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Abstract

In this paper, we introduce a new subclass B; (m, vy, A; @) of bi-univalent functions defined by
a new differential operator of analytic functions involving binomial series due to Frasin (Bol
Soc Paran Mat (in press), 2019) in the open unit disk. We obtain coefficient bounds for the
Taylor—Maclaurin coefficients |a;| and |a3| of the function f € B; (m, y, A; ¢).Furthermore,
we solve the Fekete—Szego functional problem for functions in Bé (m, y, A; ¢). The results
presented in this paper improve or generalize the earlier results of Peng and Han (Acta Math
Sci 34(1):228-240, 2014) and Tang et al. (J Math Inequal 10(4):1063—-1092, 2016).
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1 Introduction and preliminaries

Let A denote the class of functions of the form:

f@ =24 an". (1.1)
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which are analytic in the open unit disk U = {z : |z| < 1}. Further, by S we shall denote
the class of all functions in A which are univalent in U. It is well known that every function
f € S has an inverse f~!, defined by

i f@) =2 (zel)

and

1
fUT ) =w QM<mUﬁMﬁzZ>
where
fﬁl(w) =w— a2w2 + (2a§ — a3)w3 — (Sag — Sapas —I—a4)w4 + -

A function f € A is said to be in X, the class of bi-univalent functions in U, if both f(z)
and f ~1(2) are univalent in U. Lewin [9] showed that laz| < 1.51 for every function f € X
given by (1.1). Posteriorly, Brannan and Clunie [3] improved Lewin’s result and conjectured
that |ay| < +/2 for every function f € X given by (1.1). Later, Netanyahu [11] showed that

I}laglaﬂ = %. The coefficient estimate problem for each of the following Taylor-Maclaurin
€

coefficients:
la,l meN={1,2,...hn>4)

is still an open problem (see, for details, [15]). Since then, many researchers (see [2,5—
7,14,16,18,19]) investigated several interesting subclasses of the class 2 and found non-sharp
estimates on the first two Taylor-Maclaurin coefficients |az| and |az]. In fact, its worth to
mention that by making use of the Faber polynomial coefficient expansions Jahangiri and
Hamidi [8] have obtained estimates for the general coefficients |a;, | for bi-univalent functions
subject to certain gap series.

Let P denote the class of function of p analytic in U such that p(0) = 1 andRe {p(z)} > 0,
where

p@)=1+piz+pz®+... (zel).

Now we recall the unified subordination due to Ma and Minda [10]:
Let ¢ be an analytic function with positive real part in the unit disk U such that

p0)=1,¢'(0) >0
and ¢(U) is symmetric with respect to the real axis and has a series expansion of the form:
9(2) =1+ Biz+ B> + B3> +--- (B > 0).

Let u(z) and v(z) be two analytic functions in the unit disk U with #(0) = v(0) = 0,
lu(z)] < 1, |v(z)| < 1, and suppose that

u(z) = b1z +byz> +b3z° +--- andv(w) = cyw + cw? + 3w’ 4+ . (1.2)

‘We observe that
b1l <1, [ba < 1= b1, |er] < 1and |ea] < 1 —]er]?. (1.3)

Further we have

@u(z)) = 14 Bib1z + (Biby + BabH)z2> 4+ -+ (|z] < 1) (1.4)
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and
o(ww)) =14 Bicyw + (Bicy + Bzc%)w2 +--- (lw| < 1). (1.5)

Making use of the binomial series

m

(L—p)" =Z<'§‘)(—1)Jy1 (meN={1,2,...}, jeNy=NuU{0},

j=0
recently for f € A, Frasin [4] defined the differential operator D,i’ ,.f(2) as follows:

D f(z) = f(2).
Drim/f(Z) =(1- V)mf(Z) +(1-=(1-= y)m)zf/(z) = Dm,Af(Z), y>0:meN,
D, f(2) = Dy (D' f(2))
=2+ Y [+ e-Derm] s e, (16)
n=2

where

m

=Y. (’7)(—0-’“%

j=I
Using the relation (1.6), it is easily verified that

Clr (DS, , f(2) = D5 f(2) — (1 = CT(y)D, , f(2). (1.7)

By specializing the parameters we observe that, for m = 1, Df’ , defined by Al-Oboudi

[1]and form =y =1, Df | defined by Saldgean [13].

The main object of this ;;aper is to introduce the following new subclasses of bi-univalent
functions involving Frasin differential operator Dfn, ,, [4] and to obtain bounds for the Taylor-
Maclaurin coefficients |az| and |a3|. Further, we discuss Fekete—Szego functional problems
for functions in these new classes.

2 The function class Bg(m, Y, A; @)

Definition 2.1 A function f(z) € X is said to be in the class B% (m, vy, A; @) if and only if

Dy, f(2)
Z

(1—2) + (D5, , f(2) < 9(2)

and

Dy, g(w)
(1= =2

+1(DE, L, gw)) < p(w)
where 0 <A < 1,z,win Uand g(w) = f_l(w).
For A = 1, the class B; (m, y, A; @) reduces to the following class.
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Definition 2.2 A function f(z) € X is said to be in the class Bé (m, y; ¢) if and only if

(D, (@) < (@)
and

(D, , gw) < g(w)
where z, w in U and g(w) = f~ ! (w).

Remark 2.3 We note that B% (m,y,A; ¢) = Bx(X; ¢) and B% (m,y;¢) = Hx(p), where
the classes By (1; ¢) and Hyx (¢) were introduced and studied by Peng and Han [12].

In the following theorem we find estimates on the coefficients |a>| and |a3| for functions
feBgm, v, % 9).
Theorem 2.4 If f(z) given by (1.1) is in the class B; (m, y, A; @). Then

Bi~/B
lay| < el @.1)

%
\/x + B+ (14 CM )

and
a2 (17 )
#{ if B) < —f{
(1+2,\)(1+2c;"(y)) (1+2A)(1+2c;."(y))
las| < s % ,(22)
X Bi+(14+21) (14+2C" ()" B B > (1+2) (HC_‘,-"(V))
> ifBj > ——————~
(1+2)»)(1+2C;7’(y)){()(+(1+)»)2(1+C;."(y)) :B|> (1+2)\)(1+2c§"(y))
where

x = B+ 200 +2C0 () = By(1+ 021+ Cr ¥
Proof Let f(z) € B{2 (m, y, A; ). Then there are analytic functions u# and v, with u(0)

=v(0) =0, lu(z)|] < 1, |v(z)| < 1, given by (1.2) and satisfying the following conditions:

Dyy f(2)
Z

(1—2) +M(DE, L, f(2) = ou(z)) (2.3)

and

Dy g(w)
(1= )=

+ (D, () = p(u(w)), 2.4)

where g(w) = f~!(w). Since

D,
(1—- A)% +M(DS, , £ (@)
=14+ A +0A+CT ) az+ A +20)0+2C" () as? +--- (25)
and
D;,
(- A)%“‘)) +1(D5,, g(w))
=1— 1+ 1A+ CT N aw+ 1 +20)(1 +2CT (1) (245 —anw’ + -+, (2.6)
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it follows from (1.4), (1.5), (2.5) and (2.6) that

¢
A+ (1+CI ) a2 = Biby, @7
(14 23) (1 n ZC;”()/))C a3 = Biby + Byb?, (2.8)
¢
—(1+ ) (1 + cT(y)) a = Bicl, (2.9)
and
meN\6 n 2 2
(1+22) (1 +2C" (y)) (24 — a3) = Bicy + Bac?. (2.10)
From (2.7) and (2.9), we get
¢ = —b @.11)
and
2
2|:(1+C;”(y)>{(l+k)] @ = B2(b? + ). 2.12)

By adding (2.8) to (2.10), we have
2(1 4 2CT () (1 + 20)a;3 = Bi(by + c2) + Ba(bi + ). (2.13)
Therefore, from equalities (2.12) and (2.13) we find that
m ¢ 2 m 14 2 9 3
201+ 2C7 () (1 + 20 B] = 285 ((1+ CP ) (1 +2)) 13 = B (b2 + c2).
(2.14)
Then, in view of (2.7), (2.11) and (1.3), we obtain

2
21+ 2C7 () (1 + 20 BF = 282 ((1+ CP ) (1 + ) 1] laaf?

2
< BY (b2l +le2) < 2B7(1 = [b1f?) = 28] = 2B, (1 + C () (1 +2) laal®.

Thus, we get

Bi/Bi
A BUL+22+ CP ()%

laz| <

where
X = ‘B%(l +20)(1+2C7 (1)) = Ba(1+ 121+ CT ()% .

Next, in order to find the bound on |a3|, subtracting (2.10) from (2.8) and using (2.11),
we get

21420 (1 +2C7 () a3 = 2(1 + 20 (1 + 2c;?l(y))4a§ + Bi(by —cp). (2.15)
Then in view of (1.3) and (2.11), we have
2014201 +2C7 (1)) lazl < 2(1 +22)(1 +2CT (1))F laal* + Bi(1ba] + leal)
<201+ 201 +2C7 (1)) laa|* +2B1(1 — [b1]?).
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From (2.7), we immediately have
Bi(1+420)(1 +2C7 (1)) las]
< Bl +20(1 +2C" ()¢ — (L + )20+ CP ) | laa) + BY.

Now the assertion (2.2) follows from (2.1). This evidently completes the proof of Theorem
2.4. ]

By taking A = 1 in Theorem 2.4, we have

Corollary 2.5 If f(z) given by (1.1) is in the class B; (m,y;¢). Then

BB
jaz| < bl (2.16)
JT 4B+ Cr )
and
B . 40+CT ()
30207 () TB1 < sacyonr
las| = B +3(142C" (7))° B i B 40+CT ()X 2.17)
3314207 ()F (r+401+CP ()% By ) = 302070
where

T = ‘3312(1 +2C7 ()¢ —4By(1 + CT(y) .
Putting { = 0 in Theorem 2.4, we have

Corollary 2.6 [12] Let f(z) given by (1.1) be in the class By, (7; ¢). Then

BB
jaz] < Al 2.18)
\/|Bl2(1 +20) — Bo(1+ 22| + Bi(1 + A)?
and
B . (1412
T2 if By < (1am)
las| < |B2(1421) — By (141)2| By +(14+22) B B > RETICEE (2.19)
A2 ([BE (1420 = By (142 [+ (141)?) = T2
Putting ¢ = 0 in Corollary 2.5, we have
Corollary 2.7 [12] If f(z) given by (1.1) is in the class Hyx (¢). Then
BB
jaz] < el (2.20)
3B} — 4By + 4B,
and
3 ifB1 <3
las| < | [3B2-4B,|B1+3B} (2.21)

. 4 -
3(3B7—4By]+4B,) if By = 3
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Remark 2.8 1f

1 o
¢(z)=<1+z> =1+420z422%+--- 0O<a<1) (2.22)
-z
in Corollary 2.6, then we have Theorem 2.2 in [7].
If
1 1—2
0(z) = _l_(lfza)z =142(1-a)z4+2(1—a)2+-- O<a<1), (223

then we have Theorem 3.2 in [7].
Also, if ¢ = 0 and A = 1, we have Theorem 2.1 in [12].

3 Fekete-Szego inequalities for the function class Bg m,y, 1; )

Now, we are ready to find the sharp bounds of Fekete—Szego functional az — Sa% defined for
f € BS.(m, y, ; ¢) given by (1.1).

Theorem 3.1 Let f(z) given by (1.1) be in the class B; (m, y, A; ¢). Then

B 1
a3 — 8a2]| < (20 (1+2CT (1))F Jor 0 = |h(®)] < 2020 (12CT (1))F 31
2= 2By |h(8)] Sfor [h(8§)| = m ’ '
J
where
hE) = B (1 - )
2B7(1+20)(1+2C7 ())F = 2B2(1+ M1 + CF(r)*
Proof From (2.14) and (2.15), we get
22— B} (b2 + ¢2) (32)
2= .
2B+ 2000+ 2C7 ()¢ — Ba(1 + 221 + CJ ) |
and
2(1+20)(1 +2CT ()% a3 + Bi(ba — ¢2)
a3 = (3.3)

21+ 201+ 2C] (1))F
From the Egs. (3.2) and (3.3), it follows that

- 1

1
+ (h(‘s) T2t 2n 1 2c;."(y))f> Cz} ’

where
B} (1-9)

h(8) = '
@ 2B(1+210)(1 +2CT (y)E = 2B2(1+M)3(1 + CT(y )X

Since all B; are real and By > 0, which implies the assertion (3.1). This completes the
proof of Theorem 3.1. O
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By taking A = 1 in Theorem 3.1, we have

Corollary 3.2 Let f(z) given by (1.1) be in the class B% (m, y; ¢). Then

__ B P EETa s
- 8a2| _ | samcror for 0 < |h(8)| < 6(1+2CT (1)) (3.4)
21 = 2BUIKO)] for 1h(8)] = grzcngye ’
J
where
B*(1 -3
o) i( )

T 6BI(L+2CT (1) — 8B (1+ CT ()%
Remark 3.3 Putting ¢ = 0 in Corollary 3.2, we get Corollary 4 in [17].
Putting ¢ = 0 in Theorem 3.1, we have

Corollary 3.4 Let f(z) given by (1.1) be in the class Bx (A; ). Then

0y — 53] < { %23 for 0= Ih®)| < yrizs
LR@®)]  for [h()] = 577775
where
B3(1—6)
2[B}(1+21) — Bo(1 + 12

Remark 3.5 If ¢(z) is given by (2.22) then by Corollary 3.4, we have

s — 53] < {fé* for0 < [h(8)] < m ’
alh@®)| for  [h®)| = 5ty
where
1-6
T lt2a A2
Also, if ¢(z) is given by (2.23) then we have

h(5)

2(1—a) 1
a3 — 8a3| < [ ey for0 = 1Ol <

41— ) |h(©®)| for [h(®)| > 5z

_ (1—a)(1-9)
where h(8) = 2(1—a) (1420 —(1+1)2
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