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Abstract
In this study, the Jensen-Mercer inequality for a uniformly convex function is established.
There are also certain application-related inequalities that are presented.
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1 Introduction and basic notions

The relationship between inequalities and the concept of convexity is strong. Many
researchers have been studied inequalities such as Jensen inequality, Jensen-Mercer inequal-
ity, Hermite-Hadamard inequality (see [6-8, 14, 34]) and etc. for some functions with concept
of convextiy such as convex functions, m-convex functions and etc. In reality, several areas
of science, especially information theory, have benefited greatly from the study of convex
functions (also known as functions with convexity) [2, 8, 10, 11, 13, 1620, 26, 27, 29-32].
In this article, we develop basic results concerning uniformly convex functions, Jensen’s
inequality, and Mercer’s inequality. Analytical applications are also studied. We require the
following notations on all of the paper.

Definition 1 ([9, 12]) Let f : [a, b] —> R be a function. Then f is uniformly convex with
modulus ¢ : R>g —> [0, +00) if ¢ is increasing, vanishes only at 0, and

flax+ A —-a)y) +all —a)p(x —yD) =af(x) + A -a)f(y)

forevery o € [0, 1] and x, y € [a, b].
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Theorem 1 [25] (Jensen’s inequality) If f is a convex function on an interval I, x; € I,
l<i<nand )} pi=1, pi >0, then

0<Y pifxi)—f (ZP:’M) :
i=1

i=1

Theorem 2 [24] (Mercer’s inequality) If f is a convex function on I := [a,b], x; € I,
l<i<nand )} | pi =1, pj >0, then

n n
f <a+b—2pix,~> + Y pif(x) < fl@)+ fb). ey
i=1 i=1

Theorem 3 [28] Let f : I —> R be a uniformly convex function with modulus ¢ : Ry —>
[0, 400l on 1, {x¢}}_, C la, b] be a sequence and let w be a permutation on {1, ..., n} such
that Xz (1) < Xz2) < ... < Xz(n). Then the inequality

n n n—1
b (Z pkxk) < Z i f (xx) — an(k)pn(k+l)¢(x7r(k+l) — Xz (k) 2)
k=1 k=1 k=1

holds for every convex combination Y y_, pixx of points xi € 1.
Let ¢ : Ry — [0, +oc] be a function and {x;}7_, < [a, b] be an increasing sequence.
Define

1 Pu—1Pu+1P(Xpt1 — Xp—1)

T x) = ——— Y pipiii —x) +
1 ws Xv i Pi+ i+ i
Zi;ﬁu.v pi i;ﬂ.v Zi#/t,s Di
Pv—1Pv19 (Xpp1 — Xy—1)
+ = V+Z Sl (utp) | D pi |
i#u,s Pi i,
% |Zi;£p,.v PiXi _ P;LXM‘FPVXv'
Zi;&u,v Pi Pu =+ Dy

Theorem 4 [28] If f is uniformly convex with modulus ¢ : Ry — [0, +00] on I and
x1 < x2 < ... < xp. Then the inequality

YopifG)—f (Z pm) > max {pmxm +puf ()
i=1 i=l1

I<p<v=

PuXy + pvXy X
— + —_— |+ J X, X >0
(pﬂ Pt ( Pt Py ) e U) ’

holds for every convex combination Y ;_, pix; of points x; € I.

2 Main results

In this section, we give an improvement of Mercer’s inequality via uniformly convex func-
tions.
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Theorem 5 If f is a uniformly convex function with modulus ¢ on [a,b] and a < x < b,
then

20 —x)(x —a)

fla+b—x)+ flx)+ b —ar?

¢(b—a) < fa)+ f(b). 3

Proof Let x € [a, b] be arbitrary. So, there exists a A € [0, 1] such that x = Aa + (1 — L)b.
Then

fla+b—x) = f((1=Na+rb) <A =1 f@+rfB) — Al —0pb - a)
= f@ + fB) =L f@ + (1 =2 fB)] =11 = 1B — a)
< f@+ Fb) — fGa+ (1= 2)b) — 22.(1 = V(b — a)
2(b — X)(x — a)

= f@) + [0~ f@) = g0 ).

So, the proof is complete. O

Theorem 6 Let f be a uniformly convex function with modulus ¢ on I, {x;} C I be a
non-increasing sequence, 1 <i <n and Z?:l pi = 1, then

1

a+b |b+a—2 '-1: i Xi | %

2f< ) ¢( 2Zl L7 >+Zpipi+l¢(xi — Xit1)
i=1

<f (a +b— Zp,-x,-> + ) pif@) < f@+ fb)

i=1 i=1

n—1
2 b —
‘” Z i(b—xi)(xi —a) = Y pipir1(xi — xiy1)- “

i=1

Proof Since {x;}; C [a, b], there is a sequence {A;}; (0 < A; < 1), such thatx; = A;a+ (1 —
A;)b. Hence,

= <a+b ZPLM)“‘Z[% (x;)

=f (a +b— Zm(xia +(1 - mb)) + Y pif(ia+ (1= x)b)

i=1 i=1

n n n n
> f<a+b—a2m,~ —-bY pidl —m) +f(a2m,~+b2pi(1 —m)
i=1 i=1 i=1 i=1
n—1

+ D pipit1d (i — xig1).

i=1
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Setp:=> 1 piriandq:=1—Y"_, pir;. Consequently,
n—1
I = f(a+b—pa—gb)+ f(pa+gb)+ Y pipis1¢(xi —Xit1)
i=1
n—1
= fqga+qb)+ f(pa+qb)+ Y pipit16(xi — Xit1)
i=1

-1
a+gb  ga+pb\ 1 ((b—a)lp— s
22f<p L >+*¢(u>+2mm+l¢()€i—xz'+1)
i=1

2 2 2 2
n—1
+b 1 b— -
=2f <a > ) +t50 <%> + Y pipin1d(xi — Xit1). (&)

i=1
Since
_a+b-2%7, pixi

n n
b — x;
p—q=22;piki—l=2;pi(m>—1— A ,
1= 1=

the first inequality holds. On the other hand, by the Theorem 3, we have

f <a+b—ZPixi> +Y pif)=f (Zpi(a+b_xi)> + Y pif(x)

i=1 i=1 i=1 i=1

n n—1 n
<Y pifla+b—x) =Y pipini¢pi —xip1) + Y pif(xi).

i=1 i=1 i=1

Then from (3), we have
n n
f (a +b-Y pm) + Y pif(x)
i=1 i=1

n n—1 n
<Y pifla+b—x) =Y pipit1dCi —xip1) + Y pif(x)

i=1 i=1 i=1

. 2(b — xi)(xi —
<J.pi [f(a) + ) = fOxi) - %w - a)]
i=1
n—1 n
=Y pipini¢Gi —xip) + Y pif(xi)
i=1 i=1
26 (b — n n—1
— F@)+ 76 = DS il =55~ @) = 3 1905~ 541,
i=1 i=l1
which completes the proof. O

3 Applications

Finding upper and lower bounds is one of the most important applications of the Jensen-
mercer inequality. In this section, we give some applications in A-G inequality(see [1-5])
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Lemma1 [28]Ifa > Oand f : [a, b] —> Rdefined by f(x) = log(%), then f is uniformly
convex with modulus ¢ (r) = 3 bzz

Letx = {x;}_, be a positive real sequence and

n n
A= Zpl-x,- and G := l—[x,-”i
i=1 i=1

denote the usual arithmetic and geometrlc means of {x; }, respectively. Denote p := min{x;},
v ;= max{x;}, A := =u+v—Aand G = “” . From (4) we conclude the following result.

Proposition 1 Let x = {x;}!_, be a sequence and x; > 0 foralli =1, ...,n, u = min{x;}
and v = max{x;}.

1. FE(x?) := > p,-xi2 is the 2-th moment of the function x, then
~ ~ 1 2
G < Gexp 7[(M+U)A—E(x ) — ]
v

- (u+v)? (M+v)2

IA
IA

2. Under the above notation, we have
1
pv < v exp ( [(k+vA-Ex?) - MV]>

2 B 2
Mexp( T _ A)2> < @ @)

Proof 1. Applying Theorem 6 and Lemma 1 with f(x) = —log x, have

n—1

4
lOg((quv)Z) 16v 2(A Ay’ + szpm(x,—xlﬂ)

< - log/i —log G < —log(uv)

n—1

1 1
= [+ A —Ex*) — uv] - 222p,p,+1(x,—x1+1)

after some calculations we have

1 2
G < Gexp (? [(n+v)A-Ex*) — ;w])

n—1

1 1
exp !vz[(u + VA =B — vl + 2 3 pipisi (i = xig1)?
i=1

IA
(@}

- (u+v)? (A-A? 1 ¢

<A< 4G exp{— 1602 2\)2 Zpl Di+1(x; — x1+1) }
(1 + v)? 1 (M + v)2

< —_— .

=26 P gr- Ay’ 4G

Thus, the desired assertion follows.
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2.

Multiplying both sides of Inequality (6) by G, (7) follows.
O

Conclusion 1 In this paper we establish Jensen-Mercer inequality for uniformly convex func-
tion. Some related inequalities with applications are also presented.

Acknowledgements The authors of this paper wish to thank the anonymous referee for their useful comments
towards the improvements of the paper.
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