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Abstract

The purpose of this article is to define a new general weighted class of hyperholomorphic func-
tions, the so called Bff,,w(G) Spaces. For this class we obtain characterizations by weighted
Bloch B% spaces. Moreover, we characterize the hyperholomorphic B¢ ,,(G) functions by
the coefficients of certain lacunary series expansions in Clifford analysis.

Keywords Quaternionic analysis - B, ,,(G) spaces - Hyperholomorphic functions - Clifford
analysis

Mathematics Subject Classification 32Axx - 32Hxx

1 Introduction

Quaternion analysis is the generalizations of the theory of holomorphic functions in one com-
plex variable to Euclidean space. The concept of the hyperholomorphic functions based on
the consideration of functions in the kernel of the generalized Cauchy—Riemann operator. The
algebraic structure represents the measure difference between the theory of hyperholomor-
phic functions and the classical theory of analytic functions in the complex plane C. Analytic
functions in C form an algebra while the same is not true in the sense of hyperholomorphic
functions. The study of hyperholomorphic function spaces began with the interesting papers
(see [5, 8, 11, 14]) and others.

Our objective in this article is twofold. First, we introduce a new generalized quaternion
space Bg,w (G) and study relations to the quaternion B¢ space. Furthermore, we will consider
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some essential properties of B, (G) spaces of quaternion-valued function as basic scale
properties. Second, characterizations of the hyperholomorphic B ,,(G) functions by the
coefficients of certain lacunary series expansions in clifford analysis are obtained.

2 Preliminaries
2.1 Analytic function spaces

LetD = {z € C: |z] < 1} be the complex unit disk. The well known Bloch space is defined
by:

B= :f : f analytic in D and B(f) = sup(l — |z|2)|f/(z)| < oo} .
zeD
Composing the Mobius transform ¢, (z), which maps the unit disk D onto itself, and the
fundamental solution of the two-dimensional real Laplacian on D, we have the Green’s
function g(z,a) = In Ila_f”zzl with logarithmic singularity at a € D. Here, ¢, always stands
for the Mobius transformation ¢, (z) = {=;. Stroethoff [26] gave the following definition:

—a

Definition 1 Let f be an analytic function in D and let 0 < ¢ < oo. If

2
I £1I, = sup /D If' (@)1 — |z|2)"*2<1 - |<oa<x>|2> dA(z) < o0,

aeD
then f € BY.

Definition 2 (See [4, 16]) Let aright-continuous and nondecreasing function o : (0, 1] —
(0, 00), the weighted Bloch space B, is defined as the set of all analytic functions f on D
satisfying

(I =1zDIf' @) < Co(1 —|z]), zeD,

for some fixed C = Cy > 0. In the special case where w = 1, B, reduces to the classical
Bloch space B.

Definition 3 (See [17, 23]) Let 0 < @ < o0 and w : (0, 1] — (0, co). For an analytic
function f in D, we define the weighted «-Bloch space B2, as follows:

1 — o !
BS = {f : f analyticinD and | f|lge = supM < oo}.
? zep o —lzD

Also, the little weighted «-Bloch space B , is a subspace of B consisting of all f € By,
such that

(- 1=D*|f'@] _

lzl—>1- ol —|z|)

2.2 Quaternion function spaces

To introduce the meaning of hyperholomorphic functions, let IH be the skew field of quater-
nions. This means we can write each element w € H in the form

w = wo + wii +wyj + w3k, wo, wi, wz, w3 € R,
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where 1, i, j, k are the basis elements of IH. For these elements we have the multiplication
rules

iP=j2=k=—1,ij=—ji=k kj=—jk=iki=—ik=].
The conjugate element w is given by w = wo — w1i — w» j — w3k, and we have the property
wWw = ww = ||w||2=w§+w%+w§+w§.

Moreover, we can identify each vector x = (xg, X1, x2) € R3 with a quaternion x of the
form

X =x0+x1i +x2j.

In what follows we will work in B1 (0) C IR3, the unit ball in the real three-dimensional space.
We will consider functions f defined on B (0) with values in IH. We define a generalized
Cauchy—Riemann operator D by

af .of  .of
Df = — — _—,
f 0xo +18x1 +Jaxz

and it’s conjugate operator by

5]? ﬂ_iﬂ_ji

- X0 ax1 Ixy
For these operators, we have that
DD = DD = A3,

where A3 is the Laplacian for functions defined over domains in IR3. For |a| < 1, we will
denote by

ga(x) = (@ —x)(1 —ax)™",

the Mobius transform, which maps the unit ball onto itself. Furthermore, let

1 1
£ =0 (|¢a(x>| B 1)’

be the modified fundamental solution of the Laplacian in IR®> composed with the Mobius
transform ¢, (x). Especially, we denote for all p > 0

w5 iy
D= o g ()] '

Let f : B — H be a hyperholomorphic function. Then from [11], we have the seminorms
o B(f) =sup,p(l — [x[H)¥?Df(x)l,
o 0)(f) =sup,ep [ IDf()PgP (x, a)dBy,

Definition 4 (See [5]) Let 0 < o < c0. Recall that the hyperholomorphic a-Bloch space is
defined as follows:

B* = {f € ker D(B1(0)) : sup(1 — |x|2)37a|5f(x)| < oo},

xeB

the little a-Bloch type space B is a subspace of B consisting of all f € B* such that

. 2, 3¢ —
lim (1—[x[")2|Df(x)|=0.

[x|—1
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Quite recently, El-Sayed Ahmed in [5], gave the following definition:

Definition 5 Let f be quaternion-valued function in B. For 0 < ¢ < 0o, and 1 < a < 0.
If

3
— 3aq
Il = supf IDf )11 - |x|2>7’—3(1 - |<pa<x)|2) dB, < oo,

« acB JB

then f € BZ. Moreover, if
3
_— 3a
dgl/BIDf(X)I"(l - |x|2>7"—3(1 - |goa<x>|2) dB, =0,

then f € B .
Ahmed and Asiri in [8], gave the following definition:

Definition 6 Let aright-continuous and nondecreasing function @ : (0, 1] — (0, c0), and
l < @ < oco. A quaternion-valued function f on B;(0) is said to belong to the weighted
a-Bloch space By, if
3a
(1-xPE
I fllsg = sup —————=|Df(x)| < oo.

xeB ) @l —|x])
Moreover, a quaternion-valued function f on B (0) is said to belong to the weighted «-Bloch
space B? , if

,0°

-
1, = tim D 5] < oo

lxl->1- o(l — |x])
Now, we use the definition of Green function in R? (see [2])

1 —lga ()]
0. = g

Then, we introduce the following new definition of the so called the hyperholomorphic
Bg,w(G) spaces.

Definition7 Let | <a < 00,0 < g < 00, and w : (0, 1] — (0, 0c0). Assume that f be
hyperholomorphic function in the unit ball By (0). Then, f € Bgﬁw(G), if

(1 — fx2)3 @t

q — . D q
B ,(G) = {fekerD. sup /]BI(O)|Df(X)| w11 — x])

(G(x,a)) dB, < oo}.
aEIBl(O)

The space BZ.w,O(G) is subspace of Bgﬁw(G) consisting of all functions f € Bg,w(G), such
that

(1= x[) 3t

lim Df(x)) (G(x,a))’dB, = 0.

lal—1- JB, (0) @l (1 — |x])
The following lemma, we will need in the sequel:

Lemma 1 (See [24]) Let f : B1(0) —> H be a hyperholomorphic function. Let0) < R < 1,
1 < q. Then for every a € B1(0)
3.42%4

D q D q
D@ < s R — Ry /M(Q,R)|Df(x)| dB,.
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3 Characterization of Bg » (@) spaces in Clifford analysis

The relations between B, ,,(G) space and B% spaces are given in quaternion sense. The
results in this section are extensions and generalization of the results (see [13]).

Proposition1 Let 1 <o <00, 0 < p < 00,0 < g < 00, and w : (0,1] — (0, c0).
Assume that f be hyperholomorphic function in the unit ball B1(0). Then

(1= ap)’?
o1 (1 = JaD

(ag+4)
Df (@)

la
48(2)%(1 + R)? 1— x>

= 7R3 — R)M3(1 — [a)? /Bl<0)'Df(x)' i~y (G @) dBx.

Proof Let M(a, R) = {x € B1(0) : |p,(x)| =
with center ¢ and radius R. Then

—x |
a.

‘l e r< R} be pseudo-hyperbolic ball

+ (1= |x | 2ieatd 3
D q G(x, dB,
/B.«» DI =Gy ()

= (1= |x | 2ieatd 3
D 4 G(x, dBy.
o DIy (60

Since
| pa(x) | <R, Vx € M(a,R),
and
G(x,a) = W.
Then, we have
2

1+R

Now, for fixed R € (0, 1) and a € B(0).
Let E(a, R) C M(a, R), such that

G(x,a) = , wherel—R< |1—ax| <1+R.

E@,R)={xeB1(0): |x—a|] <R|1—a]}.
Then, we deduce that

- (1= | x| ?dertd :
D q G(x, dB,
/E]«» DI ey (w9)

1—R2\3 _ 1— 2y} (@g+4)
z(l )/ Do e i 1D dB,
+R M(a,R) wi(l—|x])

1—R%\? _ 1 — 2y3 (ag+4)
z( )f 1D oL D dB,
1+R E(a,R) wl(1—[x])

1 — R2 3(] _ |a | 2)%(‘1L]+4)
>
“\1+R wli(1— |al)

/ | Df(x) | 9dB,.
E(a,R)
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Now, using Lemma 1, we obtain

_ (1= |x|2)3a+d 3
D g G(x,a)) dB,
/Bl«» DI V= ey (@)

1— R? 3(1_ |a|2)%(aq+4)ﬂR3(1_R2)2q(1_ |a|2)37 .
> 5 IDf (@)
14+ R wi(l— Jal) 3(4)a+
7R3 = R0~ |a| 2)%(aq+6) o
= = = Df (@),
311+ Ryl — |al)
which implies that,
3
(- la|Hzlerd —
WIDf(a)l
48(27%(1 + R)? (1= | x| Hieatd

(G(x,a)) dB,.

D q>_ ' 7
= TR - RO — [a|2)? /M P T )

This completes the proof. O

Corollary 1 From Proposition 1, we get for | < a < 00, 0 < p < 00,0 < g < 00, and
w: (0,1] — (0, 00) that

3
55 (@g+4)
Bg’w(G) C By' .

Proposition2 Let1 <o <00, 0<p <o00,0<qg <o00,andw: (0,1] - (0,00). Let f
35 (aq+4)
. .

be a hyperholomorphic function in B1(0), Ya € B1(0); |a| < 1 and [ € B, Then,
we have that
3
= (1= Jx|H2latd 3 v
| Df(x) |1 G(x,a)) dBy < k(B,(f)),
/B](m wl(1— |x|) ( ) B @
where y = %(aq +4).
Proof
(1= |xH¥
D T < By(f).
i =y P @I =B
(See [8, 11]). Then,
3
— (1— | x |2zt 3
/ [ Df(x) |1 (G(x,a)) dB,
B, (0) ol(1—1x1)
3
=B [ (Gx.a) dB,.
B1(0)
Using the equality
1 — 2 1 — 2 1 — 2
Goray e L@@ 2 A= lal)—1x1?) o
|1 —ax | |1 —ax |3
where

l—Jx| = [l-ax| <l+4+|x|, I1=Ja| =|l—-ax| =1+ Ja| =2. (9
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Then, we get
3
= (1= x| 2zt 3
| Df(x) |1 G(x,a)) dB
/IBI<0> wi(1— |x]|) ( ) B
(I—la|HA - |x|?)?
< B, () f ~ dB,.
¢ B (0) |1—ax|?® y
(I—la|)P0—|x]|)?
< 2°B,,(/)) .
@ B (1— [x[HA— [al)o
PRt R——
B (1= lal)
< k(B,, (1))
Therefore, the proof of proposition is complete. O

Corollary 2 From Proposition 2, we getfor | < a <00, 0 < p <o00,0 < g < o0, and
w: (0,1] — (0, 00), that

3 (@q+4)

Ba C BY,(G).

The results in Corollaries 1 and 2 prove the following theorem, which give to us the
characterization for the hyperholomorphic weighted Bloch space by the integral norms of
B{,.,(G) spaces of hyperholomorphic functions.

Theorem 3 Let f be a hyperholomorphic function in By (0). Thenfora, p > 1,0 < g < oo,
and w : (0, 1] — (0, 00), we have

3 (@q+4)

B2 = BY,(G).

For characterization the little hyperholomorphic weighted Bloch space, used the same
arguments in the previous theorem to prove the following theorem.

Theorem 4 Let f be a hyperholomorphic function in B1(0).Thenfora, p > 1,0 < g < 00,
and w : (0, 1] — (0, 00), we have

37 @q+4)

B =B?

o,w,0

(G).

Theorem5 Let0 < R < land w : (0, 1] — (0, 00). for the hyperholomorphic function f
in B1(0). The following are equivalent

3

2 (@q+4)
@ feBy
(b) Foreach1 <a < 00, and(0 < g < 0o
3
_ 1— 23 (eg+4)
sup / | Df(x) | e [x 19 (G(x, a))Sd]E%x < 00.
a€B;(0) /By (0) (1= [x])

(c) Foreachl <o <o00,and( < g < o0

(1= | x | 2)itrtd

sup / | 5f(x) | 4 dB, < oo.
aeB (0) J M(a,R) wl(l—|x|)
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(d) Foreachl <a < o00,and0 < g < 00

ag+4

M(a, R)| 7 _
M@, B 2 | Df(x) | 9dB, < oo.
aeB0 @11 = lal) Jma.r

Proof To prove (a) implies (b). Using (1) and (2), we have
(1— | x| 23

— 3
su | Df(x)|? G(x,a)) dB
aeBBO) /181(0) ! ol(1—1x1) ( ) B

(1— x| 2)3tatd

- 3
< sup |Df(x)|1 / G(x,a)) dB;.
aEBRO) / ol(1—1x1) Jgo ( ) B

Using the same steps as in Proposition 2, we obtain

3
- (1= x| ?z@rtd 3
sup f | Df(x) |4 (G(x,a)) dB,
a€B; (0) /B, (0) wl(l—|x])
1

<2071 / 1 B

521 Jeyo) (L= a7

q
< K1||f|IB(§%(aq+4)
< OQ.

(b) implies (c), using the same steps as in Proposition 1, we deduce that

(1= | x| 23t

n 3
sup / | Df(x) |7 G(x,a)) dB,
a€By(0) /B1(0) ol(1—|x]) ( )

1 —R%\? _ 1 — 233 (ag+4)
z( ) sup [ 1D @ LI
2 aeBy (0) J M(a, R) ol(1—|x])

For (c) implies (d), we use the fact (1 — | x | 23 ~ | M(a,R) |,V x € M(a,R) (see
[15]). Then

= (1= |x|23latd
sup f I Df(x) 11 dB,
aeB1(0) J M(a.R) (1= [x])

ag+4
M@ R)| T

- sup / | Df(x) | “dB;.
wl(1—lal) aeB 0 Mar
For (d) implies (a). From Lemma 1, we have
3
(= a| Pt
D q
DI @1 T
3.42+4(] — 233 (ag+4) o
< O el S D) aB,
TR3(1 = RH2(1 —|al?wt(1 = |al) Jrmar
3.4%7H4(1 — |q | 2)%(0tq+4)

T 2R3 - RO2(1 — |aPei(I— al)
(1 _ R2 | a | 2)%(aq+4)R%(aq+4) - p
D f(x)|"dB,.
(1— R2 | q|2)3ath Riag+d /Mm,m' S dB
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Now, since
2,3
(I—="Tlal”) 3

M@ R | = G T

Also, we used the following inequalities
1-R2<1-R*|a|?><1+R* and 1— |a|>’<1-R*|a|’<1+ |al|%

Then, we have

3
o g (L= La B2t
D g 17177
D@ =TTy
< 3430 | M@, R | 5 (1R \a|2>%”q+4)f [Df)|"dB
X X
= 2R3 (1 — RDH2(1 — |a]2)wi(l— |al) R3(g+4) M@.R) *

(ag+4)

. 42+q = 2y3 (ag+4) _
=3 > 42 2 | M(a,st)\ i x e +If L / |Df )| dB,
TR>(1 — R*)*4(1 — R*)’wi(1 — |a|) R3(q+4) M(a,R)

(ag+4)

3.4240(1 4 R)I@IHD | M(a, R) | 4 —
= x / |Dfx)|"dB,.
nRj(aq+6)(1 _ R2)2q+3 wi(1—lal) M(a,R)

Therefore, our theorem is proved. ]
From Theorem 5, using the same arguments, we directly obtain the following theorem.

Theorem6 Let 0 < R < 1 and o : (0,1] — (0, 00). Then for the hyperholomorphic
Sfunction f in B (0), the following are equivalent

37 (@q+4)
@ feBX .
(b) Foreach1 <a < 00, and(0 < g < o0

_ 23 (@q+4)
lim Do L DT G 0)) B, = o

lal—1- JB, (0) wl(l—|x]|)

(c) Foreachl <o <o00,and( < g < o0

(1= | x | 2)3trtd

lim / | Df(x) |1 dB, = 0.
lal>1= J M, R) ol(l—|x])

(d) Foreach1 <a < 00, and(0 < g < 0o

ag+4
|M(a, B)| "2

e | Df(x) | 9dB, = 0.
lal>1= @41 = [a|) Jam@. R )

The following theorem gives another relation between the quaternion B2 space and the
quaternion valued-functions space Bg,w(G).

Theorem 7 Let f be a hyperholomorphic function in B1(0). Then for 1 << a < 00,
0<qg <o0,andw:(0,1] — (0, 00), we have

3
- (1= | x| Hieatd :

4 ~ D 4 1- HB(G(x, dB,.
17 o /M' F 11 1 ) 1 (G ) B
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Proof From Theorem 5, we have

_ 1— 2y3 (@g+4)
T ~/' 1 Dfe oL JB,.
B3 IMma@r) wi(l— |x|)

w

Let the constant
1— RZ 3
C(R)=(1-RH|——) .
(R) = ( ) (1 n R)
since C(R) depending on R is finite, then

q
”fu%ww
_ 1 — [x|2)3 (@a+4) 1 — R2\3
A sup f | Df(x)lq%(l - R2>ﬁ<—) dBy. (3
a€B; (0) J M(a,R) (1 — |x]) 1+ R

Since x € M(a, R), then | ¢, (x) | <R, |@a(x)|? < R%* and1— | gs(x) |2 > 1—R>.
Then, we have

A
B

2 (q+4)

[}

_ 1— 2)3 (aq+4) 1 — R2\?3
~ sup /’ Do LD (1—R5ﬂ<‘ )de
a€By(0) J M(@,R) wl(1— [x]) 1+ R

(1 — fx2)3 s

sxswlé@ﬁwww (1 = lpa®) P (G(x, ) dB,. (4)
1

aeB; (0) (1 — |x])
Conversely, we have
3
= (1= Jx | B2l 3
sup / | Df(x) |7 (1= | 9ax) | HP(G(x,a)) dB,
4B, (0) /B, (0) wl(1—]x])
3
Sy s [ = 0w 126 @) B )
B2 aeB;(0) /B (0)
Using (1) and (2), we obtain
o 1— 2 g(otq+4)
sup / 1D 1 L DT ) 19F (G r. ) By
acB, (0) JB;(0) wl(1—|x|)
_ 28(1 _ 2\8 (1 _ 23301 _ 2,3
<117 S Sup/ el e el o e B e 0
B2 acBi(0) JB10) A—1x])f A= 1la)®A—|x])?
(1—|al|)f3dB,. (6)

2
=20 gty SUP ./
B2 aeBy (0) JB: (0)

Then, we obtain

IF
B

3 (@q-+4)

(0}

(1 _ |x|2)%(aq+4)

R e 208 3
wq(‘l _ |x|) (] |(p£l(-x)| ) (G(x, a)) de. (7)

> sup / Dl f)
aeB(0) /B (0)

From (4) and (7), the proof is complete. ]
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4 Power series expansions of hyperholomorphic functions in R3

The major difference to power series in the complex case consists in the absence of regularity
of the basic variable x = xo+x1i+x2j and of all of its natural powers x", n = 2, 3, ....This
means that we should expect other types of terms, which could be designated as generalized
powers. We use a pair y = (y1, y2) of two regular variables given by

y1 =x1 —ixo and yy = x3— jxo,

and a multi-index v = (vy, v2), | v | = (vi + 1v2) to define the v-power ofz bya | v | -ary
product (see [10, 14, 21]).
Definition 8 Let vy elements of the set aj,..., a|,| be equal to y; and v, elements be
equal to y». Then the v-power of y is defined by
1
V=TT > aitain...ai ., . ®)
C (il py)ET(Le [V ])

where the sum runs over all permutations of (1,..., | v |).

It was shown in [21], that the general form of the Taylor series of left monogenic functions
in the neighborhood of the origin is given by

P(y) = Z( Z XVCV>, with ¢, € H. (©)

n=0 [v|=n
The following results, we will need in the following section:

Theorem 8 (See [12, 14]) Let g(x) be left hyperholomorphic in a neighborhood of the origin
with the Taylor series given in the form (9). Then there holds

sZn(Z |cu|)|x|”—‘. (10)
n=1

|v|=n

'
‘5 gx)

In order to formulate the next theorem we added the abbreviated notation H,(x) :=
> lvi=nY Iv1 ¢, for such a homogeneous monogenic polynomial of degree n and consider
monogenic functions composed by H,, (x) in the following form:

&)= Hy(x)by, b, €H.
n=0

Taking into account formula (10), we see that

e e]

52n<2 |cv|)|bn||x|"“. (1D

n=1 |v|=n

1
‘ EDf(X)

This is the motivation for another shorthand notation, namely,
an:=( > |cv|) | by | (an = 0),
|v|=n

finally, we have

oo
<Y nap|x|"" (12)

n=1

‘ %5f(x)
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5 Lacunary series expansions in BZ, o(0) spaces
b

In this section, we obtain a sufficient and necessary condition for any hyperholomorphic
function f on the unite ball B (0) of IR? with Hadamard gaps to belong to the weighted
hyperholomorphic Bg,w(G) spaces. The function

fo) =) ar™ (i eN:; VkeN) (13)
k

is said to belong to the Hadamard gap class (Lacunary series) if there exists a constant
A > 1 such that ”"“ > A, YV k € N. In the past few decades both Taylor and Fourier series
expansions were studled by the help of lacunary series (see [6, 7, 18, 20, 25, 27]). On the other
hand there are some characterizations in higher dimensions using several complex variables
and quaternion sense (see [1, 9, 19]).

Theorem 9 Let

fr)= Zanrn,
n=1

witha, > 0. Ifa >0, p>0andw : (0,1] — (0, 00), then

r"“ZZ na b

/ (=N f)P —— (14)

1
( P (5)

where ty =3 o ar, n €N, Iy = {k:2" <k < 2+l ke NJ.

Proof The proof of this theorem can be obtained easily from Theorem 2.1 in [7] with the
same steps, so it will be omitted.

It should be remarked that using simple computations will allow that Theorem 9 is still
satisfying for the function f(r) = Y 7, a,r" 1L O

Theorem10 Let 1l <a <00, 1 <g <00, w: (0,1] > (0,00) and I, = {k : 2" <k <
2+ ke NY. Suppose that f(x) = Z;o:o H,(x)b,, b, € H, where H, (x) be homogenous
hyperholomorphic polynomials of degree n, and let a, be defined as before. If

ZZ nGeq q+4><z"€’" o] ) < oo, (15)
w(zn)
then
3
1— 2y 5 (ag+4)
sup / - ( El (G(x,a))g'de < 00, (16)
aeB, (0) /B (0) | 2 (1= |x1)

and f € BY ,(G).
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Proof Suppose that (15) is hold. Using equality (1) and inequality (2), we have

3
(1= [x|Hzlerts 3
/ 3 g (G(x,a)) dBy
B (0) w [x )
00 243 (ag+4) 243 2y3
— 1- 1- 1-
:/ fD(ZHn(x)b,,>q( [x|9)2 (- falDd 9|x|)dBX
B1(0) = wl(l = |x]) |1 —ax|

ee}

a0 — 2y} @g+4) (] _ 2y3(1 2,3
5[ (Znanx"‘l> ( [ x|7)2 ( lal )3( | x| 2 JB,
10) \ = ol(1—|x]) (d=Tal)d—|x])
3 (@q+2)
i +8) 1 r)z 2
f 20(q / <Znan " ) a)q(l—ri) redr
1— 3 (ag+4)
k/ (Zna,lr””) A=n:" 17)
(I wi(l —r)

Using Theorem 9 in (17), we deduced that
(1= | x | 2)3trtd

/1}331<0) ol(l—|x])
1, oo q(1 _ )3 (@q+2)
5)\/ (Znanrn_l> Ld}’
o \‘= wi(1—r)

1
n( +4) q
<k§ 2~ IEsE (18)

(G(x,a)) dB,

Since,

t, = Zkak < ol Zak,

kel, kel,
we obtain that,
3
| — 2y3 (@g+4)
/ (1= 1x1% (G, a))'aB
B1(0) (1 — |x])

i o a q
<A Zzn(32qLI+4)(Zk51n 1| a ) '
n=0

(57)

Therefore, we have

0 q
—n(h—q—q+4) Zkeln | a |
IIfIIBq 6 = <y 275 <71 < 00,
n=0

(57)

where A; is constant. Then, the last inequality implies that f € Bg,,,(G) and the proof of
our theorem is completed. O
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For the converse direction of Theorem 10, we consider the following theorem. We will
restrict ourselves to special monogenic homogeneous polynomials of the form

n
n -
Hy o (¥) = (et + y202)" =Y ( k)yl” x y3 x of ab, (19)
k=0
where o; € R, i = 1, 2. The hypercomplex derivative is given by
1— . .
< - §D>Hn,a(x) = an—l,a(x)(all +azj). (20)

Proposition 11 (See [14]) Let ¢ = (a1, o2), i € R, i = 1,2 be the vector of real coeffi-
cients defining the monogenic homogeneous polynomial H, o (x) = (y1o1 +y202)" . Suppose
that | o |2 :a%-i—oz% # 0. Then,

,TGp+D
||Hn,a||€p(3Bl) =2nJm|a|” 1"(27’ where 0 < p < 0. @2))
2P
Using formula (20), we have
— 1 n—
3 1
I = 3 DHu ol o (z L )
’ P l)
o |7 > an? >0, (22)
e 1L, @By B(L 2p+ )

(see [14]), where,

1 n—1 brestp+
B(f, p+1)=—2 —
22 F'(*=p+3)

‘%pﬂ)

and

2
lim = 1.
n—oo 1 n
wbarer)
Corollary 3 (See [14]) Assume that p > 2. Then,
179 2
Il — jDHﬂ,Ot”Lz(BIB]) - An% (23)
5 > .
”Hn,ot”Lp(aB])
Theorem12 Let ]l <a < 00,2 <qg <00, w: (0,11 = (0,00),and0 < | x| =r < 1.
If
> H
f) = (Z ST an> €B{ ,(G). (24)
n=0 (1 = | x| )™ |HyallL,oB)
Then,
Zz n(zal] q+4)<zk61n |ak | ) < 00. (25)
()
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Proof

2)%(aq+4)

— (1— x| 3
1flgt ) = sup f 1D 1 S DT G ) am
Baw(©) aeB; (0) /By (0) ol(1— |x]|) ( )
_ 1— 2y3(@g+4) /(] _ 2y(] — 2)\3
- Sup/ Dfo e A XD (( X 20 3|a|>>de
aeB; (0) /By (0) l(1— |x]|) [ 1—ax|
_ (1= | x|2)3@+6)
> sup / |Df(x)|9———"———dB, (wherea=0). (26)
aeB;(0) JB1 (0) 11— [x])
Hence, we have
”f”Bg’w(G)

1— 1— 2y3 (aq+6)
2/ |—*Df(x)|q( (17 dB, (wherea =0)
B (0) 2 wl(1— |x])

oo

I
—5DH,
7 n,a
z :|: 24+q :|a" !

/IB‘(O) n=0 (1 = [x%) ™% |[HyqllL, @B))

1=
Where [%] is a homogeneous hyperholomorphic polynomial of degree n — 1 and
n.aliLg (95

(1= [x[2)3@r+®
A (1= [xP)

dB,. (27)

it can be written in the form

= _
—1DH
[27 =r" D, (¢1. ¢o). (28)
||Hn,a||Lq(BIBl)_
where
~ 175
—1DH
D, (p1, $2) :=< 27]) : (29)
L IHnallz, 0B 1/ o8,

Now, using the quaternion-valued inner product
(ﬁgw&ww=/ f(x)g()dTy,
9B (0)

the orthogonality of the spherical monogenic ®,(¢1, ¢2) (see [3]) in L2(dB;(0)). Then,
substituting from (28) and (29) to (27), we obtain

> LDH, 4
i D],
BiO1 =m0t — [ x |5 |HuallL, o8
24+p q)n(d)l ¢2)an

/ /331(0)( o 0(1_,2) 1

2n 2
/ /8[31(()) ( Zan 24+1q (b (91, 92) P (1, ¢2)a/)

n=0 j=0 )2‘7

(1= | x| Hieato

wl(l—[x])

5 (1 = r2)3(@a+o)
) wi(l—r)

X

rn—l

dldr

ok

5 (11— rZ)j(aquG)

dl'.dr = L. 30
0l (1—r) xar (30)
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From Holder’s inequality, we have

(where 1 < g < 00). (31)

)

/ If(X)I"deZ(47r)1_q/ F)dIy | 4
0B (0) aB1(0)

From (31), for 2 < g < 0o, we have

3
7[ r 2n—2 2 (1 _ r2)§(otq+6)
L > @dm)'~2 / (Z lan | > ——7 | Pu(d1.82) |L2<;,B,)> rzmdr

n=0 (1—r2) 2

e [ 2 202 2 Pa-Eet
> (4m) "2 /(; <,§ lan | “r | ©n(d1, P2) |L2(8]B1)) r Wfir- (32)
From Corollary 3, we have

| — DHn a”Lz(aBl) > An % > )\.n%-

| ®u(pr.02) |7 o,y =
; Lo (0By) 1Hn,oll, B))

Then, from above we have

_4q

1, 4 _ 2y %434
(477)1_7 / <§n%|an|2r2n_2)2r3(l a);(iir) 4dr
%9 434
/ (anla | 2p2n= 2) 3(1—r2)72+ dr
wi(l—r)
M NG S R
“2 ) (,LZ_::"Z'“”' : ) Toa-vm ¢
L& s o\ Fa—g
| (;nuau : ) e, (33)

where A;, j =1, 2,3, are constants not depending on 7.
Now, we apply Theorem 9 in Eq. (33), we deduced that

L

v

%

3 q
23 o nea yg 0y (Doker, K2 1 ak 12\ 7
”f”Bq G >L>— 2 n(=-+4—7) &=k = 7" 1 ) (34)
Where
: :
3
Dk |ak|2><2"> <Z |ak|2>
kel, kel,
Then,
[e9) N
ni3ed g oy 2ker, |k 17?2
1 fllgg ) = L= €272+ q)(ei’(l) : (35)
: - pTan

where C be a constant not depending on .
From [22], we have

@ Springer



General weighted class of quaternion-valued functions... Page 17 0f 18 69

Then, we have

0 3a I ag | 1
1£llge . =L = Ci Zz—"<z"+“—q><2ke’") : (36)

1
n=0 w(27)

where C| be a constant not depending on n. Then, we deduced that

o0 " q
Zzn(zmq)(zk% 1| | ) < 0. 37)
n=0 w(27)

This completes the proof of theorem. O

Theorem13 Letl <o < 00,2 <g <00, w:(0,1] - (0,00),and0 < | x| =r < 1,
we have that

[o.¢]
H
fx) = (Z SivE a,,) e B! ,(G), (38)
n=0 (1 = | x | )% |HpallL, o5
if and only if,
o q
Zzn<§aq+4q><zkeln 1' o ') < 0. (39)
n=0 w(27)
Proof This theorem can be proved directly from Theorems 10 and 12. O

6 Conclusion

The aim of this article was to introduce a new generalized quaternion space Bg,w(G) and
study relations to the quaternion B% space. Furthermore, we considered some essential prop-
erties of Bg,w(G) spaces of quaternion-valued function as basic scale properties. Second,
characterizations of the hyperholomorphic Bf ,,(G) functions by the coefficients of certain
lacunary series expansions in clifford analysis are obtained.
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