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Abstract

This work is a survey of many papers dealing with new methods to study partial functional
differential equations. We propose a new reduction method of the complexity of partial
functional differential equations and its applications. Since, any partial functional differential
equation is well-posed in a infinite dimensional space, this presents many difficulties to study
the qualitative analysis of the solutions. Here, we propose to reduce the dimension from
infinite to finite. We suppose that the undelayed part is not necessarily densely defined and
satisfies the Hille—Yosida condition. The delayed part is continuous. We prove the dynamic
of solutions are obtained through an ordinary differential equations that is well-posed in
a finite dimensional space. The powerty of this results is used to show the existence of
almost automorphic solutions for partial functional differential equations. For illustration,
we provide an application to the Lotka—Volterra model with diffusion and delay.
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Reduction of complexity - Almost automorphic solutions
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1 Introduction

This work is a survey of many works that I have been done before on reduction methods
for partial functional differential equations with finite and infinite delay. Firstly, we establish
variations of constants formulas for partial functional differential equations in finite and
infinite delays, this formula will play a crucial role to develop the reduction of complexity
from infinite dimension to finite dimension. We propose an application to prove the existence
of almost automorphic solutions using classical theorems on ordinary differential equations.
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90 K. Ezzinbi

Here, we are concerned with the following partial functional differential equation with
finite delay

%u(r) = Au(t) + L(u;) + f(t) fort >0,
up=¢ € C :=C([-r,0], X),

(1.1)

where A is a linear operator on a Banach space X not necessarily densely defined and satisfies
the Hille—Yosida condition: there exist M > 0, w € R such that (w, +00) C p(A), and

‘R(A,A)"|§ - forn € IN and A > o,

M
* -
where p(A) is the resolvent set of A and R(A, A) = (A — AL, Cisthe space of continuous
functions from [—r, 0] to the observable X endowed with the uniform norm topology. L is a
bounded linear operator from C into X and f is an almost automorphic function from R to
X, the history function u; € C is defined by

u;(0) = u(t 4+ 0) for6 € [—r,0].

As an example of Eq. (1.1), we propose the following model arising in many problems in
population dynamics and physical systems

9 82 0
gv(t,x) = ﬁv(t,x) +/ GO)v(t+60,x)d0 +h(t,x) fort > 0and x € [0, 7],
X —r

u(t,x)=0forx =0,7andr > 0,

u@,x) =¢@,x)for6 € [—r,0] and x € [0, 7],

We use the reduction of complexity to prove that the existence of almost automorphic
solution of Eq. (1.1) is equivalent to the existence of a bounded solution on R*. To achieve
this goal, we use the variation of constants formula obtained in [1] and we develop new
fundamental results about the spectral decomposition of solutions.

Recall that partial functional differential equations are an important area of research in
applied mathematics, since many phenomenons in physical and biological systems are mod-
eled using the history of the system. Then a system using delay is well-posed in infinite
dimensional spaces and many classical results in differential equations well-posed in finite
dimensional spaces cannot be applied. The aim of this chapter is to reduce the complexity of
partial functional differential equations. We prove the existence of an ordinary differential
equation that is well-posed in finite dimensional spaces and give all the fundamental proper-
ties on the qualitative analysis for the whole partial functional differential equations. Recall
that the theory of partial functional differential equations was initiated in [2], for more details
we refer to the book [3].

Almost automorphic functions are more general than almost periodic functions and they
were introduced by Bochner [4], for more details about this topics we refer to the recent book
[5] where the author give an important overview about the theory of almost automorphic
functions and their applications to differential equations. The existence of almost automorphic
solutions for differential equations in infinite dimensional space has been studied by several
authors. For example in [6], the author studied the existence of almost automorphic solutions
for the following semilinear abstract differential equation

%x(r) =Cx(t) +0(t) fort >0, (1.2)
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where C generates an exponentially stable semigroup on a Banach space Y and 6 is an almost
automorphic function from R to Y. The author proved that the only bounded mild solution
of Eq. (1.2) on R is almost automorphic.

Recently in [7], the authors studied the existence of almost automorphic solutions for the
following partial functional differential equations with infinite delay

d
i d—):(t) = Dx(1) + L()x; + K@) for 1> 0, 03

xo:(pEB,

where D is the generator of a strongly continuous semigroup of linear operators on a Banach
space E which is equivalent by Hille—Yosida’s theorem that D satisfies the Hille—Yosida
condition and D(D) = E. The phase space B is a linear space of functions mapping (—oo, 0]
into E satisfying some axioms introduced by Hale and Kato [7], forallt > 0, £(z)is abounded
linear operator form B to E and periodic in 7. For every ¢ > 0, the history function x, € B
is defined by

x;(0) =x(t+0) forf <O0.

The function X is an almost automorphic function from R to E. The authors proved that the
existence of a bounded mild solution on R™ of Eq. (1.3) is equivalent to the existence of an
almost automorphic solution.

2 Variation of constants formula for partial functional differential
equations

Throughout this chapter, we suppose that
(Hy) A satisfies the Hille—Yosida condition.
We consider the following definition and results which are taken from [8].

Definition 2.1 [8] We say that a continuous function u from [—r, co) into X is an integral
solution of Eq. (1.1), if the following conditions hold
(i) fyu(s)ds € D(A) fort >0,
(i) u(t) = ¢(0) + Afotu(s)ds + fot [L(us) 4+ f(s)lds fort >0,
(i) wup = .
If D(A) = X, the integral solutions coincide with the known mild solutions. We can see

that if u is an integral solution of Eq. (1.1), then u(¢) € D(A) for all t+ > 0, in particular
¢(0) € D(A). Let us introduce the part Ag of the operator A in D(A) defined by

D(Ag) = {x € D(A) : Ax € D (A)}
Agx = Ax forx € D(Ap).

Lemma2.2 [9, Lemma 3.3.12, p. 140] Ao generates a strongly continuous semigroup
(To(t))r=0 on D(A).

For the existence of the integral solutions, one has the following result.

Theorem 2.3 [8] Assume that (Hy) holds, then for all ¢ € C such that ¢(0) € D(A), Eq.
(1.1) has a unique integral solution u on [—r, +00). Moreover u is given by

1
u(t) = To(t)e(0) + N liT / To(t — s)By[L(us) + f(s)lds fort > 0,
—>1+00 Jo
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92 K. Ezzinbi

where B;, = AR(A, A) for A > w.

In the sequel of this work, we call integral solutions as solutions
Let Cp be the phase space of Eq. (1.1):

co=[<pec:(p(0)eml.
For each t > 0, we define the linear operator /() on Cq by
U = v (-, @),
where v(-, @) is the solution of the following linear equation
[ %v(t) = Ay(t) + L(y;) fort >0,
v =¢ € C,

Proposition 2.4 [8] The family (U(t)),> is a strongly continuous semigroup of linear oper-
ators on Cy:

(i) forallt > 0, U(t) is a bounded linear operator on Cy,
(i) UWO) =1,
(iii) Ut +s) = UUC(s, forallt,s > 0,
(iv) forall ¢ € Co, U(t)p is a continuous function of t > 0 with values in Cy. Moreover,
(V) U());>0 satisfies, fort > 0 and 6 € [—r, 0], the following translation property

Ut +0)p)0) ift+6=>0
Ut)p) () =
et +0) ift+0<0.

Theorem 2.5 [1, Theorem 3] Let A, be defined on Cy by

D(A)={peCl([=r, 01 X):¢(0) € D(A), ¢'(0) € D(A)and ¢'(0) = Ap(0) + L ()]

Augp = ¢ for ¢ € D(A,).

Then Ay is the infinitesimal generator of the semigroup (U(t))>0 on Co.

In order to give a variation of constants formula, we need to recall some notations and
results which are taken from [1]. Let (X() be the space defined by

(Xo0) = {Xoc:ce X},
where the function Xqc is defined by

o =2 Ho<r

The space Co @ (Xo) is equipped with the norm ||¢ + Xocll = |¢|c +|c|for (¢, c) € Cox X,
is a Banach space and consider the extension .4, of the operator .4, defined on Cy @ (Xo)
by
[ D (Ay) = {9 € C(1=r,01: X) : 9(0) € D (4) and ¢'(0) € D(A)],
Aup  =¢ + Xo (Ap(0) + Ly — ¢/(0)).
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Lemma 2.6 [1, Theorem 13 and Lemma 15] Assume that (Hy). Then .Zu satisfies the Hille—
Yosida condition on Co @ (Xo): there exists M > 0, @ € R such that (o, +00) C p(Ay),
and

|R()»,:Zlu)"| < ﬁ forneN, A > o

where R(\, .:Zly) =A- ;lz,{)_l. Moreover, the part of.zz,{ on D (.Zu) = Cy is exactly the
operator A,.

Theorem 2.7 [1, Theorem 16] Assume that (Hgy) holds. Then for all ¢ € Cy, the solution u
of Eq. (1.1) is given by the following variation of constants formula

'
u,=1/{(l)<p+/\1i1}_1 /M(I—S)E)\(Xof(s))dsforl20,
—+00 Jq

where B, = AR(), Zlu)for)» > .

In the next, we establish a new variation of constants formula for the following partial
functional differential equation with infinite delay

{$ﬂ0:Axm+Lm+f0)mM20,

6B 2.1)

where A : D (A) — X is a nondensely defined linear operator on a complex Banach space
(X, |- 1), Bis anormed linear space of functions mapping (—oo, 0] into X and satisfying
some fundamental Axioms, x; is an element of B defined by

xr (0) =x (t+0) for6 € (—o0,0],

L is a bounded linear operator from 3 into X, and f is a continuous X-valued function on
R*. We assume that A is a Hille—Yosida operator.

We employ an axiomatic definition of the phase space 5 which has been introduced at first
by Hale and Kato [10]. In the following, we assume that B is a normed space of functions
mapping ] — oo, 0] into X satisfying the following fundamental axioms:

(A) : There exist a positive constant N, a locally bounded functions M (-) on [0, +00) and
a continuous function K (-) on [0, +00], such that if x :] — 00, a] — X is continuous on
[0, a] with x, € B, for some o < a, then for all ¢ € [o, a],

(i) x; € B,
(ii) t — x; is continuous with respect to the norm of 5 on [o, a],
(i) Nlx @] <Ix| <K —0)supy<s< X )|+ M —0) |x5].

(B) : Bis a Banach space.

We assume that

(D1) : if (¢n),>0 is a sequence in B such that ¢, — 0in Basn — +oo0, then forall 6 < 0,
(¢n (0)),,>0 converges to 0 in X.

Let C (] — o0, 0], X) be the space of continuous functions from ] — co, 0] into X. We make
the following assumptions:

My): BcC(]—-o00,0], X),

(D3): there exists 1g € R such that, for all A € C with Re A > A9 and x € X, we have that

e*x € Band
|e*x]
Ky := sup < 00,
ReA>Ag, xeX |x|
x#0

@ Springer



94 K. Ezzinbi

where (¢*x) (9) = €x for 6 €] — 00, 0] and x € X.
The following results are taken from [11].

Definition 2.8 [11] A function u : R — X is called an integral solution of Eq. (2.1) on R*
if the following conditions hold

(i) u is continuous on R,
(ii) uo = ?,
(iii) / u(s)yds € D(A) fort > 0,
0

1 t 1
@v) u (1) :¢>(O)+A/ u(s)ds—l—/ Lusds—i—/ f(s)ds fort > 0.
0 0 0
If the operator A is densely defined, then the integral solution coincides with the mild solution
given in [12].

Theorem 2.9 [11, p. 336] Assume that B satisfies (A) and (B). Then for all ¢ € B such that
¢ (0) € D (A), Eq. (2.1) has a unique integral solution u(-, ¢, L, ) on R given by

t
_JTo(@®)¢©0)+ lim / To (t —s) AR (X, A) [Lus + f (s)]ds fort > 0,
u(t) = pR———y
¢(t) for t <0.

A continuous function u on R is said to be an integral solution of Eq. (2.1) on R if ug € B
for s € R and

t
u() =Tt —0)u(o)+ lim /To(t—.v)AR(A,A)[LuS+f(s)]dsf0ranytza.

Let By := {qb eB:¢0)eD (A)} be the phase space corresponding to Eq. (2.1). Define
U (t) fort > 0 by
U ¢=u(.¢,L) forg € Ba,
where u (-, ¢, L) is the integral solution of Eq. (2.1) with f = 0.

Proposition 2.10 [11, Proposition 2] (U (t)),>q is a strongly continuous semigroup on B,
that’s
i) U©) =1,
() Ut +s)=U@U(s) fort,s >0,
(iii) forall ¢ € Ba, t — U(t)¢ is continuous.

Moreover (U (t)); o satisfies the translation property

Ui+60)p(0) fort +6 >0
U)e) ©0) =
¢(t+0)fort+6 <0.

In order to establish a new variation of constant formula, we follow the same approach used
in [1]. Before we need to recall the following results.

Lemma 2.11 [11, Proposition 5] Let B satisfy Axioms (A), (B), (D) and (D3). Then the
infinitesimal generator Ay of (U (t)),>( is given by:

deCl(Q—00,01,X)NBs:¢ €Bu ¢(0) e D(A) and}

D (Ay) = { @' (0) = Agp (0) + L (¢)

Avp  =¢.
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By Axiom (D3), we define for each complex number A such that Re(A) > Ag, the linear
operator A (A) : D (A) — X by

AG)=A—A—L(M).

Consider the space X := B4 & (Xp), where (Xo) = {Xox : x € X} and Xox is a function
defined by

(Xox) (0) = {2 i Z i](; 00, 0L,

Then X endowed with the norm ||¢ + Xox|| = ||¢|| + |x]| is a Banach space.

Theorem 2.12 Assume that B satisfies Axioms (A), (B), (D), (Dy) and (D3). Then the
extension Ay of the operator Ay defined on X by

{D~(A7,) ={peBa:¢ €Ba andp(0) e D (A},
Ayp ="+ Xo(A¢ (0) + Lo — ¢ (1)),

is a Hille-Yosida operator on X.
For the proof we need the following fundamental lemma.

Lemma 2.13 There exist w1 > Ao and M| € R such that for .. > w; we have

(i) A (L) is invertible and |A (k)71| < Mo

— A—wp

(i) D(Ay) = D (Ay) @ (e*), where

<e)\') = {e)"x :xeD (A)} .

(iii)) r € p (AT/), and forn € N*, (¢, x) € By x X, one has
R (%, Ap)" (¢ + Xox) = RO, Ap)" + R, Ap)" ™ (e 2 )71 x).

Proof of the lemma a) For A > @ := max{0, wg, Ao}, one has

AG)=M—A-L(T)=1l—A) (I-RM, AL (")),

and
IR (A, A) L (e¥x)| < % le* x| < Mkofi‘)'“ x| for x € X.
Consequently
IR (A, A)L (*T)| < Aflwo <1 forallA > w; =0+ M,

where M := MoKy |L|. We conclude that the operator (I — R (i, A) L (¢*1)) is invertible,
and

. A -1 1 )»—(0()
’(I RO AL () ‘51—|R(A,A)L(ek-1)|Sx—wo—ﬁ

Consequently, A (A) is invertible for A > w; and

My
AN < ——
[ A @) |_x
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96 K. Ezzinbi

b) Let & > w; and (e*x) € D (Ay) N{e*). Then Ax = Ax + L (e*x), that is
A(W)x =0.
Since A (4) is invertible for A > w;, we conclude that D (Ay) N {e*) = {0}. On the other
hand, let { € D (Ay) and ¥ given by
V=V 4 am (AT O+ LT -7 ).
Then
AY(0) + LY = AY(0) + LY + AAG) ™! (AI,Z(O) + Ly — &’(0))
+L (&'A(x)*l (A0 + L - 1/7(0)))
= AYO) + LY — AGAD ™ (4T O + LT — 7' (0)
FAAG) ™! (AJ;(O) + Ly — &’(0))
=70 +2a0) " (ATO) + LI~ ©)
= ¥/(0).

Hence ¢ € D (Ay), which implies that D (A\{/) =D (Ay) ® (e}“>.

¢)Let A > wy and ¥ € X. Then ¥ = ¥ + Xox for some ¥ € By and x € X. We seek for
¢ =p+e*a e D (Ay)suchthat (Al — Ay) ¢ = ¥, where ¢ € D (Ay) anda € D (A). We
have (AT — AZ) (¢ + ¢*'a) = ¥+ Xox, whichis equivalent to find (a, ) € D (A)x D (Ay)
such that

A=Ap)¢9 =19,
A(N)a = X.

For w large enough, it follows that, (AT — ffzj)_l exists for A > w1, and
(M= Ap) ™ W + Xox) = 01— Ap) "y + e A () x.
Consequently, for n € N*, we have
R (%, AD)" (W 4 Xox) = R (h, Ap)" ¥ + R G, Ap)" ™! (¥ A )7 x).
O

Proof of Theorem 2.12 Since Ay is the generator of the semigroup (U (#);>0) on B4, by Hille
and Yosida’s Theorem [13] there exists a positive constant M such that

sup  |(A —w1)" R (A, Ap)"| < M.

neN, A>w;

By Lemma 2.13, there exist w; and M; > 0 such that

(. — o))" R (A, Ay)"

sup
neN, A>w;

< M;.

Lemma 2.14 The part of;l\l’/ in D (A\E/) is the operator Ay .
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Proof From Lemma 2.11, the operator A, generates a strongly continuous semigroup on By,
by Hille and Yosida’s Theorem D (Ay) = By. Since, D (Ay) C D (AU) C By, then

D (Ay) = D (Ay) = Ba.
Let C be the part of Ay in D (Ay), which is defined by

{D(C):L@ep([{]):%qbe&},
Cop = Ayg.

Then D(Ay) € D(C) and Ay¢p = C¢ forall ¢ € D(Ay).
Conversely, let ¢ € D (C). Then

=¢ecl(]—oo,O],X)mBA, ¢’ € Ba, ¢ (0) € D(A)
¢ + Xo (A (0) + Lo — ¢’ (0)) € Ba.

By assumption (D), it follows that

{qs e D (Ay) and ¢ (0) = A¢ (0) + Lo
Co=9'

From which we conclude that C = Ay . O
Consider the following evolution equation
:an-AUsay+Xofa)mrr>o 02
£(0) =9¢eX

Definition 2.15 A continuous function & : [0, +0o[— B4 is called an integral solution of
Eq. 2.2) if

t
@) /g(s)dseD(XZ,)fortzo,
0
t t
(ii) g(r)=$+ix?;/g(s)ds+/xof(s)dsfortzo.
0 0

Theorem 2.16 Assume that (D1), (D2) and (D3) hold. If u is an integral solution of Eq.
(2.1), then the function given by & (t) = u;, t > 0, is an mtegral solution of Eq. (2.2) for
(]5 ¢. Conversely, if & is an integral solution of Eq. (2.2) with ¢ ¢, then the function u
defined by

§@©) ifr=0

””:[¢a) if1<0

is an integral solution of Eq. (2.1).

Proof Let ¢ € B4 and u be the integral solution of Eq. (2.1). Define £ : [0, c0) — B4 by
E(t) =u; fort > 0.
To compute the integral in 53 in term of the integral in X, we need the following lemma.

Lemma 2.17 [11] Assume that (D) holds, and F : [0, a]l — B is continuous, then

(/aF(s)ds> (0):/aF(s)(0)ds forall 6 <O0.
0 0
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98 K. Ezzinbi

By Lemma 2.17, we have

d ! d !
%<‘/0‘ I/{st> (0):£<‘/0‘ u(S-i-Q)ds)
t460
= dd—e </9 u(s) ds)

=u; (0) — ¢ ().
Then

X;](/tg(s)ds>=u,—¢+X0(A/tu(s)ds—i—L(/Iusds)—u(t)—d)(O)).
0 0 0

Since u is an integral solution of Eq. (2.1), it follows that

t t t
u(t)=¢(0)+A/u(s)ds+L</ usds)—{—/ f(s)ds,
0 0 0

which implies that

t t
S(f)=¢+ATJ/$(S)dS+X0/ f(s)ds for t > 0.
0 0

Consequently § is an integral solution of Eq. (2.2). Conversely, let £ be an integral solution
of Eq. (2.2) for ¢ = ¢. Then £ satisfies the following translation property

E(t+0)0)ift+6>0,

E(t)(9)== ¢(t+06) ift+6=<0,

In fact, fort +6 > 0,

t
£ ©)= U@ ©O) +,\ETOO/O (U@ =5)AR (2, Ay) Xof (5)) (6) ds.

Then

1+6 _
E0O =WatOD O+ tim [ (UG+0-5rR (D) Xof ) O ds
t
+ lim/ (Ut = s) AR (A, Ay) Xof (5)) (8) ds.
A=>+00 Jipg

Since

1

lim (U (t = ) AR (A, Ay) Xo f () (0) ds
A=>+00) 116

t
= 1im/ (AR (», Ay) Xof (5)) (t — s + ) ds
A—>+00 )10

t
= lim MO A )7L f(s)ds =0.
A—>—+00 140

which gives that

1+6 .
EMO)=U@E+06)9) (OHAETOO/O (U@+6—s)AR (A, Ay) Xof (5)) (0)ds

=& +0)(0).
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If we consider the function

[E® O ifr >0,
”(’)_{ b (1) ifr<0.

Then & (t) = u; for all 0 and

t t
ur=¢ + Ay (/ usds> +/ Xof (s)ds fort > 0.
0 0
Which implies that « is an integral solution of Eq. (2.1). O

Theorem 2.18 Assume that (Dy), (D) and (D3) hold. Then the integral solution x of Eq.
(2.1) is given by the following variation of constants formula

t
x=U@®o¢+ liT /U(I—S)E:I(Xof(S))deortZO, (2.3)
n—1+00 0

where B, = n (n— Au)il.

Proof This theorem is a consequence from Theorem 2.16
and the following lemma.

Lemma 2.19 [14] Let C be a HilleYosida operator on a Banach space Y and o : Rt — Y
be a continuous function. Consider the following problem

dx(t) =Cx () +a(t) for t >0,
x(0) =xge?Y.

If xo € D (C), then there exists a unique continuous function x such that

t
@) /x(s)dseD(C)fortZO
0

t t

(i1) x(t):xo—i—C/x(s)ds+/oe(s)dsfort20.
0 0

Moreover, x is given by
t
x(t) =8y () xo+ lim / So(t —s5) Cra (s)ds fort > 0,
A—>+00 J

where Cy, := » (W — C)~ " and (Sy (t))¢>0 is the semigroup generated by the part of C in
D (C).

3 Reduction of complexity for partial functional differential equations
with finite delay

In the following, we assume that:
(H;) The operator Ty(t) is compact on D(A) for every ¢t > 0.

Theorem 3.1 Assume that (Hy) and (Hy) hold, then U(t) is compact for t > r.

As a consequence from the compactness property and [15, Theorem 5.3.7, p. 333], we
have the following spectral decomposition result.
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100 K. Ezzinbi

Corollary 3.2 [1] Cy is decomposed as follows:
Co=SaV,
where S is U-invariant and there are positive constants o and N such that
U@ ¢lc < Ne ™ |p|c foreacht >0and g € S. (3.1)
V is a finite dimensional space and the restriction of U to V becomes a group.

In the sequel, U (t) and U" (t) denote the restriction of U/ (¢) respectively on S and V
which correspond to the above decomposition.

Let d = dim V with a basis vectors ® = {¢1, ..., ¢4}. Then, there exist d-elements
{Y1. ..., Ya} in C§ such that
(i, d5) = 8, 32)
(i, ¢) =0forall¢ € Sandi € (1,...,d}, :

where (-, -) denotes the duality pairing between C; and Cy and

I oifi=
5,,-:{ J

0 ifi#j
Let W = col ({1, ..., ¥q}, (W, ®) is ad x d-matrix, where the (i, j)-component is (V;, ¢;).
Denote by IT° and IT the projections respectively on S and V. For each ¢ € Cp, we have
Mo = (¥, ¢).

In fact, for ¢ € Cp, we have ¢ = IT°¢ + ITY ¢ with [TV¢ = ij:l a;¢; and o; € R. By (3.2),
we conclude that

o = (Vi @)

Hence
d

M =Y (i, ) ¢
i=1
=d(V, ¢).
Since (U’ (t));>0 is a group on V, then there exists a d x d-matrix G such that
U (1) ® = ®e'C forr € R.

Moreover, o (G) = {, € o (A,) : Re (1) > 0}.
Forn,ng € N such thatn > ng > @andi € {1, ..., d}, we define the linear mapping x;kn
by

x5, (@) = (¥, EnXoa> fora € X.
Since |§n| < n%;;/\;i, for any n > ng, then x, is a bounded linear operator from X to R

with

" M |:| for any n > ny.

*’5

’xi,n

n—ng
Define the d-column vector x;' = col (x;‘ ar e Xy n), then

<x;‘, a> = (‘-IJ, EnXoa) fora € X,
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with
(x;‘:, a)i = <1,U,-, EnXoa> fori=1,...,danda € X.
Consequently,

sup |x,f| < 00,
n=ngo

which implies that (x;‘l‘)n>n0 is a bounded sequence in £(X, R?). We have the following

important result of this work.

Theorem 3.3 There exists x* € L(X,RY), such that (x;:)
sense that

p=ng COMVETges weakly to x* in the

(x;f,x> — (x*,x) asn — oo forall x € X.
For the proof, we need the following fundamental Theorem in functional analysis.

Theorem 3.4 [16, p. 776] (Banach-Alaoglu-Bourbaki) Let Y be any separable Banach space

*

and (Z:)neN any bounded sequence in Y*. Then there exists a subsequence (an) reN of

(ZZ)neN which converges weakly in Y *in the sense that there exists 7* € Y* such that
( * *
an,x>—> <Z ,x) asn — oo forallx €Y.

Proof Let Z be any closed separable subspace of X. Since (x,’{) . is a bounded sequence,

n>n
* * .
then by Theorem 3.4 we get that the sequence (xn)nzn0 has a subsequence (x;; ), _; Which
converges weakly to some x}o in Zg. We claim that all the sequence (x;f),pno converges

weakly to XZ) in Zg. In fact, we proceed by contradiction and suppose that there exists a

subsequence (x,’fp) . of (x) , Which converges we****akly to some ¥ with ¥ #
PE

n>n

x}o. Let u,(-, 0, ¢, f) denote the solution of Eq. (1.1). Then

t
Mu; (-, 0,0, f) = nEToo/ Ut — & N° (ByXof(§))de,
and

I (B, Xof(§)) = @ (W, B,Xo f(§)) = @ (x}, f(&)).

It follows that

t
[ (,0,0, f) = Tim @ / 196 [, B, X, £ (6))dE,

o

t
= lim <b/ TR (xx, £(&))dE.

n—+00
For any a € Zy, set f(-) = a, then
t t
p (1—£)G | % T 1—£)G [
kEToo/(, e (xnk,a)ds = pll)l}_loo ; e <xnp,a>d§ fora € Z,

which implies that
1 t
/ 1—6)G <x;0’ a)dé = / 150 (};0, a)dé fora € Zy,
o [ea
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consequently x7 = 35;0, which gives a contradiction. We conclude that the whole sequence

(x;‘;)nZnO converges weakly to x}o in Zg. Let Z; be another closed separable subspace of X,

by using the same argument as above, we get that (x;f)nZnO converges weakly to x}l in Z;.

Since Zp N Z is a closed separable subspace of X, we get that x}l = xz) in Zy N Z;. For
any x € X, we define x* by

(", x) = (3. ).

where Z is any closed separable subspace of X such that x € Z. Then x* is well defined on
X and x* is a bounded linear from X to R such that

|x*’ < sup |x:f| < 00,
n=ngo

and (x;),_, converges weakly to x* in X.

As a consequence, we conclude that

Corollary 3.5 For any continuous function h : R — X, we have

t t
Jim U (1 — &) Y (B, Xoh(&)) d = q>/ e (x* h(&))dE forallt,o € R.

g

Theorem 3.6 Assume that (Hy) and (Hy) hold. Let u be a solution of Eq. (1.1) on R. Then
7 (t) = (\V, uy) is a solution of the ordinary differential equation

%z (1) =Gz (1) + (x*, f (1)) fort €R. (3.3)

Conversely, if f is a bounded function on R and z is a solution of Eq. (3.3) on R, then the
function u given by

t
u(r) = [d)z )+ lim / U (1 —&)TT° (BuXo f (§)) dg] (0) fort e R,
n—-+o00 —00
is a solution of Eq. (1.1) on R.
Let u be a solution of Eq. (1.1) on R. Then
u, = M’u, + MYy, forallz € R,
and
t
Mu =U (¢ —0) MVug + lim / U (1= &) T (B, Xo f (§)) dé fort,0 € R.
n—>+o00 J,

Since IMTYu; = ® (W, u,;) and by Corollary 3.5, we get that

t
(W, u)=U (t —0) D (V, uy) + CD/ T (x* f(§))dE fort, o € R,

o

t
= 0" (W, u,) + <1>/ eI (x*, f(§))dE fort, o € R.

o

Letz (t) = (W, u;). Then

t
2(t) = "% (0) +/ eTHC (x*, f(&))dE fort, o € R.

o

@ Springer



A survey on new methods for partial functional... 103

Consequently, z is a solution of the ordinary differential Eq. (3.3) on R. Conversely, assume
t
that f is bounded on R, then / U@ — &I (Bn Xof (“g‘)) d§ is well defined on R. Let 7
—00
be a solution of (3.3) on R and v be defined by

t
v(t) = Oz (1) + ngrfm/ U (t — &) T1 (ByXo f (§)) d& fort € R.
Since
t
2(t) = "% () +/ e 8G6 (x*, f(é))dé fort,o € R,

Using Corollary 3.5, the function v; given by
v1(t) = &z (t) fort e R,

satisfies

t
@) =U (t —o)v (o) + 11111 f U @ —& MY (B Xof (§))dE fort,o € R.

n——+00 o

Moreover, the function v, given by
t

v2(t) = lim / U (1 —&)TT° (BuXo f (€))dE fort € R,
n—-400 —00
satisfies

t
v =U (t—0o)vy (o) + BToo/ U@ -1 (EnXof (S))d%‘ forallt > o.

Then, for all r > o with ¢, 0 € R, one has

Ut —o)v(o)=U (t —o)vi(o) +U (t — o) va(o),
t ~
—u = tim [ W@ (B Xof ©)d + ()
t ~
_nEI}rloo U (=& (BuXof (§))dE,

t ~
— v~ lim_ / UG — &) (BuXof (6))d.

Therefore
t
v()=UE —0o)v (o) + ETOO/ Ut — &) (BiXof (§))& fort > o.
By Theorem 2.7, we obtain that the function u defined by u(¢) = v (¢) (0) is a solution of
Eq. (1.1) on R.
4 Reduction of complexity of partial functional differential equations

in fading memory spaces

Let Coo be the space of X-valued continuous function on ] — oo, 0] with compact support.
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(C) : If a uniformly bounded sequence (¢;),cn in Coo converges to a function ¢ com-
pactly on ] — oo, 0], then ¢ is in B and |¢, — ¢| — 0 asn — oo.
Let (So (¢)),>0 be the strongly continuous semigroup defined on the subspace

By :={¢ € B: ¢ (0) =0}
by

(S0 (1) 9) (0) = {3“9) e

Definition 4.1 Assume that the space /5 satisfies Axioms (B) and (C). B is said to be a fading
memory space if for all ¢ € By,

So (1) ¢ —> 0in By.
t—00

Moreover, B is said to be a uniform fading memory space if

[So ()] t—> 0, with respect to the operator norm.
— 00

Lemma 4.2 [17, pp 190] The following statements hold:

(i) If B is a fading memory space, then the functions K (-) and M () in axiom (A) can be
chosen to be constants.

(i) If B is a uniform fading memory space, then we can choose the function K (-) constant
and the function M (-) such that M(t) — 0 ast — oo.

Proposition 4.3 [17] If the phase space B is a fading memory space, then the space
BC (] — 00, 0], X) of bounded continuous X-valued functions on ] — 0o, 0] endowed with
the uniform norm topology is continuously embedding in B. In particular B satisfies (D3),
for ho > 0.

In this section, we assume that

(Hz) Bis a uniform fading memory space.

Let V be a bounded subset of a Banach space Y, the Kuratowski measure of noncompactness
a (V) of V is given by

a (v) = inf

’

d > 0 such that there exists a finite number of sets Vi, ..., V, with
n
diam (V;) <d suchthat V C 'UIVi
=

and for a bounded linear operator F on Y, we define |F|, by
|Fle =inf{k > 0: o (F (V)) <ka (V), forall bounded set V of Y} .

For a strongly continuous semigroup (S (¢)),>(, we define the essential growth bound wey (S)
by

1
Wess (S) = tlirgo; log [S (#)]q -

Theorem 4.4 [18] Assume that B satisfies Axioms (A), (B), (Dy) and assumptions (Hy),
(Hy), (H») hold. Then

wess (U) < 0.
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From [15, Corollary IV.2.11], it follows that
oy, (Ay) ={A €0 (Ay) :Re (1) > 0}
is a finite subset and B4 is decomposed as follows:
Ba=Sa®YV,

where S, V are two closed subspaces of 34 which are invariant by (U (¢)),>¢. Let U S (1) be
the restriction of U () on S, then there exist positive constants N and p such that

‘US (r)¢‘ < Ne ' |¢| forall ¢ € S,

Vis a finite dimensional space and the restriction U V(1) of U (¢) on V becomes a group. Let
I1¢ and 1Y denote the projections on S and V respectively. Let d = dim ) and take a basis
{¢1, ..., ¢q} in V. Then there exist d-elements {1/, ..., ¥4} in the dual space B% of Ba,
such that (wi, ¢j) = 4;j, where

5= 1ifi=j
Y00 #£
and ¥; = 0 on S, where (-, -) denotes the canonical pairing between the dual space and the
original space. Denote by ® := (¢, ..., ¢g) and ¥ is the transpose of (Y1, ..., ¥4), in
particular one has

Vo =T,
where Iga is the identity d x d matrix. For each ¢ € B4, [1V¢ is computed by:
M = & (¥, ¢)
Z (Wi,
i=1
Let¢ (1) := (&1 (8), ..., ¢q (¢)) be the component of I1Vx, in the basis vector ®, then

MVx, = ®¢ (1), and ¢ (1) = (¥, x;) .

Since (UY (1))
G such that

;>0 18 @ group on a finite dimensional space V, then there exists a d x d matrix

UY (1) ¢ = ®eC" (W, ¢) forallr € Rand ¢ € V),
which means that
UY (1) ® = de¥ forall 1 € R.

Forn > wy andi € {1, ..., d}, we define the functional x;fi by

(x*i x> = (wi, B, (Xox)> for all x € X.

n o

Then x;’l‘i is a bounded linear operator on X with |x;:i | < KoM |¥;|. Define the d-column
vector x, as an element of £(X, R9) (the space of bounded linear operator from X into R9)
given by the transpose of (x;1, ..., xi?). Then, foralln > 1, x € X

(xr,x)=(w, B, (Xox)) and sup || < K()Ml sup [i| < oo.

.....
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Theorem 4.5 The sequence (x;‘:)n>0 converges weakly in £L(X,R?), in the sense that

(x;f,x> = (x*,x)forallx € X.

Let Yy be any separable closed subspace of X. By Theorem 3.4 , the restriction (x,{ 0) 0 of
n=

. Y
(x;f)PO in Yp has a subsequence (x,”? ) such that
z k>0

lim (x;,g’ y> = (xyg, y> forall y € Yy,

k—o00

where x¥0 € Yi. We claim that the whole sequence (x,f *) o converges weakly in Y to
n>

X0, We proceed by contradiction and assume that there exists a subsequence (x,ﬁt)k 0 of
>

Y vE . . Yy
(xylf *) such that x,;, —> X  weakly in Yy, with xYo # X . To conclude we need the
n>0 k—o00

following lemma.

Lemma 4.6 For any continuous function h : Rt — X one has:

t t
lim | UY(t—s)11Y (B, (Xoh(s)))ds = ® lim / UG (xk ki (s))ds.
n—0o0 O

n—o0o 0

Proof of the Lemma 1n fact, we have

t
lim [ UY(t —s5)11Y (B, (Xoh(s))) ds
0

n—oo

n—oo

t
= tim [ (0¥ —5)®) (v, B, (Xoh(s))ds,
0

t
= lim | ©e"™ (x* h(s))ds,

n—oo 0

t
= lim [ "G (x} h(s))ds.

3
n—oo 0 n

Let h(-) =y forany y € Yy. Then
t t *
/ A <xY0*, y> ds = / A (xfo , y> ds for any y € Y.
0 0

This is true if and only if (x Yy, y) = (xf 0, y), forall y € Yy, which gives a contradiction.
Consequently the whole sequence (x,f 9)n>0 converges weakly in £(Yo, R9)Y to x¥ 5.

Let Y| be another separable closed space of X. Then the restriction (x,f 1*),,Zo of (x)p=0 in
Y1 converges weakly to some e Y], and we get that Y0 = x¥ in YoNYj. Since (x;),, 0
converges weakly in Yp N Y7, and by the uniqueness of the limit we obtain that X0 = XM
in Yo N Y. Let x* be the operator defined by

(x*,x): <xY*,x>,

for any separable closed space Y of X such that x € Y. Then x* is well defined and belongs
to £(X, R?). Moreover

(¥, x) = (x*, x) forall x € X. O
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Consequently, we get the following.

Corollary 4.7 For any continuous function h : [0,a] — X:

t t
lim | UY(r—s)11Y (B, (Xoh(s))) ds = <1>/ eI (x* h (s))ds for all t € [0, al.
0

n—oo 0

Theorem 4.8 Assume that (A), (B), (D), (D), (Hy), (H;) and (Hy) hold. Let u be an
integral solution of Eq. (2.1) onR. Then ¢ (t) = (W, u;) , t € Ris a solution of the following
ordinary differential equation

() =Ge )+ (x* f @) fort € R. @.1)
Conversely, if f is bounded and ¢ is a solution of Eq. (4.1), then the function
t
(q:; (1) + lim / US (t —5) 1% (B, (X0 f(5))) ds) (0) (4.2)
n—-+4o00 —00
is an integral solution of Eq. (2.1) on R.

Proof Using the variation of constants formula (2.3), we obtain that for t > o
t
(W, x,) = (W, U (t —0) x5) + <\y, lim f Ut —s) (B, (Xof(s)))ds>,
n—-4o00 o
t
=e""6 (W x,) + lim / e"™IG (W, (B, (Xof(s))))ds,
n—oo o
t
=" (W, x,) + lim [ "7V (x¥, £ (s))ds,
n—00 o

t
= e (W, x,) + / UG, f (5))ds,

o

which means that ¢ (1) = (¥, x;), t € R is a solution of the ordinary differential Eq. (4.1).
Conversely, if we assume that f is bounded on R, then formula (4.2) is well defined, since
the restriction of the solution semigroup on S is exponentially stable. Let y be defined by:

t
y (@) = lim / US (1 — 5) 19 (B, (Xo f(5))) ds for 1 € R.
Then for ¢t > o,
t
US(t—0)y () + lim / US (t —5) 1 (B, (X0 £ (5))) ds

= lim (/U US (1 — s) 1 (B, (X0 £ (5))) ds

n——+4o00 —00

t
+ [ US =5 m (B xor o)) ds)
—y ). @43)

Moreover the solution ¢ of Eq. (4.1) is given by

t
c(t)=e""% (o) +/ A (x*, f (s))ds fort > o.

o
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Corollary 4.7, gives that
o7 (1) = PV (0) + lim_ / W) 1Y (B, (Xof (s))) ds for t > o,
and
®¢ (1) = UV (1 = 0) ®¢ (o) + lim n / - sm (B, (Xof(s)))ds fort > otA.4)
Set& (1) = ®¢ (1) + y (1) on R, by (4.3) and (4.4), we obtain that

§@)=U@—0)(P(0)+y(0))

t
+ lim n/ Ut —s) [HV + HS] (B, (Xof(s)))ds fort > o.

t
= U(t—o)é(o)—knli)n;o/ U (t —s) (By (Xof(s5)))ds fort > o.

From Theorem 2.16, we conclude that the function

t
(@c O+ lim f US (t — ) 1% (B, (X0 £ (5))) ds) 0)

is an integral solution of Eq. (2.1).

5 Application: almost automorphic solutions for Eq. (1.1)

We recall some properties about almost automorphic functions. Let BC(R, X) be the space
of all bounded continuous functions from R to X, provided with the uniform norm topology.
Leth € BC(R, X) and t € R, we define the function &, by

hy(s) =h(t +s) forall s € R.

Definition 5.1 [19, Definition 1.1.1, p. 1] A bounded continuous function z : R — X is said
to be almost periodic if

{h; : © € R} isrelatively compact in BC(R, X).

Definition 5.2 (Bochner [5, Theorem 5.8, p. 86]) A continuous function 2 : R — X is
said to be almost automorphic if for every sequence of real numbers (s ), there exists a
subsequence (s,), such that

lim h(t + s,) = k(¢) exists for all  in R
n—o0
and
lim k(t — s,) = h(t) forall ¢ in R.
n—oo
Remark. If the convergence in the both limits is uniform, then /4 is almost periodic.

The concept of almost automorphy is much larger than almost periodicity. By the pointwise
convergence, the function k is just measurable and not necessarily continuous.
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Definition 5.3 (Bochner [5, Theorem 5.8, p. 86]) A continuous function 2 : R — X is said
to be compact almost automorphic if for every sequence of real numbers (s},),, there exists
a subsequence (s;,), such that

lim lim A(t + s, — s;,») = h(t) exists uniformly on any compact set in R.
m—oon— 00

Theorem 5.4 [5] If we equip AA(X), the space of almost automorphic X-valued functions
with the sup norm, then AA(X) turns out to be a Banach space.

Consider the following ordinary differential equation
d
Ex(t) = Gx(t)+e(t) fort e R 5.1

where G is a constant n x n-matrix and e : R — R" is a continuous function.

Theorem 5.5 [5, Theorem 5.8, p. 86] Assume that e is an almost automorphic function. Then
the following are equivalent:

i) existence of a bounded solution on R* of Eq. (5.1),
ii) existence of an almost automorphic solution of Eq. (5.1).

Moreover every bounded solution of Eq. (5.1) on the whole line is almost automorphic.

In the following, we assume that:
(H3z) f is an almost automorphic function.
Consider now the following equation in the whole line R

%u(t) = Au(t) + L(uy) + f(¢t) fort € R. 5.2)

Theorem 5.6 Assume that (Hgy), (Hy) and (H3z) hold. If there exists ¢ € C such that Eq.
(1.1) has a bounded solution on R™. Then Eq. (5.2) has an almost automorphic integral
solution.

Proof Let u be a bounded solution of Eq. (1.1) on R™. Then by Theorem 3.6, the function
z(t) = (¥, uy) for t > 0, is a solution of the ordinary differential Eq. (3.3) and z is bounded
on RT. Moreover, the function

o(t) = (x*, f (1)) fort € R,

is almost automorphic from R to R?. By Theorem 5.5, we get that the reduced system (3.3)
has an almost automorphic solution 7. Consequently ®Z(-) is an almost automorphic function
on R. By Theorem 3.6, the function u(#) = v(¢)(0), where

t
v(1) = BT (1) +nﬂ5£‘oo/ Ut — &) T (BuXof (£))dE fort € R,

is a solution of Eq. (5.2) on R. We claim that v is almost automorphic. In fact, consider the
function y by

t
v = tim [ w0 @ -1 (B Xof ©)ds fors € R

Since f is almost automorphic, then for any sequence of real numbers (a;) p=0 there exists

a subsequence () p>0 of (« p) p=0 such that

lim f(t+ap) =h() forallr € R
p—>00
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and
lim h(t —ap) = f(¢) forallt € R.
p—>00
Now
t+ap -
y(t+ap) = lim U (1 +ap— &) TT° (B, Xo f (§))dE fort € R,
n—-+o0o —00

which gives that

t
Yt +a,) = ngTw[mw (t—& I (ByXof (§ +ap))dE fort € R,
By the Lebesgue’s dominated convergence theorem, we get that
y( +ap) = w(t)as p — oo,

where w is given by

t
w(t) = ETOO/ U (1 — &) T (B, Xoh ()) dE for 1 € R.

Using the the same argument as above, we prove that

t
w(t —ap) —> nEToo/ U (1 — &) T (B Xo f (&))d§ as p — oo,

whichimplies that y is almost automorphic. Consequently, v is an almost automorphic integral
solution of Eq. (5.2).

6 Lotka-Volterra model

In order to apply the previous results, we consider the model of Lotka—Volterra with diffusion
which is taken from [2,3]

9 32 0
Ev(t,x) = ﬁv(t,x) —I—f GO)v(t+6,x)d0 +h(t,x) fort > 0and x € [0, 7],
x —r

u(,x)=0forx =0,7andr > 0, 6.1)

u@,x) = ¢o(0,x)ford € [—r,0] and x € [0, 7],

where G : [—r,0] = R, ¢ : [—r,0] x [0, 7] — Rand & : R x [0, 7] — R are continuous
functions.

Let X = C ([0, 7]; R) be the space of continuous functions from [0, 7] to R endowed
with the uniform norm topology. Define the operator A : D(A) C X — X by

{D(A) ={y € C2([0,7]: R) : y(0) = y(x) = 0},
Ay =y,

Lemma 6.1 [20, Proposition 14.6 , p. 319-320]

1
(0, +00) C p(A) and (A — A)'| < . for x> 0.
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Moreover,
D(A) ={ye X:y(0) =y =0}.

This Lemma implies that condition (Hy) is satisfied.
We introduce L : C := C([—r,0], X) - X by
0
L(p)(x) = / G(0)p()(x)dO forx € [0, 7] and ¢ € C.

—r
f R — X is defined by
f(@t)(x) =h(t,x)fort e Rand x € [0, 7].
The initial function ¢ € C is given by
0(0)(x) = ¢o(0, x) for (0, x) € [—r, 0]X[O, ]

L is a bounded linear operator from C to X and by form continuity of #, we get that f is a
continuous function from R to X. Equation (6.1) takes the following abstract form

d
[ ou(0) = Au(t) + L) + £(0) for 1 = 0, ©2)

up=¢ € C.
Let Ag be the part of A in D(A). Then, Ay is given by

D(Ag) =y € C2 (0.7 1: R) 1 y(O) = y(m) =y © =y (1) =0},
Agy = Ay for y € D(Ap).

It is well known from [15, Example 1.4.34 , p. 123], that A generates a strongly continuous
compact semigroup (To(t));>0 on D(A) and

|To(H)| < e fort > 0,
Let @9 € C([—r, 0] x [0, 7]; R) be such that
¢©0(0,0) = ¢o(0, 7)) = 0.

Then by Theorem 2.3, we deduce that Eq. (6.2) has a unique integral solution on [—r, 4-00).
In order to study the existence of an almost automorphic solution of the following Equation

d
Eu(t) = Au(t) + L(u;) + f(t) forr e R. (6.3)
We suppose that

(Hy) h is almost automorphic in ¢ uniformly for x € [0, ], which means that there exists a
measurable function g : R x [0, 7] — R such that

lim h(t + s,, x) = g(t, x) exists for all # in R uniformly in x € [0, ]
n—oo
and

lim g(t — s,, x) = h(t, x) for all # in R uniformly in x € [0, 7]
n—oo

Moreover, we suppose that:
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(Hs) there exists a constant 8 € (0, 1) such that

0
/ GO)1do < (1 - B).

—r

Proposition 6.2 Assume that (Hy) and (Hs) hold. Then there exists ¢ € C such that Eq.
(6.2) has a bounded solution on R™. Consequently Eq. (6.3) has an almost automorphic
solution.

Proof The first goal is to prove that Eq. (6.2) has a bounded solution on RT. Let p =

a1+ %), where | f|o, = supcg | f(s)]. Consider ¢ € C¢ such that |p|- < p. We claim

that
|u ()] < pforallr > 0. (6.4)

We proceed by contradiction. Let 7o be the first time such that (6.4) is not true. Then

to=inf {t > 0 : |u (t)| > p}.
By continuity of u, one has

lu (t0)| = p,

and there exists a positive constant ¢ > 0 such that

lu (t)] > p fort € (1o, to + €).

We have,

19
u (to) = To(t0)9(0) + AETOO/O To(to — s)Bo[L(us) + f(s)lds

which implies that

to 0
lu ()] < e p _|_/ o~ (t0=5) |:f |GO)||u(s +6)|do + |f|m] ds.
0 —r
Since |u (t)| < p fort < ty. Then
lu (@) < pfort € [—r, to].
Therefore
0
lu (1)) < e p + (1 —e7) [/ 1G(©6)1d6 p + |f|oo} :
—=r
Condition (Hs) implies that

lu (@) <e™p+(1—e)[A=B)p+Iflo]

and

lu@) <e™p+(1—e™)p+(1—e)[-Bo+1fls)-

Consequently, we obtain that

)l < p—(1—e™)p < p,
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by continuity of u, there exists a positive &g such that
lu (t)| < p fort € (1, to + €0),

which gives a contradiction and we deduce that Eq. (6.2) has a bounded integral solution u
on R*, and by Theorem 5.6, we get that Eq. (6.3) has an almost automorphic solution.
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