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Abstract

In this paper, we introduce Halpern-type proximal point algorithm for approximating a com-
mon solution of monotone inclusion problem and fixed point problem. We obtain a strong
convergence of the proposed algorithm to a common solution of finite family of monotone
inclusion problem and fixed point problem for nonexpansive mappings in complete CAT(0)
spaces. Nontrivial application and numerical example were given. Our results complement
and extend some recent results in literature.
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1 Introduction

Let (X, d) be a metric space and x, y € X. A geodesic path joining x to y is an isometry
¢ :[0,d(x,y)] = X such that c(0) = x, c(d(x,y)) = y. The image of a geodesic path
joining x to y is called a geodesic segment between x and y. When it is unique, this geodesic
segment is denoted by [x, y]. The metric space (X, d) is said to be a geodesic space if
every two points of X are joined by a geodesic and (X, d) is said to be uniquely geodesic
space if every two points of X are joined by only one geodesic segment. A geodesic triangle
A(x1, x2, x3) in a geodesic space (X, d) consist of three points x1, x2, x3 in X (known as
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the vertices of A) and a geodesic segment between each pair of vertices (known as the edges
of A). A comparison triangle for the geodesic triangle A(x1, x2, x3) in (X, d) is a triangle
A(xy, x2, x3) :== A(X], X2, x3) in the Euclidean plane R? such that d(x;i, xj) = dg2(%;, Xj)
fori, j € {1,2,3}.

A geodesic space is called a CAT(0) space if all geodesic triangles satisfies the following
comparison axiom: Let A be a geodesic triangle in X and let A be its comparison triangle
in R2. Then, A is said to satisfy CAT(0) inequality, if for all x, y € A and all comparison
points x, y € A,

d(x,y) < dg2 (X, y). (1.1)

If x, y, z are points in CAT(0) space and yy is the midpoint of the segment [y, z], then the
CAT(0) inequality implies

2 Lp g1t
d*(x. y0) < 3 (6. y) + 5dP (. 2) = 1d (. 2). (1.2)

Inequality (1.2) is known as the (CN) inequality of Bruhat and Titis [5]. In fact, a geodesic
space is a CAT(0) space if and only if it satisfies the CN inequality (see [4]).
A complete CAT(0) space is called a Hamadard space. It is generally known that a CAT(0)
space is a uniquely geodesic space (see for example [9]). Examples of CAT(0) spaces includes:
Euclidean spaces R”, Hilbert spaces, simply connected Riemannian manifolds of nonpositive
sectional curvature, R-trees, Hilbert ball [13], Hyperbolic spaces [28]. See [4,6,14,16] for
more equivalent definitions and properties of CAT(0) spaces.
Let (1 — t)x @ ty denote the unique point z in the geodesic segment joining x to y for
each x, y in a CAT(0) space such that d(z, x) = td(x, y) and d(z, y) = (1 —t)d(x, y). Set
[x,y]:={(0d—=t)x Dty :t € [0, 1]}, then a subset C of X is said to be convex if [x, y] C C
forallx,y € C.
Let {x,} be a bounded sequence in a complete CAT(0) space (X, d) and let r(x, {x,})
= lim,—, o sSupd (x, x,). The asymptotic radius of {x, } is given by r ({x,}) := inf{r(x, {x,}) :
x € X}andthe asymptotic center of {x, } istheset A({x,}) = {x € X : r(x, {x,}) = r({x,})}.
It is generally known that in a complete CAT(0) space, A({x,}) consists of exactly one point.
A sequence {x,} in a complete CAT(0) space is said to be A-convergent to a point x € X if
A({x,,}) = {x} forevery subsequence {x,, } of {x,}. In this case, we write A-lim, 00 X, = x
(see [11]).
Lim [23] introduced the concept of A-convergence in general metric spaces. Kirk and
Panyanak [21] introduced this concept to CAT(0) space and it coincides with weak con-
vergence in the setting of Banach space. Several other authors have also studied the concept
of A-convergence in CAT(0) spaces (see, for example [9,12,30] and the references therein).
Breg and Nikolaev [3] introduced the concept of quasilineartization for CAT(0) spaces. They
denoted a pair (a,b) € X x X by ab and called it a vector. Quasilinearization is a map
(o, ) 1 (X X X) X (X x X) — R defined by

(ab, cd) = % (d*(a,d) + d*(b, ¢) — d*(a, ¢) — d*(b,d)), (a,b,c,d € X).

. . - — 2 — — - — - —
It can easily be verified that (ab, ab) = d~(a,b), {(ba,cd) = —{(ab, cd), {(ab,cd) =
- — — — - — = J
(ae, cd)+ (eb, cd) and (ab, cd) = (cd, ab) foralla, b, c,d, e € X. The space X is said to

- —

satisfy the Cauchy—Schwartz inequality if (ab, cd) < d(a, b)d(c,d) Va,b,c,d € X.Itis
known that a geodesically connected metric space is a CAT(0) space if and only if it satisfies
the Cauchy—Schwartz inequality (see [3, Corollary 3]).
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Based on the work of Breg and Nikolaev [3], Kakavandi and Amini [1] introduced the concept
of dual space in a complete CAT(0) space X as follows:
Consider the map ® : R x X x X — C(X, R) define by

- —
O(t,a,b)(x) =t{ab,ax), (teR,a,b,x € X),

where C (X, R) is the space of all continuous real-valued functions on X. Then the Cauchy—
Schwartz inequality implies that ® (¢, a, b) is a Lipschitz function with Lipschitz semi-norm
L(©(t,a, b)) = |t|lda,b) (t € R, a,b € X), where L(¢) = sup {%jﬁ;” DX,y €
X, x # y} is the Lipschitz semi-norm for any function ¢ : X — R. A pseudometric D on

R x X x X is defined by
D((t,a,b), (s,c,d)) = L(O(t,a,b) — O(s,c,d)), (1,5 €R, a,b,c,deX).

In acomplete CAT(0) space (X, d), the pseudometric space (R x X x X, D) can be considered
as a subset of the pseudometric space of all real-valued Lipschitz functions (Lip(X, R), L).
It is shown in [1], that D((z, @, b), (s, ¢, d)) = O if and only if  (ab, X3) = s(cd, ¥3), for
all x, y € X. Thus, D induces an equivalence relation on R x X x X, where the equivalence
class of (¢, a, b) is defined as

[tab] := {sZ? - D((t.a,b), (s, c,d)) = 0} .

The set X* = {[tcTZ] : (t,a,b) € R x X x X} is a metric space with the metric
— —

D([tab], [scd)) := D((t,a,b), (s, c,d)). The pair (X*, D) is called the dual space of the

metric space (X, d). Itis shown in [1] that the dual of a closed and convex subset of a Hilbert

space H with nonempty interior is H and t(b —a) = [tch)a] forallt € R, a,b € H. We also
note that X* acts on X x X by

(*, T3) = t{ab, %), (x* —[tabl € X*, x,y € X) .

Let X be a complete CAT(0) space and X™* be its dual space. A multivalued operator A :
X — 2% with domain D(A) := {x € X : Ax # ¥} is monotone if and only if for all
x,y € D(A), x* € Ax, y* € Ay,

(x* —y*, y%) >0 (see [19]).

A monotone operator A is called a maximal monotone operator if the graph G(A) of A
defined by

G(A) :=={(x,x") e X x X*: x* € A(0)},

is not properly contained in the graph of any other monotone operator. It is easy to see that
a monotone operator is maximal if and only if for each (x, x*) € X x X*, (y* — x*, )T)))) >
0, V(y,y*) € G(A) = x* € A(x).

The resolvent of a monotone operator A of order A > 0 is the multivalued mapping J. ){‘ :
X — 2% defined by (see [19])

JAx) = {z €X| [%z_)x} € Az].

We say that the operator A satisfies the range condition if for every A > 0, ID)(J/{“) = X (see
[19]). For simplicity, we shall write J, for the resolvent of a monotone operator A.
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The concept of monotone operator theory is one of the most important aspect in nonlinear
and convex analysis due to the role it plays in optimization, variational inequalities, semi
group theory, evolution equations, among others. One of the most important problems in
monotone operator theory is the problem of finding the solution of the following monotone
inclusion problem (MIP).

Find x € D(A) such that 0 € Ax, (1.3)

where A : X — 2X" is a monotone operator. The solution set of problem (1.3) is denoted by
A~1(0), which is known to be closed and convex (see [27, Remark 3.1]).

Many mathematical problems such as optimization problems, equilibrium problems, varia-
tional inequality problems, saddle point problems, among others, can be modelled as a MIP
(1.3). Thus, MIP is of central importance in nonlinear and convex analysis. The most popular
method for finding solutions of MIP, is the proximal point algorithm introduced in Hilbert
space by Martinet [24] and Rockafellar [29], as follows:

xo0 € H,

1.4
X1 = JAx0, n >0, (-

where Jﬂ = (I +1,A)~ ! is the resolvent of the operator A and {},} is a sequence of positive
real numbers. Rockafellar [29] proved that the sequence {x,} generated by Algorithm (1.4)
is weakly convergent to a solution of MIP (1.3), provided A, > A > 0 for each n > 1.
Giiler [15] gave an example to show that the sequence {x, } generated by the proximal point
algorithm (1.4) may not converge strongly even if the maximal monotone operator is the
subdifferential of a convex, proper and lower semicontinuous function.

Another important algorithm for approximating solutions of MIP is the Mann-type proximal
point algorithm which was first introduced in Hilbert space by Kamimura and Takahashi
[18]:

:X(}EH, (15)

A
Xn4l = OpXy + (1 - an)JAnxn, n = 07

where {«,} C [0, 1]. Under some suitable conditions, Kamimura and Takahashi [18] proved
weak convergence of (1.5) in Hilbert spaces. In order to obtain strong convergence result,
Kamimura and Takahashi [18] proposed the following Halpern-type proximal point algorithm
for approximating a solution of MIP (1.3):

[u,xoeH,

(1.6)
Xp41 =opu + (1 — (xn)Jf:lxn.

Other authors have also studied the MIP (1.3) in the setting of real Banach spaces (see, for
example [26] and the references therein).

In [2], Bacak proved the A-convergence of proximal point algorithm in CAT(0) spaces when
the operator A is the subdifferential of a convex, proper and lower semicontinuous function.
In 2016, Khatibzadeh and Ranjbar [19] introduced and studied the following proximal point
algorithm in CAT(0) spaces:

X0 € X, L7
[ixnxn_l] € Ax,. (1.7)

They obtained a strong and A-convergence result of the proximal point algorithm (1.7) to a
solution of MIP (1.3). Very recently, Ranjbar and Khatibzadeh [27] proposed the following
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Mann-type proximal point algorithm in a complete CAT(0) space for finding a solution of
(1.3) and obtained a A-convergence result.

{xo e X,

(1.8)
Xp1 = Xy © (1 — an)JAnxn’

where {),} C (0, c0) and {«,,} C [0, 1]. In the same paper, Ranjbar and Khatibzadeh [27]
proposed the following Halpern-type proximal point algorithm in order to obtain a strong
convergence result:

!u,xo € X, (1.9)

Xpgl = oyu © (1 - an)‘])»nxn,

where {A,} C (0, c0) and {«,,} C [0, 1].

In this paper, we propose and study the modified Halpern-type algorithm for approximating a
common solution of finite family of MIP and fixed point problem for nonexpansive mapping
in CAT(0) spaces. We establish the strong convergence of the proposed algorithm. Our results
extend and complement the results of Balak [2], Khatibzadeh and Ranjbar [19] and Ranjbar
and Khatibzadeh [27].

2 Preliminary

We state some known and useful results which will be needed in the proof of our main
theorem. Throughout this paper, we shall denote the strong and A-convergence by “—"”
and “—" respectively.

Lemma 2.1 Let X be a CAT(0) space. Then, forall x,y,z € X and all t € [0, 1]:

1) ditx® (1 —1)y,z) <td(x,z) + (1 —1)d(y, z), (see [9]),

(i) d2(tx ® (1 —1)y,z) < td*(x,2) + (1 —0)d*(y, z) — t(1 — )d?(x, y), (see [9]),
(i) dgxd (1 —t)y,sx d (1 —s)y) < |t —s|d(x,y), (see [T]),
(iv) dix @ (1 =0y, tx® (1 —1)z) < (1 —1)d(y, ), (see [20]).

Lemma 2.2 [8] Let X be a CAT(0) space and a, b, ¢ € X. Then for each A € [0, 1],
d20a ® (1 — Wb, ©) < 22d%(a, ¢) + (1 — V2% (b, ¢) + 20(1 — 2)(@t, be).

Lemma 2.3 [9,22] Every bounded sequence in a complete CAT(0) space has a A-convergence
subsequence.

Lemma 2.4 [17] Let X be a complete CAT(0) space, {x,} be a sequence in X and x € X.
Then {x,} A-converges to x if and only if lim;_, o sup(m, )T))C) <0VyeX.

Lemma 2.5 [10] Let X be a complete CAT(0) space and T : X — X be a nonexpansive
mapping, then the conditions that {x,} A-converges to x and d(x,, Tx,) — 0, implies
x = Tx.

Lemma 2.6 [31]. Let {a,} be a sequence of non-negative real numbers satisfying
ap+1 =< (1 - an)an +an8n + VW, n= 0,

where {ay,}, {6,} and {y,} satisfy the following conditions:
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@) {an} C0, 1], 2;1)0:00(;1 = 00,
(i1) limsup,_, ., 6, <0,
(iii) y» = 0(n = 0), E,?i())’n < oQ.

Then limy,_, o a, = 0.

Lemma 2.7 [25]. Let {a, } be a sequence of real numbers such that there exists a subsequence
{nj}of{n}such thatay; < an;+1Vj € N. Then there exists a nondecreasing sequence{my} C
N such that my — oo when the following properties are satisfied by all (sufficiently large)
numbers k € N:

amy < my+1 and ax < apyy1-
In fact, my = max{i <k :a; < ajy+1}.

Definition 2.8 Let X be a complete CAT(0) space and C be a nonempty closed and convex
subset of X. A point x € C is called a fixed point of a nonlinear mapping 7 : C — C, if
Tx = x. The set of fixed points of T is denoted by F(T).

The mapping T is said to be

(1) firmly nonexpansive if (see [19])
d*(Tx, Ty) < (TxTy,¥§) ¥x,yeC,
(i1) nonexpansive if
d(Tx,Ty) <d(x,y) Vx,yeC.

From Cauchy—Schwartz inequality, it is clear that the class of nonexpasive mappings is more
general than the class of firmly nonexpansive mappings.

Theorem 2.9 [19] Let X be a CAT(0) space and J, be the resolvent of the operator A of
order \. We have

(i) Forany A >0, R(J,) C D(A), F(J,) = A~10).
(1) If A is monotone then J, is a single-valued and firmly nonexpansive mapping.

We make the following remark which is a consequence of Theorem 2.9.

Remark 2.10 If X is a CAT(0) space and J, is the resolvent of a monotone operator A of
order A, then

d*(u, Jrx) +d*(Jyx, x) < d*(u, x)
forallu e A~1(0), x € D(Jy) and A > 0.

Indeed for any u € A~10), x € D(J5) and A > 0, we obtain from Theorem 2.9 (i) and (ii),
and by the definition of firmly nonexpansive mapping that

d*(Jyx,u) < (Jix u, Xti)
1
=3 (dZ(J)\x, u) + d2(u, x) — dz(.l;\x, x)) ,
which implies

d*(u, Jyx) + d*(Jix, x) < d*(u, x).
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3 Main results

Theorem 3.1 Let X be a complete CAT(0) space and X* be its dual space. Let T : X — X
be a nonexpansive mapping and for eachi = 1,2, ... N, let J; be the resolvent of monotone
operators A; of order . > 0. Then

F(Tos¥osV o 0s2od))
=FNF(B)nF (1) nF RN F ().
Proof Clearly, F(T) N FUMNFUN"Hn-- nFUHNFUHY CFT oot o
-0 J2 0 J1). We now show that F(T o JN o JN "1 o020 sy C F(T)NFIN)N
FUN YN -nFUHNFUD.

Let dY = J¥N o JV" 1o 0 J2 0 J)} and ®) = I, then for any x € F(T o ®}) and
ye F(NFUMNFUN NN FU2) N FJ)), we have that

LP(x,y) = d? (TopQ’x, Tq>§Vy)

< d? (de\Vx, @ivy>

&2 (@Q’x,y). 3.1)
From Remark 2.10 and (3.1), we have

d> (J)fv (CD)]:/*lx) s CD)I:’*lx) < d> (©§\V*1x, y) —d? (J)fV (@ivﬁlx) s y)

= P y) — d (0)'x,)
<d? (dDiVx, y) —d? (Cbivx, y) )
which implies
dVx = N, (3.2)

where the last inequality follows from (3.1).
Also, from Remark 2.10 and (3.1), we have

d? (@f\v_lx, @fxv_zx) <d? (<I>§\V_2x, y) —d? (<I>§\V_1x, y)

< d*(x, y) — d? (<I>N_1x, y)
< d> (<I>§\Vx, y) —d? (@Q’x, y) ,
which implies
oV lx = o) i 3.3)
Continuing in this manner, we obtain that

q)ivx = <I>f\V71x = <I>f\v72x = @f\v73x =...= dﬁx = QDix = CDgx =x. 3.4
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From (3.4), we obtain

x=Jlx. (3.5)
From (3.4) and (3.5), we obtain
x = &ix = J7 (Jlx) = Jix. (3.6)
Continuing in this manner, we obtain
x=J)}x=fo=---=J/<V_1x=J)fvx. 3.7
Finally, from (3.4), we get
x =T (®)x) =Tx. (3.8)

Thus, we have from (3.7) and (3.8) that F(T o J¥ 0 JN 1o .0 20 7)) € F(T)NFUN)N
F(J/\N_l) N---N F(Jf) N F(J)}), which completes the proof. ]

Theorem 3.2 Let X be a complete CAT(0) space and X* be its dual space. Let A; : X —
2% i =1,2,..., N be multivalued monotone mappings that satisfies the range condition

and T be a nonexpansive mapping on X. Suppose that I :== F(T) N (ﬂlNzlAi_l(O)) # 0.
Let u, x1 € X be arbitrary and the sequence {x,} be generated by

N—-1
{y,,:J;VoJA o0 J2 0 T} (xy), 3.9)

Xpp1 = uu® (1 —ay)Ty,, n > 1,
where X € (0, 00) and {a,} C [0, 1], satisfying the following conditions

Cl: lim, a0, =0,
C2: Y02 oy = 00,
C3: >0 | lan — ap—1] < 00

Then {x,} converges strongly to an element of T'.

Proof Let p € T, ®V = J){V o JxN*1 0---0 Jf o J}}, where CDQ = I. Then from (3.9), we
have

d(xpt1, p) =d (au ® (1 —ay)Tyy, p)
< apd(u, p) + (1 —a)d(Tyy, p)

< aud(u, p) + (1 = a)d (O)x,, p)

< apd(w, p)+ (1= a)d (O} 5, p)

< apd(u, p) + (1 — ap)d(xy, p)
< max{d(u, p),d(xn, p)},
which implies by mathematical induction that
d(xn, p) = max{d(u, p),d(x1, p)}, Vn=1. (3.10)

Therefore, {d(x,, p)} is bounded. Consequently, {x,}, {y,} and {Ty,} are all bounded.
We now divide our proof into two cases.
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Case I: Suppose that {d(x,, p)} is monotone sequence, then we assume that {d(x,, p)} is
monotone decreasing. Then lim,,_, o d(x,, p) exists. Consequently,

lim [d(xn1. p) = d(xn. p)] = 0. (3.11)

n
From Lemma 2.1 and Remark 2.10, we have
d*(xni1, p) = d* (qu @ (1 — )Ty, p)
< apd*(u, p) + (1 — ay)d*(Tyy, p) — an(l — a)d*(u, Ty,)
< apd*(u, p) + (1 — ay)d*(Ty,, p)
< apd*(u, p) + (1 — ay)d*(yn, p)
< ayd*(u, p) + d*(yn. p) (3.12)

< apd*(u, p) +d* (d>i\’_1xn, p) —d’ (<I>f'_1xn, yn) :
which implies
(s @) 30) = @, p) +d* (9w, p) = dPCnsr. p)
< apd?*(u, p) +d*(xn, p) — d*(xps1. p) = 0, asn — oo.
That is
lim_d (ya, @) ~'2,) = 0. (3.13)

n—o0o

From (3.12), we have

d*(xps1, p) < @nd*(u, p) +d*(yn, p)
< apd*(u, p) + d? (d>;V*‘xn, p)

IA

and*(u, p) + d* (@iv_zxn, p) —d? (<I>f\v_2xn, ¢iv_1xn> ,
which implies
d? (@), @) 2x,) = @ad? (s p) + (BN a0, p) = A2t )
< and®(u, p) + d*(xn, p) — d*(xp41, p) > 0, asn — oo.
That is
lim_d? (@)~ x,, ) 2x,) =0. (3.14)

n—00
Continuing in the same manner, we have that
. 2 (& N-2 N-3 . 2 (a2 1
nli)ngod (QZ')L X, D5, xn) =...= nli)ngod (dDAxn, <I>/\x,,)
. 2 (] 0
= lim d (@) xn, P)x,) =0. (3.15)
Thus,
d(yn, xp) < d? ()’ny Cbiv_lxn> + d? (‘I’iv_lxny cpi\’—an)
+o4d? (dﬁxn, @ixn) +d? (CD)l\xn, xn) ,
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which implies from (3.13), (3.14) and (3.15) that
lim_d(yy, xq) = lim d(®V x,, x,) = 0. (3.16)
From (3.9) and Lemma (2.1), we have
d(xXpt1,x0) = d(pu & (1 — )T yn, dp—1u @ (1 — ap—1)Tyn—1)
< d(apu ® (1 —ay)Typ, ayu® (1 —ay)Ty,—1)
+d(onu & (1 — o) Tyn—1,0n—1u & (1 = aty—1)Tyn—1)
< (I —an)d(Tyn, Tyn—1) + oty — an—11du, Ty,—1)
< (A —oa)d(yn, yn—1) + lotn — atn—1ld(u, Tyn—1)
< (A —op)d(xp, Xn—1) + low — atn—1ld u, Tyn—1). (3.17)
By applying condition C2 and C3 in (3.17), we have from Lemma 2.6 that
lim d(x,+1,x,) = 0. (3.18)
n—0o0
From (3.9), (3.16),(3.18), Lemma 2.1 (i) and condition C1, we obtain

d(xp, Txp) < d(xp, Xpt1) +dxpr1, Tyn) +d Ty, Txy)
< d(xp, xpp1) +d(ou @ (1 — ay)Tyn, Tyn) +d(yn, Xn)
< d(xm xn—H) + O‘nd(”a Tyn) + d(yn» xn) — 0, asn — oo.
That is

lim d(x,, Tx,) =0. (3.19)

n— oo

From (3.16) and (3.19), we have
d(xn, Ty,) < d(xn, Txp) +d(Tx,, Ty,)

<d(xp, Txp) +d(xy, yp) > 0 asn — oo.
That is
lim_d (s, Tyn) = lim d (%, chgvxn) ~0. (3.20)
n—00 n—0o0

Since {x,} is bounded and X is a complete CAT(0) space, then from Lemma 2.3, there
exists a subsequence {x,, } of {x,} such that A-limy_, x,, = z. Also, since T o <I>,1\V is the
composition of nonexpansive mappings, it implies that 7 o d>)1:’ is nonexpansive. Thus, it
follows from (3.20) and Lemma 2.5 thatz € F(T o CDiV). Hence, by Theorem 3.1, we obtain
thatz e I'.

Furthermore, from Lemma 2.4, we obtain

lim sup (#Z, X, z) < 0. (3.21)
k— 00

By using the quasilinearization properties, we obtain

N

<M_E, Tynﬂ) = <”—)Z» T)’nkxnk> + <7Z! Xnye >
—> —>>

< du, 2)d(Tyn, Xp) + (UZ, X0 2
which implies from (3.20) and (3.21) that

lim sup(u_é, Tynkz> <0. (3.22)

k—00
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By condition C1 and inequality (3.22), we get

lim sup (andz(u, 2) +2(1 — an) (i3, Tynkz)> <0. (3.23)

k— 00

Next, we show that {x, } converges strongly to z. From (3.9) and Lemma 2.2, we obtain

—
d*(Xnt1,2) < @2d®(u, 2) + (1 — @) 2d*(Tyn, 2) + 20 (1 — ) (uZ, Ty, 2),
which implies

(i1, 2) = (1= @n)d (60, 2) + aty (nd® @, 2) + 201 = ) (2, Ty 2)) - (3.24)

It follows from (3.23) and Lemma 2.6 that {x, } converges strongly to z.

Case 2: Suppose that {d(x,, p)} is not monotone decreasing sequence. Then, there exists a
subsequence {d (x,;, p)} of {d(x,, p)} such thatd(x,,, p) < d(xp;+1, p) foralli € N. Thus,
by Lemma 2.7, there exists a nondecreasing sequence {m;} C N such that my; — oo

d(xXmy, p) <dXpmp+1, p) and d(xg, p) <dXmy+1, p) Yk e N.
Thus, we have
0 < lim (dCin41, p) = dComy, )
< limsup (d(xp+1, p) — d(xn, p))

n—o0
< limsup (a,d(u, p) + (1 — ap)d(xp, p) — d(xp, p))
n—oo
< lim supay (d(u, p) — d(xy. p)) =0,
n—o0
which implies
lim (dy 1. p) — dmg. ) =0, (3.25)
k—o00

Using C2 and C3 in (3.17), we obtain from Lemma 2.6 that
klingod(xmk+1,xmk) =0.
Following the same line of argument as in Case 1, we obtain
d(Xmy, Txm,) - 0 as k— oo and d(xp,, Tym,) — 0 as k — oo.
Also, as in Case 1, we obtain

uz, Tymz)) < 0. (3.26)

fim (e, d(w, 2) + 201 — e, (@ )
k— 00

Also from (3.24), we have
2 2 2 =
d”xXmp+1,2) < (1 — o )d” (X, 2) + (amkd (u,2) +2(1 — o ) Uz, Tym, Z))
Since d (X, ) < d(Xpmy+1, 2), We have
—
@G 2) = (ot @20, 2) + 201 = @) Ty, 7))

which implies from (3.26) that
lim d(xp,,2) =0. (3.27)
k—00
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Since d(xk, z2) < d(Xp,+1, 2), we obtain from (3.27) and (3.25) that lim,,_, o d(x, 2) = 0.
Thus, from Case 1 and Case 2, we conclude that {x, } converges to z € I'. O

By setting N = 1 in Theorem 3.2, we obtain the following result.

Corollary 3.3 Let X be a complete CAT(0) space and X* be its dual space. Let A : X —
2X" be a multivalued monotone mapping that satisfies the range condition and T be a
nonexpansive mapping on X. Suppose that T' := F(T) N A~1(0) # @. Let u, x; € X be
arbitrary and the sequence {x,} be generated by

{yn = J(xn),

(3.28)
Xn+1 = ouu @ (I —ay)Tyn, n > 1,
where A € (0, 00) and {o,} C [0, 1], satisfying the following conditions

Cl: lim, o, =0,
C2: Y22 oy = 00,
C3: Y02 lan — ap—1| < o0

Then {x,} converges strongly to an element of T.

By setting 7 = I ({ is the identity mapping on X) in Theorem 3.2, we obtain the following
result.

Corollary 3.4 Let X be a complete CAT(0) space and X* be its dual space. Let A; : X —
2% i =1,2,..., N be multivalued monotone mappings that satisfy the range condition.
Suppose that ﬂ?’zlA;l(O) # 0. Let u,x1 € X be arbitrary and the sequence {x,} be
generated by

Xnp1 = ® (1 —a) N o IV o0 g2 0 Il (xy), n > 1, (3.29)
where A € (0, 00) and {o,} C [0, 1], satisfying the following conditions

Cl: lim, o, =0,
C2: Y22 oy = 00,
C3: Y02 lap — ap—i1| < o0

Then {x,} converges strongly to an element of ﬁlN: | A;l 0).

4 Application and numerical example
4.1 Application to minimization problem

Let X be a complete CAT(0) space and X™* be its dual space. Let f : X — (—00, 00] be a
proper lower semicontinuous and convex function with domain D(f) := {x € X : f(x) <
+00}. Then the subdifferential of f is a set-valued function 8 f : X — 2% " defined by

(x* € X*: f(2) — f(x) > (x*,X2), (z€ X)}, ifxeD(f),
@, otherwise.

If(x) = {

It has been shown in [1] that:

(i) df is a monotone operator,
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Fig. 1 Case I(a): errors vs number of iterations (top); execution time vs accuracy (bottom left); number of
iterations vs accuracy (bottom right)

(ii) o f satisfies the range condition. That is, ID)(J/\a ! )= Xforall A > O,
(iii) f attains its minimum at x € X if and only if 0 € 9 f (x).

Now, consider the following minimization problem (MP): find x € X such that
f(x) = min f(y). (4.1)
yeX

It follows from (iii) above that the above MP (4.1) can be formulated as follows: find x € X
such that

0€adf(x).
Thus, in view of (i) and (ii) above, and by setting A = 9 f in Theorem 3.2, we obtain the

following result (Figs. 1, 2, 3).

Theorem 4.1 Let X be a complete CAT(0) space and X* be its dual space. Let f; :
X — (—o00,00], i = 1,2,...,N be a finite family of proper, lower semicontinuous
and convex function and let T be a nonexpansive mapping on X. Suppose that T'* =

F(T)n <ﬂf\'zl 8f;1 (0)) # (. Letu, x1 € X be arbitrary and the sequence {x,} be generated
by
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Fig. 2 Case I(b): errors vs number of iterations (top); execution time vs accuracy (bottom left); number of
iterations vs accuracy (bottom right)

“4.2)
Xpp1 =qu @ (1 —oy)Ty,, n>0,

{yn _ J}t?fzv o J)‘?fN—l 0o J)?fz o J)?fl (),
where A € (0, 00) and {o,} C [0, 1] satisfying the following conditions
Cl: lim,_ ooy =0,

C2: Y%7 oy = 00,
C3: Y02 lan — ap—i1| < o0

Then {x,} converges strongly to an element of T'*.

4.2 Numerical example

We give a numerical example in (R?, ||.||2) (where R? is the Euclidean plane) to support our
main result. Let N = 2 in Theorem 3.2, then for i = 1, we define A : R?2 - R? by

Ap(x) = (x1 +x2, x2 — x1).

Then A; is a monotone operator (Figs. 4, 5, 6).
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Fig. 3 Case II(a): errors vs number of iterations (top); execution time vs accuracy (bottom left); number of
iterations vs accuracy (bottom right)

Recall that [ta—)b] =t(b—a),forallr € Randa, b € R? (see [1]). Using this, we have for
each x € R? that

1
Jxl(x) =7 = X(X_Z) = Az
— x={U+ 1Az
— 7= +rA) 'x.

Hence, we compute the resolvent of A; as follows:

10 A A\
s = (o] +[53]) [
I R
T A 14A X2
_ 1 [H—A —A][x1:|
T14+224222 A 14a||x
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_ (IT+2Mx1 —Axo Axi+ {4+ X)x;
T TH204222 7 1420422

Thus,

Jl(x) _ (IT+Mx1 —Axo Axp+ {4+ X)xp
AT T2 +222 7 1420 +222

Now, fori =2, let A, : R? — R2 be defined by
Az(x) = (x2, —x1).

So that by the same argument as in above, we obtain

5 _ X1 — AXy X2 + AXxq
hm_<1+ﬂ’1+ﬂ :
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Thus fori = 1, 2, we obtain

A+r=2Dx1 — 2+ A Dx2 A+ Dx1+ 1+ 1= 2Dx
I+22)A+24+222) 7 (14+A2)(1+21+242)

JE(JLy) = (

Let T : R? — R? be defined by T (x1, x2) = (—x2, x1). Then T is a nonexpansive mapping.

Take o, = nlﬁ then {«, } satisfies the conditions in Theorem 3.2.

Hence, for u, x| € R2, our Algorithm (3.9) becomes:

yn = JE (T} xp), 43
Xn+1 :nuﬁ‘Fﬁym n>1.
Case |

(a) Take x; = (0.5, 0.25)T, u = (1, 0.5)T and A = 0.001.
(b) Take x; = (0.5, 0.25)7, u = (1, 0.5)7 and 1 = 0.000002.

Case 11
(a) Take x; = (1, 0.5)7, u = (-1, 0.5)T and A = 0.0002.
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Fig. 6 Case III(b): errors vs number of iterations (top); execution time vs accuracy (bottom left); number of
iterations vs accuracy (bottom right)

(b) Take x; = (0.1, 0.03)7, u = (0.3, 0.1)T and A = 0.0002.
Case 111

(a) Take x; = (=1, —0.5)7, u = (-0.5, 0.)T and A = 0.00004.
(b) Take x; = (0.3, 0.06)7, u = (0.2, 0.9)7 and A = 0.000009.

Mathlab version R2014a is used to obtain the graphs of errors against number of iterations,
execution time against accuracy and number of iterations against accuracy.

Compliance with ethical standards

Conflict of interest The authors declare that they have no competing interests.

References

1. Ahmadi Kakavandi, B., Amini, M.: Duality and subdifferential for convex functions on complete CAT(0)
metric spaces. Nonlinear Anal. 73, 3450-3455 (2010)

@ Springer



Strong convergence theorem for monotone inclusion problem in CAT(0) spaces 169

20.

21.

22.

23.

25.

26.

27.

28.
29.

30.

31.

Bacdk, M.: The proximal point algorithm in metric spaces. Israel J. Math. 194, 689-701 (2013)

Berg, I.D., Nikolaev, I.G.: Quasilinearization and curvature of Alexandrov spaces. Geom. Dedicata 133,
195-218 (2008)

Bridson, M.R., Haefliger, A.: Metric Spaces of Non-Positive Curvature, Fundamental Principle of Math-
ematical Sciences, vol. 319. Springer, Berlin, Germany (1999)

Bruhat, F., Tits, J.: Groupes Réductifs sur un Corp Local, I. Donneés Radicielles Valuées, 41 Institut des
Hautes Etudes Scientifiques, (1972)

Burago, D., Burago, Y., Ivanov, S.: A Course in metric geometry, graduate studies in mathematics, 33
American Mathematical Society, Providence, (2001)

Chaoha, P., Phon-on, A.: A note on fixed point sets in CAT(0) spaces. J. Math. Anal. Appl. 320(2),
983-987 (2006)

Dehghan, H., Rooin, J.: Metric projection and convergence theorems for nonexpansive mapping in
Hadamard spaces, 5 Oct. (2014) arXiv:1410.1137VI [math.FA]

Dhompongsa, S., Panyanak, B.: On A-convergence theorems in CAT(0) spaces. Comput. Math. Appl 56,
2572-2579 (2008)

Dhompongsa, S., Kirk, W.A., Panyanak, B.: Nonexpansive set-valued mappings in metric and Banach
spaces. J. Nonlinear and Convex Anal. 8, 35-45 (2007)

. Dhompongsa, S., Kirk, W.A., Sims, B.: Fixed points of unifromly Lipschitzian mappings. Nonlinear

Amalysis 64(4), 762-772 (2006)

Espinola, R., Fernandez-Le6n, A.: CAT(k)-spaces, weak convergence and fixed points. J. Math. Anal.
Appl. 353, 410-427 (2009)

Goebel, K., Reich, S.: Uniform Convexity, Hyperbolic Geometry and Nonexpansive Mappings. Marcel
Dekker, New York (1984)

Gromov, M., Bates, S.M.: Metric Structures for Riemannian and Non-Riemannian Spaces, with Appen-
dices by M. Katz, P. Pansu and S. Semmes. In: Lafontaine, S.M., Pansu, P. (eds.) Progr. Math., vol. 152.
BirkhNauser, Boston (1999)

Giiler, O.: On the convergence of the proximal point algorithm for convex minimization. SIAM J. Control
Optim. 29, 403—419 (1991)

Jost, J.: Nonpositive Curvature: Geometric and Analytic Aspects, Lectures Math. ETH ZNurich.
BirkhNauser, Basel (1997)

Kakavandi, B.A., Amini, M.: Duality and subdifferential for convex functions on complete CAT(0) metric
spaces. Nonlinear Anal. 73, 3450-3455 (2010)

Kamimura, S., Takahashi, W.: Approximating solutions of maximal monotone operators in Hilbert spaces.
J. Approx. Theory 106, 226240 (2000)

Khatibzadeh, H., Ranjbar, S.: Monotone operators and the proximal point algorithm in complete CAT(0)
metric spaces. J. Aust. Math Soc. (2017). https://doi.org/10.1017/S1446788716000446

Kirk, W.A.: Geodesic geometry and fixed point theory. II, International Conference on Fixed Point Theory
and Applications, pp. 113-142. Yokohoma Publisher, Yokohoma (2004)

Kirk, W.A., Panyanak, B.: A concept of convergence in geodesic spaces. Nonlinear Analysis: Theory,
Methods & Applications 56, 3689-3696 (2008)

Leustean, L.: Nonexpansive iterations uniformly cover W-hyperbolic spaces. Nonlinear Analysis and
Optimization 1: Nonlinear Analysis. Contemporary Math. Am. Math. Soc., Providence 513, 193-209
(2010)

Lim, T.C.: Remarks on some fixed point theorems. Proc. Amer. Math. Soc. 60, 179-182 (1976)
Martinet, B.: Régularisation d’Inéquations Variationnelles par Approximations Successives.
Rev.Francaise d’Inform. et de Rech. Opérationnelle 3, 154—158 (1970)

Maingé, P.E.: Strong convergence of projected subgradient methods for nonsmooth and nonstrictly convex
minimization. Set-Valued Anal. 16, 899-912 (2008)

Ogbuisi, FU., Mewomo, O.T.: Iterative solution of split variational inclusion problem in real Banach
space. Afr. Mat. 28, 295-309 (2017)

Ranjbar, S., Khatibzadeh, H.: Strong and A-convergence to a zero of a monotone operator in CAT(0)
spaces, Mediterr. J. Math., 14 (2), Art. 56, 15 pp. (2017)

Reich, S., Shafrir, I.: Nonexpansive iterations in hyperbolic spaces. Nonlinear Anal. 15, 537-558 (1990)
Rockafellar, R.T.: Monotone operators and the proximal point algorithm. SIAM J. Control Optim. 14,
877-898 (1976)

Ugwunnadi, G.C., Ali, B.: Approximation of Common Fixed Points of Total Asymptotically Nonexpan-
sive mapping in CAT(0) spaces. Advances in Nonlinear Variational Inequalities 19(1), 36-47 (2016)
Xu, H.K.: Iterative algorithms for nonlinear operators. J. London. Math. Soc. 2, 240-256 (2002)

@ Springer


http://arxiv.org/abs/1410.1137VI
https://doi.org/10.1017/S1446788716000446

	Strong convergence theorem for monotone inclusion problem in CAT(0) spaces
	Abstract
	1 Introduction
	2 Preliminary
	3 Main results
	4 Application and numerical example
	4.1 Application to minimization problem
	4.2 Numerical example

	References




