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Abstract

In this paper, we introduce new and qualitative subclasses B?(k, «, o), BY (k, @, o) and
B, (k, o, o) of bi-univalent functions. The coefficient bounds and Fekete-Szego inequalities
for functions belonging to these subclasses are obtained. Also, we will get a variety of new
results through special cases of our main results.
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1 Introduction and preliminaries

Let A be the class of analytic functions in the open unit disk &/ ={z : |z| < 1} with conditions
f(0) =0and f/(0) = 1 having the form:

f@O=1+Y at @eu. (1.1)

k=2

Further, all functions in .A which are univalent in / we will denote it by S. So, every function
f € S has an inverse f~!, such that

1
@)=z and fF(f T w) =w (z eU, lwl <ro(f); ro(f) = Z)
where
Flw) = w—aw? + 242 — a3)w® — (5a3 — 5a0a3 + ap)w* + - - - . (1.2)

A function f € A given by (1.1) is in the class X of all bi-univalent functions in ¢/ if both
f(z) and f~'(z) are univalent in U (see [1-3,15,18]).
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The class S*(e) of starlike functions of order ¢ in U/ is well-studied and subset of the
function class S. By definition, we have

z2f'(2)
f(@

S*(a)::{f:fes andRe{ }>s, (zeu;058<1)}. (1.3)

Ezrohi [7] introduced the class
Ue)={f: feS and Re{f'(2)} >¢, el;0=<e <)}
Also, Chen [6] introduced the class
ST(S):{f: f eS8 and Re{@} > g, (zeu;0§e<1)}.

Itis stated in [4] thata function f € Aisinthe class S5 [¢] of strongly bi-starlike functions
of order £(0 < ¢ < 1) if each of the following requirements is met

arg(zf/(z)>‘ < % (zel)

¥ and
f € X an 175

and

() e

where ¢ = f~! and given by (1.2).
Also, afunction f € Aisin the class S5, (y) of bi-starlike functions of order y (0 < y < 1)
if each of the following requirements is met

f e ¥ andRe (Z;((ZZ))) >y (el
and
()7 e

where g = f~'and given by (1.2).
Now, we introduce the new and Comprehensive subclasses B (k, «, o), BY (k, &, o) and
Bs,t(’ca a, o).

Definition 1.1 A function f(z) given by (1.1) is said to be in the class B® (k, «, o) where
a,k>1,0 € C,Re(0) > 0,and 0 < ¢ < 1, if the following inequalities are satisfied:

o—1
f €T and |arg ((1 — ) ') + & (f12)" (@> )’ <5 Gew (4

Z

and

ET

o—1
arg ((1 —K)g (W) +« (g'(w))* (%) )

where g is given by (1.2).
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Definition 1.2 A function f(z) given by (1.1) is said to be in the class B (k, «, o) where
a,k>1,0 € C,Re(0) >0,and 0 < y < 1, if the following inequalities are satisfied:

feEandRe((I—K)f(z)—l—lc(f()) (f(Z)> )>y zel) (1.6

and

o—1
e ((1 — )8 w) + & (g'(w))" (%) ) >y (wel). (17)

where g is given by (1.2).
Definition 1.3 Let the functions s, ¢ : &/ — C such that
min {Re (s(z2)),Re (1(2))} > 0 (z e ) and s(0) =¢(0) = 1.

Also let f € A, defined by (1.1). We say that f € By ,(«, 8, u) where a,k > 1, 0 € C,
Re (o) > 0 if the following inequalities are satisfied:

feEandRe<(1—K)f(z)+K(f()) (f(Z)> )et(bl) zel) (1.8

and

o—1
Re ((1 —K)g' (w) + « (g'(w))* <¥) ) es) (wel), (1.9)

where g is given by (1.2).

Remark 1.4 By taking specific values of the functions s(z) and 7(z) in Definition 1.3 we get
various well known subclasses of A, for example, if

s(z) =t(z) = <l+§> OD<e<l;zel)

or

14+ (1 -2y)z
s(z) =1(2) = (lfzy) O=<y<lLzel
it is simple to verify that s(z) and #(z) satisfy the Definition 1.3. If f € By ;(k, o, o), then
the function f satisfied the inequalities (1.4) and (1.5) or (1.6) and (1.7), where g is given by
(1.2). This means that, f € B®(x, o, 0) or f € BY (k, «,0), where a,k > 1,0 < ¢ < 1,
0<y<l,oeCandRe(o) > 0.

The purpose of this paper is to introduce qualitative subclasses B («x, o, '), BY (k, o, 0)
and B; ; (k, o, o) of the function class . Motivated by the earlier work of, Bulut [5], Frasin
etal. [8-10], Li and Wang [11], Siregar and Raman [14], and Yousefetal. [17,19-21], we find
estimates on the coefficients |a3|, |a3| and |a3 - ga2| Furthermore, variety of new results
will follow by specializing cases in our main results.

To proof our theorem we will need the following lemma:

Lemma 1.5 [12] If h € H, then |h;| < 2 for each i, where H is the family of all functions h
analytic in U for which

Re(h(z)) > 0,h(z) =1+ hiz+hz> +--- (z €U).
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2 Coefficient bounds for subclass B ¢ (k, a, 0)
In this section we state and prove the main results for subclassBy ; (x, o, o) given by Definition
1.3.

Theorem 2.1 Let f(z) given by (1.1) be in the class Bs ;(k, o, o), where o,k > 1,0 € C
and Re (o) > 0. Then

\aa| < min 'O + 1O Is”(0)] + |£”(0)|
0 2k Qa0 —3)+22 | 2l (0 +2) (6 = 3) +4da (0 — D) +22Qa + 1) +6] [

HOEIROE Is” )] + | 0]

laz] < min 3 ,
2k Qa+0o —3)+2| 4l Ba+o —4)+3|

[k (02 + 0 +4a (0 — 1) +da(a +2) — 14) + 12| |s”(0)|
+lk (0 = 1) (0 =2) +4a (0 — 1) + da(e — )| |t”(0)]

2.1
4l (0 +2) (0 —=3)+4a (0 — 1) +2aa + 1)) + 6] [k B +0 —4) + 3| @1
and
a3 — ga] = ——17 O
ST = W Gato — 4 13
where
k(D 420 (0 - )+ 20(@+2) —4) +6
° = k(Gat+o—4)+3 '
Proof First, we write the equivalent forms for inequalities (1.6) and (1.7) as follows:
o—1
(11— f'@+x (@) (@) =s(2) 2.2)
and .
o (gw)\™
(1 —10)g"(w) 4« (¢'(w)) (gT) =1(w) (2.3)

where s(z) and ¢ (w) are in H and satisfy the conditions of Definition 1.3 and have the forms
s(z) = 1+S12+S222+S323 +--- and t(w) = 1+t1w+t2w2+t3w3+~~ .

Now, equating coefficients in (2.2) and (2.3), yields

kQRa+o—-3)+2)a; =s1, 2.4)
(c—1)(c—-2) 2 _

K f—l—Z(x(a—l)—i—Za(a—l) a) + [k Ba+0 —4)+3laz =52

(2.5)

—kQRa+oc—-3)+2)ar =1 (2.6)
and

[K <W+2a(o—l)+2a(d+2)—4)+6]a§—[K(3a+a—4)+3]a3

=n. 2.7
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From (2.4) and (2.6), we get
s1 = —1 (2.8)

and
2k Qa 40 —3)+2)%a? =5 + 1. (2.9)

Also, adding (2.5) to (2.7), we find that
[k (0 +2)(0 —3)+4a(o — 1) +20Qa + 1) +6]a3 =52 + 1. (2.10)
From Egs. (2.9) and (2.10), we have

2 = 'O + [ O

2.11
=2k @a+o—3)+2P @11
and 1 1
s"O)| + "0
|a3| < [+ + ") : (2.12)
2k ((0+2)(c —3)+4a (o — 1) +20Qx + 1)) + 6]
respectively. So we get the inequality (2.1).
Next, to find the bound on |a3|, by subtracting (2.7) from (2.5), we get
2[k Ba+0 —4) +3] (a3 — a3) = 52 — 1. (2.13)
Further, in view of (2.9) in Eq. (2.13), it follows that
2., 2
t —t
a3 S e 2.14)

Tl (ato—3+27 A Bato—-H+6
‘We thus find that

}s’(O)]2+ ’t/(o)’2 . ’S”(O)’ + ’l‘//(O)’
20k Qa+0 —3)+2)> 4k Ba+o—4)+3]
On other hand, by using (2.10) in (2.13), we get

[k (6% +0 +4a (0 — 1) +da(a +2) — 14) + 12] 5
—[k (e —1)(c—-2)+4a(c —1)+dale — 1)]n

BT k(@420 —3)+dao —1) +2aCa+1) +6][2« Ga+0 —4) + 6]
2.15)

las| <

Consequently, we have

[k (02 + 0 +4a (0 — 1) + da(a +2) — 14) + 12| |s"(0)|
las| < +1lk (0 = 1) (0 —2) +4a (0 — 1) +da(a — )] 1" (0)]
a .
N4 (0+2) (0 —3) +4a (0 — 1) +2aa + 1) + 6] | B + 0 —4) + 3]
Also, from (2.7) we find that

k(O 420 (0 - D +20(@+2) —4) +6
k@Ba+o—-4)+3

5]
kQBa+o—4)+3"

a, —az =
Consequently, we have

a3 — ca3| < M0l
3TN = Gato —4 3]
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where

k(0D 420 (0 - D +20(@+2) —4) +6

&= K(Gato—4)+3

Which completes the proof. O

3 Corollaries and consequences

Choosing k = 1 in Theorem 2.1, we obtain the following Corollary:

Corollary 3.1 Let f(z) given by (1.1) be in the class Bs (1, a, 0), wherea > 1, 0 € C and
Re (o) > 0. Then

4yl < min] [ QPFFIOP 15" O)] + "(0)]
o 2Ra+0 112 "\ 20 +2) (0 =3) +4a(c — 1)+ 2aQa + 1) + 6]

)

S OF + 'O | |0 + 'O
22040 —1)? 43¢ +0 — 1|
|02 + 0 +4a (o — 1) + da(a +2) — 2| [s"(0)]
+1c =1 (0 —2) +4a (0 — 1) +da(a — )| |t"(0)]
410 +2) (0 —3) +4da (0 — 1) +20Qa+ 1) + 6 3a + 0 — 1]

)

|az] < min :

)

and

’l‘”(O)‘
Ba+o—1|

a3 — caj3| <

where

@21 4 24 (6 — 1) + 2a(a +2) +2

s = 30 +0 — 1

Putting @ = 1 in Corollary 3.1, we obtain the following Corollary:

Corollary 3.2 Let f(z) givenby (1.1) be inthe class B ;(1, 1, o), whereoc € CandRe (o) >
0. Then

laz] < min 'O + '@ | 5" + o)
. 2l0+112 V2l + D@+ |’

3] < min |S/(0)|2 + |l/(0)}2 |S”(0)| + |l”(0)| [(o +3)| |S//(0)| + (e =D |f”(0)|
3= 2o + 1)? 4o +2| ' 4|0+ 1) (0 +2)] '
and
T O]
o - sad] < 2
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where

o—+3
7

Putting 0 = 0 in Corollary 3.1, we obtain the following Corollary:

Corollary 3.3 Let f(z) given by (1.1) be in the class By ;(1, a, 0), where o > 1. Then

] < min Is"(O) > + 120> [Is” ()] + |£(0)]
- 2Ra =112 "V 212aQa — 1|

)

SO + @] |s"©)] + | ©)
22 — 1 4130 — 1]

)

las| < min i

oo + 1) — 2| [s”(0)| + [4or(er — 2) + 2] |t"(0)]
412aQa — 1)| 3 — 1 ’

and
//0)}
2] < |t (
@ = sl s Ty
where
_2a2+2a—1
T T 301

Putting @ = 1 in Corollary 3.3, we obtain the following Corollary:

Corollary 3.4 Let f(z) given by (1.1) be in the class B (1, 1, 0). Then

] < min § | FOEHIOF s @1+ 17O
21 = D) > 4 ,

, {|s’(0)|2+|t’(0)}2 |5 (0) + |0 3|s”(0)|+|t”(0)|}
laz| < min + , ,
2 8 8
and
t//(o)
o - saf] < L0
where
_3
s=3

Remark 3.5 The estimates for coefficients |a| and |a3| in Corollary 3.4 obtained by Bulut

(5]

Putting 0 = 1 in Corollary 3.2, we obtain the following Corollary:
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Corollary 3.6 Let f(z) given by (1.1) be in the class Bs (1, 1, 1). Then

Is' 1> + 1) [Is"©)] + 11" (0)]

|az| < min 5 7 h |
la3] < min s’ OF + O O+ o] |0
o 8 12 e [
and
t// O
|a3—2a%|§| §)|

Remark 3.7 The estimates for coefficients |a;| and |a3| in Corollary 3.6 obtained by Xu et
al. [16]
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