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Abstract

In recent times, many iterative methods for computing multiple zeros of nonlinear functions
have been appeared in literature. Different from these existing methods, here we propose a
new class of methods with eighth order convergence for multiple zeros. With four evalua-
tions per iteration, the methods satisfy the criterion of attaining optimal convergence of eighth
order. Applicability is demonstrated on different examples that illustrates the computational
efficiency of novel methods. Comparison of numerical results shows that the proposed tech-
niques possess good convergence compared to existing optimal order techniques. Besides,
the accuracy of existing techniques is also challenged which is the main advantage.

Keywords Nonlinear equations - Newton-like methods - Fast algorithm - Multiple roots -
Convergence
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1 Introduction

Constructing higher order multi-point numerical methods for the multiple zeros of the uni-
variate function f(r), where f : C — C is analytic in neighborhood of the required zero, is
one of the most important and difficult problems in numerical analysis. The advantages of
multi-point iterative methods over the one-point iterative method can be found in the excel-
lent book by Traub [19]. More recently, Argyros and Regmi have also highlighted the newly
optimized advantages of multi-point iterative methods in their excellent book (see [1]). The
most basic one-point method is the Newton’s method [13]
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Here w is the multiplicity of a zero (say, «) of the function f(¢), that is, f(j)(a) =0,j=
0,1,...,u—land f® () #£0.

Many higher order multi-point methods, either independent or dependent on the Newton’s
scheme (1), have been proposed in literature, see [2,5,7,9—-11,14-18,22] and the references
cited therein. In particular, Liu and Zhou [11] have recently proposed the following scheme
of two-point Newton-like methods:
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where u; = (;/(é’)) ) "landG:C > Cisa holomorphic function in the neighborhood

of origin zero. They have shown that this iterative scheme attains fourth order convergence
provided that the function G () satisfies the conditions:
/ " 4/’1’
G0)=0,G0)=1,G0)=——, u#1
n—1

In this work our aim is to develop multi-point iterations with high computational efficient,
i.e. the iterative methods of higher convergence order that may use the computations as small
in number as we please. The definition of computational efficiency is closely related to the
well-known conjecture by Kung and Traub [8]. According to this the multi-point methods
without memory requiring n functional evaluations can attain the maximum convergence
order 2"~!. The methods qualifying the Kung—Traub criterion are usually known as optimal
methods. It is clear that Liu—Zhou method is optimal with fourth order convergence. Due
to the complexity in developing iterative procedures, the optimal methods for computing
multiple roots are seldom obtained.

Keeping the above points in view, we propose a family of eighth order methods that
requires four new pieces of information per iteration and hence possesses optimal convergence
of eighth order in the sense of Kung—Traub hypothesis. Proposed iterative scheme is the
composition of three steps that uses the Liu—Zhou iteration (2) in the first two steps and
Newton-type iteration in the third step. Iterative scheme is unique in the sense that it requires
two functions and two derivatives per each iteration. The efficiency index (see [12]) is 1.682
which is better than the efficiency index 1.587 of the basic fourth order Liu—Zhou method.
Therefore, the new scheme can also be observed as the modification of Liu—Zhou scheme.

We summarize the contents of this article. In Sect. 2, the eighth order iterative technique
is developed and its convergence is studied. Some numerical tests are performed in Sect. 3 to
check the stability of the methods and to verify the theoretical results. A comparison with the
existing methods is also shown in this section. In Sect. 4 concluding remarks are reported.

2 Development of scheme

Authors of this research area have used a variety of techniques to develop higher order
iterative methods for solving nonlinear equations. Some of these are: interpolation approach,
sampling approach, composition approach, geometrical approach, adomian approach and
weight-function approach. Of these the weight-function approach has been most popular in
recent times, see, for example [5,11,14,22] and references cited therein. We also use this
technique in the present work of computing a multiple root with multiplicity u > 1. Thereby
consider the following three-step iterative scheme:
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where u; = (?g:;) v (J}((i’ > , Wi = Z’ , and the functions G, B, H, K : C — C
are analytic in a neighborhood of 0. Note that second and third steps are weighted by the
factors G, B, H and K, so these factors are called weight factors or weight functions. Note
that u; and v; are one-to- i — 1 and one-to- © multi-valued functions, respectively, so we
consider their principal analytic branches. Hence, it is convenient to treat them as the principal
root.

In the sequel we will explore certain conditions under which the scheme (3) achieves
convergence of order as high as possible. The lengthy calculations are handled by using
computer algebra system such as Mathematica software (see [21]). In order to study the
convergence following theorem is stated and proved:

Theorem 1 Let f : C — C be an analytic function in a region enclosing a multiple zero
(say, o) with multiplicity p > 1. Assume that initial guess ty is sufficiently close to o, then
the local order of convergence of scheme (3) is at least 8, provided that
4
GO) =0. GO =1. G"(0) = —"—.
w—
6(u (1 = 3p% + p + DB"(0) +2(6u* + p* — 54> = 3p — 3)B"(0))

GW(O) = 2 i 2 " ’
(= D*(u(1 — w)B"”(0) + 6(u* — n — 1)B"(0))
_ (=D = wB"(0) +6(u* — p— HB"(0))
B(0) = — :
49pu° —8pus —5u+6)
1%@—%@)H@—;iﬁﬂg—rmm———L——K@—ﬁilmm
- ’ T2 -p—1) " BO)H(O)’ T ’

H'(0) #0, (1 —p)B"(0) + 6(u> — . — 1)B"(0) # 0.

Proof Let the error at i-th iteration be ¢; = f; — . Developing f(#;) and f'(t;) about a by
Taylor’s series

f) = f(M(a) ”(1+C161+C26 + C3€ + Cyel + Csed + Coel + - ) 4)
and
fmy_fxwﬁl(+W+DQ6+W+DQ¥+W+$Q€
+(n+4)Cael +---), ®)
where C,, = (ui‘n)'% forn € N.

Using (4) and (5) in first step of (3), it follows that

Cq 2uCy — (1 + 1)C
€y =yi—a= sz + 5 Led +Z¢n P roE).  ©

n=1
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where ¢, = ¢, (1, C1, C2,C3,...,C7),n =1,2,3,5. For brevity, expressions of ¢, being
very lengthy are not expressed explicitly. Such lengthy expressions obtained in the next
computations will also not be shown explicitly.

Expansion of f’(y;) about « leads us to the expression

f(u)( ) e ) N
PO = S el (o (4 DCrey + 4206, + (0 9Cxe]
i+ 4Cael +- ) )

1
Using (5) and (7) in u; = (f; ((f’) ) "~ , we have that

Ci 2(n — 1)C2—(,U«+1)C1 2 n+2
i=—€ n€ o 8
u M6+ 1) +ZT7 + (6) ®)

n=1

where n, = n,(u, C1, Ca, ..., Cg).
Expansion of weight function G (;) in the neighborhood of origin yields

) A Neld 1 2~ 1 3~ 4
Gui)~ GO)+u;G(0) + Eui G"(0) + gui G (0) 4+ O). )
Then the second step of scheme (3), on using Egs. (4)-(6), (8) and (9), produces
6
1+ G@0)—G'(0
€, =z —a=-G0)e + %cﬁ +Y e+ 0(g),  (10)
n=1

where y, = yu (1, G(0), G'(0), G"(0), G"(0), C1, Ca, ..., C7).
It follows that the fourth order convergence can be achieved if the coefficients of ¢;, €
and e? vanish. Then, resulting equations yield

2

i

/ " 4’""
G0)=0, GO =1 and G (0)=ﬁ. (11)

By using (11) in (10), we obtain that

C
€ =~ (B0 + 812+ +2) — GO (1 — DDC? — 6(1 — D2Co)el
T3 — 1)2 ! ’
4
+) onel T+ 0. (12)
n=1

where ¢, = ¢, (u, G (0), C1, Ca, ..., Cg).
Developing f(z;) about «, then

r* (a)
w!

f@) = el (14 Creg + Cael + C3€l, + Cael + Cs€l + Coel 4+ ). (13)

1
From (4) and (13), we get expression of v; = (j;(é’))) " as

C1 3 2 1 2\ 2 2 3
i = — 5 (3 8 2)—G"0)(u—DHC; —6(u— DHuCr) €
Vi = A1) (GG + 8> +u+2) O) (1 — DHCT = 6( — Hu’Cr) €
5
+ an€?+3 + 0(6?), (14)
n=1
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where 1, = 7,,(u, G”(0), Cy, Ca, ..., Ce).
The use of (8) and (14) in w; = Z—’ gives

1
= 62 1P (B’ +81° + 1 +2) = G"(O) (e — D))CT = 6(u — DU’ C2) €

w;
6
+Y el + 0(€). (15)
n=1
where ¥, = ¥ (1, G”(0), C1, Co, ..., C7).
Next, we expand weight functions B (u;), H (v;) and K (w;) in the neighborhood of origin
by Taylor series, then we have

B(u;) ~ B(0) + u; B'(0) + %M%B”(O) + éu?B”’(O), (16)
H(vi) ~ H(0)+ v;H'(0), (I7)
K(w;) = K(0)+ w;K'(0). (18)

Hence by substituting (4), (5), (8), (12), (14)—(18) into the last step of scheme (3), we obtain
the error equation

_ BOHOK©O) - DHC

€it1 I ((G" () (1 — 1)* = 3(u® + 8u” + 1 +2))CT
4
+6(n — D Ca) el + ) &t + 0D, (19)
n=1
where &, = &,(u, G”(0), B(0), B'(0), B”(0), B”(0), H(0), H'(0), K (0), K'(0), Cy,
Co,...,Ce).

5

To obtain eighth order, it is sufficient to fix coefficients of e;‘ , €7, eié and 61'7 simultaneously

equal to zero. This process will give us

G"(0) = 6(1 (13 =32 41+ 1) B (0) 4264 413 — 512 —3u—3) B" (0))
(n—=1)( (l(M_)Il;z%gl_67)5/”(0)-{_)%“(20;)M_I)B”(O)) ,
_ (=D —=)B"(0)+6(u"—p—1)B"
B(O) - 4(9M3_8M2_5U+6) ’ (20)

/ _ _ _WH'©O _
B'(0) = 2B(0), HO) = 52O k(0) =

1 —1
BO)H()’ K'(0) = #TK(O),

wherein H’(0) # 0 and p(1 — ) B (0) + 6(u? — . — 1) B”(0) # 0.
Substituting the values expressed by (20) in the error equation (19), then some simple
calculations yield

1
48(1 — 13u (1 — ) B"(0) + 6(u? — p — 1)B”(0))3

x (01 [(—u(/ﬁ +9u% — 13+ 3)B”(0) +2(3u* + 93

€iyl =

—26i° — 11— 3)B"(0))CT +2(1 — Dp(p(e — 1)B”(0)

+ (64 61 — 6u*) B (0) Ca][(1* (n — 1)* B (0)*

x (14p7 4 1318 + 17215 — 1058u* + 374> + 871> + 2804 + 48)

— 12u(14p0 + 67u° — 310u® — 42447

+ 15578 — 4691.° — 268u* — 558> + 63147 + 2804 + 48) B” (0) B” (0)
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+12@2pM + 93,10 — 984,°

— 31518 + 38787 + 20010 — 24681 — 3143 — 37243 + 1941

x u? 4+ 1128 + 144)B" (0)H)C} — 12

x (=D — D24’ +21p* = 36p° — u* + 8)B”(0)* — 4p(12u® + 21
x u! —182u8 +185u° + 53u*

— 5003 — 631> +24)B" (0)B” (0) + 12(1211° + 3u® — 142

x ! 4 130u8 + 15207 — d6p* — 142 — 5142

+48u +24)B"(0))CTC + 12(n — 1?2 — 3)

x (u(w — DB (0) + (6 + 6 — 6u*) B"(0)*C3

+24(u — D (1 + ) (u(n — DB"(0) + (6 + 61 — 6

x MZ)B”(O))2C1C3:|>618 +0(€). 21

Hence, the eighth order convergence is established. This completes the proof of theorem. O

2.1 Some concrete methods

Many special cases of the scheme (3) can be generated satisfying the corresponding conditions
on the functions G, B, H and K shown above in Theorem 1 . Moreover, we will restrict
choices to consider the forms of low order polynomials. These choices should be such that
the resulting methods may converge to the root with order eight for © > 1. Accordingly, the
following simple forms are chosen:

21 2+(23u4+7u3—21u2—13u—12) 3
u

1 (- D232 — Bu—12) &

13143 — 2612 12 /1 2 1
Bup) = — L ZORFREIZ L) M- Ly, 23)
409u3 —8u? —5u+6)\2 2 6

G(uj) = u; +

(22)

1
B(u;) = — 72 —6p + 156p> — 7813
W= s sree T S
— (169> — 33812 + 131 + 156)u; — (242> — 244u% — 118 + 168)u%).
24
2
H) = —5—— + ;. (25)
2 —p—1
3 2
v + p (1 +2v;) — 2pw; — 2v;
H() = 26
) 207 — 1 — D0 + evr) (20
P 2utv — 2pv; — 2v;
Hv) = w’2uv 5y v + 1) 27

21? — i — DQui + 23v; + p2 7 — 4 + 1)

K@) = - 16(“2_‘;_1)(9“3_8“2_5“+6)( L), 28)
pur(13u? — 13 — 12) p—=1 " pn

Kw) = — 16(u? — = DO — 8u? — S +6) (1 — wi + pw; + p?wy) 29
(= Dp3(13p% — 13 — 12)(1 + pw;)
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Letus select the combination of (22), (23), (25), (28) in the scheme (3) and denote the resulting
method by M-1; the combination of (22), (23), (26), (28) and denote the corresponding
method by M-2; the combination of (22), (24), (25), (28) and denote the method by M-3;
and the combination of (22), (23), (27), (28) and denote the method by M-4.

Remark 1 The computational efficiency (E) is defined as E = p'/?, where p is the order of
convergence of the considered method and 6 is the number of function evaluations required
per iteration (see [12]). With the conditions (11) and (20) the proposed scheme (3) reaches at
eighth order convergence by using only four functional evaluations (viz. f(#;), f(zi), f'(;)
and f/(y;)) per iteration. Thus, the E-value of the new scheme is 81/4 ~ 1.682, which is
much better than the E-values of Newton’s method (E = 2'/2 ~ 1.414) and fourth order
Liu-Zhou method (E = 473 ~ 1.587).

Remark 2 The proposed algorithms require the knowledge of multiplicity n of a root. To
estimate w, we can employ the formula

M lit1 — i
F(tiy1) — F(t;)’

wherein F(t;) = ]{’((ltii))’ which is approximately the reciprocal of divided difference of F for
successive iterates #; and ;11 (see [6]).

3 Numerical examples

Convergence behavior and computational efficiency of the new methods M-1, M-2, M-3
and M-4 are hereby demonstrated by applying on some numerical problems. Performance
is compared with some existing well-known methods. For example, we choose the optimal
fourth order methods by Kansal et al. [5], Li et al. [9,10], Liu and Zhou [11], Sharma and
Sharma [17], Soleymani et al. [18] and Zhou et al. [22]. These methods are expressed as
follows:

Li-Liao—Cheng method (LLC):

PR/ ()
l 14 /j,—‘,—zf/([l),
ww =2 () " f o0 = AW ()
lig1 =1 —

Fla) = (Ga) oo 21

Li—Cheng—Neta method (LCN):

_ 2u (@)
yi=ti — —— ,
w2 ()
_ S (@) f @)
liq1 =14 —a

YO0 af' @) +af o)
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where

1(%2) p(pt +4p3 — 16p — 16)

a) = — B
2 w3 —4pu+8
B (1 —4p + 8)?
= T T MO — 42 — 6+ 1602 + 2 — 4
w(® +4u u w+16)(u* +2u —4)
u2(u® —4p + 8)
asz =

()" (u* + 43 — 4> — 160 + 16)(u? + 200 — 4)
Sharma—Sharma method (SS):

2u f@)
yi =1t —
I’L+2f(tl)
R P _ 2f M @)
=t = 2|0 =4+ 8) = (u+2) (u+2> on
wo\*fa)NT f @)
< (- -w+2(5) w00
Zhou—Chen—Song method (ZCS):
Y=t — 2u )
N u+2 Wy
R[22 (i) w2\m 1)
fir1 =4 8[’“‘( " ) (f/(t,-)) W +3)( " ) (1)
34 op? + 8+ 8)| L)
+ (u” +6u” +8u+ )]f’(ti)
Soleymani—Babajee—Lotfi method (SBL):
' 2 f)
MR T2 )y
fro1 =t — J i) f (@)
T Dl O+ paf GO f @) + pa(f @)
where
L
PL= el Q2+ wH,
8- uQ+ -2
P2 = .
8

1 _ _
Py =1 =2u I+
Kansal-Kanwar-Bhatia method (KKB):

2u f(@)
w42 (6’

T Camr ((i’)) @ =1
8(2qH* +m(g* — 1)) )
x (4 —2u+pi(g " —1) 9 " 2q" + pu(g" - 1))2),
Sf1@) fr@) — (i)

m
tiyl =t — Zf(l‘i)<1 +
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Table 1 Test functions

Functions Root (@) n Initial guess
F1(0) = 1% +11.5063 + 47.4912 + 83.06325¢ + 51.23266875 (see [3])  —2.85 2 —25
Fr(t) = (13 = 52212 +9.0825¢ — 5.2675)2 1.75 4 3.7
2

£ = [tan™ () —tan~ (/12 =) + VB(tan~! (25

—tan~ 1 (5/2)) = LT (see [4]) 1841... 5 15
fa) = =21 = 1)3 = 1)%sin(tr —2)(e! 2 — 1) 2 12 3
where ¢ = -5

LitZhou method (LZ):

V=t — J (@)
R ()
2u S @)
tl+1 - yl (ul + j l)f/(tl)

1

where u; = (J}/,((;l')) ) e
The methods are tested on the various problems as shown in Table 1. Numerical
calculations are performed in the programming package of Mathematica software using
multiple-precision arithmetic. Computed results exhibited in Table 2 contain the following

numerical values:

— The number of iterations (i) required to obtain the desired solution.
— The estimated errors |t;+1 — t;| for the first three iterations.

— The computational order of convergence (COC).

The total number of function evaluations (TNFE).

Necessary iterations (i) are calculated by using the condition |t;+1 — #;| + | f(#;)] < 107350

as the stopping criterion. Computational order of convergence is calculated by the formula

In |(ti42 — @)/ (tip1 — @)

COC =
In|(tiy1 —a)/(t; —a)

which is used to validate the theoretical order of convergence (see [20]).

From the numerical results displayed in Table 2 we observe that the errors generated by
the proposed methods M-1, M-2, M-3 and M-4 show the greater accuracy in the successive
approximations. This justifies the good convergence of the methods. The value O for |#; 1 — ;|
indicates that the required accuracy has been achieved. Computational order of convergence
(COC) shown in the penultimate column of the table overwhelmingly supports the theoretical
convergence order. This feature points to the uniformity in the convergence speed of the
iterations which is contrary to the belief that higher order iterations do not always preserve the
order of convergence. Computational efficiency of the methods can be viewed by observing
the entries of TNFE. Indeed, the new methods are efficient in general, since TNFE is less
than that of the existing ones in all the cases. Similar numerical testing, carried out for many
other problems, have confirmed the above conclusions to a large extent.
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Table 2 Comparison of numerical results

Methods i ltr — 11 I3 — 1) |14 — 13 coc TNFE
f1@0)

LLC 5 2.17 x 1073 243 x 10713 3.96 x 10753 4 15
LCN 5 2.17 x 1073 243 x 10713 3.96 x 10753 4 15
SS 5 220 x 1073 256 x 10713 491 x 10733 4 15
ZCS 5 2.30 x 1073 3.04 x 10713 9.72 x 10733 4 15
SBL 5 2.17 x 1073 243 x 10713 3.96 x 10753 4 15
KKB 5 2.05 x 1073 1.94 x 10713 1.62 x 10733 4 15
LZ 5 5.40 x 1073 8.75 x 10712 6.82 x 10747 4 15
M-1 3 234 x 1070 2.94 x 1074 0 8 12
M-2 3 235x 107° 291 x 10749 0 8 12
M-3 3 2.36 x 107° 3.08 x 10749 0 8 12
M-4 3 234 x 1070 2.90 x 1074 0 8 12
f2(0)

LLC 8 2.56 x 107! 3.61 x 1072 1.75 x 1073 4 24
LCN 8 2.56 x 107! 3.63 x 1072 1.78 x 1073 4 24
SS 8 2.57 x 107! 3.67 x 1072 1.84 x 1073 4 24
ZCS 8 2.59 x 107! 3.74 x 1072 1.95 x 1073 4 24
SBL 8 2.61 x 107! 3.84 x 1072 2.11 x 1073 4 24
KKB 7 252 x 107! 3.48 x 1072 1.55 x 1073 4 21
LZ 8 2.90 x 107! 5.00 x 1072 473 x 1073 4 24
M-1 5 1.30 x 107! 4.03 x 1073 4.94 x 10710 8 20
M-2 5 134 x 107! 442 %1073 1.02 x 1079 8 20
M-3 5 1.30 x 107! 4.03 x 1073 491 x 10710 8 20
M-4 5 1.34 x 107! 451 x 1073 1.19 x 1079 8 20
£3@)

LLC 5 1.28 x 1073 2.92 x 10714 8.09 x 10757 4 15
LCN 5 1.28 x 1073 291 x 10714 7.99 x 10757 4 15
SS 5 1.28 x 1073 2.89 x 10714 7.74 x 10757 4 15
ZCS 5 1.28 x 1073 287 x 10714 7.41 x 10757 4 15
SBL 5 1.28 x 1073 278 x 10714 6.38 x 1077 4 15
KKB 5 1.28 x 1073 3.01 x 10714 9.40 x 1077 4 15
LZ 5 333 x 107 243 x 10720 6.86 x 10781 4 15
M-1 3 9.07 x 107° 3.59 x 10799 0 8 12
M-2 3 9.07 x 1072 3.60 x 10799 0 8 12
M-3 3 9.07 x 1072 3.58 x 10799 0 8 12
M-4 3 9.07 x 1072 3.60 x 10799 0 8 12
fa(r)

LLC 6 1.10 x 107! 1.46 x 1074 6.53 x 10716 4 18
LCN 1.10 x 107! 1.46 x 1074 6.65 x 10710 18
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Table 2 continued

Methods i lth — 1] I3 — 1] Ity — 13] coc TNFE
SS 6 1.11 x 1071 1.50 x 1074 7.40 x 10710 4 18
7CS 6 1.11 x 107! 151 x 1074 7.72 x 10710 4 18
SBL 6 1.41 x 107! 459 x 1074 7.98 x 10714 4 18
KKB 6 1.06 x 1071 1.19x 1074 2.80 x 10716 4 18
LZ 6 1.39 x 1071 581 x 1074 3.19x 10713 4 18
M-1 4 1.97 x 1072 4.03 x 10714 1.01 x 107107 8 12
M-2 4 2.49 x 1072 278 x 10713 5.11 x 107101 8 12
M-3 4 1.97 x 1072 3.91 x 10714 7.66 x 107108 8 12
M-4 4 2.65 x 1072 478 x 10713 3.93x 1079 8 12

4 Conclusions

A convergent three-step optimal eighth order scheme has been derived for locating multiple
zeros of nonlinear functions. The methodology is based on Liu—Zhou optimal fourth order and
Newton-like iterations. Analysis of the convergence has proved the order eight under standard
assumptions. Performance has been checked by numerical testing. The theoretical eighth
order convergence is verified by calculating computational order of convergence (COC).
The comparison of performance of the methods with existing efficient methods has also
been shown. Comparison of computational efficiency, measured in terms of total number
of function evaluations (TNFE) required to achieve the desired solution with the specified
accuracy, has also confirmed the efficient and robust character of the new methods. Finally,
it is hoped that this study makes a significant contribution to solving nonlinear equations.
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