inE', ae.te(0,T), (66)
0,(0) = 6p. (67)
We have the following result.

Lemma 2 Problem PV, has a unique solution satisfying the regularity (59). Moreover, 3C >
0 such thatVp; € L*(0, T; E’), denote Oy =6, i =1,2,

1 t
|01 =02(0) 172, +f | 01(s)—0a(s) |3 ds < C/ | p1(s)—p2(s) |5 ds ¥t €0, T].
0 0

(68)

Proof The proof follows from classical first order evolution equation given in [2, 22]. Here
the Gelfand triple is given by E C L?(£2) C E’. The operator K is linear and coercive. By
Korn’s inequality, we have (K7, T)prxg > C | T |2E.

Next, for Vp1, p» € L2(0, T; E') we have for a.e. s € (0, T)

(61(s) = 02(5), 01(s) — 02()) 1202y + (KO1(5) — KOa(5), 01(5) — 02()) g
= (p1(s) — p2(5), O1(s) — 62 () kx>
then by integrating over (0, ¢) for ¢ € [0, T'], (68) follows by using (34) and (54).

In the third step, we let y € L?(0, T; L?(£2)) be given and consider the following varia-
tional problem for the damage field.

Problem PV, . Find a damage field B, : [0, T] — HY(2) such that

By(t) €Y, (B, (1), & — By()12(0) + bBy (1), & — By (1))
> (y(1). £ — By() 2y VE €Y ae.te(0,T), (69)
By (0) = Bo. (70)
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Lemma 3 Problem PV, has a unique solution B, such that
By € H'(0,T; L2(2) N L*(0, T; H'(2)). (71)

Moreover, if B; is the solution to Problem PV, correspondingtoy = y; € L2(0, T; L*(2)),
fori =1,2, then

t 1
1B1(1)=B2 (D)2 )+ / 1B1(9)=B2(5)]72 s < C / 1) =72()72gyds  Vr €0, T],
0 0 )

Proof We use (44), Bp in (41) and a classical existence and uniqueness result on parabolic
inequalities (see for example [2, 22]).

Now we substitute (47) in (48) and we consider the obtained variational inequality with
{=¢,0=0,and B =p,.Let(z,h) € C(O, T; V)2 be given, we consider the following
variational problem.

Problem PV, ;. Find a displacement field vypyz 2 [0, T] — V such that

(Aeapyzn (1), €0 = Vapyn (O + JGa(®), 2(t), R(1), v) — j(Ga(?), 2(t), R(t), Vapyn (1))
> (f (), v = vapyzn )y — (G2 @), By (1)), €(v — Vgpyzn (D)) K
+(COp(0), By (1), €0 = Vopy o (M) ~ YveV,1€(0,T). (73)

Lemma4 There exists a unique solution of problem (73) satisfying vgpyzn € C(0, T3 V).

Proof By using variational inequalities results (see for example [3]), we conclude that there
exists a unique solution vy, ¢ (t) of problem (73) for ¢ € (0, T'). Now we show that vy, z :
[0,T] — V is continuous. Let 71,7, € (0, T), we denote vgpy.n(t) = v, $u(ti) = &,
0,(t:) = 0;, By (t;)) = Bi, 2(t;) = z;, h(t;) = h; and f(;) = f; fori =1,2. We use (73) to
find
(Ae(v)) — Ae(v2), e(vi — v2)) < j(&1, 21, ki, v2) — j(&1, 21, by vp)

+j (&2, 22, ho, v1) — j($2, 22, B2,y v3)

+ (G(e(z1), B1) — G(e(z2), B2), €(V1—V2))H

+ (C (01, B1) — C (02, B2), e(v1—v2))n

+(f1 = f2, vi—v2)v.

Condition (22), the estimate (56) and assumptions (27), (28) and (30) give us
ma | vi=va |y < (Lg+ CH(Ly+p*Ly) 21 — 22 lv
+ CEpiLy [ hi—hy v +(Lg + Le) | Bi = Ba ey

+CrLy 4+ p Lok + pyLy) | &1 — &2 |12y
+1f1=falv+Lc |61 =602 |E, (74)

which implies that vy, : [0, T] — V is a continuous function.
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We now consider the operator Aypy,; : C(0,T; V) — C(0, T; V) defined by
Agpyzh = vapyzn. (75)
We have the following result.
Lemma5 The operator Ay, has a unique fixed point hyy,, € C(0,T; V).

Proof Let hy, hy, € C(0,T; V) and let v; denote the solution of (73) for h = h;, ie. v; =
Vapyzhi» I = 1, 2. Using the definition of the operator Ay, . given in (75) we find that

| Apyzh1(t) — Agpyzha(t) [v=]v1(t) —v2(t) v Vt €[0,T].
We use arguments like those used for the estimate (74) to obtain
ma | vi(t) =v2 (1) ly< CrpiLy | hi(6) — ho(t) |v ¥ € [0, T1.

The two previous inequalities and the assumption (61) imply that the operator Ay, is a
contraction on the Banach space C(0, T'; V).

In the sequel let Ay, be the fixed point obtained in Lemma 5 and let vy, € C(0,T; V)
be the function defined by

Vapyz = Vapyzhapy:- (76)
We have Ay hapy: = hepy, and
Vapyz = hapyz~ )
We take h = hgpy; in (73) and we use (76) and (77), to see that v, satisfies
(Ae(apyz (1)), €(V — Vapy (D)1 + j(Ca (1), 2(2), Vapy: (1), V)
= Jja(®), 2(2), vOt,O)/ZU)? vozpyz(t))
> (f (1), v = vapy: () v — (G(e(z(1)), By (1)), €(V — Vapyzn (1)) n
+ (COp (1), By (1)), €(V — Vapyon (1)1 YoeV, 1e€(©,T). (78)

Let now ugpy; € CL(0, T; V) be the function defined by

t
Ugpyz(t) = / Vapy(8)ds +ug Yt €[0,T]. (79)
0
We define the operator Agpy, : C(0,T; V) — C(0,T; V) by
AgpyZ = Ugpy:. (80)
We have the following result.

Lemma 6 The operator Ayp) has a unique fixed point z4p, € C(0,T; V).

Proof Let z1,z; € C(0,T; V) and denote v; = Vgpyz,;, Ui = Ugpyz fori = 1,2. We use
(78) and arguments like those used for the estimate (74) in the proof of Lemma 4 to have

(ma — CFpiLy) [v1(s) — v2(s)ly < (Lg + CH(Ly + 1 L) 1z1(s) — z2()]y . (81)
for all s € [0, T]. Using now (80)—(81) we obtain

t
Mwﬂmo—AwﬂxmvsC/umw—mmmwx
0
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forall t € [0, T'] and C is a positive constant. By reiterating this inequality we obtain that a
power of Ay, is a contraction mapping on C(0, T'; V'), which concludes the proof.

We are now ready to prove the unique solvability of the variational problem.
Problem PV,,, . Find a displacement field uyp), : [0, T] — V such that

(-Ae(i‘apy ®),e(v— i‘a,oy(t)))')-l + Jj (& (@), Uapy 1), i‘otpy ), v)

= JQCa(0), Uapy (1), Tapy (1), Tapy (1) = (f (1), v — lapy (1))v

— (G(e(uapy (1)), By (1)), €(v — lapy (1)1 + (C(6,(1), By (1)), €(V — Tapy (1)1
YveV, te(0,7), (82)
Uapy (0) = up. (83)

Lemma7 There exists a unique function uyy, € CY0, T; V) satisfying (82)—(83).

Proof Let zop, € C(0,T; V) be the fixed point guaranteed by Lemma 6 and let u,,, €
C'(0, T; V) be defined by (79), for z = Zapy- We have llgpy = Vgpyz,,, and, writing (78)
for z = zg4py, we find
(Ae(i‘apy(t))a e(v— ilot,o)/ ONr + j(Cul), Zapy ®), i‘(xm/ ®),v)

— J (& (D), Zapy @, ila,oy @, ilapy )

>(f@®),v— ilotpy ®)v — (g(e(zapy(t))» .By (), e(v— i‘apy(t)))H

+(CO, 1), By (1)), (v — i1y (1)1 YveV, te(0,T). (84)
Inequality (82) follows now from (84) and (75) since uyp), = Zapy. Moreover, (83) results
from (79). We conclude that u,,, is a solution of (82)—(83). For the uniqueness, let 14, be

the solution of (82)—(83) and let u(’;py be any other solution such that u:;py eCl,T;V).
Let v;py = i‘zpy- Using (82) we obtain that vzpy satisfies
(Ae (s, (). €@ — Vi, (D)3 + j Ca(0) uhy, (1), 05 (1), V)

= JQa (1), g, (1), vy, (1), Vg, (1))

> (f (D). v — 0, (v — (G, (1), By (D), €0 — v, (D)2

+(C O, (1), By (1)), (0 — vy, (D)1 YveV, te(0,T). (85)
This inequality has a form of (78) with z = u;m, and, therefore, it follows from (73) that

it has a unique solution, already denoted by Vapyus,, - We conclude that ”Zpy = Vapyug,, -

Since vy, = g, it follows from (79) that
t
uzpy(t) = f Vapyus,, (s)ds +ug Vte€[0,T]. (86)
0
From (79) and (86) we obtain u?;m, = Uapyus,, which shows that u(’;py is a fixed point of

the operator Agy, defined by (80). Using now Lemma 5 we deduce that

® %
Uopy = Zapy- (87)

The uniqueness of the problem (82)—(83) is now a consequence of the fact that uy,, = z4py
and equality (87).

Next, we need to investigate the properties of the operator F : HO1 (I3) x E x V3 -
H~Y(I3) given by (46).
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Lemma 8 The following inequality holds
[F (g1 ur, v, wi) — F(G2, w2, v2, w2)l -1y
SLr( 6 =8 gy tlu—uly +1vi—v2 v +wr —waly)
Ve, & € Hy(I3), Yuy,up, vy, va, wi, wy €V, (88)
where
L =| ¢ [1=p,) Crmax {i* piCr. w*LuRCr, (Lup} + " LORCr, piLyRCr].

Proof The estimate (88) follows from the definition (46) on F, the assumptions (31) on p,,
(32) on w, (24), (25), (26) and the definition of R*.

Now we define the operator A : L20,T; H'(I3) x E' x L%(£2)) — L2(0, T; H~'(I3) x
E' x L*(2)) by

A, p,y) = (A, p,y), Aa(a, p,y), As(a, p, V), (89)
such that
Ar(a(®), pt), y (1) = F(&a (), u(), u(t), u(t)), (90)
Ax(a(t), p(t), y (1)) = S@(),0,(), By) + Q(1), on
Az(a(t), p(1), v (1)) = ¢ (e(m(1)), 0,(1), By (1)). (92)

Lemma9 The operator A has a unique fixed point (a, p,y) € L%(0,T; H-Y(I3) x E' x
L2(£2)) such that A(et, p,y) = (@, p, V).

Proof Let (¢, pi, i) € L?(0, T; H-'(I3) x E' x L?(£2)) i = 1,2. Denote ug, ,,y, = Ui,
Ugpiy; = Vi, Sy = Cis 0y, = 0; and By, = B; fori = 1, 2. Using (90)-(92), (29), (30), 1),
(32), (33), the definition of R* and Lemma 8 we deduce that

| (Al(a]» P1, Vl) - Al(aZa P2, )/2)7 S) |§{’I(F3)XH01(F3)

< / |F (1w, den den) = F (o, uz, i, 42) 3y s | § |§1(}(1~3) da
I3
2 2 L2 2
< C(| {l _§2 |L2(F3) + | ujp—up |V + | uyp —up |V) |‘§ |L2(F3) .

| (Aa(a1, p1, v1) — Aa(@a, p2, v2)s 1) |3, &
< /|(w(m,el,ﬂ1> (e, 02, B))nldx

2
| As(ar, p1y) = A3(@2, p2,72) 172y =] $(e@1), 61, B1) — $(e2), 62, B2) |75,
< C(lur — w2l + 161 = 62175 o) + 1B1 = B2l 72 )-

Hence
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2
I A(alv P1, J/l) - A(“Qa P2, )’2) |H_1(F3)XE’XL2(.Q)

< CUg1 = Qlfa ) + wr —waly+ Ly =2 [ + 161 = 62 120 +B1 = B2l72 g)-
(93)

Since u1(0) = u(0) = uy we have
t
00 =m0 F= [ 1916) 0205} ds. ©4)
0

Moreover, from (82) we obtain that

(Ae(vy) — Ae(v2), (v — v2)) < j(C1, w1, vy, v2) — j(C1, uy, vy, 1)
+ j(&2, uz, v2,v1) — j(&2, uz, v2, v2)
+ (C(01, B1) — C(02, B2), e(v1 — v2))n

+ (G(e(u1), B1) — G(e(u2), p2), €(v1 — v2))H.
95)

The assumption (27) on A, the assumption (61) and the estimate (56) on j give us

jo—vB=C(lu—u ]+ 16— Ragy, + 16— 62 1} +1B1 — Ballagg)) -
(96)
From (94), (96) and by using Gronwall inequality we see that

lo—nB=C(1a -0l +10 -0+ —falag). O
From (93), (94) and (97) we find that
| Alr(1). p1 (D). 11 (0) = A@a(®). p2(0). 20 Poi ez

< C(m (1) = (D2 )+ 1 01(0) = 02(0) [ + 1 61(0) = 62(0) 172 ) +IB1(D) — ﬂz<z>|iz(m)

t t t
+ c</|v;] (s) — vgz(s)|§2(r3)zd.s~ + /|91 (5) — 02(s)|2ds + /|,31 (s) — ,Bg(s)liz(mds>
0 0 0

t
< C<|cl () = Oy + / IVE1(5) = V2 (9) oy pds + 101(0) = 020017
0

t t

+ f 161(s) = 2() s + 1B1 (1) = B2 (D] ]2 ) + / 1B1(s) — ﬁz<s>|iz(mds).
0

0
Using estimates (64), (68) and (72), we obtain

| A(al(t)7 Iol(t)7 J/l (t)) - A(O{Z(t)v ,02(1), Vz(t)) |§{8(F3)><E’XL2(.Q)
t

< C/ (1t () = aa(s) [F1(py) + 1 216) = p20) 70 + 1 71(8) = 7205) [} )dls-
0

1
< C/ | (@1 (s), p1(s), ¥1(8)) — (a2(s), p2(s), y2(s)) Ié-l(me,XLz(m ds.
0
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Reiterating this inequality n times leads to

2
| An(alv P1, )’l) - A”(“Z, P2, )’2) |L2(0,T;H_](F3)><E’><L2(9))

_«n"

2
= ! | (051, P1, )’1) - (O[2s P2, yZ) |L2(0,T;H_1(F3)XE’XL2(Q)) .

Thus, for n sufficiently large, A” is a contraction on the Banach space L>(0, T; H~!(I'3) x
E’ x L*(£2)), and so A has a unique fixed point.

Next, we show the existence of a solution to problem PV.

Let (a*, p*, y™) be the fixed point of the operator A defined by (89)—(92) and obtained
in lemma 9.

Let ¢+ be the solution to problem PV, for @ = o™ (see Lemma 1), let 6, be the solution
to problem PV, for p = p* (see Lemma 2) and let S, be the solution to problem PV, for
y = y* (see Lemma 3). Denote u™ = ug+prpr, W' = Ugrpryr, {* = o, 0F = 6+ and
ﬂ* = ,8)/*~

Ar(@”, p%,y") = o = F(Z7, u™, ", i"),
Ax(a®, p*, y*) = p* = S@*, 0%, %) + Q,
Az(a®, p*, y™) = y* = ¢(e(™), 6%, B¥).

u* = ugrpry+ is a solution to the problem PV, fora = o*, p = p* and y = p*

(Ae@* (1)), e( — " ())y + jE*(O), u™ (1), " (1), v)
— J@&E @, w0, (1), 1 (1) + (Ge@™ (1), B (1)), e(v — ™ () n

—(CE*®), B* (1), e(v — " (ONn = (fO),v—a* )y YveV, te0T),
98)

u*(0) = uo, 99)

and 0* = Ae (™) + G(e(u™), B*) — C(6*, B*). The uniqueness of the solution is a con-
sequence of the uniqueness of the solution of problems PV, PVy, PV,, PV, and the
uniqueness of the operator A.
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