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Abstract

Our purpose in the present investigation is to determine coefficient estimates and upper bounds
of third Hankel determinant for the family of starlike and convex functions of reciprocal order
in the open unit disk D = {z € C : |z] < 1}.
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1 Introduction and preliminaries

Let H denote the family of analytic functions in the open unit disk D = {z € C : |z| < 1},
and A denote the class of functions f € H such that

f@=z+m? +a3z®+---, zeD. (1.1)

We denote by S the functions f in A that are univalent in D. A function f € A is called
starlike, if f is univalent in D and f(ID) is a starlike domain with respect to the origin.
Analytically, f € S is called starlike, if and only if %{zf'(z)/f(z)} > 0, z € D. A function
f € S is called convex, if and only if zf'(z) € S*. The class of starlike functions and the
class of convex functions are denoted, respectively, by S* and K.

Let S, and K, denote the class of functions f € A which are stalike and convex of
reciprocal orders, respectively. Analytically, f € S is called starlike of reciprocal order, if
and only if R{ f (z)/zf'(z)} > 0,z € D. Also, a function f € S is called convex of reciprocal
order, if and only if 7/ (z) € S, which analytically is represented by R{ f”(z)/(zf'(z))’} > 0.
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Various authors have studied the classes S, and K and one may see, e.g. the worksin [3,21,24]
and [26].

For f € A of the form (1.1), ) (f) := a3z — ka% is the classical Fekete-Szego functional.
A classical problem settled by Fekete and Szeg6 [10] is to find for each A € [0, 1] the
maximum value of |®; (f)| over the function f € S, and they proved that

_ [ 1+2exp{=20/(1 =1}, 2 €0, 1),
max |2 (/) —{1’ L= 1.

The problem of calculating the maximum of |®, (f)| for various subfamilies of A, as well
as A being an arbitrary real or complex number, was considered by many authors (see, e.g.
[1,7,14,15,19]).

The Hankel determinant of Taylor coefficients for functions f € A of the form (1.1), is
denoted by H, ,(f) and is defined by

dap Ap+1 *°* Antg-—1

ap+1 Ap+2 *°+  Qptg
Hoathye=| T (12)

An+q—1 Qn+q **° An+2(q—1)

where a; = 1; n,q € N = {1,2,...}. Several researchers including Noonan and Thomas
[22], Pommerenke [25], Hayman [12], Ehrenborg [9], Noor [23] and many others have
studied the Hankel determinant and have given some remarkable results which are useful,
for example, in showing the bounded characteristic of a function in D.

For f € A of the form (1.1), Hy1(f) = ®1(f) = a3 — a% is the Fekete-Szego
functional. Furthermore, the upper bound of the second Hankel determinant H; >(f) for
various subclasses of .4 has been studied by many authors (see, e.g. [2,4,6,13,16]). The third
Hankel determinant H3 j(f) is defined by

ay az az
H(f) = H31(f) i=| a2 a3 as | = az(azas — a3) — as(as — azaz) + as(az — a3).
az a4 as
(1.3)

Recently, the author has studied the bounds on |H(f)| for certain classes of analytic functions

(see [5,20]). In the current article, the upper bound of the initial coefficients and the bounds

on |[H(f)| are studied for functions belonging to the classes Sy and /C, as stated above. In

our study we shall need the class P of Carathéodory functions [8] which is defined below.
Let P denote the class of analytic functions in D with R(p(z)) > 0 of the form

p@ =l+ciz+co+ -, zeD. (1.4)

It is well known [8] that for the function p € P of the form (1.4), |c,| < 2, foralln > 1.
This inequality is sharp and the equality holds for the function ¢(z) = (1 + 2)/(1 — 2).

The power series (1.4) converges in DD to a function in P, if and only if the Toeplitz
determinants

2 ¢ cr e Gy

c_1 2 c1 o Cp]
T.(p)=|¢2 ¢-1 2 2| peN

Copn Copgl Copy =-+ 2
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and c_, = ¢, are all nonnegative. The only exception is when p(z) has the form
m
1+ €yl
ORI e .
v=1
where p, > 0, |€,| = 1, and ¢, # ¢ ifk £1;k, [ =1,2,...,m; we have then T,(p) > 0
for n <m —1 and T,(p) = 0 for n > m. This necessary and sufficient condition is due to
Carathéodory and Toeplitz and can be found in [11]. In particular, for n = 2, we have

m>1,

2 c1 e
To(p) = |c1 2 c1 | =84 2R{cicr) — 2l|ca|* — 4ler|* = 0,
crcp 2
which is equivalent to
2e0=c+x(d—cd) (1.5)

for some x with |x| < 1. Similarly, if

2 ¢y ¢ c3
c1 2 c
crC1 2 ¢
c3crcy 2

Tx(p) =

then 73(p) > 0 is equivalent to
l(4c3 —derea 4+ ¢1) G —cD) + c12ca — eD)? < 2(4 — ¢D)? = 2|2cy — 2. (1.6)
Solving (1.6) with the help of (1.5), we get
4oz =3 +2c1x(d — ) — X’ @G —cH) + 24— cHA = |xP)z, (1.7)

for some x and z with |x] <1 and |z| < 1. Furthermore, the following well-known results
are being useful to obtain our main results.

Lemma 1.1 [14] If p € P, then for any complex number v,
lca — vet| < 2 max{1, |2v — 1]},
and equality holds for the functions given by

1422 14z
V(@) = 5 and ¢(z) = :
11—z 1—z2

Lemma 1.2 [18] Let the function p given by (1.4) is in the class P. Then for all n and s
(1 <s < n), wehave |c, — cscp—s| < 2.

Lemma 1.3 [11] (See also [17, Lemma 3, p. 227]) If p € P, then the following expressions
are all bounded by 2, and are all sharp:

lc? — ¢l

les —2cic3 + c3l,

lcd + 2¢103 + c% — 30%02 —c4l,

ey + 3ci1c2 + 3C§C3 — 4c%c2 —2cicq4 — 2¢p¢3 + 5

|c? + 60%62 +4cjc3 + 2cic5 + 2c204 + c% — cg — SC‘fcz — 3C%C4 — 6c1c203 — C6].

Nk L =

The following inequalities can also be obtained in the proof of a result in [17, p. 227-228]
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2¢3 — 2] <6

| —6¢3 +Teicr — 2c3] <24

124ct — 46¢7c + 22¢1c3 + Tc3 — 6ca| < 120

| — 1207 + 96¢4ct + 50cac3 + 326¢7¢r — 202¢7c3 — 127¢1¢5 — 24c¢s| < 720.

oo

Lemma 1.4 [27, Lemma 2.3, p. 507] Let p € P. Then for alln,m € N,

2 w € [0, 1],

_ < ’
|WenCm = Cmtnl = {2 21 — 1|, elsewhere.

If0 < 1 < 1, then the inequality is sharp for the function p(z) = (1 + z"™™)/(1 — z"™™™).
In other cases, the inequality is sharp for the function p(z) = (1 +z)/(1 — 2).

2 Set of coefficient bounds belonging to the class S,

The following is our first result in this section.

Theorem 2.1 Let f € S, be given by (1.1), then |a,| < nforn =2, 3, 4. The result is sharp
for the function e (z) = z(1 + z) 2.

Proof Let us consider f € S,. Then by the definition, we have

f@ =zf"(2) p(2), 2.1

where p € P is of the form (1.4). Substituting the series expansion of f(z), f'(z) and p(z)
in (2.1) and equating the coefficients, we get

an = (cn—1 + 2a2cp—2 +3azcp—3+---+ (m — Day_1c1),

1—n

which in particular gives us

1 1
ay = —cy, az = 5(26% —2), a4 = 8(76102 —2¢3 — 6¢}),
and (2.2)
1
as = ﬂ(24c‘f —46¢2cy +20cic3 + 9c3 — 6ca).
Bounds for |az| is obvious as |c1| < 2. Bounds for |a3| and |a4| can be directly obtained by

using (a) and (b) of Lemma 1.3 . Furthermore, by using (1.5) and (1.7) in (2.2) for some x
and z such that |x| < 1 and |z| < 1, we obtain

1
laz| = 1 |3c% —x(4 - C%)’
and

lag| = 6c; + (4 — cH{Scix +ex? —2(1 =[xz} .

|
12
To show the sharpness, letus set c; = 2and x = 1in (1.5) and (1.7), we obtain ¢, = ¢3 = 2.
Using these values in the above relations, we find that the result is sharp and the extremal
function would be e1(z) = z(1 + z)~2. This completes the proof of Theorem 2.1. ]
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Theorem 2.2 Let f € S, be given by (1.1), then |as| < 39/7.

Proof If f € S,, then by using the value of as from (2.2), we obtain
1
las| = o |24c‘1‘ — 46c%cz + l4ciez + 90% — 6(cq4 — C]C3)| .
By using (1.5) and (1.7) for some x and z such that |x| < 1 and |z| < 1, we get

1
las| = o 127¢t + (4 — D) {—46cTx — 23¢ix* +28c1 (1 — |x[H)z + 36x%)
—24(c4 — c103)] .

If p(z) € P, then p(e'®z) € P. We can always select a real « in p(ei?z) so that ¢, e!®" > 0.
Hence we may suppose that ¢;, > 0 (n € N). Furthermore, the power series (1.4) converges
in D to a function in P, if and only if the Toeplitz determinants 7, (p) and c_,, = ¢, are all
nonnegative, i.e. ¢ is real, ¢; > 0 and |c1| < 2. Therefore, letting ¢; = ¢, we may assume
without restriction that ¢ € [0, 2]. Hence, applying the triangle inequality with = |x|, and
applying Lemma 1.2, we obtain

1
las| = 5 [27c* + (4 — M){46c 1 + 232 u? + 28c(1 — p?) + 3617} + 48] := D(c, w).

Now we need to maximize D(c, 1) on the region 2 = {(c,u) :0<c<2and 0 < p < 1}.
For this, first we estimate
aD 1 5 )
— = —[(4 =231 + ) + 49 - 70)}].
o 48
For 0 < u < 1, and for fixed ¢ with 0 < ¢ < 2, we observe that % > 0. Therefore, D(c, )
becomes an increasing function of , and hence it cannot have a maximum value at any point
in the interior of the closed region 2. Moreover, for a fixed ¢ € [0, 2], we have

1
max D(c, = D(c, 1 = —(=7c* +40c¢% + 32).
max, (c, ) (c, 1 16( )
Therefore, by the second derivative test we can see that D(c, 1) has maximum value at c,
where ¢? = 20/7.
Furthermore, if we look for the critical points on the boundary of €2, we estimate
oD

1 3 2 2 2.2 2
= &[54c + 23cu(4 — )2 4+ p) — c(46¢”p + 23¢“u” + 36u°)

+14(1 — )4 = 3¢%)).

Now we look for the critical point of D(c, ) which must satisfy % =0and % =0, and

one can check easily that the points (c, ) satisfying such conditions are not interior point
of Q. So the maximum cannot attain in the interior of 2. Now to see on the boundary, taking
the boundary line L1 = {(2, ) : 0 < p < 1}, we have D(2, ) = 5 which is a constant.
Along Ly = {(0, n) : 0 < u < 1}, wehave D0, n) = (1 + 31%)/2, which gives the critical
point (0, 0). Along L3 = {(c, 1) : 0 < ¢ <2}, we have D(c, 1) = (=7¢* + 40¢% + 32)/16,
which gives the critical points (0, 1) and (,/20/7, 1). Along L4 = {(c,0) : 0 < ¢ < 2}, we
have D(c, 0) = (27¢* —28¢® + 112¢ 4 48) /96, which gives no critical points in 2. Observe
that

D(0,0) < D, 1) < D2, 1) < D(/20/7, 1).

Hence

@ Springer



25 Page6o0of10 S.Maharana, D. Bansal

max D(c, n) = D(y/20/7,1) =39/7.
This completes the proof. O

Remark 2.3 For f € S, of the form (1.1), Arif er al. [3, Corollary 7] obtained that

2 "3k
laz] <2 and |ay| < H( ) (n=23,4,5,..).
n—1 2\ k-1

Here we observe that, our result obtained in Theorem 2.1 and Theorem 2.2 provides the
improvement in the upper bound of the initial coefficients a,, n = 3,4, 5.

Theorem 2.4 Let f € S, be given by (1.1), then
lay —a3| <1, |azas —as) <2 and |azay —a3| < 1. (2.3)
Inequalities in (2.3) are sharp for the extremal function given by e1(z) = z(1 + )72

Proof If f € S, then the values of a;, a3 and a4 are given in (2.2). Using these values, we
obtain

1
. lacas —ay) = 3 |[—2c1c2 4¢3l

2=
laz — a3 | ’ >
and
2 1 2 2
laras — a3| = 2 |—4clcz + 8cic3 — 66‘2| .
Clearly, it follows that |a3 — a%l = |c2/2| < 1. Now by using Lemma 1.4, we obtain
1 1
lazaz — ayq| < 3 [2c1c2 —c3] < 3 [212-2-1]1=2.
Furthermore, by using (1.5) and (1.7) for some x and z such that |x| < 1 and |z| < 1, we get
1
laras — a§| = yry |(4 — clz)[—2c]2x — 4c%x2 — 3x2(4 — c%)
+8c1(1 =[xzl = 3¢ 2.4)

As|c1| < 2,letting ¢ = ¢, we may assume without restriction that ¢ € [0, 2]. Thus, applying
the triangle inequality with © = |x|, we obtain

1
lazas — a3| < 8 [(4 — D {8c + (c* — 8¢ + 12)u* +2c%u} + 3¢*] := Fs(c, ).

Next, by differentiating F3 with respect to 1, we observe that F3 is an increasing function
of © on [0, 1]. Thus, it attains the maximum value at © = 1. Again, F3(c,1) = 1,is a
constant. Hence

max F3(c,pn) = F3(c, 1) = 1.
To get the sharpness, let us set c; = 2 and x = 1 in (1.5) and (1.7), we then obtain

¢y = c3 = 2. Using these values, we find that the results in (2.1) are sharp and the extremal
function would be e;(z) = z(1 4+ z) 2. This completes the proof of the theorem. ]
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Theorem 2.5 Let f € S, be given by (1.1), then
116

Proof Using the bounds obtained above in Theorem 2.1-Theorem 2.4 and applying the
triangle inequality, we estimate

39 116
IH(f)| < lasllazas — a3| + lasllazas — as| + |as|las —a3| <3+ 8 + 7 ==

and this completes the proof. O

3 Set of coefficient bounds belonging to the class /C,.

Theorem 3.1 Let f € K, be given by (1.1), then |a,| < 1, n =2, 3, 4.
Proof Let f € K, then by the hypothesis it is clear that f(z) € Ky ifand only if 7f'(z) € Sx.
Thus replacing a, by na, in (2.2), we obtain
- = 10} — ). as = 5 (erer — 23 — 6c)

a ==y, a3 = 2Qcy — ), as = 5 (Terey = 2¢3 — 6cy),

and (3.1

as =5 (24c1 46c%cy +20cic3 + 9¢5 — 6c4).
Bounds for |az| is obvious as |c1| < 2. Bounds for |a3| and |a4| can be directly obtained from
results mentioned in @ and b of Lemma 1.3. This completes the proof of the theorem. O

Theorem 3.2 Let f € K, be given by (1.1), then |as| < 39/35.

Proof Let f € K, then using as from (3.1), we can write

las| = @ |24ct — 46¢tcs + 14cic3 + 9¢3 — 6(cs — c13)] .

By using the relations (1.5) and (1.7), for some x and z such that |[x| < 1 and |z| < 1, we
estimate

las| = — |27cl + (4 — ) {—46¢2x — 23¢3x% 4 28¢1 (1 — |x|?)z + 36x2)
—24(C4 —cic3)|.
As |c1] < 2, letting ¢; = ¢, we may assume without restriction that ¢ € [0, 2]. Thus applying
the triangle inequality and Lemma 1.2 with u = |x|, we obtain

1
las| < o5 [27¢* + (4 — H){46c% 1+ 23¢?u? + 28¢(1 — p?) + 361%) + 48] := Z(c, ).

Differentiating Z(c, i) with respect to u, we get
0Z

Em ~ 480 [

Note that, Z is an increasing function of p on [0, 1]. Thus it attains maximum value at u = 1.

Again, Z(c, 1) = (=21c¢* 4 120¢% 4+ 96) /240, is an increasing function of ¢ on [0, \/20/7].
Thus (4/20/7, 1) is a critical point of Z.

4 —cH{23A (1 + ) + 49 —T0)}] > 0 for (0O<p <.

@ Springer
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Again, if we look for the critical points on the boundary of €2, as we have done earlier,
we get (0, 0), (0, 1) and (2, n), 0 < p < 1 are the other critical points in €2, and for these
points we have

Z0,0) < Z0,1) < Z(2, n) < Z(/20/7,1).

Hence
max Z(c,n) = Z(/20/7,1) =39/35.
This completes the proof of the theorem. O

Remark 3.3 For f € K, of the form (1.1), Arif et al. [3, Corollary 8] obtained that

| |<1 d| |< 1 1 (—345 )
a an a || n A4, D, ).

We observe here that, our results obtained in Theorem 3.1 and Theorem 3.2 provide the
improvement in the upper bound of the initial coefficients a,, n = 3, 4, 5.

Theorem 3.4 Let f € K, be given by (1.1), then

1 4 5 1
3 lazaz — as] < 3 and |azaq —az| < 3 (3.2)
The first inequality of (3.2) is sharp and equality is attended for the function e3(z) = z+ %z3.

2
las —a2|

Proof If f € K., then by using the values of a», az and a4 which are given in (3.1), we
obtain

1 1
a3 — a3| = I |cf - s lazaz —as| = 7 |2¢7
and
|araq — a§| 144 ’—5C1C2 + 6¢1c3 + 2c1 — 46’2’
By using Lemma 1.1 we obtain
1 1 1 1
laz — a3| = O T = 2¢2| = gl ch ¢ 2max{1, [2(1/2) — 1|} = =

Now by using Lemma 1.4, we obtain

| /\

1 5
24 [2|61| +2’20102 -

]

4
<ﬁ[2-8+2-2|2(5/2)—1|]:§.

1
laraz — a4| = % ’26? — 5c1c0 + 263|

Now, by using the relations (1.5) and (1.7), we obtain
lazay — a3| = ﬁ |4 = eH{=3ctx — (4 — cD2x? +6c1(1 — [x[P)z — 3cix?)]. (3.3)

As |c1] < 2, letting ¢ = ¢, we can assume without restriction that ¢ € [0, 2]. Thus applying
the triangle inequality with u = |x|, we get

lazaq — a3| (4—c ){6c+30 nw+ @8 — 6¢ + ¢* W }] = Gs(e, ). (34

_288[
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Furthermore, differentiating G3(c, ) with respect to u, we get
G3 1

=—@-AHBr+B—6c+c2)2u} >0 for 0<pu<l.
w288

Hence G3(c, p) is an increasing function of p on [0, 1]. Thus, it attains maximum value at
mu = 1.Let

Jmax Gs(e, p) = Gale, 1) = (8 + 2¢% = ¢M/72 = G3(0).
<u=

Again note that, G3(c) is an increasing function on [0, 1], so G3(c) attend maximum value at
¢ = 1. Hence G3(c, ) have maximum value at the point (1, 1), that is

rnszzix G3(c,nw) = G3(1,1) =1/8.
This completes the proof of the theorem. O

Theorem 3.5 Let f € K, be given by (1.1), then

1537
H(f) < ——.
H(HOI = <75

Proof Using Theorem 3.1-Theorem 3.4 and applying the triangle inequality, we obtain that

1 4 39 1537
H - 2 _ —d <-4+ — = —,
IH(HI = lasllazas — as| + |asllazas — aal +lasllas — a3 = 2+ 3+ 752 = 75

and this completes the proof. O
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