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Abstract

In this article, we present the Durrmeyer variant of generalized Bernstein operators that
preserve the constant functions involving a non-negative parameter p. We derive the
approximation behaviour of these operators including a global approximation theorem via
Ditzian—Totik modulus of continuity and the order of convergence for the Lipschitz type
space. Furthermore, we study a Voronovskaja type asymptotic formula, local approximation
theorem by means of second order modulus of smoothness and the rate of approximation
for absolutely continuous functions having a derivative equivalent to a function of bounded
variation. Lastly, we illustrate the convergence of these operators for certain functions using
Maple software.

Keywords Positive approximation - Global approximation - Rate of convergence - Modulus
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1 Introduction

Bernstein introduced the most famous algebraic polynomials B, (f; x) in approximation
theory in order to give a constructive proof of Weierstrass’s theorem which is given by

- k
Bu(fix) =) pui()f (;) ., xelo,1],

k=0
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1104 A. Kajla, M. Goyal

where p, i (x) = <Z>xk(1 — x)”_k and he proved that if f € CJ[O0, 1] then B,(f; x)

converges uniformly to f(x) in [0, 1].

The Bernstein operators have been used in many branches of mathematics and computer
science. Due to their useful structure, Bernstein polynomials and their generalizations have
been intensively studied. Among others we refer the readers to (cf. [4,13,19,26,32,35,36]).

For f € C(J) with J = [0, 1], Chen et al. [15] introduced a vital generalization of the
Bernstein operators depending on a non-negative real parameter & (0 < @ < 1) as

T (0 =Y P f (S) xel (L)
k=0
() _ n—2\,1 _ n—-2\1 _ _ n _ k—1
where pn,k(x) = [( X )(1 a)x + (kfz)(l a)(1—x)+ (k)otx(l x)]x

(1 —x)"*=Tand n > 2. They obtained a Voronovskaja type asymptotic formula, the rate of
approximation in terms of modulus of smoothness and shape preserving properties for these
operators. In the particular case, « = 1, these operators reduce to the well-known Bernstein
operators. Kajla and Acar [28] introduced the Durrmeyer variant of the operators (1.1) and
investigated the rate of approximation of these operators.

Gonska and Paltanea [21] presented genuine Bernstein—Durrmeyer type operators and
obtained the simultaneous approximation for these operators. Gupta and Rassias [25] studied
approximation behavior of Durrmeyer type of Lupag operators based on Polya distribution.
Goyaletal. [22] derived Baskakov—Szasz type operators and studied quantitative convergence
theorems for these operators. Gupta et al. [23] introduced a hybrid operators based on inverse
Polya-Eggenberger distribution and studied the degree of approximation and uniform con-
vergence. Acu and Gupta [8] introduced a summation-integral type operators involving two
parameters and studied some direct results e.g. Voronovskaja type asymptotic formula, local
approximation and weighted approximation of these operators. Very recently, Kajla and Goyal
[31] considered the hybrid operators involving non-negative parameters and investigated their
order of approximation. In the literature survey, several researchers have been studied the
approximation properties of hybrid operators [cf. [1-3,5-7,9-12,14,20,24,27,29,30,34]].

For f € C(J), we construct the following Durrmeyer variant of the operators (1.1)
depending on a parameter p > 0 as follows:

n 1
G0 =3 pw /0 b p (0 F (1)1 (1.2)
k=0

tk/’(l _ ,)(n—k)p
where (i, ,(t) = Bhptl—fptD and B (kp + 1, (n — k)p + 1) is the beta func-
Cel'(f)

: ol e—1 f—1 _
tion defined by B (e, = 71 — 1)) 7 'dt = ,
y Ble. f) = [, ( ) Tt f)

defined as above. It is seen that the operators g,(,‘f; reproduce the constant functions.

The aim of this note is to find the approximation properties for the generalized Bernstein—
Durrmeyer operators involving a nonnegative parameter of the operators defined in (1.2). We
give a Voronovskaja type theorem, global approximation theorem by means of Ditzian—Totik
modulus of smoothness, Lipschitz type space and a local approximation theorem with the
help of second order modulus of continuity. Furthermore, we study the rate of approximation
for absolutely continuous functions having a derivative equivalent to a function of bounded
variation. Lastly, we illustrate the convergence of these operators for certain functions using
Maple software.

e.f > 0and pi)(x) is
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2 Auxiliary results

Lemmal Let e;(x) = x',i = 0, 4. For the generalized Bernstein—Durrmeyer operators
g;%(f; x), we have

@

G\ (e0; x) = 1;
(i)
npx + 1

(@) . _
Gppler; x) = np 12

(iii)
x2p? (n2 +2(a—1) — n) xXp (n,o2 +3np — 2(a — 1),02)

Q,(f‘g (e2;x) =

(np+3)(np +2) (np +3)(np +2)
2
NOEPIE)
(iv)
3303 2
@, .o XP (n + 6na — 3n —4n—12(oz—l))
(€3 3) = (np + D (np +3)(np +2)
+3x2p2 (6112 +3np +3np — 6nap — 6n + 6(a — 1)(2 + 3p))
(np+4)(np +3)(np +2)
L (np? + 6np + 11n — 6(c — 1)p(2 + p))
(np+4)(np+3)(np +2)
6
T+ Hp +3)p+2)
(v)

xtpt (n* — 6n3 + 72(a — 1) — 6n(10a — 9) + n?(12a — 1))
(np+5S5mp+4)(np +3)(np +2)
x3p3
oo+ + Hnp + Hp +2)
—Tn%p 4+ 6n’p + 6n(6a — 5)p + 6n(10a — 9)p + n>(12a — 1)p

G\ (eqs x) =

[mn3 —30n% + 10n(6a — 4)

x2p?
(np +5)mp+4)(np+3)(np +2)

—24(c — 1)(6p + 5)] +
x [35n(n —1) = 10np + 30n%p — 10n(6ac — 4)p — np* + Tn’p*

—6n(6a — 5)p” + 2(c — 1)(43p> +90p + 35)]

L (35np + 50n + 10np? + np® — 2(a — Dp(7p* + 30p + 35))

(np +5)(np+4)(np +3)(np +2)
24

Hp + ) £ Do+ Dap +2)
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1106 A. Kajla, M. Goyal

Lemma2 For m = 1,2, the m'™ order central moments of G\") defined as ©\%) ,u(x) =
GYO (1 — x)™; x) we get

@)
(@) 1 —2x
ot 0 = Gy
(i)
@ () = x(I—x)(p(n+ (n —2a +2)p) — 6) 2
2T (np +2)(np +3) (np +2)(np +3)°

Remark 1 For every x € J, we have

1 —2x
: (@) _
nh_ggon Tn’p’l(x) = FE

: x(1—=x)(1+p)
Jim 1 5% o) = ="

3x2(1 — x)2(1 + p)?

. 2 (@) _
hngon tn,p’4(x) = 2

n—
Lemma3 Forn € N, we obtain

X x(1—x)

@ ((; — )2
Gyt —x)%5x) < )

where X% is a positive constant depending on a and 0.
) 4 4 8

3 Direct estimates
Theorem 1 Let f € C(J). Then lim G\*)(f:x) = f(x), uniformly on J.
n—0o0 ’

) o) 2

Proof In view of Lemma 1,g,(,,p(1; x) =1, g,(,,p(el; X) = x, g,(,‘?‘g(ez; X) = x“asn — 00,

uniformly in J. Applying Bohman-Korovkin criterion, it follows that gz%))( fix) = f(x)as
n — oo, uniformly on J. ]

3.1 Voronovskaja type theorem

In this section we prove Voronvoskaja type theorem for the operators Q,S‘_X,)).

Theorem 2 Let f € C(J). If f” exists at a point x € J, then we have

1 -2 1 1—
tim n[G(: 0 — 7] = 225 g+ LMD
n—o0o P 2,0
Proof By Taylor’s expansion of f, we get
1
FO =f@+ f@6 =0+ f 000 - )2+ @t x)( —x)%, 3.1)
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Generalized Bernstein-Durrmeyer operators of blending type 1107

where tlim w (t,x) = 0. By applying the linearity of the operator g,(,‘f‘g, we obtain
—>X

(@) r. _ — gl ) / l (@) 2. "
Gup(f3x) = fx) =G, ((t —x); ) f (%) + zgn,p((l x)75x) f(x)
+ Q,(l‘f‘/)](w(t, )t —x)%; x).

Now, applying Cauchy—Schwarz property, we can get

nG) @ (1, 1)t — )% ) <\ G @20, 105 0 n268 (¢ — 1) ),

From Theorem 1, we have lim Q,(,”‘g(wz(t, x); x)= @2(x, x) = 0, since w (¢, x) — 0 as
n—oo ’
t — x, and Remark 1 for every x € J, we may write

_ 3 -0’1+ )

Jim_ n*Gy7 (¢ —x)%; %) e ¢2)
Hence,
nG\%) (@ (t, x)(t — x)* x) = 0.
Applying Remark 1, we get
nli)ngong,(f‘,)) (t—x;x) = : —2x’
Jim ngle) (=) = CEEEES0, 63
Collecting the results from above the theorem is completed. O

3.2 Local approximation

We begin by recalling the following K-functional :
Ka(f,8) =inf{||f — gll +8llg"ll : g € W} (8 > 0),

where W2 = {g : g € C(J)} and ||.|| is the uniform norm on C(J). By [16], 3 a positive
constant M > 0 such that

Ko(f,8) < Man(f, V5), (3.4)
where the modulus of smoothness of second order for f € C(J) is defined as

o (f, 8 = sup  sup  [f(x+2h) —2f(x +h)+ fx)l.
0<h<+/8 X.x+2hel]

The modulus of continuity for f € C(J) is defined by

o(f,8) = sup sup |f(x+h)— flx)
0<h<§ x,x+heJ

The Steklov mean is defined as

h h
Fax) = ;7 /2 /2 [2f (x + 1+ ) — F(x + 20 + v))] du do. (3.5)
0 0

The Steklov mean satisfies the following inequality:
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1108 A. Kajla, M. Goyal

@ I fn = fllcy < w2(f, h).

5
) fi. £ € C()and || fyllcy < Zw(f»h), I lew < wz(f h),

=
Theorem 3 Letr f € C(J). Then for each x € J, we have

G (f1x) = f(x)\<5w( T2 (x )) —wz<f ,E“,i,zm).

Proof For x € J, and applying the Steklov mean fj that is given by (3.5), we can write

G (f3x) — f(x)] <G (f = fli ) +1G5) (fa = fu(): x) |+ | fa(x) — f(xXB.6)

From (1.2), for each f € C(J) we obtain

G (f: 0| = 111 (3.7)
By assumption (a) of the Steklov mean and (3.7), we get

GO (f = ful:x) NG (f = fid | < I1f = full < @a(f. D).

Applying Taylor’s expansion and Cauchy—Schwarz inequality, we have

G (fu — fu(x); x)\ < 1A G (@ = x)%5 x) + IIf;Z/IIQ("”( — )% x).

By Lemma 2 and property () of the Steklov mean, we get

G) (fo = fu)i0)| = w(f T 500 + 2h2w2(f T ().

Finally, choosing 4 = /T n 0. 2(x) we obtain the desired result. O

3.3 Global approximation

Now, we recall the definitions of the Ditzian—Totik first order modulus of continuity and
the K-functional [17]. Let ¢ (x) = +/x(1 —x) and f € C(J). The first order modulus of
smoothness is defined by

wy(f,1) = sup { ‘,c(x I h¢(x)> B f<x B h¢(x)>
O<h<t 2 2

and the corresponding K -functional is given by

Ko(fo0) = inf {|If = gll +tll¢g/Il + 1181} (¢ > 0),
gEW¢

,x x

ho(x)
> € J},

where Wy, = {g : g € ACloc, |lpg'll < 00, |g'[| < oo} and |[.|| is the uniform norm on
C(J). It is well known that (Theorem 3.1.2, [17]) Ky(f,t) ~ wy(f,t) which means that
there exists a constant M > 0 such that

M wy(f, 1) < Kp(f, 1) < Mwy(f,1). 3.8)

Now, we establish the order of approximation with the aid of the Ditzian—Totik modulus of
the first and second order.
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Generalized Bernstein—Durrmeyer operators of blending type 1109

Theorem 4 Let f be in C(J) and ¢ (x) = /x(1 — x), then for each x € [0, 1), we get

X\
(14+np)

)

G (f: ) = ()] < Cog | f.

where Xéa) is defined in Lemma 3 and C > 0 is a constant.

Proof By using the relation g(¢) = g(x) + f; g'(u)du, we can write

t
gff‘,l(/ g (u)du; X>‘ (3.9)

t , t 1
/xg(u)du fx¢(u)du.

[ sl = el = [ (Gt g
sz<|w—ﬁ|+|m—M|)

G\ (g: x) — g(x)‘ =

For any x,t € (0, 1), we get

< llog'll (3.10)

Therefore,

E

1 1
=2t —x +
| |(¢E+ﬁ «/1—t+«/1—x>
1 1 242 |t —
<2|t—x|<—+ >§ f' x|.
Vx o J/T—x ¢ (x)
Combining (3.9)—(3.11) and applying Cauchy—Schwarz inequality, we have

1G5 (g: x) — g(0)| < 2V2[lpg'llp™" ()G (It — x]: x)

(3.11)

1/2
< 2ﬁ|l¢g’|l¢’l(x)(g,5‘f‘,§((t —-x)% x)) :

From Lemma 3, we get

@ [ X ,
G, 5(gx) —g)| < C m”%’ [ (3.12)

Applying Lemma 1 and (3.12), we get
|G () = FI=1GE(f =g [ +1f = gl+ G (gix) — 8(x) |

.
<CIf—gll+ m”d’gﬂ . (3.13)

Taking infimum on the right hand side of (3.13) over all g € Wy, we may write

@ % A

G (fix)— <CK ; 3.14
1Gnp(f: %) = f(X)| =CKg | f T+ np) (3.14)
Using K7¢( [, 1) ~ wy(f,t), we immediately arrive to the required relation. O
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1110 A. Kajla, M. Goyal

[33] Let us consider the Lipschitz-type space with two parameters k1 > 0, k3 > 0, we
have

Lip*) (o) = {f e 1f—fol=M—"=" e sxen 1]}
(t +k1x2 + Kkox)2

where 0 <o < 1.

Theorem 5 Let f € Llp(K1 KZ)((I). Then for all x € (0, 1], we have

K1x2 + Kox

(@)
GONfi 0 - f@)| =M (’pz(x)>

Proof Let us prove the theorem for the case 0 < o < 1, using Holder’s property with

=2 =2
P=5-9=17=5"

1
G (f10) — f()| = Zp(“%x) /0 @) = F Ot p (1)t
1
< Zp”’(x) ( /0 1f() — fl7 un,pmdr)
{Zp“”(x) / 1F(@6) = fo)l7 unpmdt}
1
(Zp“”(x) /O un,p@)dr)
() ! Z
(Zp ) /0 1f@6) = fl7 un,pa)dz)

2

(@ —X)
<M (ZP ( )/ ([+K1x2+K2X)Mn’p([)dt>
3
< 72 (Z P ) / (t — )ty p<r)dr)
(/qx + /czx) 2
M

" et it =% 0k
K1XxX“ + K2x

M
= (O, ().
(k1x% 4+ Kk2x)?

Q

2—0o

2

[STS]

g
2

Theorem 6 For f € CY(J)and x € J, we have

G (fix) = f(x)’_‘ +2)’If(X)I+2\/ (“)z(x)w<f Ve ‘“’z(x)>.(3.15)
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Generalized Bernstein-Durrmeyer operators of blending type 1M

Proof Let f € C'(J).Foranyt,x € J, we have
F@O = F) = f e —x+ / () - £ 00) du
Using G.%) (-; x) on both sides of the above relation, we may write
GO @) — FO): gn.x) = f1 G — x:x) + G ( / (F - £) dus x)

Using the well-known inequality of modulus of continuity | f (#)— f(x)| < w(f, §) (“;—X' + 1) ,0 >
0, we obtain

! / / / (t_x)z
(f'@) — f'(0))du| < (f',) <T+"‘x')’

it follows that

G (f1 %) = fO)| = 17/ 16 — x5 )

+o(f',8) { Gt — )% x) + G (1t — x; x)} :

From Cauchy—Schwarz inequality, we have

G (f:0) = F@| = 1£/01 199 —x: )]

+o(f, 6){ VO — 020 + 1}\/g(°‘>(<r 02 x).
Now, choosing § = /7, (“) .2(x), the required result follows. O

3.4 Rate of convergence

Let DBV be the class of all absolutely continuous functions f defined on J, having on
J a derivative f equivalent to a function of bounded variation on J. We observed that the
functions f € DBV(;) possess a representation

F) = /0 ()t + £(0)

where g € BV, i.e., g is a function of bounded variation on J.

The operators g,S‘f‘Z( f; x) also admit the integral representation

1
G (f5x) = /0 U G, 1) £ (1)d (3.16)
where the kernel Z/{,E .p(x, 1) is given by
U (x, 1) = Zp(“)u)un P ().
Lemma4 For a fixed x € (0, 1) and sufficiently large n, we have

@ Springer



1112 A. Kajla, M. Goyal

()
X x(1 —x)
(a) (@) P
u Hdt < ——— , 0< ,
O ynp (e 3) = /0 mo DA =S sy o VS S
x\ x(1 —x)

.. )] _ (a) r
(i) 1= ynp(x.2) —/Z P Dl < e

x<z<l1,

where X,ga) is defined in Lemma 3.
Proof (i) From Lemma 3, we get
y y A2
X —
= it [ (222t
0

x& x(1—x)
T (I+np) (x —y)?*

The proof of (ii) is similar hence the details are missing. ]

=GO =i —y) 7 <

Theorem7 Let f € DBV (J). Then for every x € (0, 1) and sufficiently large n, we have
= 2x) | f'(x+) + f'(x—)]

G fix) = S| = ¢

p+2) 2
N / X% (1= x) | f'(+) — f1(x—)]
(1 +np) 2
o V] X x
X,S (1 - )[Z Y /
fH+—= V @)
a +}’l,0) k=1 x—(x/k) fx (x//1)

WAl x+((1-x)/k) x+((1=x)//n)

Xé‘” L (1=x) )
(1 T np) Z \/ (fo) + NG \/ D).

X

where \/g( f1) denotes the total variation of f| on [c, d] and f] is defined by

@)= fx=), 0<t<x
i) = 0, r=x (3.17)
F() — flx+) x <t <1.

Proof Since g(“)(l x) = 1, by using (3.16), for every x € (0, 1) we may write
1
G (f3 ) = fx) = fo U (e, D (f (8) = f(x)dt

1 t
=/ UL (x. 1) </ f’(u)du)dt. (3.18)
0 ’ x

Forany f € DBV (J), by (3.17) we can write
1 1
fu) = fiu) + 5(f'(X+) + f(x=) + 5(f’()€+) — f'(x=))sgn(u — x)

1
+8x () [f/(u) - E(f/(x-ir) + f’(x—))} , (3.19)
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Generalized Bernstein-Durrmeyer operators of blending type 1113

where

1, u=x

SX(M)==0 u# x.

Obviously,

1 t
/ ( f <f/(u) - %(f/(x+) + f/(x—)))sx(u)du>un<‘?,3<x, tdt = 0.
0 x

By (3.16) and simple calculations we find

1 t
/ ( [ %(f/(er)+f/(x—))du)”:5‘f’3(xvt)dt
0 X

1

1
S (F1GH) + f/(x=) /0 (t — U (x, 1)dt

1
=56+ Fl@E=NG((t = x): x)

and

1 ¢
/ UL (x, f)<[ %(f/(x-l-) — f(x=))sgn(u — X)du>dt
0 ' X

1
< e - fao) | / |6 — x[U®) (x, 1)dt
2 0 ’
1
=1 = flao) | Gy (It — x|; x)
1 12
s 1 fah = flam) ] (g,iffg((r - x)% x)) :

By Lemmas 2 and 3, using (3.18)—(3.19) we find

1 0% - x)
(o) . _ U gl Ap xl—x)
|G (f320) = fOOl = SIS ) = f1(x )|m
X t
+’ / ( / .f;(u)du) UL (x, dt
0 X ’
1 t
+ / ( / f;(u)du> UL (x, tydt

x t
S,(,%(f,é, X) = / </ f;(u)du> Z/{,E‘f‘g(x, 1dt,
0 x

1 !
Tn(’olt))(f)é,x) =/ </ f;(u)du> L{r(l‘j‘;(x,t)dz,

. (3.20)

Let

To complete the proof, it is sufficient to determine the terms S,(f,), (f{,x) and T;,(f’:)) (fl, x).
Since f Cd d; y,,(fxp) (x,1) < 1forall [c,d] € J, applying the integration by parts and applying
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1114 A. Kajla, M. Goyal

Lemma 4 with y = x — (x/+/n), we have

X t
|S£,‘f;(f;,x)|=’ f (/ f;(u)du>dty,§f’;(x,t)
0 X

= ' / Y (x, 1) fL(0)dt

< <f +/ )|f O] 19, x. 1)lde
Xx(1—x) 5
=~ /\/(fx)(x n” dt+/ \/(fx)dt

X1 - x)/x (i * IR RV
= T \/(fx)(x N dz+ﬁx (yﬁ)(fx).

A

By the substitution of u = x/(x — t), we have

Xéa)x(l —X) x—(x//1) ) X , X(a)(l /
_ — d d
e A (x 1) \/(fx) ‘=i b }x//u)(f) u

X

X/ga)(l— ) /IH-] ,
_ d
= ) Z Vo

o Jnloox
X1 —x) ,
= v = Y O
Thus,
(Oé) X
(1
S\ (fis )| < Z \/ (f)+— \/ (- (321)
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Generalized Bernstein-Durrmeyer operators of blending type 1115

Using the integration by parts and Lemma 4 with z = x + ((1 — x)/+/n), we can write
1 t

7o) =| [ ([ swan)u. v
XZ xt

- f (/ f)g(u)du> di(1 =y (x, 1))
X X
1 t

+ / ( f £ (u)du) di(1— 7,9 (x, z))‘

Z X

t Z b4
= [ f f;<u)<1—y,i?‘p><x,r)>du] - / FLO0 =y x, 0)dt

1 t
+/ </ fx’(u)du) di (1 —y,ff)‘p)(x,z))‘
Z X

Z 4
/ fladu(l =y, (x,2)) — / [0 =y @ x, 0)dt

1

+[ f flaydu(l -y (x, r))]

Z

1
- / F1O = 7@ . 1)dr
Z

b4 1
/ IO =y (x, 0)dt + / SO0 =y, 0)dt

x0x(1-x) (N, - ot
=) \x/(fxm—x) ‘“/x \x/(fx>dr

YOv 1~ [l ‘
_ X xd -0 \/ (O —x)2dr
A +np)  Jxr—x/ym

(1 — x) *HA=DIVD
+

NG \/ 0.

X

By the substitution of v = (1 — x)/(t — x), we have

@ S X H=0)/)
X, x(1 —x) _
T(‘*)(fﬂx)\ <L =7 (fH —x)dv
e (L+np) i \X/ "

x+((1=x)/+/n)

(1 —x) ,
T V@)

X

Xf(,a)x Wl g x+H((1=x)/v) x+((1=x)//n)

/ (1—)6) 1
g(an);/k Vo @S2

X X

@, [V x+((1—x)/k) (1-x) x+H((1=x))//n
4 / /
= )+ 7). 3.22
(1+np)]§ Voot Vo 6

X X

Combining (3.20)—(3.22), we get the desired relation. ]
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0.5 1

0.4

0.3 1

0.2 1

0.1

0+ T \ \ \ \
0 0.2 0.4 0.6 0.8 1

X
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4 Numerical examples

Example 1 In Fig. 1, for n = 20, = 0.3, p = 4, the comparison of convergence of
ggg‘j’( f; x) (blue) and the Bernstein—Durrmeyer D, (f; x) [18] (red) operators to f(x) =

x2 sin (2x /) (yellow) is illustrated. It is observed that the gégj) (f; x) operators gives a better
approximation to f(x) than Bernstein—Durrmeyer D, (f; x) forn = 20,0 = 0.3, p = 4.

Example2 For n € {10, 20,50}, « = 0.2 and p = 4, the convergence of the operators

Gio3 (f:x) (green), Gy (f1x) (red) and G5 (f:x) (blue) to f(x) = x7 + 10x + x

(yellow) is illustrated in Fig. 2. We observed that for the values of n increasing, the graph of
Q,(,‘f%( f; x) goes to the graph of the function f(x).
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