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Abstract

In this paper, we highlight an analogous study to characterize the k-regular, k-intra-regular,
k-completely regular semigroups in terms of interval-valued (in short, (i-v)) fuzzy ideals with
interval-valued fuzzy k-closure.

Keywords k-regular semigroup - k-intra-regular semigroup - k-completely regular
semigroup

Mathematics Subject Classification 08A72

1 Introduction

In semigroup theory, the concept of regularity, analogous to J. Von Neumann’s regularity
[10] for rings, was initiated by J. A. Green [3]. Later on, the corresponding semigroups are
examined and characterized by various authors in terms of different aspects, particularly the
ideals of semigroups. In this paper, we evaluate the analog results, but in the k-regularity [4]
of Harinath and k-intra-regularity, k-completely regularity [2] of Bogdanovi¢ et al. by the
help of (i-v) fuzzy ideals with (i-v) fuzzy k-closure.

2 Preliminaries
All preliminaries are considered from the prior works [1, 5-9, 11-13] of interval-valued
fuzzy set theory.

Definition 2.1 ([14]) An interval number on [0, 1], denoted by d, is defined as a closed
subinterval [a~, at] of [0, 1] satistying0 <a~ <a™ < 1.
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In this paper, [0, 0] := 6, [1,1] := T and DIO0, 1] represents the set of interval numbers on
[0, 1].

Definition 2.2 ([1, 14]) For two interval numbers @ = [a~, a™], b= [b—,b%] € D[O, 1],

l.Gd<bifa” <b andat <b™.

2. d=bifa” =b anda® = b+.
3.G<bifd#bandd <b.

4. 7 >Dbmeansh <Gandd > b means b < 4.
5. Min'(@, b) = [min(a=, b~), min(a™, b™)].
6. Maxi(@,b) = [max(a—,b~), max(a™, b))

In this paper, two interval numbers @, be DJO0, 1] are either a < bord > b.

Definition 2.3 ([5]) Let X be a non-empty set and A € X. The (i-v) characteristic function
X4 of A is an (i-v) fuzzy subset of X defined as

Tifx € A,

XA(X)={5ifxeX\A,

where x € X.

Definition 2.4 ([5]) Let X be a non-empty set, x € X and a € D[O0, 1]\{6}. An (i-v) fuzzy
point xz of X is an (i-v) fuzzy subset of X defined by

aify=x,
0 otherwise,

xa(y) = {
where y € X.
Definition 2.5 ([5]) If /1| and i, are two (i-v) fuzzy subsets of a non-empty set X,
L fy C o if fi(y) < fia(y) forall y € X.

2. () U i) (x) = Max' (ji1(x), Ra(x)) and (&) N o) (x) = Min® ({11 (x), fa(x)) for
x € X.

Definition 2.6 ([5]) Let 1ty and i, be two (i-v) fuzzy subsets of a semigroup S. The product
1110 M of iy and [y is an (i-v) fuzzy subset of S defined as

o sup | Min' (i11(p). /12(9)) | when x = pg for some p. g € ;
(1 op2)(x) = 3 x=pq N

0 otherwise,

where x € S.

Definition 2.7 ([9, 13]) A non-empty (i-v) fuzzy subset it of a semigroup S is called

an (i-v) fuzzy subsemigroup of S if fL(xy) > Min' (f(x), Z(y)).

an (i-v) fuzzy left ideal of S if @(xy) > w(y).

an (i-v) fuzzy right ideal of S if Z(xy) > m(x).

an (i-v) fuzzy ideal of S if fi(xy) > Z(y) and f(xy) > f(x).

an (i-v) fuzzy quasi-ideal of S if (Lo Xs) N (Xs o) € i.

an (i-v) fuzzy bi-ideal of Sif f(xyz) > Min' (fi(x), [i(z)) and ft(xy)>=Min® (L (x), L(y))

A i

forany x,y,z € S.
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Lemma 2.8 ([13]) A non-empty (i-v) fuzzy subset [ of a semigroup S is an (i-v) fuzzy

subsemigroup of S if and only if Lo X C [i.

left ideal of S if and only if Xsom C L.

right ideal of S if and only if Lo Xs C L.

ideal of S if and only if Lo Xs € L and Xso i C [i.
bi-ideal of S if and only if ot € Land fto Xsox C L.

LR~

Proposition 2.9 ([5, 6]) For an (i-v) fuzzy point xz of a semigroup S, the (i-v) fuzzy
1. left ideal generated by xz, {(xz); = x5 U (Xs 0 x3).

2. right ideal generated by xz, (xz), = xz U (x50 Xs).

3. ideal generated by xz, (xz) = xz U (Xsoxz) U (xzoXs) U (XsoxzoXs).

4. quasi-ideal generated by xz, (x3)q = xz U (X5 0x7) N (x7 0 X5)).

Proposition 2.10 ([5, 6]) The following results hold in a semigroup S:

d whenz e <x >,
0 otherwise,

1. (xz)(2) = {

Min' (@, b) whenz € < x >< y >,

2. ((xa) o () (@) = { o

where 7 € S.

otherwise,

3 k-regularities in semigroups

In this section, first, we establish a new abstract idea, entitle it by (i-v) fuzzy k-closure in
semigroups, and then study its basic properties to fulfill our required goal.

Definition 3.1 Let S be a semigroup and & be a fixed positive integer. For a non-empty subset
A of S, we define a subset (A)y, call it as “k-closure” of A, by (A)y ={x € §: xk e A},

Definition 3.2 Let k be a fixed positive integer. An (i-v) fuzzy k-closure, denoted by cli (1),
of an (i-v) fuzzy subset 1 of a semigroup S is an (i-v) fuzzy subset of S defined by cly (1) (x) =
T (x¥) for every x € S.

The following results are immediate from the proposed definitions.

Lemma 3.3 If iy and [iy are two non-empty (i-v) fuzzy subsets of a semigroup S, then

(i) cl(itr) S cli(2), if i1 S o
(ii) cle(ity N i) = clg (1) N el (122).
(iii) clx(ity U i2) = clg (1) U clk ([2).

Since the proofs are simple, we omit the proofs.

Lemma 3.4 [f x; is an (i-v) fuzzy point of a semigroup S, then for any y € S,
. ai =x",
(i) el () = { <y

0 otherwise.

a if y e (< xk >y,
0 otherwise.

(iii) cle (PN () = :
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0 otherwise.

(iv) cle (gD () = {

Proof (i) For any y € S, we have ¢/t (x¥)7)(y) = (x¥)z(*) = E if y* = xk,
’ , ‘ w = AV =10 otherwise.
T if vk k
2 ky~ ke oky @ if YR Ee<xt >,
(ii) Forany y € S, we have cl; (((x)z),) (y) = ((x)a), (") = {O reice
— E if y € (< xk >r)k7
“ | 0 otherwise.
Proofs of (iii) and (iv) are similar. 5

According to Harinath and Bogdanovi¢ et al., k-regular, k-intra-regular, and k-completely
regular semigroups are as follows:

Definition 3.5 ([4]) A semigroup S is said to be k-regular if for every x € S, there exists
y € S such that x* = x¥yx*.

Definition 3.6 ([2]) A semigroup S is said to be k-intra-regular if for every x € S, there exist
u, v € S such that x¥ = uxkxkv.

Definition 3.7 ([2]) A semigroup S is said to be k-completely regular if for every x € S,
there exists y € § such that x* = x¥yx* and x*y = yx¥.

Remark 3.8 Note that every regular (intra-regular) semigroup is k-regular (resp. k-intra reg-
ular) semigroup.
But the converse may not be true always. This follows from the following example:

Example 3.9 Consider the semigroup (Z4, e4) whose composition table is as follows:

Here Z4 is not a regular as well as intra-regular semigroup because 2 # 2.x.2and 2 = x.22.y
for any x, y € Z4. On the other hand, it observe that 13 =131.13,23 =23323, 33 =
33.3.3%and 13 = 3.(1%)2.3, 23 =2.(2%)2.3, 33 = 3.(3%)2.1. This shows that Z is 3-regular
and 3-intra regular semigroup.

Now in the following, we try to extend a few important results from regular semigroups
to k-regular semigroups to characterize them using (i-v) fuzzy ideals of semigroups.

Theorem 3.10 [13] The following statements are equivalent in a semigroup S:

(i) S is regular.
(ii) 11 Ny = X1 0 o, where 11 and [iy are resp. (i-v) fuzzy right ideal and (i-v) fuzzy left
ideal of S.

Theorem 3.11 For a semigroup S, the following statements are equivalent:

(i) S is k-regular.
(ii) clp(iy N o) = cli ([ 0 i2), where 1y and [iy are resp. (i-v) fuzzy right ideal and (i-v)
Sfuzzy left ideal of S.
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Proof (i)== (ii). Let S be k-regular semigroup. Then for x € S, x* = x*yx¥ for some
y € S. Consequently, for an (i-v) fuzzy right ideal w1 and an (i-v) fuzzy qut ideal 1, of
S, cl(fy 0 i) (x) = (1 0 i) (xX) = sup {Min'(7L1(p). ft2(g))} = Min (i) (x*y). i
P.qeS
xk=pq

() = Min' (i1 (x*), 12 (x%)) (by the property of fi1) = (11 N[I2) (x%) = clk (1 N o) (x).
Thus clg (i1 N @2) S clk(i1 0 @2). Also, fiiofia Sy N o implies cli (i1 0 f2) S
cli (1 N x2), by Lemma 3.3. So we find that cly (1] 0 [12) = clp (711 N o).

(ii)=> (i). Suppose (ii) holds and x € S. Then for an (i-v) fuzzy point x; of
S, el (((M)7), N (DD = ele((F)a)r 0 (F)z))(x) (by given condition (if)
= (M) o (DD GF) = ((P)z U (g0 Xs) 0 ((F)z U (Xs o D) <
()7 0 (Ha) U (Mg 0 Xs 0 ()2 (). But cle(((xH)z)r N {7 () = (M) N
(")) () = @ Therefore, ((xF)z0 (x¥)z) U (g0 Xso F)a)(x¥) > @, that
means, (xN)z € (x%)z0 F)z) U (xF)z0 Xso 5. Consequently, it imply that either
@5z = (g0 (g or (xF)z = (xk)goygo (x5)z for some (i-v) fuzzy point y; of S. It
implies that either x¥ = xkxk or xk = xkyxk, that means, for both cases, x¥ = x*yx¥ for
some y € §. Thus it indicates that S is k-regular. O

Theorem 3.12 [13] The following conditions are equivalent in a semigroup S:

(i) S is regular.
(ii) L = Lo Xs o for an (i-v) fuzzy bi-ideal [t of S.
(iii) L = o Xs o[ for an (i-v) fuzzy quasi-ideal i of S.

Theorem 3.13 The following statements are equivalent in a semigroup S:

(i) S is k-regular.
(ii) clp(n) = cle (Lo Xs o 1) for an (i-v) fuzzy bi-ideal Jt of S.
(iii) clp () = clx (Lo Xs o 1) for an (i-v) fuzzy quasi-ideal [T of S.

Proof (i)==(ii). Let S be a k-regular semigroup. For an (i-v) fuzzy bi-ideal i of S,
moxsom C wimplies cly(fLo Xs o 1) < clp (). Suppose x € S. Then cli(iLo )?5 o) (x)
= (LoXsom(x*) = sup {Min'(H(p), Min' (Xs(q). i(r))} > Min' (f(x5),

p.q.res
ke

—pqr
Min' (%s(y), ﬁ(xk))) (as x*¥ = x*yx¥ for some y € S, by assumption) = Min’ (i (x%),
T = J(x%) = el () (x). Therefore, cli () < cli (Lo Xs 0 ). Hence it concludes that
cli() = cly (Lo Xs o 1) holds.

(ii)==(iii). The implication follows easily from Lemma 3.18 [13].

(iii)==(i). Suppose i1 and fi, are resp. the (i-v) fuzzy right ideal and (i-v) fuzzy left
ideal of S. Then jx| N [y is an (i-v) fuzzy quasi ideal of S, by Lemma 3.16 [13]. Thus by
(iii), it follows that cly (j11 N f12) = cl (L1 N x2) 0 Xs 0 (L1 N [12)) S clk (i1 0 Xs 0 j12) S
cli(fty 0 ft2), that is, cli (i1 N f2) S cli(f10i2). Again fijofla S i1 N [y implies
cli(ity o 12) C clp(iuy N o). Thus it shows that clx (it 0 i12) = cli (i1 N £2). On that
account, it concludes from Theorem 3.11 that S is k-regular. O

Theorem 3.14 [13] The following statements are equivalent in a semigroup S:

(i) S is regular.
(ii) 1 Ny = [y 0 [l 0 1y for an (i-v) fuzzy quasi-ideal ji\ and an (i-v) fuzzy ideal [t of
S.
(iii) 111 Ny = 11 0 L 0 [y for an (i-v) fuzzy bi-ideal [ty and an (i-v) fuzzy ideal j13 of S.
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Theorem 3.15 The following statements are equivalent in a semigroup S:

(i) S isk-regular.
(ii) cl (k1 N o) = cli (1 0 iy 0 111) for an (i-v) fuzzy quasi-ideal [ty and an (i-v) fuzzy
ideal 113 of S.
(iii) cly (1 N 2) = cli (Jy 0 fip 0 1) for an (i-v) fuzzy bi-ideal [i1 and an (i-v) fuzzy ideal
o of S.

Proof (i)==(iii). Let us suppose S be k-regular semigroup. Then for every x € S,

xk = x¥yx* for some y € § and hence, x* = x¥(yx¥y)x*. Moreover, for an (i-v) fuzzy

bi-ideal /{1 and an (i-v) fuzzy ideal [iy of S, cly(f1 0 fia 0 1) (x) = (L1020 1) (xF) =
sup S{Mini (1 (p), Min' (Fa(@), T ()} = Min® (7 (x%), Min® (Fa(yx*y), 11(x"))

pP,q,r €

k=

=pqr
> Min' ([ (x5), o (x¥) = (@1 N @) &%) = cle(fLy N [I2)(x). Thus it follows that
cli(y N 2) S clk(roppoir). Also iiofizofy S frioxsomy and jijofiz oy S
XsofaoXs < M. Therefore, ci(Lioflaofl) S ch(ioxsoi) = cl(iy)
(by Theorem3.13). In addition from Lemma3.3, cly(itiofla0om;) < cli(itz). Thus
cly(tiofiaomy) € cle(ity) N clp(i2) = clg(Xy N [12), by Lemma 3.3. Consequently,
it follows that cl; (11 0 iz 0 1) = cli (L1 N [12).

(iii)=(ii). The implication follows easily.

(ii)==(i). Let /& be an (i-v) fuzzy quasi-ideal of S. Then cl;(it) = clx(X N Xs) =
cly(ito Xs o ) (by (ii)). As a consequence, it follows from Theorem 3.13 that S is k-regular.

[m}

Theorem 3.16 [13] The following statements are equivalent in a semigroup S:

(i) S is regular.
(ii) 1 N2 € [ 0 o for an (i-v) fuzzy quasi-ideal [t) and an (i-v) fuzzy left ideal |1 of
S.
(iii) 11 Ny € [y o o for an (i-v) fuzzy bi-ideal 11 and an (i-v) fuzzy left ideal 11 of S.

Theorem 3.17 The following statements are equivalent in a semigroup S:

(i) S is k-regular.
(ii) clp(y N p) € cli (g o i) for an (i-v) fuzzy quasi-ideal 1\ and an (i-v) fuzzy left
ideal 113 of S.
(iii) cly (1 N 2) C clk (i o L) for an (i-v) fuzzy bi-ideal [ty and an (i-v) fuzzy left ideal
s of S.

Proof (i)==(iii). Suppose S is k-regular semigroup. Then for an (i-v) fuzzy bi-ideal jx; and

an (i-v) fuzzy left ideal iy of S, clg (i1 0 i2)(x) = (H10[i2)(x*) = sup {Min' ([ (p),

p.geS

k=pq

@)} = Min' ([@&h, fapx") since xf = xfyx* for some y € §) =
Min' (ji (x%), T2 (x%) = (f) N 2) (xF) = el (fy N i2) (x). Therefore, cl (i1 N fiz) S
clp(ft1 o j12) holds.

(iii)==(ii). The implication follows clearly.

(ii)==(i). Let (ii) hold and suppose i1, [ip are respectively the (i-v) fuzzy right ideal
and (i-v) fuzzy left ideal of S. Then cl; (i1 0 [12) € clx(i11 N 2) and ji; is an (i-v) fuzzy
quasi-ideal of S, by Lemma 3.14 [13]. Therefore, by given condition (ii), ¢l (;t; N i2) <
cli(j11 0 112). Hence it follows that ¢l (fi; N o) = clx (i1 0 fi2). This concludes that S is
k-regular. O
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Theorem 3.18 [13] The following statements are equivalent in a semigroup S:

(i) S is regular.
(ii) 1wy Np N3 € iy o fia 0 13 for an (i-v) fuzzy right ideal [11, an (i-v) fuzzy quasi-ideal
W2 and an (i-v) fuzzy left ideal i3 of S.
(iii) 1 N2 N3 € iy o o o 13 for an (i-v) fuzzy right ideal [y, an (i-v) fuzzy bi-ideal i3
and an (i-v) fuzzy left ideal Ji3 of S.

Theorem 3.19 The following statements are equivalent in a semigroup S:

(i) S isk-regular.
(ii) clp( N2 N 3) S cli(jty o fia 0 [13) for an (i-v) fuzzy right ideal [i1, an (i-v) fuzzy
quasi-ideal [iy and an (i-v) fuzzy left ideal [i3 of S.
(iii) clp (g N a N 3) S clp(fLy 0 o 0 ii3) for an (i-v) fuzzy right ideal 11, an (i-v) fuzzy
bi-ideal 11 and an (i-v) fuzzy left ideal 113 of S.

Proof (i)==(iii). Let S be k-regular semigroup. Then for x € S, x* = x¥yx* for some
y € Sand so x* = (xky)xk (yx*). Therefore, cly (i1 0 iz 0 [i3) (x) = (L1 0 iz 0 3) (x*) =

sup S{Min"(ﬁl(p), Min' (Fia(q), i3 (r)} = Min' (fi1(x*y), Min® (ji2(x%), i3 (yx*)))
p,q,re
k=

=pqr
> Min' (111 (x%), Min' (j2(x*), f3(x*))) (by the properties of i and i3) = (fi; N fiz N
3K = el (7 N o N 3)(x). As a result, it follows that clg (] N fa N X3) C
cli (i1 0 [z 0 [13).

(iii)==(ii). It clearly holds.

(ii)==(i). Suppose (i) holds and [i|, fi are resp. (i-v) fuzzy right ideal and (i-v) fuzzy
left ideal of S. Then cli (11 0 fi2) € cli (i1 N iy). Again cly (1N p) = clie (i N Xs N o)
(from condition (ii)) € clx (ji1 0 Xs 0 12) € cli(ji1 o ii2). Hence it shows that ¢l (11 NL2) =
cly (j11 0 J12) and accordingly, S is k-regular. |

Theorem 3.20 [12] In a semigroup S, the following statements are equivalent:

(i) S is intra-regular.
(ii) 1 Ny C Wy o iy for an (i-v) fuzzy left ideal [ty and an (i-v) fuzzy right ideal [t of S.

Theorem 3.21 The following statements are equivalent in a semigroup S:

(i) S is k-intra-regular.
(ii) cli(1N2) C clp(it1 0 12) for an (i-v) fuzzy left ideal j11 and an (i-v) fuzzy right ideal
2 of S.

Proof (i)= (ii). Suppose S is a k-intra-regular semigroup and i1, fip are resp. (i-v)
fuzzy left ideal and (i-v) fuzzy right ideal of S. Then for every x € S, x* = Lg(xkxk)v
for some u,v € S. Now clp(fli0fi2)(x) = (Hiofi)x*) = sup {Min'(iL1(p),

P,q€S
xk=pq

fa(q)} = Min' (i (ux®), o (x¥v)) > Min' (111 (x¥), Fia(x*)) (by the properties of i1
and fio) = (111 N [I2) (x%) = cle (71 N f2)(x). Consequently, el (71 N f2) € cli(R1 0 [iz).
(ii)= (i). Let (ii) hold and x € S. Then for an (i-v) fuzzy point x;z of S, iy (D7) N
(D3 S eli(((R)a) o ((F)a)r) by () = ch(((F)a U (Xso (D)) o ((F)a U
(g0 Xs))) € cle(Xs 0 M)z 0 (F)z 0 Xs). But cle(((F)ah N ((D)a))(x) =
() N (o)) (k) = @. As a consequence, cli (Xs 0 ()7 0 (x*)7 0 ¥5) (x) = @. This
implies that (¥s 0 (x¥)z 0 (x*)z 0 X5)(x*) > @, implies (x*)z € Xs 0 (xF)z 0 (x*)7 0 Xs. This
implies that x¥ € S(x*x¥)S. Thus it signify that S is k-intra-regular. O
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Theorem 3.22 [12] In a semigroup S, the following statements are equivalent:

(i) S is regular and intra-regular semigroup.
(ii) & = o for an (i-v) fuzzy quasi-ideal |t of S.
(iii) 11 = o for an (i-v) fuzzy bi-ideal ji of S.
(iv) 1 N o C [y 0 i for (i-v) fuzzy quasi-ideals [11 and [ty of S.
(v) 1 N2 € iy o [ for (i-v) fuzzy bi-ideals [ty and [t of S.
(vi) N a2 € [y o Ao for an (i-v) fuzzy quasi-ideal j1y and an (i-v) fuzzy bi-ideal ji5 of S.
(vii) [ty Ny € 1y o o for an (i-v) fuzzy bi-ideal i1 and an (i-v) fuzzy quasi-ideal 115 of S.

Theorem 3.23 In a semigroup S, the following statements are equivalent:

(i) S is k-regular and k-intra-regular semigroup.
(ii) cl () = clg (Lo 1) for every (i-v) fuzzy quasi-ideal [T of S.
(iii) cly (i) = cly (L o 1) for every (i-v) fuzzy bi-ideal ji of S.
(iv) cle (i1 N ) C cli ([ 0 [1p) for (i-v) fuzzy quasi-ideals [ty and [ty of S.
(v) cli(ity N ii2) € cli (L1 o f2) for (i-v) fuzzy bi-ideals [iy and [y of S.
(vi) cl (i N2) C clp (X1 0 o) for an (i-v) fuzzy quasi-ideal [t and an (i-v) fuzzy bi-ideal
s of S.
(vii) cle (L1 Np) C cli (g 0 12) for an (i-v) fuzzy bi-ideal j11 and an (i-v) fuzzy quasi-ideal
o of S.

Proof (i)= (iii). Let us suppose S be k-regular and k-intra-regular semigroup. Then
for every x € S, xk = xkyxk and x* = u(xkx*)v for some u, v, y € S. Therefore,
xk = xkyxk = xkyxkyxk = (xkyuxk)(xkvyxk). If 1 is an (i-v) fuzzy bi-ideal of S then
Hofl € [ implies cly(f o ) C cli (). On the other hand, clx (o ) (x) = (Lo ) (x¥) =
sup {Min' ((p), i)} = Min' (R yux®), fx*vyx")) = Min' (Min' (L),
xk=pq
PqeS

E(xR)), Min® (F(xk), L(x%))) (by the property of /1) = H(x*) = clx(7)(x). This implies
that ¢l (1) € clx (it o ;). Hence it follows that cly (1) = cly (Lo [1).

(iii)= (ii). Proof follows easily.

(ii)= (i). Suppose (ii) holds and let ji, i be resp. (i-v) fuzzy right ideal and (i-v)
fuzzy left ideal of S. Then cli (i1 0o 2) € cly (i N ). Again, by (ii), it follows that
cl (1 N f2) = clp((y N ) o (i1 N [2)) S cli (i1 o [i2), that means, ¢l (iK1 N f2) S
clp (i1 0 j12). Thus it follows that ¢l (111 0 12) = cl(ft1 N j12). Hence from Theorem3.11,
we find that § is k-regular.

Again consider x3 is an (i-v) fuzzy point of S. If ((x")a)q is an (i-v) fuzzy quasi-ideal
of S, @ = ((F)a)g(F) = (PR x) = cli({(F)a)g 0 ((F)a)g) (x) (by (i) =
(((xk)g)q 0 ((x");)q)(xk). This implies that xk e < xk >4 < xk >4, Where < xk >, isa
quasi-ideal of S generated by x*, i.e. x¥ € Sx*xkS. Thus § is k-intra-regular.

(i)=> (v). Let (i) hold and [i1, ;ip be (i-v) fuzzy bi-ideals of S. Since S is k-regular
and k-intra-regular semigroup, for every x € S; x¥ = xKyx* and x* = u(x¥x*)v for some
w,v,y € S. Now clp(fl10f2)(x) = (Hrofi)(x*) = sup {Min' (i (p). 2(q))} =

xk=pgq
PqeS

Min' (7 0 yux®), o (Foyx®)) = Min (Min® (7 (), i (69), Min® (2 (), fia (64)))
(by the properties of 7i; and fi2) = Min' (ji1(x%), iz (x)) = (F1 N A2 (F) = cle(fir N
112)(x). Consequently, it argues that cli (ft; N 2) € cli (L1 0 i12).

The implications (v)=—= (iv)=— (ii), (v)== (vi)== (iv) and (v)= (vii)== (iv)
follow easily. o
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Theorem 3.24 [12] In a semigroup S, the following statements are equivalent:

(i) S is regular and intra-regular semigroup.
(ii) w1 N2 € (y o wz) N (o 0 1) for an (i-v) fuzzy right ideal 11 and an (i-v) fuzzy left
ideal 113 of S.
(iii) 1 N o € (W1 oz) N (a0 1y) for an (i-v) fuzzy right ideal 111 and an (i-v) fuzzy
quasi-ideal 115 of S.
(iv) 1 Nita S (K10 [2) N (H2 0 1y) for an (i-v) fuzzy right ideal iy and an (i-v) fuzzy
bi-ideal i of S.
(v) 1N Ly S ([0 fi2) N (K2 0 i) for (i-v) fuzzy quasi-ideals [iy and [iy of S.
(vi) 1 Ny S (fy o fi2) N (Ha o fLy) for (i-v) fuzzy bi-ideals [ty and [iy of S.
(vii) {11 N2 S (i1 0 f12) N (L2 0 1) for an (i-v) fuzzy quasi-ideal [ty and an (i-v) fuzzy
bi-ideal i of S.

Theorem 3.25 In a semigroup S, the following statements are equivalent:

(i) S is k-regular and k-intra-regular semigroup.
(ii) el (it N d2) S clp((Ly 0 f2) N ({2 0 [11)) for an (i-v) fuzzy right ideal [1y and an (i-v)
fuzzy left ideal 11y of S.
(iii) cli(1 NL2) S cli (1 0 f12) N (2 0 [1)) for an (i-v) fuzzy right ideal ji1 and an (i-v)
fuzzy quasi-ideal [i5 of S.
(iv) clp(iy Nx2) S cl((fy 0 [12) N (2 0 11)) for an (i-v) fuzzy right ideal jiy and an (i-v)
fuzzy bi-ideal [15 of S.

(v) clk(1NE2) S clk (1 0 H2) N (12 0 1)) for (i-v) fuzzy quasi-ideals [i1 and [iy of S.
(vi) clx(fiy N [2) S cli (i1 0 fi2) N (H2 0 [1)) for (i-v) fuzzy bi-ideals i1 and iy of S.
(vii) cle(fty N ) S clp((iy o f12) N (p 0 f11)) for an (i-v) fuzzy quasi-ideal j1, and an

(i-v) fuzzy bi-ideal |15 of S.

Proof (i)== (vi). Let S be k-regular and k-intra-regular semigroup. Then for x € S, x* =
xkyx" and x* = u(xkxk)v for some u, v, y € S, that means, xk = x"yu(x"xk)vyxk. So for
(i-v) fuzzy bi-ideals i1, [y of S, clk (71 0 fia) (x) = ({10 [i2)(xX) = sup {Min' (111 (p),

xk=pgq
P.qeS

Ha(q))} = Min' (fi1 (x* yux), fio(xFvyxk)) > Min' (Min® (fi1 (x%), 1 (%)), Min® (112 (x5),
T2 (x%))) (by the properties of &y and i) = Min' ({1 (x), lo(x¥)) = (1 N ) (xF) =
cli (1 N i) (x). Hence el (L Ni2) € el (i1 o [1o). By Similar arguments, ¢l (11 Njiz) <
cli(j12 0 j11). Consequently, it indicates that ¢l (111 N i12) C cly ((ﬁl o) N (o /71)).

(vi)= (v)== (ii). The implications follow easily.

(ii)= (i). Suppose (ii) holds. Then for (i-v) fuzzy right ideal 1} and (i-v) fuzzy left ideal
f2 of S, cli (i1 0 1) S cli (jiy Nd2). Inaddition, clx (111 NiL2) S cli((iXy 0 f12) N (2 0 [11))
(by assumption (ii)) C cly (i1 0 i12). Thus it implies that cl; (711 0 o) = clp (X1 N 2). As
a consequence, S is k-regular.

Again clp (((F)z)1N(F)z) ) () < el (D)o (F)a)r) 0 ((6D)a)r 0 ((F)ad)) ()
(by (ii)) = ((F)a) 0 (F)a)r) N ((D)a)r 0 ((D)a)) (xF) = Min' ((((xF)a)i o ((xF)a)r)
(), (()a)r 0 () (). But cle(((FM)a) N {x)z) ) (1) = ()a) N () ) ()
= &. Thus it follows that x* € (< xF ><xF>)n(< xk >, < xk >), that is, x¥ €
Sx*x*S. This shows that S is k-intra-regular semigroup.

The implications (vi)=—> (vii)= (ii) and (vi)=— (iv)= (iii)= (ii) follow easily.

O

Theorem 3.26 [12] In a semigroup S, the following statements are equivalent:
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(i) S is regular and intra-regular semigroup.
(i) 11 Ny C jiy oy 0 1y for an (i-v) fuzzy quasi-ideal 1y and an (i-v) fuzzy left ideal

o of S.

(iii) 1 N2 € iy o iy 0 [y for an (i-v) fuzzy quasi-ideal 11y and an (i-v) fuzzy right ideal
w2 of S.

(iv) 1Ny € iy o a0 iy for an (i-v) fuzzy bi-ideal [ty and an (i-v) fuzzy left ideal |15 of
S.

(v) 1 N2 € iy oy oy for an (i-v) fuzzy bi-ideal [ty and an (i-v) fuzzy right ideal [i,

of S.

(vi) 1 Ny € iy o iy o 1y for an (i-v) fuzzy quasi-ideal ity and an (i-v) fuzzy bi-ideal [is
of S.

(vii) 1 N2 € ity o a0 [y for an (i-v) fuzzy bi-ideal [t} and an (i-v) fuzzy quasi-ideal [io
of S.

(viii) [y Ny C iy o iy 0 1y for (i-v) fuzzy quasi-ideals iy and iy of S.
(ix) Ny € Ly ofip 0 1y for (i-v) fuzzy bi-ideals iy and iy of S.

Theorem 3.27 In a semigroup S, the following statements are equivalent:

(i) S is k-regular and k-intra regular semigroup.
(ii) cly (1 N o) € cli (L1 0 iy 0 111) for an (i-v) fuzzy quasi-ideal [t and an (i-v) fuzzy
left ideal [t of S.
(iii) cly(y N 2) € clp (X1 0 o 0 k1) for an (i-v) fuzzy quasi-ideal [ty and an (i-v) fuzzy
right ideal i of S.
(iv) cl(ty N Lp) C cli(jiy 0 iz 0 1) for an (i-v) fuzzy bi-ideal [1y and an (i-v) fuzzy left
ideal 113 of S.
(v) clp(py N o) C cli (i1 o ip 0 i) for an (i-v) fuzzy bi-ideal iy and an (i-v) fuzzy right
ideal [1p of S.
(vi) cl(fy N 2) € clp(fLy o o 0 1i1) for an (i-v) fuzzy quasi-ideal [ty and an (i-v) fuzzy
bi-ideal [i of S.
(vii) cle(ty N ) € cli(jiy o a0 1y) for an (i-v) fuzzy bi-ideal iy and an (i-v) fuzzy
quasi-ideal 113 of S.
(viii) clp(fty N 2) C clp (X1 0 fp 0 [y) for (i-v) fuzzy quasi-ideals [y and [1 of S.
(ix) cly(ity N 2) S cli (L1 0 fha 0 [ty) for (i-v) fuzzy bi-ideals [ty and [y of S.

Proof (i) = (ix). Let S be k-regular and k-intra-regular semigroup. Then for x€S,
xk = xkyxk and x* = u(xkxk)v for some u,v,y € §, that means, xk =
(cFyuux®y (xFvux®) (x*vvyx*). Therefore, for (i-v) fuzzy bi-ideals [ij, iz of S,
cli(fy ofiz 0 L) (x) = (T o a0 i) (x¥) = sup {Min' (fi1(p), Min' (H2(q), 111 (r)))}

xk=pqr
P.q,r €S

> Min' (1 (<% yuux®), Min® (o (x¥vux®), 71 (xFvvyx¥))) (by the properties of 7| and
W) = Min' (F (x5, T (x¥) = (701 N ) (x%) = cli (1 N fo) (x). Thus it concludes that
cly () N I2) C el (i 0 [ 0 [y).

The implications (ix)=— (viii)==> (ii) hold clearly.

(ii)= (i). Let us suppose (ii) hold and ji1, 2 be (i-v) fuzzy right ideal and (i-v) fuzzy
left ideal of S. Then by (ii), clx (1 N H2) < clx(iL1 o @20 1) (since 1y is (i-v) fuzzy
quasi-ideal of S) C clx(Xsopr01) C clp(iiz0x1) (by the property of fi5). Thus from
Theorem 3.21, it indicates that S is k-intra-regular.

Again consider & is an (i-v) fuzzy quasi-ideal of S. Then cly(W)=clp(t N Xs)
C chy(oXso), since Xs is (i-v) fuzzy left ideal of S. But clx(toXsomx) <
chk(LoxsoXs) S chi(oxs) and chk(ftoxsopm) S chi(Xsoxsoit) S cli(Xsoji).
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As a result, clk(LoXso) S cli(oXs) N clk(Xso) = cl((oXs) N (Xsom))
(by Lemma3.3) C cli (12) (by the property of 1t). This implies that clx (jt 0 Xs 0 1) = cli (V).
Consequently, by Theorem3.13, S is k-regular.

The implications (ix)=— (vii)=— (v)== (iii)= (i), (vii)== (iv)== (ii) and (ii)
= (ix)= (vi)= (viii) follow easily. ]

Finally, in the end, we consider a few definitions defined in [7] to illustrate our final results.

eﬁnition 3.28 [7] Let S be a semigroup and x, z € S. Then for an (i-v) fuzzy subset it of

sup f(y) if u =xyz forsomey € S,
(xpz)(u) = u= W
otherwise,
sup i(y) ifu=xyforsomey €S,
i) = w=ry
otherwise;
sup £(y) ifu = yx forsome y € S,
(Ex)(u) =y u= Vx
otherwise,
where u € S.

Definition 3.29 [7] An (i-v) fuzzy subsemigroup /i of a semigroup S is said to be an (i-v)

fuzzy weakly completely regular subsemigroup of S if for every x € S, R, N C, # ¢ and
sup  Ji(x') = [i(x), when (x) # 0.

x" € Ry NCy

Definition 3.30 An (i-v) fuzzy subsemigroup ji of a semigroup S is said to be an (i-v) fuzzy

weakly k- completely regular subsemigroup of S if for every x € S, Rie N Cyx # ) and

sup  i(x") = el (fD)(x), when ¢l (F) (x) # 0.

x' €Rx NC k

Theorem 3.31 [7] An (i-v) fuzzy subsemigroup |1 of a semigroup S is an (i-v) fuzzy weakly

completely regular subsemigroup of S if and only if()c2 wnm xz)(x) > n(x)forallx € S

with [1(x) # 0.

Theorem 3.32 An (i-v) fuzzy subsemigroup [L of a semigroup S is an (i-v) fuzzy weakly k-
completely regular subsemigroup of S if and only ifel(x®* N ﬁka)(x) > cl()(x) for
all x € S with cl(it)(x) # 0.

Proof Let [t be an (i-v) fuzzy weakly k-completely regular subsemigroup of S and suppose

x € S such that /(%) (x) # 0. Then by our hypothesis, there exists y* € S such that x* =

xFy*xk and xky* = y*xk. As aresult, x¥ = x2y* = y*x2 that means, x* € x2X§ N Sx2

Therefore,
AN Ex) ) = F 0 gx) k)
_ Mini((XZk ﬁ)(xk)’ (ﬁXZk)(xk))
= Mini( sup (u), sup fL(v))

ues vesS
ck_y2k, ok —yy2k
> Min'( sup (), sup [i(u))
u€R xNC ueR xNC ok

> cl(i) (x).
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Conversely, suppose the condition hold in S. Let x € S and i be an (i-v) fuzzy
subsemigroup of S. If ¢l (1) (x) # 0, then ¢/ (x> [T N L x*)(x) > ¢l(j1)(x) (by our hypoth-

esis). This implies Min' ((x* /1) (x), (7 x*) (%)) = cl(G)(x), implies (x> /1) (%) # 0

and (7x*)(x*) # 0. That means x* = x%u and x* = vx? for some u,v € S.

kFuxk = (uxyuxk = v(@x*uw)x* = vx?* = x* and xFvxk

As a consequence, x =
k,  k k

FocHu) = xFxFyu = x%u = x*. But xF(uxfu)xk = FoxFyuxk = xkuxk = xk,
K xku) = (Foxu = xku = va?*u = vx* = v(x*uxk) = (vx*u)x*. This shows that
vxfu € Ry N C«, that means, R« N C,x # . Finally,
sup f(y) = sup  i(vxFu)
yERanCXk u,ves
ka“ERXk ﬂcxk
> sup | Mind (Mind (F), i), )|
u,ves
vxky e ka mcxk
= Mini ( sup {Mini (i), E@)}. 7))
u,ves
xk=yx2k
Xk=X2kll
> Mini(Mini( sup {Z@)v}, sup {i(v) }), ﬁ(xk))
LS5 N

— Mini (cl(ka N ix)), cl(ﬁ)(x))

> cl()(x).
This indicates that jz is an (i-v) fuzzy weakly k-completely regular subsemigroup of S. O
Theorem 3.33 An (i-v) fuzzy subsemigroup [L of a semigroup S is an (i-v) fuzzy weakly k-

completely regular subsemigroup of S if and only if el (x® L x?)(x) > cl(f)(x) forx € S
with cl(j1)(x) # 0.

Proof Let us assume that [ is an (i-v) fuzzy weakly k-completely regular subsemigroup
of S. Let x € S.If cl(t)(x) # 0, by our hypothesis, R x N C.x # @ and hence, Xk =
2Kt xR = xkx* (R xt xRyt xk = x2K(x*)3x2k € xZX§x2K | where x* € R N Ck. There-

fore, cl (x> Lx%)(x) = HF EAx)x*) = sup i) = sup L(x*x*x*®) >
zeS X*ERXkﬂka
xk:x2kzx2k ,[=x2k(x*)c*,[*),\'2k

sup w(x*) > cl(0)(x) (by our hypothesis) and hence the given condition holds.
x*e ka N ka
Conversely, let the condition hold and & be an (i-v) fuzzy subsemigroup of S. Let x € S

such that ¢/ (70)(x) # 0. Then by our hypothesis c(x? /i x?)(x) # 0. This suggests that

there exists x* € S such that x¥ = xZx*x2k, Also x¥ = xZkx*x2k = xk(xkx*x*)x* and
xk(xkx*xk) — x2kx*(x2kx>kx2k) — (x2kx*x2k)x*x2k — xkx*XZk — (xkx*xk)xk. Thus
xkx*x* € R« N C and hence R« N Cox # 0. Now

sup  a(x*) > sup (K x*xky
Xk € ka n ka xkx*xk e ka n ka
> sup [Mini (ﬁ(xk), ﬁ(x*)) ] (by the property of 1x)
x*eS

kyx ok
afx*x Eka ﬂka

= min'(E, s {7eM))
x*eS
xk ek xck Eka ﬂCXk

@ Springer



Characterization of k-regularities in semigroups Page 130f 14 47

v

Mini(ﬁ(xk), sup { [z(x*)})
x*eS
ok — 2k % 2k

Min' (G5, ) ) )
Min (cl(p:)(x), el (e ﬁx2k)(x))
Min (cz(ﬁ)(x), cl(ﬁ)(x)) (by given condition)

el () (x).

%

This concludes that & is an (i-v) fuzzy weakly k-completely regular subsemigroup of S. O

Conclusion

k-closure plays a significant role in case of semiring theory. For this reason, we try to define
(i-v) fuzzy k-closure in semigroup theory and study different kind of k-regular semigroups
in terms of (i-v) fuzzy k-closure. As a result, this work disclose a new direction to develop
the theory of k-regular semigroups in terms of (i-v) fuzzy k-closure.
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