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Abstract

In the present paper, we determine necessary and sufficient conditions for z F'(a, b; c¢; z) and
z(2 — F(a, b; c;z)) where F(a,b;c;z) = Zflozo[(a)n(b)n/(c)n(l),,]z” to be in a certain
class of analytic functions with negative coefficients. Furthermore, we consider an integral
operator related to hypergeometric functions.
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1 Introduction and definitions
Let 7 denote the class of functions of the form:

f@O=2-) a", a, >0, (1.1)

n=2

which are analytic and univalent in the open unit disk &/ = {z : |z] < 1}. Let T*(«) and C (@)
denote the subclasses of 7 consisting of starlike and convex functions of ordera (0 < a < 1),
respectively [11].
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A function f of the form (1.1) is in S(k, ) if it satisfies the condition

') 1
=1 @+1C)

- <k, O<k=<1,0<A<l,z€el) (1.2)
Zf (2) + 1
(1=2) f(2)+rzf"(2)
and f € C(k, A)if and only if zf" € S(k, A).
We note that S(k, 0) = S(k) and C(k, 0) = C(k), where the classes S(k) and C(k) were

introduced and studied by Padmanabhan [8] (see also, [4,7]).
Let F(a, b; c; 7) be the (Gaussian) hypergeometric function defined by

oo

(@)n(b)n
F(a,b;c;z) =) ————7", (1.3)
nX=(:) ©)n(D)p
where ¢ # 0, —1, =2, ..., and (x), is the Pochhammer symbol defined by
_Ta+n) 1, n=0,
(O i= C'x) {x(x+l)(x+2)---(x+n— 1),neN:{l1,2,...}. (1.4

We note that F(a, b; c; 1) converges for Re(c —a — b) > 0 and is related to the Gamma
function by
'e)l'(c —a—»b)

Flabie D= m = e —b)

(1.5)
The Gauss hypergeometric function F'(a, b; c; z) is one of the most important special func-
tions in complex analysis. Due to its three defining parameters, its structure is extremely rich
and contains almost all special functions as a particular or limiting case. Important orthogonal
polynomials such as Chebyshev, Legendre, Gegenbauer, and Jacobi polynomials, can all be
expressed with the F'(a, b; c; z) function, see [9].

Silverman [12] gave necessary and sufficient conditions for z F (a, b; c; z) to be in the
classes T*(«) and C(«), and also examined a linear operator acting on hypergeometric
functions. For more details, see the works done in [1-6,10,13].

In the present paper, we determine necessary and sufficient conditions for zF (a, b; c; z)
to be in our new classes S(k, 1) and C(k, 1). Furthermore,we consider an integral operator
related to hypergeometric functions.

The proof of Lemma 1.1 below is much akin to that of Theorem 1 in [7], so we choose to
omit the details involved.

Lemma 1.1 (i) A function f of the form (1.1) is in S(k, A) if and only if it satisfies

Z[n((l —AM+k(I+2)—0=1A=-k)]a, <2k (1.6)
n=2

where O < k <1 and 0 < A < 1. The result is sharp.
(ii) A function f of the form (1.1) is in C(k, A) if and only if it satisfies

Zn[n((l —AMN)F+kA+2)—A =11 —=k)la, <2k (L.7)
n=2

where 0 < k <1 and 0 < A < 1. The result is sharp.
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2 The necessary and sufficient conditions
Unless otherwise mentioned, we shall assume in this paper that ) < k < land 0 <A < 1.

Theorem 2.1 (i) Ifa,b > —1, ¢ > 0, and ab < 0, then zF (a, b; c; z) is in S(k, 1) if and
only if
(I =A) + k(1 + 1)ab

2k

(ii) Ifa,b > 0,¢c >a+ b+ 1, then Fi(a,b;c;z) = z(2— F(a,b;c;z2)) isin Sk, L) if
and only if

c>a+b+1-—

2.1)

I')'(c—a—>b) < n (AQ-=xr+kQ +A))ab> “a 22)
I'(c —a)l'(c —b) 2k(c —a—b—1)
Proof (i) The function zF (a, b; ¢; z) can be written as
o ab N @t Dyab+ Daa
Hlabian =zt 2 e+ D2 (D
ab| =~ @+ Dy—2(b + 1)y
=z—|— 4 2.3
e L Tt Dt 2

n=2

According to (1.6) of Lemma 1.1, we must show that

- @+ Dp2b+ 1Dy
11— k(14 A 1—M)k-—1
”Z:;[”(( Sk . ) (c+ Dp—2(D)p-1

< ‘é’ 2%. (2.4)

Noting that (t), = t(tr + 1), and then applying (1.5), we have

- (a+ Dpb+ 1),
1—A k(1 + X 1-Vk-DNN]—rr— "
;)[n« )4+ k(14 21) + (1 = )k — 1] 0.0
N (@+ Dab+ 1), ¢ = (@n(b)n
= (1-X k(1 4+ A - —
=24k = @+ 2 2 @,
_ re)yr(c—a—-—»b-1) < F(c)l"(c—a—b)_
=1 =1 +k(1+21 T —are—b) +2k— (—F(c—a)F(c—b) 1)

Hence, (2.4) is equivalent to
re)rc—a—->b-1)
I'(c—a)T'(c —b)

c c
<2k{—+ — ) =0. 2.5
s (42 @3)

((1 A k(42 + 2kw>
ab

Thus, (2.5) is valid if and only if (1 — &) + k(1 + A) + Zk% <Oorc >
a+b+1-— W.
(i1) Since
[0 ¢]

(@n—1D)n-1
F s b; 5 =Z— e ——— ,n,
abreia) =z ; @1 (Dt
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from the condition (1.6), we need only to show that

Z[n((l — N F+kA+2)) -0 =11 =k)] (@n—1(D)n—1

T < k.
n=2 @n-1D)p—1
Now,
- a1 (DY
Z[n((l — ) +k(1+2) -0 =11 —k)]w
n=2 (c)n—l(l)n—l
o 11(a)n (b o (@) (D)
==X +k(1+2 2k
A=h k42270, T L @,
(=) + k(1 +1))ab o (@4 Dpi(b+ Duy % (@) (D)
- c 2 (c+ Dpot (Dot 2 G,

n=1

_T@T(c—a—0b) (((1—=21) +k(1+1)ab
N F(c—a)I‘(c—b)( c—a—b—1

+ Zk) — 2k.
But this last expression is bounded above by 2k if and only if (2.2) holds.

m}

Theorem2.2 (i) Ifa,b > —1,ab <0,¢c >a+b+2, thenzF(a, b;c;z) isin C(k, ) if
and only if

((A=2)+k(14+1))(@)2(b)2+2((1=2)+k(2+1))ab(c—a—b—2)+2k(c—a—b—2); = 0.

(2.6)
(ii) Ifa,b > 0,c >a+ b+ 2, then Fi(a,b;c;z) = z2(2— F(a,b;c; z)) isin C(k, A) if
and only if
['()'(c—a—D) (((1 —A) + k(1 4+2)(@)2b)2
I'c—a)'(c —b) 2k(c—a—b—2)
1—A+kQ2+2) ab
Iy (@Y ) )
Proof (i) From (2.3) and (1.7) it follows that
= (a4 Dpalb+Dpa _ 2ck
1—A 1+2))—0-01—k%k —_—.
;"[”“ )R +2) = (1 =D =)= = <
Writing

n+D[+2)((A =2 +k(A+21) - A=A =K)]

== 4+kA 4+ +D>+ (1 =2 +k@B+A)n+ 1)+ 2k,
we see that

- @+ Du(b+ 1),
2 (1 — A k(l+)— 0 -M)H1—-kh]———
n§:0<n+ M+ 2)((1 = 1) + k(1 + 1) — (1 =) (1 — k)] TR

o Sn s 1@ D0+ D
= (1= ) + k(1 +A>>HZ=0<" LRI

oo

@+ Da(b+ Dy @+ (b + 1)y
+((1 =) +kB =2 ST T gy ST
==k ”g (c+ Du(D)y 20 (e + Du(Dnt1
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(A=) 4k + )@+ Db+ 1) i (@+2)u(b+2)n
B c+1 (c+2)n(1)n

N @+ Du(b+ 1), 2ke o= (@) (b)n
2l =M +kQR+M] ) ————— + —
nX:(:) (C + l)n(l)n ab =0 (C)n(l)n

n=0

e+ DI'c—a—-b-2)
h C(c —a)l'(c—b)

<((1 —AMNF+kA+A))@+DHb+1)

2k 2kc
—|—2[(1—k)—{—k(Z—I—A)](c—a—b—2)+f(c—a—b—2)2>——.
ab ab

This last expression is bounded above by 2ck/ |ab| if and only if

(=MD +kAQ+))a@a+DG+D)+2((1—2)+kQ+A)(c—a—b—-2)
+%(c—a—b—2)2
ab
foa

which is equivalent to (2.6).
(i1) In view of (1.7), we need only to show that

> nln((1 = 1) + k(1 +2) — (1= )1 — k)]M < 2k.
=~ ©@n—1(Dny

Now,

(@n+1(B)n+1

Z(n + [ +2)((A =) + k(T +21) — (1 =11 =k
©nt1(Dny1

n=0
2 (@n+1(D)n11

=({(1-AX k(1 + A 2
(=2 + k(20 ) +27 oo

n=0

—(1—A)(l—k)2(n+2)w. 2.8)

=0 ©n+1(Dn+1

Writingn +2 = (n + 1) 4+ 1, we have

i(” +2) (@n+1(D)nt1 i @ns1 Ot i (@ni1(Dns1

@ n+1(Dpr1 B =0 ©n+1(Dn -0 ©n+1(Dnt1 ’

Z( +2 )2( )n-H(b)n—H

=0 ©n+1(Dpt1

—Z( @Ot §~ @ast @it | 5~ @nt O

(©nt1(1)n = ©nt1(Dn —5 ©n+1(Dnt1
(@n1(B)nt1 (@n+1(D)nt1 (@)n (D)
. 29
Z @ nt1(Du—1 3 Z (©nt1(1)n 2 (©n(Dn 9

@ Springer



228 B. A. Frasin et al.

Substituting (2.9) into the right-hand side of (2.8), we obtain

N (@nt2 (P2 A (@t 1 (P
1—2)+k(1+A — 421 =AN+kQ2+ 2 -_
(=2 k42 Z (©n+2(Dy (@ =2 +kE+D) 2 (©ns1(Dy
+2kZ (a)n+](b)n+] (2'10)

(C)nJrl(l)nJrl

Since (a)n+j = (a) j(a + k),, we write (2.10) as

(A =2) +kd+1) (@b T(c+2)I(c—a—->b-2)
(©)2 ['(c—a)(c—b)

+2((1 =2 +kQ2+ k))@ = ;r(i)isac);(i - b>_ .

'e)'(c—a—>b)
+2 (o ):

By simplification, we see that the last expression is bounded above by (1 — «) if and
only if (3.6) holds. ]

3 Anintegral operator
In the next theorems, we obtain similar-type in connections with a particular integral operator
G(a, b; c; z) acting on F(a, b; c; z) as follows:

Z
G(a,b;c;z2) =/F(a,b;c; t)dt. 3.1)
0

Theorem3.1 Leta,b > —1, ab < 0, and ¢ > max{0, a + b}. Then, G(a, b; c; z) defined
by (3.1) is in S(k, A) if and only if

Tc+Dlc—a—>b) ((1=A)+k(1+21) (1= —=k(—a—Db)

T(c—a)(c—b) ( ab B (a—1)ab— 1), )
(I=MA—=k)(c—1) -
(@a—=120-1) —

(3.2)

Proof Since

b Dya(b+ 1),
G(abcz)_z_ﬂ (@a+Dp2b+ Dn2 ,

¢ 2T et Daa(ly

)

by (1.6), we need to show that

oo

D (1 = 1) + k(1 +2)) = (1= (1 = k)]

n=2

@+ Dp—20b+ Dy < &
(c+ Dp2(l)y 7 labl’
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Now,
> (@+ 1B+ 1),
1—x k(l+) -0 -0 -kh]———"—
;m« )+ k(1 +21) = (1 =) (1 — k)] e D, s
(@4 Du(b + 1),y ¢ = (@n(b)n
=({(1—-A k(1 + A — (1 =M —-k— _—
R D D v Wi W kD Dy
T+ Dlc—a—=b) (1= +k(1+2) (=11 —=k(—a—Db)
T T(c—a)(c—b) ( ab B (a—1)(b— 1) )
(=W —k(c—1) 2ke _ 2ke
(@—1)2b—1)2  ab ~ |ab|’
which is equivalent to (3.2). O

Now, we observe that G(a, b; c; z7) € C(k, A)ifandonlyif zF (a, b; c; z) € S(k, A). Thus,
any result of functions belonging to the class S(k, A) about zF leads to that of functions
belonging to the class C(k, A). Hence, we obtain the following analogues to Theorem 2.1.

Theorem3.2 Leta,b > —1,ab < 0, and ¢ > a + b + 2. Then, G(a, b; c; z) defined by
(3.1) is in C(k, }) if and only if
(1 =2) + k(A +1))ab

>a+b+1—
czat+o+ 2%

Letting A = 0 in Theorems 2.1, 2.2, 3.1 and 3.2, we obtain the following corollaries.

Corollary3.3 (i) Ifa,b > —1, ¢ > 0, and ab < 0, then zF (a, b; c; z) is in S(k) if and

only if
(1+k)ab
l— .
c>a+b+ " (3.3)
(ii) Ifa,b>0,c>a+b+1,then Fi(a,b;c;z) =2(2— F(a, b;c; z)) is in S(k) if and
only if
Fe)rc—a—> 1+ k)ab
OFte—a=b)(,,  (A+Ha <2 (3.4)
I'(c—a)l(c—Db) 2k(c—a—b—1)

Corollary 3.4 (i) Ifa,b > —1,ab <0,c >a+b+2,thenzF(a,b;c; z) is in C(k) ifand
only if

(1 +k)(a)a(b)y +2(1 +2k)ab(c —a—b—2)+2k(c—a—b—2), >0. (3.5

(ii) Ifa,b >0,¢c>a-+b+2,then Fi(a,b;c;z) =z(Q2— F(a,b;c;z)) isinC(k, L) if
and only if

r'e)'(c—a—-">) < (1 +k)(a)(b)2 n (1+2k> < ab ) +1> s
I'c—a)'(c—b) \2k(c—a—b—-2), k c—a—b-—1
(3.6)

Corollary 3.5 Leta,b > —1, ab < 0, and ¢ > max{0, a + b}. Then, G(a, b; c; z) defined
by (3.1) is in S(k) if and only if

T(c+ DI(c—a—b) ((l—i—k) ~ (1—k)(c—a—b)> (1 =k — 1)

F'le—a)l(c—b) ab @ 120615 ) a1, =GP
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Leta,b > —1,ab < 0, and ¢ > a + b + 2. Then, G(a, b; c; z) defined by (3.1 ) is in
C(k) if and only if
14+ k)ab

Sa+b+1—
czathbt 2%
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