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Abstract

U -cross Gram matrices are produced by frames and Riesz bases. In this paper, we represent
bounded operators as matrix operators using K -frames. We study the invertibility matrices
respect to K-frames. Moreover, we apply the concept of K-Riesz bases in Hilbert space H
to the concept of matrix induced by U with respect to K-Riesz bases.
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1 Introduction, notation and motivation

A unitary system is a set of unitary operators ¢/ acting on a Hilbert space H which contains
the identity operator I of B(7). A Bessel generator for I is a vector x € H with the property
that Ux := {Ux : U € U} is Bessel sequence for H. Many useful frames, which play
an essential role in both theory and applications, can been considered as unitary systems,
group-like unitary systems and atomic systems [16,18]. K-frames were recently introduced
by Gavruta to study atomic systems with respect to a bounded operator K € B(H). Itis a
generalization of frame theory such that the lower bound is only satisfied for the elements in
the range of K [17]. It is shown that an atomic system for K is a K -frame and vice versa. For
this reason, K -frames are a useful mathematical tool to study the structure of unitary systems.
Another purpose of this paper is to study Gram Matrices. The operator equation Uf = v
where U € B(H) does not have a smooth solution (i.e. have all derivatives continuous) in
general. It can be rewritten of the form

Ax =b (1.1)

where A; j = (Ue;, ej) and {e;};es is an orthonormal basis of H. To solve linear systems
(1.1) variational method can be applied for example [25]. Recently, frames, Riesz bases and
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g-frames are applied to obtain (1.1) [3,4,12]. In this paper, we apply K-frames to get (1.1)
as atomic decompositions of elements in the range of K which may not be closed.

Let H be a separable Hilbert space and K an operator from H to H. A sequence F :=
{fitier € H is called a K-frame for 'H, if there exist constants A, B > 0 such that

AIK* I <Y IKf P < BIFIR. (f €M) (12)

iel

Clearly if K = I3, then F is an ordinary frame. The constants A and B in (1.2) are called
lower and upper bounds of F, respectively. We call F a A-tight K -frame if A|K* f||> =
i S f,-)|2 and a 1-tight K-frame as Parseval K -frame. A K -frame is called an exact
K -frame, if by removing any element, the reminder sequence is not a K -frame.

Obviously, every K-frame is a Bessel sequence, hence similar to ordinary frames the
synthesis operator can be defined as Tr : 1?2 > H; Tr(cilier) = > ics Ci fi-Itis abounded
operator and its adjoint which is called the analysis operator givenby Tg(f) = {(f, fi)}ier-
Finally, the frame operator is given by Sp : H — H; Spf = TrTSf = Y i/ (f. fi) fi-
Many properties of ordinary frames do not hold for K-frames, for example, the frame operator
of a K-frame is not invertible in general. It is worthwhile to mention that if K has close range
then Sr from R(K) onto Sr(R(K)) is an invertible operator [24]. In particular,

A< 1S £l < ATHKTIPIANL, (f € SF(R(K))), (1.3)

where KT is the pseudo-inverse of K.
Let { fi}ier be a Bessel sequence. A Bessel sequence {g;}ic; € H is called a K-dual of

{fi}iel if
Kf =Y (f.¢)mr) fir (f €H). (1.4)

iel

In [17], it was shown that for every K-frame of H there exists at least a Bessel sequence
{gi}icr which satisfies (1.4).

Let F = {fi}ier be a K-frame. The Bessel sequence {K*Silﬂgp(R(K))fl},el can be
considered as the canonical K -dual of F [1]. For simplicity, the canonical K -dual is denoted
by F¥ = {f “Vier. In the sequel, we show that for each f € M, the sequence {(f, f Vier
has minimal EZ -norm among all sequences representating K f.

The next proposition is important in K -frame theory.

Proposition 1.1 [14] Let L1 € B(H1, H) and Ly € B(H3, H) be two bounded operators.
The following statements are equivalent:

(1) R(L1) € R(L»).
(2) LyL} < A*Ly L’ for some & > 0.
(3) there exists a bounded operator X € B(H1, H2) so that L1 = Ly X

In this paper, we establish the notion of K-Riesz bases and show that, similar to ordinary
frames, a K-Riesz basis has a unique K-dual. Also, try to state an operator as a matrix
operator induced by K-frames and K-Riesz bases. More precisely, every K-frame is a
Bessel sequence, and therefore we can induce matrix representations (3.1) for operators by K -
frames. The inverse of such matrices are computed if they are exist. Moreover, we investigate
sufficient conditions such that a matrix operator induced by K -frames is invertible. For more
similar information see [5].
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2 K-Riesz bases

In this section, we present K -Riesz sequences in H and investigate their properties. Also, we
state K-Riesz bases and give some characterizations of this concept such as we prove that
they are a unique K -dual. Throughout this paper we suppose K is a bounded operator with
closed range.

Definition 2.1 A family F := {f;};c; is called a K-Riesz sequence for H if there exists an
injective bounded operator U : H — H such that {7gk) fi},., = {Uei}ics, where {e;}ies
is an orthonormal basis for H. In addition, if F is a K-frame, then { f;};c; is called a K -Riesz
basis.

The next theorem, which used frequently throughout the paper, gives an equivalent condition
for K-Riesz sequences.

Theorem 2.2 For a K-frame F = {f;}icr in H, the following are equivalent:

(1) {filier is a K-Riesz basis for H.
(2) There exist constants A, B > 0 such that for every finite scalar sequence {c;}icy,

2
A Z leil? < ZCNTR(K)fi

<BY lal @1
iel iel

iel

Proof (1) = (2) Let { fi}ics be a K-Riesz sequence. Then there exists an injective bounded
operator U : H — H such that Ue; = mp(k) f;. Moreover, applying the lower K-frame
condition and Theorem 1.1 we have

RWU) = mrixyTR(e)H

= TR TREK)H
= JTR(K)H = R(K)

In particular, R(U) is closed, and so U has a bounded left inverse denoted by L. Hence,

2 2
Y oenra i =Y cUe| <IUIPY |l
iel iel iel

and

2 2
ol = LU cier| < ILIP | cimrao fi|

iel iel iel

for every finite scalar sequence {c;};c;-
(2) = (1) Given
U:H— span {ﬂR(K)fi},-e, . (ei = TR(K) fi)-
Then (2.1) yields

2
2
AN leil? = | Y eimr) fi
iel iel
2
— o 2
= UZc,e, 5BZ|C,|.
iel iel
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So, U is bounded and injective. O
The next corollary gives equivalent conditions for a Bessel sequence being a K -Riesz basis.

Corollary 2.3 Let F = {fi}ie1 be a Bessel sequence in H. The following are equivalent:

(1) F is a K-Riesz basis.
(2) F is a K-frame and

AY el <

iel

2
<B) lal

iel

ZCNTR(K)fi

iel

(3) mrk)TF is invertible from 0% onto R(K).

An overcomplete or redundant K -frame is a K-frame { f;};c; such that {f;};c; is not a
K -Riesz basis. In other word, a K*-frame {f;};c; is redundant, if there exist coefficients
{cilier € €2 \ {0} for which ), ; cimr(k) fi = 0. In fact, a K-frame { f;}ics is a K-Riesz
basis if the elements of {7 k) f;i}icr are independent.

Proposition 2.4 Let { f;}ic1 be a Bessel sequence in H. The following are equivalent:

(1) {fi}ier is K-Riesz sequence for 'H.

(2) {7wrk) filier is a Riesz sequence.

(3) {7wrk) filiel is o—independent.

Moreover, let{ f;}ic1 be a K -frame. Then { f;}ic1 is a K -Riesz basis if and only if {wg k) fi}ic1

is w—independent.

The relationship between K -Riesz bases and exact K *-frames is discussed on the follow-
ing proposition, see Theorem 3.3.2 of [11] for the ordinary case.
Proposition 2.5 Let F = { fi}ic; be a K-frame in H. The following are equivalent.
(1) F is a K-Riesz basis.
(2) F has a unique K -dual in H.

Proof (1) = (2) Assume that F is a K -Riesz basis of the form of {U¢; };c;, where U € B(H)
is injective. If {g;}ic; and {h;};c; are K-dual of F, then
UY (f.e)ei=) (f 8)Ue
iel iel
= > (f.8) TRk £
iel
=Kf
= Z (f, hi) TRk fi
iel
=Y (f hi)Uei=U> (f. hi)ei.
iel iel
for every f € H. The injectivity U induces that {g;}ic; = {h;}ics-
(2) = (1) Assume that F has a unique K-dual in H. On the contrary, suppose that F is

not a K-Riesz basis. Using Proposition 2.4 follows that {mg (k) } is not a Riesz basis, or
equivalently, (k) TF is not injective. Choose 0 # {c;}ies € 12 such that

7rk)TF{citier = 0. 2.2)
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Defining the sequence {g;}ic; in H weakly by

(f.g)=(f fiY+ci. (el femn). (2.3)
Then {g;}ics is a Bessel sequence. Moreover, applying (2.2) and (2.3) we obtain
S Uf s TR fi =) ((f, fH+ Ci) TR(K) fi
iel iel
= > Af [O7r@) fi + TR Tricitier = Kf
iel
Hence, {gi}ics is a K-dual of F and so g; = f[i, for alli € I by the assumption. This easily
follows that {c¢;} = 0 which is impossible. O

The question that may involve is that the relationship between Riesz bases and K -Riesz
bases.

Corollary 2.6 Let {f;}ics be a Bessel sequence in H. If { fi}icr is a Riesz basis, then {K fi}icr
is a K-Riesz basis in H. If {K f;}icy is a Riesz basis, then { fi}icy is a K-Riesz sequence in
H.

3 U-Gram matrix with respect to K-frames

The standard matrix description of an operator U, using an orthonormal basis {¢;};cs, is the
matrix M defined by

(Mc)j =Y My, (c={exh € £,
k

where M = <U e, e j>. The same can be constructed with frames and their duals. More
precisely, assume that ® = {¢;};c; and ¥ = {y;};cs are a pair of dual frames and Uf = v
is an operator equation, then

D (U ¢S b)) = <Z<f, ¢V U*¢,»>

J

J

=(Uf.¢i) = (v, ¢i) .

Thus, the operator equation can be reduced to the linear system
(U, ¢i))l~’j ((f.9))) = (v, ¢i)).

We say that (U, ¢; ))i’j is the matrix representation of U by using dual pairs & and W.
In [22], it is shown that operators can be described as the form of matrices by using fusion
frames.

In this section, we represent an operator in B(H) as the form of a matrix in the base of

K -frames. Also, we investigate its inverse if there exists.

Definition 3.1 Let ¥ = {v;};c; be a Bessel sequence in H; and ® = {¢;};c; a Bessel
sequence in Hy. For U € B(Hj, H>), the matrix induced by operator U with respect to the
Bessel sequences ® = {¢;}ie; and ¥ = {¢;}ies, denoted by Gy o, w, is given by

(Guow), ; =(Uvj.di). (G.jel), (3.1
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for more details see [4]. It is straightforward to see that
Gy.ow=TgUTy. (3.2)

Because of the operator representation (3.2), we call Gy, ¢, the U-cross Gram matrix of ®
and W, respectively. In other word, Gy ¢, ¢ is a bounded operator on £% with ||GU,¢,¢ || <
VBoBy||U| and (Gy,o,w)" = Guew,0. If Hi = Hp and U = Iy, it is called the cross
Gram matrix and denoted by Go,w. We use Gy for Gy, y; the so called the Gram matrix
[11].

An operator U € B(H) has a K-right inverse (K-left inverse) if there exists an operator
R € B(H) (resp. L € B(H)), so that

UR=K, (resp. LU =K),
for K € B(H).If R = L, then R is the K-inverse of U.

Example 3.2 Let K € B(H) and ® = {¢;};c; be a K-frame in H. Then
() qu,(K*)*,@,cbi = G¢, when K is a closed range operator in B(H) and ® C S¢(R(K)).
Indeed, since R(Sq_,l) C R(K)on Se(R(K))and KKT =1 |r(k) we have

%
Gscp(KT)*,cb,cbi =TS (KT) T

P
@S (K1) K*Sy w5 Rtk P

= T;Tq; =Gop.

) If R(U) € R(K) and G< 1) = I,2, then U is K -right invertible. According

S; *UﬂR(K),(b,d)
to the fact that ®* is a K-dual of ®, we have

K = 7TR(K)T¢T;$

= T * T*,
TCR(K) ¢G(S;|) Urtrii . @F

*
ﬂR(K)TcpT(; (S;l) U7TR(K)T<I>T$¢
*
= TRk) S0 (S;J) UK
= ﬂR(K)UK = UK.
In the following we state a sufficient condition such that Gy ¢ ¢t = Ip2.

Theorem 3.3 Let U, K € B(H) and R(U) C R(K). If ® is a K-frame such that Gy ¢ ¢t =
12, then U K* is a biorthogonal projection on R(K). The converse is true if ® is a K -Riesz
basis.

Proof Using the duality formula we have
To: T<;7TR(K) =K*.
Then

Somrx) = ToTgmR(K)
= ToGy ¢,0: ToTR(K)
= T@T,;UTCI;:;TCEJTR(K) = Sq>UK*.
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Applying R(U) € R(K) implies that S¢ is an invertible on R(U) and then U K™* = mp(k).
Conversely, it is easy to see that

Gy 0,0t Tomr(K) = ToUTe: ToTR(K)
= TgUK* = T,gT[R(K).

S0, Gy g9t = Ip2 if Tgmg(k) is invertible and so by Proposition 2.3 if ® is a K-Riesz basis.
o

It is worthwhile to mention that from the one sided invertibility of Gram matrix induced by
K € B(H) with respect to Bessel sequences W and &, respectively, it follows that the Bessel
sequences KW and K*® are K -Riesz sequence and K *-Riesz sequence, respectively.

Theorem 3.4 Let W = {y;}ics be a Bessel sequence in 'H.

(1) If Gk @, w has a left inverse, then KW is a K -Riesz sequence in 'H.
(2) If Gk .o, v has a right inverse, then K*® is a K*-Riesz sequence in H.

Proof Let L be a left inverse of Gg ¢ w. Then
Ip = [,G](,q),\y
=LT§KTy = LT§Tkw.

The above computations show that Tk y has a left inverse and so Tk y is an injective operator.
Hence, by applying Lemma 2.4.1 of [11] there exists A > 0 such that

2 2
AY el < Y cikyi| =D cimra) K
iel iel iel
Therefore, KW is a K-Riesz sequence in H by Theorem 2.2.
The proof of (2) is similar. O

Now, we study several K-duals of a K-frame by its Gram matrix.
Theorem 3.5 Let ® = {¢;}ics be a K-frame in H. Then Go = Ip2 on R(TGK) if and only
if So = I on R(K). In this case qblT = K*npx)¢i, foralli € I.

Proof We firstclaimthat Go 75K = T K if and only if So K = K. Assume that Go T3 K =
T4 K. Then

SoSoK = TeTeToTeK
= ToGoTgK
=ToTgK = SoK.
The invertibility S¢ on R(K) implies that So K = K. For the reverse,
GoTK = T§ToTHK = TESoK = TgK.

Moreover,
¢ = K*Sg' Tsarikn$i
= K*S0Sq TseR(K)Pi
= K*nsor(k)9i = K*Rr(K) i
for all i € I. It completes the proof. O
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We are going to construct several K-duals for some Bessel sequences in which their Gram
matrices are invertible from the left or from the right.

Theorem 3.6 Let ® = {¢;}ic; and ¥ = {V;}ics be a K-frame and a Bessel sequence in 'H,
respectively. Also, U € B(H) and Gy, o, v has a right inverse as R. Then

(1) {Sq:lnsq)(R(K))qﬁi}' , is a K-frame. Moreover, {K*Tq,R*T;U*qﬁi}iE[ is a K-dual of
1€
{S;WSMR(K))@LJ
(2) for every K -dual ®¢ = {¢>l¢}id, the K*-frame {Tq,dR*Tq"jU*@}ie] is a K-dual of ®.

Proof Notice that S;l S¢ = I on R(K). So, for all f € H, we obtain
(H

Kf =Sy SoKf
= S3'TeGu 0 v RTEK f
= S3' TeT3UTyRTLK f
= Z(f K*ToR*TgU* i) TRr(k)Sg s (R(K)) i-

iel

i

The existence of K-dual for [Sd_)lnsq)( R([{))(]ﬁi] , proves the considered sequence is a K -
€

frame.
(2) Using (1.4) we obtain

Kf = NR(K)Tq;T(Ddf
= n1rk)ToGU 0, RTpa f
= ﬂR(K)Tq>T£UT\yRT¢df

= Z (f. Toa R*TgU* i) mr(k) i -

iel

In the following, we present pairs of K -duals by means of the one sided invertibility of Gram
matrices.

Corollary 3.7 Let ® = {¢; }ics be a Bessel sequence and VW = {V;}ier a K-frame in H. Also,
let U € B(H), and L be a left inverse of Gy, o,v. Then

(]) {K*wi}iel is a K-dual Of{S;IﬂSW(R(K))T\p[,TgUIﬁi }iel

2) [K*S;lnsq,(R(K))wi} is a K -dual of {Ty LTZUV:},_,.

iel
(3) W = {yf)ics is a K-dual of {Ty LTFU i}, _,, where ¥ is a K-dual of V.
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Proof (1) Let £ € B(H) be a left inverse of Gy ¢ w. It is clear to see that {K*;};c; and

[qulﬂsq,(R(K)) Ty LTHU i ] , are Bessel sequences in H. Moreover,
IAS]

Kf =S,'SuKf
JTR(K)S\EISq;Kf

= 7r(K) Sy sy R T TE K f

Z
TrRk)Sy sy RK) TW LGy, 0,9 TG K f

D O K i) R Sy sy RO Tw LT Ui,

iel

for all f € H. The rest is similar. m}

In the following we present a K -dual for a K-frame by some its K-duals.

Proposition 3.8 Assume that V = {V;}icr is a K-dual of a K -frame ® = {¢;}ic;. IfU €
B(H) such that Gy o,w = Iy, then S,U*® is a K-dual of ®. In particular, if V is the
canonical K -dual of ® and KU* = Iy, then Sj,U*® = V.

Proof For all f € H we have
Kf

wr)To Ty f
=1rk)ToGu o, w Ty f

= JTR(K)Tq:.T(;UT\yT\;f
TrK)SoUSw f

= Z<f Sy U i) Tr(k) i -

iel

In particular, if W is the canonical K-dual of ®, then we have
Sy f = Z(f K*551HS¢R(K)¢i> K*Sg' sy r(K)®i
iel
= K*Sg ' wsor(K) S0 (Sg ) K f.
Now, by using KU* = Iy we obtain
SLU® = K*Sg' s, rik) St (Sg ) KU*®
= K*Sg ' wsork)® = V.
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