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Abstract

In this work, the existence and the controllability of impulsive stochastic integro-differential
equations with infinite delay are investigated. Unlike previous papers, the result of this one
relies upon some weaker assumptions using a recently defined measure of noncompactness,
resolvent operator solution in sense of Grimmer and Monch fixed point theorem. The semi-
group is only required to be strongly continuous. At the end, examples are presented to
illustrate the obtained result.
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1 Introduction

Generally, ordinary differential equations are most commonly used to describe real-world
phenomena. Because of the uncertainty, stochastic differential equations are widely spread
in almost all applied sciences, as they are more convenient and natural than deterministic
models (for the theory of stochastic differential equations in infinite dimensional space see
[5, 23]). Simultaneously, nature can encounter some unexpected disturbances that might
affect the system for a short time such as earthquakes and disasters, this can be described as
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impulsive differential equations (see the monographs in [4, 20, 25]). As a consequence, impul-
sive stochastic differential equations have received extensive attention. In [14] Guendouzi
and Khadem discussed the existence of mild solutions for impulsive fractional stochastic
equations with infinite delay by Sadovskii’s fixed point theorem. In [6] the existence and
exponential stability results have been established for impulsive neutral stochastic functional
differential equations driven by fractional Brownian motion with infinite delay using an
analytic semigroup and Monch fixed point theorem. In [11] the existence and mean-square
exponential stability of mild solutions for impulsive stochastic partial differential equations
with finite delay have been discussed by employing Hausdorff measures of noncompactness
and Monch fixed point.

Additionally, the authors also focused on the controllability of impulsive stochastic dif-
ferential equations. Whatever the exact or approximate controllability, the purpose is to
determine whether or not it is possible to find a control function that steers the system towards
a prescribed final state. In the infinite-dimensional systems, it is noteworthy that the exact
controllability using a compact semigroup is invalid, instead, the approximate controllability
can be achieved (see [1, 2, 21, 27]).

In recent years, there is a great interest in integral differential equations related to the
resolvent operators, the study developed by Grimmer [12] frequently used in heat conduction
in material with memory and reaction-diffusion problems. The resolvent operator does not
satisfy the algebraic property of the semigroup operator due to a memory term. In [22]
Lizama and Pozo established the existence results of mild solutions for a semilinear integro-
differential equation when the resolvent operator is norm continuous. Later on, Ezzinbi et al.
[9] proved the existence of mild solutions when the norm continuity of the resolvent operator
is equivalent to the norm continuity of the semigroup operator. Recently, Ezzinbi et al. [10]
ensured the existence results of mild solutions with only the fact that A generates a strongly
continuous semigroup. The proof is based on a new measure of noncompactness and some
estimations related to integral operators. First we focus on the existence of mild solutions for
stochastic impulsive differential equations with infinite delay of the form:

t
du(t) = [Au(t)—i—/ Y (1 — )u(s)ds|dt + f(t,u) dW(), t #1;,t € [0, al,
0

_ . 1

u(h) = ) + Ji(u@),  i=1.2....n, W
u(t) = &£(t) € B.

Here, the state u(-) takes values in a real separable Hilbert space (]H G, |- ||IH).

A : D(A) C H — H is the infinitesimal generator of a strongly continuous semigroup
{T(¢),t > 0}. Y isaclosed linear operator on IH with domain D(A) C D(Y).{W() : t > 0}
is a given IK-valued Brownian motion, and f, J; are appropriate functions to be specified
latter. 0 =1y < 1] < ... <t; < ti+1 = a are impulse points, and u(tl.+), u(t;”) represent the
right and left limits of u(¢) attime r = ¢;, respectively, the history function u; : (—oo, 0] - H
defined by u;(6) = u(t+0) for € (—oo, 0], belong to some abstract phase space B defined
axiomatically, and the initial data {£(7), t € (—o0, 0]} is an Fp measurable, B-valued random
variable independent of W.

Our goal is to ensure the existence and the exact controllability using a new measure
of noncompactness without imposing any restrictive assumptions. The resolvent operator is
neither compact nor equicontinuous.

This paper is organized as follows. In Sect. 2, we give some necessary definitions con-
cerning Brownian motion, resolvent operator and some estimations to be used in the rest of
this paper. In Sect. 3, we prove the existence of mild solutions for our system (1). In Sect.
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4, we discuss the exact controllability. At the end, examples are provided to illustrate the
obtained results.

2 Preliminaries

Let (H, (-, )m. | - lu), and (K, (-, )k, || - |lx) be two real separable Hilbert spaces.
LK, H) denotes the space of all linear bounded operators from K into H. Let (2, F, P)
be a complete probability space equipped with a normal filtration {;};>0 satisfying the
usual conditions (i.e it is right continuous increasing family and Fy contains all P-null sets).
Suppose that {W(¢) : + > 0} is a Q-Wiener process with a finite trace nuclear covariance
operator Q > 0 defined on a complete filtered probability space (2, F, {F};>0, P). We
assume that there exists a complete orthonormal system {ex};2 | in IK, a bounded sequence
of nonnegative real numbers {A}72 ; such that Qe = Arer, k € N, and a sequence B of
independent Brownian motions such that

W) =" VMBrer, tel0,al,
k=1

and F; = _7-'ZW, where ]-'ZW is the o-algebra generated by {W(z) : 0 < s < ¢}. We define

L(z) = L,(Q'2K, H) the space of all Hilbert-Schmidt operators from 02K to H, with the

norm ||y ||12‘0 = Tr((¥ Q'?) (¥ 0'/%)*), for any ¥ € LI. Clearly, for any bounded operator
2

Y € L(K, H), we have

1WIEy =Tr(wQy™) =3 IV Averl.

k=1
The collection of all strongly measurable p—integrable, H valued random variables
denoted by L? (€2, H) is a Banach space equipped with the norm
lu@) e = (EJuc, W[")7,
where E(u) = fQ u(W)dP(W). And the subspace Lg(Q, H) is given by
L{(Q, H) = {f eL’(Q,H) fis ]—"o-measurable].

We denote by C ([0, al, LP (L, lH)) the Banach space of all continuous, F;-adapted
measurable process from [0, a] into L” (2, H), satisfying SUP;e(0,q] E lu(?) I? < oo.

For the infinite delay case, we employ the axiomatic definition of the phase space %8 intro-
duced by Hale and Kato [18], with an appropriate change to treat the impulsive differential
equations (see [15]).

Definition 1 [18] Let ®B be a linear space of Fy-measurable functions mapping from (—oo, 0]
into IH, endowed with a seminorm || - ||o3, satisfying the following axioms:

(A) ifu: (00,0 +a] - H,a > 0, such that u |[g,6+q4]€ PC([G, o + al, IH) and ug € B,
then for every t € [0, 0 + a], the following conditions hold:

1. u; € B,
2. lu@®llm < Hlluslls-
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3. lulls < K(t —o)sup{flu(s)ll, o <s <t} + M(t —o)llus|lss, where H > 0 is
a constant. K, M : [0, 00) — [1, 00), K is continuous, M is locally bounded, and
H, K, M are independent of u(-).

(B) The space B is complete.

Lemma1 [28] Let u : (—o0, a]l — H be an F;-adapted measurable process, such that the
Fo-adapted process u(t) = £(t) € LP(Q,B), and u |j0,q1€ PC([0, al, H), then

llus lls < Mo ENl € ll3 + Ko sup E u(s) |lm,

0<s<a
where My, = sup{M(1),0 <t < a}, K, = sup{K(1),0 <t < a}.

Now, we define the space of all piecewise continuous functions PC([0, a], H) formed
by all F;-adapted measurable, IH valued stochastic process {u(t) 2 [0,a] — H, u(@) is
continuous everywhere except a finite number of points ¢ = ¢;, at which u(#;”) = u(¢;) and
u(tl.+) exist,fori = 1,2, ..., n} endowed with the norm

1

lulipe = sup Ellu )"

0<t<a

Now, let us recall the general definition of measure of noncompactness.

Definition 2 [3, 19] A function ¢ defined on the set of all bounded subsets of a Banach space
X with values in R is called a measure of noncompactness (MNC) on X, if for any bounded
subset D C X, we have ¥ (coD) = ¥ (D), where coD stands for the closed convex hull of
D.

Definition 3 [19] A MNC is called

e monotone: if for any bounded subset D, C C X, D C C = ¢¥(D) < ¢ (C),
e nonsingular: if (D Ua) = ¥(D), foranya € X and D C X,
e regular: ¥ (D) = 0 if and only if D is relatively compact in X.

One of the most known measures of noncompactness that fulfills all the above properties
is the Hausdorff measure of noncompactness defined by

x(D) =inf {8 > 0, D has a finite cover by balls of radius & }
Moreover, it enjoys the following additional properties:

Lemma2 [3]

e x(AD) =| A | x(D), forany A € R.

o x(D+C) < x(D)+ x(O).

o if (V,)52, is a nondecreasing sequence of bounded closed nonempty subsets of X and
limy— 400 X (Vy) =0, then ﬂgil V,, is nonempty and compact in X.

e if O : X — X is Lipshitz continuous map with constant «, then x (Q(D)) < k x (D), for
any bounded subset D of X.

Now, let us introduce other examples of measures of noncompactness that was investigated
in [19].
For every bounded subset D C C([0, a], X), we define

mode (D) = sup{modc(D(t)) t €0, a]},
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where

mod¢ (D(1)) = lim sup{ sup{| x(t2) —x(11) |: 1,10 € (1 — 8,1+ 8)}},

—YxeD

and

Xoo(D) = sup{ x(D(0)) : 1 €[0.al},

where x denotes the Hausdorff measure of noncompactness in X. and since we miss the full-
ness in such MNCs, we define the function v on the family of bounded subsets in C([0, a], X)
by taking

¥ (D) = Xoo(D) + modc (D),

Then, ¢ is a full monotone and nonsingular MNC on the space C([0, a], X). for more
details we refer to [17, 19].

Theorem 1 [10] Let | be a function from R™ into L(H). Suppose that [ is continuous for
the strong operator topology. Let D be a bounded subset of H, and {f(~)u T u € D} -
CR*, H). Then, for any t > 0, we have

modc (F (1)D) < o(F (1)) x (D).
In particular, for any t € [0, a], we have
mode (F (1)D) < 2M x (D),
where

o(F@®) = lim sup {IF@)x —Fa)xllu: t, €@ —8,1+6)},

V=l

and

M:= sup |IF (D)l @ < oo. )
r€l0,a]

Lemma 3 [5] For any p > 1 and for arbitrary Lg (K, H)-valued predictable process ®(-),
we have

2p
sup E
s€[0,1]

t 2 1 p
< (p2p - 1))”(/0 (E||<I>(s)||L§)pdS> 120,

/S D (u)dW(u)
0

H

ya
2

in the rest of our paper, we denote by C), = (p(p - l)/2) .

Lemma4 [26]If®(-) C LP([0, a], Lg(]K, H)), W(¢) is a Q-Wiener process. Forany p > 2,
the Hausdorff measure of noncompactness x satisfies

t
x(/ O(5) dW(s)) =[S (p = Dx (o).
0

t '
/ DO(s) dW(s) = {/ x(s) dW(s) : forallx € ®,t € [0, a]}.
0 0

where

@ Springer



24 Page6of19 0. Melati et al.

Theorem 2 [24] Let D C H be a closed, convex subset of a Banach space H, with 0 € H.
Suppose that there is a continuous map T : D — D, satisfies Monch’s condition, that is

Do C D countable, Dy C (@{0} U T(Do)) = Dy is relatively compact.

Then T has at least one fixed point in D.

In order to obtain our results, we need to recall some details about resolvent operators for
integro-differential equations.
In what follows, H is a Banach space, A and Y'(¢) are closed linear operators on H. Let
KK be the Banach space D(A) equipped with the graph norm defined by
Iyllx = 1Ayl + NIyl ¥ € K.

The notation C(R™, IK) stands for the space of all continuous functions from R* into K.
Let us consider the following Cauchy problem
t
u (t) = Au(t) +/ Y(t —s)u(s)ds, t=>0,
0
u(0) = ug € H. 3

Definition 4 ([12]): A resolvent operator for the problem (3) is a bounded linear operator
R(t) e L(H), for t > 0, having the following properties:

(1) R(0) = I (The Identity operator of H) and [|R(?)| < MeP! for some constants
M > 0and 8 € R.
(ii) For each u € H, R(¢)u is strongly continuous for r > 0.
(iii) Foru € K, R()u € C'(R*, H) nC(R*, K) and

t
R (Hu = AR(t)u + / Y(t — s)R(s)u ds
0
t
= R(t)Au + / Rt —s)Y(s)uds,fort > 0.
0

Next, we make the following hypotheses:

H (1) The operator A is the infinitesimal generator of a strongly continuous semigroup
(T(#))s=0 on H.

H(2) For all t > 0, Y(¢) is a closed linear operator from D(A) to H and Y(¢) €
LK, H). For any u € KK, the map ¢+ — Y (¢)u is bounded, differentiable and the
derivative t — Y’ (t)u is bounded and uniformly continuous on R™.

Theorem 3 ([12]): Assume that H(1) — H(2) hold. Then there exists a unique resolvent
operator to the Cauchy problem (3).

For more details concerning resolvent operators of integral equations we refer to [7, 12,
13]. Now we can define a mild solution of our problem 1.

Definition 5 A F;-adapted stochastic process {u(r) t € (—o0, al} is called a mild solution
of (1),ifug =& € B, u |[0,q1€ PC and

t
u(t)=R(t)?,—‘(0)+/ R(t —5)f(s,us) dWs + Z Rt — )T (u@)).
0

O<t; <t
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3 Existence of mild solutions results

The following assumptions will be required throughout this paper

H(3) The nonlinear function f : [0,a] x B — Lg (K, H) satisfying the following
conditions:

—_

The function t — f (¢, u) is strongly measurable for any u € B.

2. The function u — f(¢, u) is continuous for any ¢ € [0, a].

3. There exists a positive constant r > 0, a function m € Ll([O, al, R+), and a
nondecreasing continuous function ¢ : R* — R such that

@r(r)

E(If@wlfy) < m@er(ixlly)  tim inf 22 =0 < oo,

4. there exists a function ¢y € L'([0, a], RT) such that for any bounded set D C B

x(f@, D) <¢p@) sup x(D@O).

—00<6<0
H(4) The impulsive function J; : H — H is continuous and for all u € H

1. there exist N; > 0, and for some positive number » > 0, we have

. . N,' r
ENG@I” < Ni(lullly) — tim_inf 2

+o0 r

=0< o0,

2. there exist constants o; > 0, such that for any bounded set D C B

X(Ji(D)) <ai sup  x(D(®)).

—00<60<0

Theorem 4 Assume that the hypotheses H(1) - H(4) are satisfied. Then the impulsive
stochastic integro-differential problem (1) has at least one mild solution, provided that

lo = M(2,/aZ (0 = DIEFI 104y +3Zo,)<1 @

Proof Let us consider the space E, of all functions u : (—oo, a] — H such that ug € B,
and the restriction u |[g 4j€ PC, with the seminorm || - |4, defined by

1

lulla =l ol + ( sup Ellu) 15)” u € Ea.

0<t<a

Now, consider the operator S : B, — &, defined by

50 t € (—o0, 0],
t
(Su)(1) = R(1)&(0) -I—/O R(t — ) f (s, us) dWs .
+ Y R —t)Ti(u(). /e [0.al.
O<tj <t

For £ € B, we define & by

g 5@, t € (—00,0],
5) = { R0EO), tel0,al
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Then,é € 8q4, we can decompose u(t) = z(t) + §(t), t € (—o0, al,if and only if zo = 0,

and

0, € (—00,0],

t
R(t —s)f(s, zs + &) dWs
ol £(s.20+E)
+ Y. Rt—t)Ti(z¢) + ). tel0.al.
O<t; <t
Let ) = {z € 84 z0 = 0 € B}, for any z € E,,we have
1 1
2 lla = Il zolls + ( sup El =) 15)" = ( sup BNz )"
0<t<a 0<t=<a
Thus, (22, | - ||33) is a Banach space.
LetT : Eg — 82 be the operator defined as follows
0, re (_005 0]7
t
Rt —s)f(s,z +§ dWs
(T2)(1) = /0 (5.2 ) (6)
+ Y Rt -t)Ti(2(67) + &), tel0,al
O<t; <t

Clearly, It turns out that the operator S has a fixed point is equivalent to 7" has one. So we
only need to prove that T has one. This will be achieved in several Lemmas.
Forr >0,let Q0 ={z € B} E|zllf; <r}.

Clearly. Q? is a bounded closed and convex set, and for any z € Q?, and from Lemma 1,
we have

2+ o =277 (2 15 + 15 15)

< 4P—I[Mal’ Ell zo Il + Ké’( sup E| z() II§1)

0<t<a

+M{ Ell & I + KE( sup EIl ROEO) ||f{{)}
0<t<a
< 4! [K”( sup Ell 2(1) Iy ) + (M2 + Ké’M"H”)Ensng}
0<t<a
< 47 [KLr+ (MY + KEMPHP)E) € 15 | =, ™

Step 01: We claim that there exists r > 0, such that T(Q?) C Q?. If it is not true, then

for each positive number r, there exists a function 7" € Q?, such that E||T (") (®)||P > r,
then for any ¢ € [0, a], by (2), (7), and Lemma 3, we have

t - P 2 g
r<E|TEH® |" < 2P—‘MPC,,U (E” f(s.25 + &) 0)”6“]
0 L

w2ty 3 E“f(zr(ti_)Jré(’i_))Hp

O<t; <t

t
< 20 P C P /0 m(©)es (| 25 +& llhy) ds
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n
+277IMP Y Nl 2L & 1)

i=1

< 2P—1Mpcpap/2—1 ” m ||L1([O’a]’R+)<ﬂf(r*)

n
2P MP Y N ().
i=1

Dividing both sides by r, and taking the lower limit as r — oo, we get that 1 < 0, witch
is a contradiction. Hence, T(Q?) - 529.

Step 02: We show that the operator 7 : Q¥ — QU is continuous. For that purpose, let
us consider a sequence {z"}72 | < Q? such that lim,, ., 7" =z € 529 By H(3)- H(4), we
have

Jim 7.2 +E) = (o7 + E), ®
lim J;(2" (@) + &) = Ti (2() + & (1) ©)

<277 m(s)pp(r™). (10)

- -\ |7
EHf(s,zg’ +&)— f(s.2s + &) L0
2
Then, from the Lebesgue dominated convergence theorem, we obtain that
n 14
E| e - o)
)4

< 2P1EH/OI R(t — s)f(s, Z + s) - f(s, s+ §s>dWS

p

> Re =7 (") +E) = T (20 + )

O<t; <t

<o turcy| [ (e] £zt 48) - r(sn &)

IS E‘

O<t; <t

+2r7'E

PN\Dp
0) ds:|
L2

I

Ji(2 @) + §(ti)) = iz + Ea))

—> 0 as n —> oo.
Then, we conclude that
I(TZ") — (T2)|2 — 0, asn —> oo.

Therefore T is continuous.
Step 03: We show that the Monch condition hold. Let D = {z"}72 | be a countable subset
of @Y, such that
D C (co{zo} UT(D)). (11)

We show that the set D is relatively compact.
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From (H3)-(H4), using (2) and Lemma 4, we have

x(TD@)) < X({/Ot R(t—s)f(s, 2" + éy)dWs}oo 1)

n=

(| X Re-0T(w +§(li))}oo_,)

n=
O<tj<t

p n £ -
< Mmllffllu (10.a1.R+) _ozgsox ({z (s+6)+&(s+ 9)},1:1)

+Mio,- sup x({(z”(ti+9)+§(fi+9))}oo)

D] —o0s0<0 n=1

p n 00
= MyJas (= DIgrl (o.0,0) 200 X (1" O,2)

+M Za,- sup x({z"(6)152))-

i=1 0=é; <t;

Hence,

p n
Xeo(T(D)) = M(\ a5 (0 = DIE N g, 50) ;a,-)xoow). (12)

On the other hand, using Theorem 1, we obtain

mode (T'(D)) = M(\a5 (0 = DIEs (0,0 56) +2 201 xee (D). (13)

i=1
Then, Combining (12), and (13), we get

p n
Y (1) = M(2/aZ(p = DIl 1 20) +3;m)¢<0>. (14)

From (11), and condition (4), we see that

YD) = ¥ (20} UT(D)) = (T (D)) < low (D).

This implies that (D) = 0, since Iy < 1, therefore D is relatively compact. From
Theorem 2, we conclude that T has a fixed point. Then u = z + £ is a fixed point of S in &,
which is a mild solution of (1). ]

4 Controllability results

In this section, we deal with the controllability of impulsive stochastic integro-differential
equation of the form:

du(t) = [Au(t) + /, Y (t — s)u(s)ds + Tv@®)]dt + f(t, u;) dW (1),
0

t#t;,tel0,al, (15)
ut) =u@) + Fi(u@), i=12,....n,
u(t)y =£&(@t) € B.
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Where the control function v(-) takes values in L? ([O, al, U) of admissible control function
for a separable Hilbert space U, I" : U — I is a bounded linear operator. The rest are defined
as in problem (1).

Definition 6 A F;-adapted stochastic process {u(¢) : t € (—o00, a]} is called a mild solution
of (15),if u(t) =&() € B, u |j0,a1€ PC, and for ¢ € [0, a]

t t
u(t) =R(t)$(0)+/ R(t—s)f(s,us)dWs—{—/ R(t—s)Tv(s)ds+ Y R(t—1)Ji (u(t))).
0 0

O<t; <t

Definition 7 The stochastic control system (15) is called controllable on the interval [0, a],
if for every initial function & € B and ur € H, there exists a suitable stochastic control
v(-) € LP([0, a], U) such that the mild solution of (15) satisfies u(a) = ur, where u7 and
a are preassigned terminal state and time, respectively.

To establish our result, we need to state the following condition
H(5) The linear operator W : L?([0, a], U) — H defined by
a
Wy = / R(a — s)Tv(s) ds,
0
has a bounded invertible operator W~ which takes values in L? ([0, a], U)/KerW,
and
1. there exist two positive constants ®1, & such that
ITN<®, W li<e,,
4. there exists Lyy () € L1([0, a], R1) such that for any bounded set D ¢ H

1 (W DI®) = L x (D).

Theorem 5 Assume that the hypotheses H(1) - H(5) are satisfied. Then the control function
of stochastic integro-differential system is controllable on [0, a], provided that

n
lo = M(2 /ag(p — DIIgs I +3Za,~)(1 +M(~)1||LW||L.) <1
i=1

Proof Using H(5), we define for an arbitrary function u(-), the following control

vu(r):w—l[uT_R(a)s(O)—/ R(a—s)f(s, us)dWs — Z R(a—ti)Ji(u(tf))](t).
0

O<ti<a
Then, we shall show that using this control function, the operator f : E, — E, defined
by
S(t)v te (—OO, 0]7

t
R 0 R(t — ,ug) dW
Fu() = (1&( )+/0 (t=5)f(s,us) dWs

t
+/ R(t—9)Tvs)ds+ Y Rt—t)T(u@)), tel0.al
0

O<t; <t

has a fixed point. This fixed point is the mild solution of (15).
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Obviously, u(a) = (F u)(a) = ur, which means that the system (15) is controllable.
LetG: Eg — Eg be the operator defined as follows

0, -
! t
GO = /0 Rt —s5)f(s. 25 + &) dWs+/0 R(t — $)Tv.(s) ds
+ D0 RE=)T (26 +EGD), t €10, al,
O<ti<
1<t o
where

v.(s) = W [w — R(a)£(0) — / Ra — s)f(s, %+ §s>dWs
0

-y R(a—tz)Ji(z(ti_)+§(t,-_))](s)-

O<ti<a

It turns out that the operator f has a fixed point is equivalent to G has one. All we need
is to prove that G has one.

Step 01: We claim that there exists r > 0, such that G(Q?) C Q?. If it is not true, then
for each positive number r, there exists a function z" € Q?, such that E||G(")@)||P > r,
then for any ¢ € [0, a], we have

t
r<E| GO0 |7 < 3P—1EH/ R =) f (s, +&)aws|”
0

r—1 ' b
43 EH R(t — 5)Tvor (s) ds H
0

+3P_1EH > RG- ti)Jt(Zr(ff) +§(ti7))”p

O<tj <t
3
=371 Y E| i) |7
i=1
From (H3), (2), and Lemma 3, we obtain

E|| A@) P = E”/Ot R(t —s)f(s, z5 +§S)dWsHp

< MPCP[/OI(EH £s. 2 +&) Zg)‘z’ds]g

t
< MPCpab/>! / ()1 2 + & 1) ds
0

< MPCpa?* N m ILigs (). (17)

By (H3)-H(5), (2), (7), and Lemma 3, we have
d P
E|l Ar(0) ||P = EHfO R(t — $)Tvur (s) a’sH

t
< MP@{’@Q/ [En 2o 1P + MP E|| £Q) |17
0

@ Springer



Existence and controllability results... Page130f19 24

+MPCra?* im llLios (Il 25 + & 1)

n
+MP Y Nl 25 + & ||f;,>] ds

i=1

< Mf’@{’@é’a[En zr |17+ MPHP || & |5,

n
+MPCpa? > m gp(r*) + MP Y N; (r*)]. (18)

i=1
And from H(4), we obtain

El a0 17 = E| Y Rt -w)7( @) +Ea)|

O<t; <t

n
MP Y Nl 25 + & 11%)
i=1

IA

< MPY Ni(r™). (19)

i=1
Combining (17), (18), and (19) yields us to
r<E| GEH®) |7 <3P MPCpa?* N m |ILigy ()

+12P*‘Mp®f®§’a[E|| zr 1P+ MPH? || & |5

n
+MPCpa? >N m | (r) + MP Y M(r*)]

i=1

n
377 MP Y N ().

i=1

Dividing both sides by r, and taking the lower limit as » — oo, we get that 1 < 0, which
is a contradiction. Hence, G(Q?) - 529

Step 02: We show that the operator G : 529 — Q(r) is continuous. For that purpose, let us
consider a sequence {7"}2 | C Q?, such that lim, . 7" =z € Q(r)

Then, employing the Lebesgue dominated convergence theorem, combined with (2), (8),
(9), (10), and Lemma 3, we obtain

p
E[ G0 - G20
P

<301 /Ot R(t — s)f(s, 2" +.§s) - f(s,zs +§s)dWs

p

t
131 / R(t—s)l"(vzn(s)—vz(s)) ds
0

14

+37E| Y Re =0T (@) +E@) - T (26 +Ew)

O<ti<t
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e [ (o] e+ o) ]

t
+ 3P—1Mp®f/ E
0

v (s) — UZ(S)HP ds

+30 iy Y EHJ,-(z"(ti)Jré(ti))—Ji(z(t,-)+§(t,-))Hp
O<t;<t

—> 0 as n —> oo.

where

Elvas) - vz(s)”p < ®§[Mpcp(/a(EH f(s,zf: +§J) - f(s,zs +§s) ,,2

+MP Z E”J(z (t)+€(t)> (Z(t)"'g(t))H ]

— 0 as n —> 00.
Then, we conclude that
P
H (GZ") — (G2) ” —> 0, asn — oo.
a

Therefore G is continuous.
Step 03: Let D = {z"}°2 | be a countable subset of Q?, such that

Dc (@{ZO} U G(D)). (20)

We show that the set D is relatively compact.
By (H3)-H(5), using Lemma 4, we have

X({Uz"(s)}rozil)
< LW(.V)[Mx([/Oaf<v 2+ & )de] . )

1 Y x({aa +Ew)

O<ti<a

<LW(s)[M /a (p—l);f(t) sup x({z (s+9)+§(s+9)} )
—00<60<0 n=1

+ MZU, sup X({(Zn(ti +6) +‘§(ti +9)>}:o:1>]

—00<6<0
< L(s) [M, e =150 s x([O))
+MZUosup x ({2 (612 )] 1)
< <[

i=1
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Then, from (H3)-H(5), and (21), for each ¢ € [0, a], we obtain that
x(G(D)®))

< Mx({/ot f(S»Z? +§S)dws}:o=1>
+ M/Ot ®1X<{UZ”(S)}:O=1) ds

o 5 allatn i)
0<t;<a

<M ag(p— D¢ () sup x({Z”@)}iil)
0<d6<s
t
+M/O ®1LW(S)[M ag(P—l)Cf(S)OSgp x({Z"®L2)

+ MZUi sup x({z”(&)};’il)] ds

i=1 0=<8; <t

+MY o sup x(( D))

i=1 Oflsifti

= M\JaZ(p = Dls I (1+ MOILwlL ) xoo (D)

n
+ MY 01 (14 MOUILw L) xoo (D),
i=1

Hence

xo(G(D)) = M(\JaZ(p = Dligs s + Y00 ) (14 MOULwIL ) xe(D). 22)

i=1

On the other hand, using Theorem 1, we obtain

mode (G(D)) < M( /ag(p — Dligs I +2;0i) x

x(1+ MO Ll ) xoo (D). (23)
Then, by combining (22), and (23), we get

Y(GD) = M(2,Jal(p = Diigslu +3Y 00 ) (1+ MOULwlL )y (D). 24

i=1

From (20), we see that

¥ (D) = v (elz0} UGD)) = ¥(G(D)) < low (D).

This implies that ¢ (D) = 0, since [y < 1, therefore D is relatively compact. From
Theorem 2, we conclude that G has a fixed point. Then u = z + £ is a fixed point of F in
E,, satisfying u(a) = ur. Hence, the system is controllable on [0, a]. ]
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5 Applications

Example 1 Let us consider the following problem

9 92 ! 92
Ew(r,z)_ a—zzw(t,z)—f—/o {(t—s)ﬁw(s,z) ds

+A1@®) f(wt —r,2)) dW(), fort € [0, 1], z € [0, ], 25)
w(t,0) =w(t,7)=0, fort € [0, 1],
w(t;") = wt;) + T (w(t)), i=1,2,..., n,
w(t,z) =&E(t,z) €B fort € (—o0, 0], z € [0, 7].

Where W () is a standard Brownian motion defined on (2, F, {F;};>0, P).

LetU=H = L2([0, 7], R) the space of all square integrable functions on R, and the
phase space B = PC xLP (h, H), where h :]—o0, —r] — Ris apositive Lebesgue integrable
function, as introduced in [16], it is well known that B satisfies axioms (A)-(B). Moreover,

whenr =0, wecantake H =1, M(t) = y(—t)%, and K(t) =1+ (fg h(t)dt)%.
we define A : D(A) C H— Hby Aw = w’, with

D(A) ={w e H, w, w' are absolutely continuous , w' e H, w(0) = w(r) = 0}.

Then Aw = Z:;anz(w, en)en, w € D(A), where e,(s) = \/gsin(ns),n > 1 is the
orthogonal set of eigenvectors. From [8], it is well known that A is the infinitesimal generator
of a strongly continuous semigroup 7 (¢)(t > 0) in H, which is not a compact semigroup
fort > 0,then T (t)w = E::o?e_”zt(w, e,)e,. Furthermore, we suppose that ¢ : Rt — RT
is bounded and C! continuous function, with ;‘/ is bounded and uniformly continuous then
(H1)-(H2) are satisfied.

Let Y : U — H defined as follow

YHw =¢(t)A-w, fort>0,w € D(A).
If we take u(t)(z) = w(t, z), then the Equation (25) can be written into the following
abstract form
t
du(t) = [Au(t) —I—/ Y(t —s)u(s)ds + f(t,u;) dW(t), t #1t;,t € [0,al],

u([l.+) :u([;)—l—%%u([l‘)), i=1,2,...,n,
u(t) =&(t) € B.

Let f:[0,1] x B — Lg(]K, H) be given by f (¢, ¢)(z) = fi (t)fz(go(—r)(z)), where
f1:10,1] — Ris integrable, and f> : R — R is Lipschitzian with Lipschitz constant L g,.
Fort € [0, 1] and ¢ € B

1f @ @)= f@. v =| i) | Lplle(=1) =¥ (=D

by the property of the Hausdorff measure of noncompactness, we have for any bounded
subset D € B

x(f@, D) <| fit) | Ly, sup x(D(®)).

—r<6<0

Furthermore, we have

11 @0l <1 AO 1 (I£(eDE) + £01)
= LA® Lerlal,
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where ¢r(llgll) = L r,q+ | f2(0) |, this mean that (H3) hold.

Assuming J; : H — H defined by J; (u(t,'))(z) =7 (w(ti, z)) satisfies H(4). Further-
more, if the condition of Theorem 4 is fulfilled, then the problem (25) has at least one mild
solution.

Example 2
t
% =Awo(t,e)+ / ((t—s)Aw(t,e)ds
0
+un(t, &) + f1@) fr(w @t —r, &) dW(), t €10,al, € €[0,1], 26)
o(t,0)=w(t,1) =0, for ¢t € [0, a],
o(th) =w0)+ Ti(w i, 2), i=12....n,
w(t,e) =E&(t,e) €B t e (—o0,0], e €[0,1].

Where W () is a standard Brownian motion defined on (2, F, {F;}s>0, P). ¢ : Rt - R*
is a ¢! function, with (’ bounded and uniformly continuous, the coefficients a, b and ¢ are
unbounded, . > 0, and 7 : [0, a] x [0, 1] — R™ is continuous in ¢, and the phase space
B = PC x LP(h, H), where h :] — oo, —r] — R is a positive Lebesgue integrable function,
as introduced in [16], it is well known that 9B satisfies axioms (A)-(B). Moreover, when
r=0,wecantake H = 1, M(t) = y(—1) %, and K (1) = 1 + (/°, h(z)dT)?.

Let H = L2([0, 1], R) the Banach space of square integrable functions, we define the
operator A by

DA =|w el o o cH w0 =wo()
3wt ¢) dw (1, €)

Py + b(e) ” w(t,e)+e@@)w(t,8).

From [8], it is well known that A is the infinitesimal generator of a strongly continuous
semigroup 7 (¢)(t > 0) on H.
We also define the operator Y : U — I as follows

Aw(t,e) =a(e)

Y(t)o =¢()A-w, fort>0,w € D(A).
AndletI" : U — H be defined as follows
(Tv(®))(e) = un(t, e), & €[0,1],v € L?([0, a], U).

If we take u(t)(e) = @ (t, ), then the Equation (26) can be written into the following
abstract form

t
du(r) = [Au(t) +/ Y(t — s)u(s)ds + Tv(t)]dt

+ f(t, uy) dW(tO), t £t;,t€[0,a],
ut) =u@) + T (w@)),  i=1,2,....n,
u(t) = &(t) € B.

Clearly

ITOylE < I1EOA - yllu < Olylu.

and

d /
I7; YOyl =1 & @ Ayl = @lyllv,

forall y € U, and all t € R*, accordingly (H1) and (H2) are satisfied.
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Let f : [0,a] x B —> LI(K, H) be given by f(z, ¢)(e) = fi(t) f>(¢(—7)(¢)), where
f1 :10, a] — Rissquare integrable, and f> : R — R is Lipschitzian with Lipschitz constant
Ly, .Fort €[0,a]land ¢ € ‘B

1f@ @)= f@ I =I /i) | Lplle=1) =¥ (=Dl

by the property of the Hausdorff measure of noncompactness, we have for any bounded
subset D € B

x(f@, D) <| fit) | Ly, sup x(D(@®)).

—-r<6=<0

Furthermore, we have

1ol <1 A0 | (1£(eE0@) + LO)
= LA® Loslal.

where g7 (llgll) = L f,g+ | f2(0) |, this mean that (H3) hold.
Assuming J; : H — H defined by J; (u(t))(¢) = Ji (o (t;, €)) satisfies H(4). and for
¢ € [0, 1], the operator W defined by

1
W(e)v = //,/ R — s)v(s) ds,
0

Assuming that W satisfies H(5). Furthermore, if the condition of Theorem 5 is fulfilled,
then the problem (26) has at least one mild solution, which is controllable on [0, a].
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