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Abstract

We consider abstract quasilinear evolution equations of Sobolev type in a Hilbert setting. We
propose two fully discrete schemes and prove some error estimates under minimal assump-
tions. Various examples that enter into our abstract framework are considered, for each of
them our theoretical results are confirmed by several numerical experiments.
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1 Introduction

The purpose of our paper is to study different numerical schemes for the abstract quasilinear
Sobolev equation

{Al(t,u)u,+A2(t,u)u:f(t,u), in V,0<t<T, (1.1

u(0) = uo, in V,

where A1(z, u) is an isomorphism from a Hilbert space V into its dual V', while A5 (z, u) is
a bounded operator from V into V' (plus some assumptions specified below).

The linear or semilinear case, corresponding to the situation when A; (¢, u) do not depend
neither on ¢ nor on u, will retain some particular interests.

Such problems are interesting not only because they are generalizations of a standard
parabolic problem but also because they arise naturally in a large variety of applications
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(model of fluid flow in fissured porous media [4], two-phase flow in porous media with
dynamical capillary pressure [12,20], heat conduction in two-temperature systems [9,42]
and shear in second order fluids [11,41]).

Existence results for such problems are proved for semi-linear or non-autonomous equa-
tions (i.e., the case when A| and A; depends only on ¢) in [7,16,27,38-40] for instance,
where the authors exploit the fact that A; is invertible. This allows to reduce the problem into
a first order evolution equation (see (2.3) below) with a bounded (non-autonomous) operator
and existence results easily follow. The same idea is here used to show existence results in
the quasilinear situation by using the results from [23].

A large numbers of papers are devoted to the discretization of pseudoparabolic equations.
Crank-Nicolson/explicit multistep approximation in time is combined with a finite element
method in [2,8,15,28,43], with a Petrov-Galerkin method in [3,14] and with a discontinuous
Galerkin method in [17,31,32]. The discretization along characteristics is applied in [34],
while a Fourier-Galerkin method is used in [35]. In all these references, the operators A; and
A are (eventually non linear) second order elliptic operators. Hence in the spirit of [8] our
main goal is to perform a general analysis for a fully discrete scheme by combining some
error estimates of explicit semi-discrete schemes in time of ordinary differential equations
(adapted to Hilbert valued equations) with new error estimates of the corresponding fully
discrete schemes based on some “regularity”” assumptions (see assumption H7) and interpo-
lation error estimates. Altogether, if U, j is the fully discrete approximation of the solution
u at time ¢, obtained by the Euler scheme or the Runge—Kutta scheme of order 2, we prove
the error estimate

lu(ty) — Unpll < C(ADP + h9S)), (1.2)

foralln =1,..., N, where p = 1 (resp. p = 2) for the Euler (resp. Runge—Kutta) scheme
and ¢ (s) is related to our abstract assumptions (but in practice it depends on the regularity of
the initial datum and the chosen finite element space), and C is a positive constant independent
of h and At. Similarly to [8, see p. 14], the operator A(t, u) = A (¢, 1)~ 1Ay (¢, u) (involved
in (2.3)) satisfies an appropriated Lipschitz property (see Corollary 2.3 below), hence its
associated evolution problem is nonstiff. Due to this property, we do not have to impose
mesh restrictions, like the CFL one. Note that, contrary to [8], our approach does not require
any smallness restriction on the time step and on the meshsize.

We finally illustrate our abstract framework by various examples, like the case when the
A;’s are (linear, non-autonomous, quasilinear) second order differential operators in smooth
and non-smooth domains. In each case, new analytic results are proved to check that our
general assumptions hold and some numerical tests that confirm the orders of convergence
are presented.

In the whole paper, the norm of V will be denoted by || - || and we will write a < b, for
the existence of a generic positive constant C that can depend on the final time 7" and on the
norm of the data but is always independent of a, b, of the time step At and the meshsize
parameter & such thata < Cb.

The paper is organized as follows. In Sect. 2, we give the basic assumptions that allow
to obtain existence results. Section 3 is devoted to the introduction of the semi-discrete and
the fully discrete problems and to the proof of error estimates. Some illustrative examples
and numerical tests are presented in Sects. 4 and 5 for semi-linear and quasi-linear equa-
tions.
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2 Existence results

We associate to each operator A;(t,u) : V — V', t € [0,T],u € V,i = 1,2, a bilinear
form a; (t; u; -, ), via the relation

ai(t; u; v, w) = (A; (1, w)v, w)yry, Yv,weV. 2.1

In this section, we give some (local) existence results for problem (1.1) under the following
assumptions.

H; (uniform continuity of a; (¢; u; -, -) with respect to ¢ and u) for i = 1, 2, there exists a
constant M; > 0 independent of ¢ and u such that forall r € [0, T] and u, v, w € V,

lai (t; u; v, w)| < Mi|vll[w]l.

H, (uniform coerciveness of aj(¢; u; -, -) with respect to ¢ and u) there exists a constant
« > 0 independent of ¢ and u such that forallt € [0, T] and u, v € V,

ai(t; u; v, v) = afv]>. 2.2)

The hypothesis Hj is equivalent to the uniform (in ¢ and u) continuity of A; (¢, u) from V
into V', with ||A; (t, )|l zcv,vry < M;, forany ¢ € [0, T] and u € V; while the hypothesis
Hj and Lax-Milgram’s lemma guarantees that the operator A; (¢, u),t € [0, T],u € V is an
isomorphism from V into V', with || A (¢, u)~! leov vy < é, foranyz € [0, T]andu € V.

As the operator Ay(t,u),t € [0, T],u € V is invertible, we can compose the two sides
of the first identity of (1.1) by A; (¢, u)~! and obtain the equivalent problem

{u, + A(t,u)u = g(t,u),in V,0<t<T, 2.3)

u(0) = uo, in V,

where A(r, u) = A1 (¢, u) "' A»(¢, u) is abounded operator from V into itself (uniformly with
respect to ¢ and u owing to Hy and Hy with || A(Z, u)|lzv.v) < % for any ¢ € [0, T] and
ueVyand g(t,u) = Ay(t, u)~' f(z, u). This problem enters into the framework of Kato’s
theory [23, Theorem 6], hence it suffices to check that the assumptions of this theorem are
satisfied to obtain a local existence result. This is made under some additional assumptions

on the sesquilinear forms a; and on f. Before let us make the following definition.

Definition 2.1 Let E and F be two Hilbert spaces. A mapping f : [0,T] x E —> F is
called (E, F)-Lipschitz continuous with respect to the second variable uniformly in ¢, if there
exists a positive constant L independent of ¢ such that

If@ v) = f@ wlr =<Llv-wlg, Yv,weE, Viel0,T]

If E = F, we will say that f is E-Lipschitz continuous with respect to the second variable
uniformly in 7.

For a fixed open ball W of V, we now introduce the next assumptions:
Hj3 there exists y € (0, 1] such that fori =1 or 2,

lai (1 y: u, v)=ai(s; z;u,v)| S (1= Hy—=l) lullllvll, ¥y, z,u,v €V, t,s €[0,T].
24
Hy fis (V, V’)-Lipschitz continuous with respect to the second variable uniformly in ¢.
Hs f is bounded from [0, T] x V into V':

lf, nlly S1, Veel0,T], VveV.
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Hg For all v € W, the mapping t — f (¢, v) is continuous from [0, 7] into V’.

We now give some consequences of these assumptions.

Lemma 2.2 Under the hypotheses Hi-H3, the function (t,v) — Ai(t,v)~" is Lipschitz
continuous on [0, T] x V for the norm of L(V', V) uniformly in t, v, namely

[A1(z, v)™" = Ai(t0, v0) Nl eevrvy St — 1ol + llv—voll, Vt,10 €[0,T1,v,v9 € V.
(2.5)

Proof Letv, vy € V and t, ty € [0, T'] be arbitrarily fixed. Then by definition we have

_ _ A1, v)" h — A1 (t0, vo) Al
IA1(t, )™ — A1(t0, v0) vy = sup .
heV' h#0 l2lly

Now forh € V/,h # 0, if we set ¢ = A (t, v)~ &, and ¢ = A (fo, vo) &, then

{al(t; v;¢1,¥) = (h, ¥)vy, Yev,
aj(to; vo; ¢2, ) = (h, )y v, VP €V,

which yields
ai(t; vy o1 — @2, ¥) = ai(to; vo; 2, ¥) —ai1(t; vs 2, ¥), Yy V.
Choosing ¥ = ¢ — ¢, and using the hypotheses Hp and H3z, we obtain
lgr — p2ll S (1t — 10" + v = volDlig2ll = (1 — t0]” + [[v — vo D[ A1 (2o, vo) ™A
S (Ut =2l” + v —volD IR Ny,

which proves the estimate (2.5). O

Corollary 2.3 Under the hypotheses H1—H3, the function (t, v) — A(t, v) is Lipschitz con-
tinuous on [0, T] x V for the norm of L(V) uniformly in t, v, namely

A, v) — Alto, vo)llcevy S 1t —tol” + lv—woll, Vi, 10€[0,T],v,v0e V. (2.6)
As a consequence, we have
IA¢, v)v — A, wyw| S (1 + lwD|lv —w||, Vte[0,T], YVv,weV. 2.7
Proof By definition, for ¢, ty € [0, T'], u, v, vo € V arbitrarily fixed with u # 0, we have

1A, v) — Alto, vo)ll vy < I1A1(, v) ™ (Aa(t, v) — Aa(to. vO) | 2(v)
HI(AL(E v) ™" = Ar(to, vo) ) Az (to, vo)ll (v
< [I(A1(z, U)_IHC(V’,V)”AZO» v) — Az (t0, vo)ll cov,vry
AL )™ = Ao, v0) e v 1 A2 (10, v0) 2 v, v)-
Since the assumption H3 for i = 2 is equivalent to
[ A2(t, v) — Aa(to, vo)ll cv.vry S 1t —tol” + Ilv — voll,

we conclude that (2.6) holds owing to (2.5) and the assumptions Hy and Hj. m]

Corollary 2.4 Under the hypotheses Hy to Hg, the function g(t,u) = A(t, AN
satisfies the next properties:
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1. gisboundedon[0,T] x V,i. e,
lgtt, )| < 1, Yu,veV, vVt €[0,T].
2. g is V-Lipschitz continuous with respect to the second variable uniformly in t,
g v) —g(t,vo)ll < llv—woll. VYv,vo €V, Vte[0,T] (2.8)

3. forallv € W, the mapping t — g(t, v) is continuous from [0, T] into V.

Proof 1. Direct consequence of the hypotheses H and Hs.
2.Letv,vg € V and t, ry € [0, T], then by the assumption Hy, we may write

lg(t, v) — g(to, vo)ll < IA1(t, v)™" (f(t,v) = f(t0,v0))
(A1, v)™" = Ay (10, v0) ") f (0, 0
S f @) = flto, vo)llvr + 1AL (2, v) !
— A1 (to, v0) Ml cevr vyl f (to, vO) -

Hence by our assumption Hs and (2.5), we obtain

llg(t, v) — g(to, vo)l < IIf(z,v) — f(to, vo)llv' + It — to]” + [lv — voll. 2.9)

If in particular #y = ¢, this estimate and the Lipschitz property of f then yield (2.8).
3.If v9 = v € W in the estimate (2.9), we get

lig(r, v) —gto, I < I f (. v) = flto, V)Ily + |t — to]”,

and the continuity property on g follows from the assumption Hg. O
We are ready to prove our existence result.

Theorem 2.5 Fix an open ball W of V and suppose that uy € W. Under the assumptions
H;—Hg, there exists T' € (0, T such that problem (2.3) (or (1.1)) admits a unique strong
solution u in [0, T'], i.e., with the regularity u € C([0, T']; W) N C' ([0, T']; V).

Proof We apply Theorem 6 from [23] with the Hilbert space X = Y = V and the fixed
open ball W from the statement. The assumptions (A1), (A2) and (A4) of this Theorem are
trivially satisfied because the operators A(z, v) are bounded in V, the assumption (A3) holds
owing to Corollary 2.3, while assumption (f1) holds owing to Corollary 2.4. O

Remark 2.6 Note that in the linear or semilinear case and under the assumption
f e CL([0, T] x V; V') and H;—H,, Theorem 6.1.5 of [33] guarantees the existence of
a global solution u € C 1([0, T]; V) for any initial datain V.

‘We end up this section with the following comment. If we suppose that there exists another
Hilbert space H such that V is continuously embedded into H (denoted by V — H) and
such that V is a dense subspace of H, then we can introduce the restriction of A;(t, u) to
H (that, for shortness, is still denoted by A; (¢, u)), namely we can define the unbounded
operator from H into itself by

D(A;(t,u)) ={v eV :3g, € H such thata; (t; u; v, w) = (gy, w)y forall w € V},
and

Ai(t,u)v = gy, Vv € D(A;(t, u)).
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3 Discretizations of the problem
3.1 Explicit semi-discretization in time
We notice that problem (1.1) can be equivalently written as

3.1

u, = F(t,u),in V,0<t<T,
u(Q) =ug, in V,

where F(t,u) = g(t,u) — A(t, u)u, which is Hilbert-valued nonlinear ordinary differential
equation. Since in our case, F (-, -) is bounded, we can use standard explicit schemes, like
the Euler or Runge—Kutta methods as in the case of finite-dimensional ODE. More precisely,
we now consider a regular subdivision (#; = iAt)lN: o of the interval [0, T'], where T’
is the life time of u, N € N* and At = % the time step. Given a continuous function
¢ :[0,T] x V x [0, At] — V, starting from u(t9 = 0) = ug, we try to estimate the
solution u of (3.1) at the points (#,+1),n = 0,..., N — 1, by estimating step by step the
values of u(#,+1) using the variation of constants formula

In+1
Wt 1) = (i) + / Pz, u(o))dr.
1,

n

Here we restrict ourselves to a one step method that consists to approach the expression
ftf,nH F(t,u(r))dt by Ate(t,, u(t,), At), i.e., the approximated solution of problem (3.1)
is given by

{ Uo = uo, (3.2)

Upt1 = Uy + Atg(t,, Uy, At), n=0,...,N — 1.

The convergence of this numerical scheme is based on the estimation of the local consistency
error.

Definition 3.1 The local consistancy error E; relative to the exact solution u of (3.1) is defined
by
Ei(thr1) = utyy1) — u(ty) — Atd(ty, u(ty), At), Vn=0,...,N — 1. (3.3)

The next Theorem is a direct generalization of a well-known result for ODE in the form
u; = F(t, u), where F has values in R¥, k € N* (see for example Theorem 3.5 of [19]).

Theorem 3.2 Let the assumptions of Theorem 2.5 be satisfied (or Remark 2.6 in the linear
or semilinear case). Let u be the exact solution of problem (3.1). Suppose that ¢ is locally
Lipschitz continuous with respect to the second variable uniformly in t, i.e., there exists a
positive constant L independent of t and At such that

lp(t,u, At) —p(t,v, At)|| < Lllu—v|, Vte€[0,Tl,ue W,veV, 3.4
and suppose that there exists p € N such that the local errors satisfy
VEi ()|l < (ADPFL, Vn=0,1,...,N — 1.
Then the global errors e, = u(t,) — U, satisfy
leall S (ADP, ¥n=0,1,...,N. (3.5
Proof We have from (3.3),
Utns1) = ulty) + At (ty, u(ty), At) + Ej(tyy1), n=0,1,..., N.
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Then, from (3.2), the Lipschitz property on ¢ and the fact that u € C([0, T’], W), we obtain

lensill < llenll + Atllg by, uty), At) — ¢ (tn, Un, A + I Er(tas1) |
< (1 + LADleql + C(AHPT. (3.6)

By induction on n, we deduce that

n—1
llenll < (1 + LAD" |leg]l + C(AHPH Z(l + LAY vi<n <N
k=0
Since ¢g = 0, we find that (3.5) holds. ]

Lemma 3.3 Assume that ug € W. Under the assumptions Hi—Hs, the function F is locally
Lipschitz with respect to the second variable uniformly in t, i.e., for all t € [0, T],

|F(t,u) — F@t,v)|| S lu—v|, YueW, YveV.
Proof By definition of F, it is easy to see that
IF(t,u) = F(t,v)l < llg@, u) — g, vl + A, v)v — A, w)ul.
The result follows thanks to Corollary 2.2, (2.7) and the fact thatu € W. O

Remark 3.4 In the linear or semilinear case, the assumptions Hy, Hp and Hy4 guarantee that
F is V-Lipschitz continuous with respect to the second variable uniformly in ¢.

We now concentrate on two particular schemes.

3.1.1 Explicit Euler scheme

This scheme corresponds to the choice ¢ (¢, u, At) = F(t, u), and then takes the form

{U() = ug.

Upy1 =Up + AtF(t,,Uy), n=0, ... ,N—1. 3.7)

In this case, we have the next error estimate.

Proposition 3.5 Under the assumptions of Theorem 2.5, assume that the solution u of (1.1)
has the extra regularity C2([0, T'1; V). If U, is the approximated solution given by the explicit
Euler scheme (3.7), then the local errors E; satisfy the following estimate

IEi(tny ) S (A%, YO<n<N-—1. (3.8)
Furthermore the global errors satisfy
lu(t) —Unll S Af, YO<n<N. (3.9
Proof By a Taylor development with integral remainder at order 1, we have

Int1
u(tny1) = u(ty) + At (1,) + / (tay1 — D" (T)d.
In

Consequently, one has

Int1
Ei(ths1) =/ (thp1 — DU (T)dt
tn
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and we conclude that (3.8) holds by our assumption.
For the second assertion, we simply notice that Lemma 3.3 guarantees that
¢(t,u, At) = F(t, u) satisfies (3.4) and we conclude by Theorem 3.2. m]

Remark 3.6 In the linear or semilinear case, it is not difficult to check that the assumption
f e Cl([O, T'1xV; V/) implies the extra regularity u € Cz([O, T'1; V). In the general situ-
ation, we further need that the mapping (¢, v) — A; (¢, v),i = 1, 2, is Fréchet differentiable
on [0, 7T'] x V, with

dA;
ot

0A;

(t,v) a—(t, V) <1, Virel0, T],veV.
v

L(V;L(V:V)

|

LMR;LV;V))

3.1.2 Heun's scheme (or Runge-Kutta of order 2)

This scheme corresponds to the choice

1
¢(t,u, At) = 3 (F(t,u) + F(t + At,u + AtF(t,u))),
and then may be written as

Uy = ug
Uy i = Up+ AtF(ty, Up), (3.10)
Unt1 = Up + BLF (ta, Up) + F(ta1, Uf D], n=0,...,N — 1.

Proposition 3.7 Under the assumptions of Theorem 2.5, assume that the solution u of (1.1)
has the extra regularity C3([0, T'1; V). If U, is the approximated solution given by the
Runge—Kutta scheme, then

IE/ ()] S (A, YO <n<N-—1.
As a consequence, we have

lu(ty) — Unll S (A%, YO<n<N.

Proof The first assumption follows by a Taylor development with integral remainder at the
order 2. Thanks to Lemma 3.3, we easily check that

¢, u, Aty — ¢t v, AN S A+ ADJlu—v], Vi€[0,TLueW, veV,

which implies that ¢ satisfies (3.4). The second assertion then follows from Theorem 3.2. O

Remark 3.8 In the linear or semilinear case, the assumption f € C 2([0, T1xV; V/) implies
the extra regularity u € C3([0, T'1; V). In the general situation, we further need that the
mapping (t, v) — A;(t,v),i = 1,2, is twicely Fréchet differentiable on [0, T’] x V, with

P A; 92A;
SH (1, v) + | S5k @)

ot LRRLVVY OV LV.VIL(VVY)
9% A;

+‘ ~(t, v) <1, Viel0,TL,veV.
drdv LRVILV:V)
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3.2 Fully discrete scheme

For a positive parameter & (that plays the rule of a mesh size), we suppose given a finite
dimensional subspace V}, of V and build a fully discrete approximation of problem (1.1). For
that purpose, let us introduce some useful notations. For an arbitrary element uj, in Vj,, we
consider the approximation A; ; (¢, up) of A;(t,up),i =1, 2, defined by

(Ain(t un)vn, wp)y, v, = ai(t; up; vy, Wh),  Yop, wh € V. (3.11)

For further uses, for any € [0, T] and any u € V, we define the orthogonal projection
Py (2, u) associated with the bilinear form a;(¢; u; -, -), i.e., forany v € V, P, (¢, u)v € V
is the unique solution of

ay(t; u; Pp(t, u)v, wy) = ay(t; u; v, wy), Ywy € V.

Similarly we introduce the orthogonal projection Qp, in V on V}, associated with the inner
product (-, -)y.

We first consider the discrete (in space) version of (1.1), namely we look for u; €
C'([0, T1, Vi) solution of

=A1,h(t» wpp, + Ao p(t,upup = fr(t,up),in Vi, 0 <t <T,

. 3.12
up(0) = Py(to, uo)uo, in Vg, (3-12)

where fy(t,up) = Iy f(t,up) and I, : V' — V] is the linear and continuous operator
defined by

(fu un), vn)yy v, = (f (€ up), vn)yr v, VYop € Vi

As in the continuous case, the operator A; (¢, up), t € [0, T], up € Vj being invertible, this
problem is then equivalent to

{uh,; + An(t, up)up = gn(t, up), in Vp, 0 <t <T, (3.13)

up(0) = Py(to, uo)uo, in Vg,

where A (t, up) = Ay p(t, up) ' Ao p(t, up) and gu(t, up) = Ay j(t, up) ™" fu(t, up). The
next Lemma shows that the operator Ay (¢, uj) is bounded (uniformly with respect to /) from
V), into itself.

Lemma 3.9 Under the hypotheses Hy and Hy, for any t € [0, T]| and v, € V},, one has

M,
AR, vi)ll 2oy < - (3.14)

Proof Letus fix t € [0, T] and v, € Vj. Then by definition we have

I AL (2, vp)wp|
1At vi)lleevy = sup ———
wy €Vy,wp #0 ”wh”

For a fixed w;, € V), wy # 0, we set v;l = A, vh)_lAzyh(t, v )wy, then owing to (3.11),
v, € Vj, is the unique solution of

ai(t; vp; vy, n) = aa(t; vps wa, @n), Ve € Vi
Taking ¢, = v, and using the hypotheses Hy and Hy, we find that
allvI? < ax(t; v wp, vy) < Maflwalllog I,

which implies (3.14). ]
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Note that problem (3.13) can be equivalently written as an ODE in Vj,:

{Mh,z=Fh(l,uh), in V,,0<t<T, (3.15)

up(0) = Pp(to, ug)ug, in Vp,

where Fj, (t, up) = gn(t, up) — Ap(t, up)uy. Therefore its approximation by an explicit Euler
scheme or by a Runge—Kutta scheme of order 2, takes the respective forms

Uo.n = Pu(to, uo)uo (3.16)
Un+1,h:Un,h+Ach(tn7 Un,h)s n=0,...,N—1 ’

or

Uo.n = Pu(to, uo)uo
U;—H = Un,h + At Fy(ty, Un,h)a (3.17)
Uni1h = Un + 5 1Fn(tn. Uni) + Fi(tns1. Ufyy )1 n=0,...,N — L.

Remark 3.10 For any uy, € Vj, the hypotheses Hy and Hj yield

gn(t,up) = Py(t,up)g(t,up), vVt € [0, T]. (3.18)
Indeed as Ay (¢, up)gn(t, up) = In f (¢, up), we obtain

ay(t;up; gn(t, up), vp) = (f (@, up), va)v,v, Yo € Vp.
On one hand, the definition of Py (t, uj) implies that
ay(tsups Pp(t,up)g(t, up), vp) = ar(t; up; g, up), vp) = ar(t; up; Al_l(t, up) f(t, up), vp),
on the other hand, by the definition of the bilinear form a; (¢; uy; -, -), we find that
ar(t; up; gn(t, up), vp) = ar(t; up; Pp(t, up)g(t, up), vp), Vop € Vj.

This proves (3.18) by Lax—Milgram’s lemma.

Our error analysis of the fully discrete scheme is based on the following assumptions.

H7 There exist two Hilbert spaces Dy and Dy_i (s > 1 being a parameter that could take
different occurrence or not) such that Dy < V and such that A (¢, u) is an 1som0rph1srn
from Dy into DS 1, while A>(t, u) is only supposed to be bounded from D into DS 1
with

1AL W e p, oy F 1A2@ W pp, 5y S T

forallt € [0, T]andu € V.
Hg For each parameter s from assumption Hz, there exists a positive real number g (s) such
that
le — Qroll S h1Nglln,, Vo € D;. (3.19)

In practice, under the assumption that V < H, D corresponds to the domain of powers of
A1 (t, u) or a subdomain of it (hence Ds_l = A\(t, u) Dy), while the estimate (3.19) follows
from an interpolation error estimate. In particular for s = 1, we can chose D1 = D(A1 (¢, u))
and Do = H, if D(A(¢t,u)) is independent of ¢ and u, and if we can check the above
assumptions. We refer to Sects. 4 and 5 for some concrete illustrations.

Now, if we denote by

Il =Vai(t; v -, ),
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the norm on V associated with the bilinear form a;(¢; v; -, -), by the continuity and the
uniform coercivity of a;(¢; v; -, -) (hypotheses Hy and Hj), we notice that

Velull < llulliy < vVMillull, Ve €[0,T],Vu,veV. (3.20)

Proposition 3.11 Let the hypotheses Hi-Hg be satisfied. If we suppose that f € C([0, T'] x
V; Ds_1), then for all t € [0, T] and (v, vj,) € Dg x Vj, we have

IFn (e, vn) = F, 0 S A+ D lv = ol + 249 (vllp, + 1LF @ o)l ). (3:21)
Proof Fixt € [0, T] and (v, vj) € Ds x Vj,. By the triangular inequality, we have
I Fn(t,vp) — F@ )l < llgn(t, va) — gz, )| + [AE, v)v — An (2, vi)vp .
We start by the estimating the first term of this right-hand side. The identity (3.18) yields

llgn(t, vp) — g, V)| < lgn(t, vi) — Pu(t, vp)g(, V)|l + |(Pr(t, vp) — Dg(t, v)|l
= || Pp(t, vp)(g(t, vp) — g(t, V) + 1(Pr(t, vp) — Dg(t, v)|l.

On one hand using (3.20), we obtain

1
[Ph(z, vn)(g(t, vn) — g, V) l1v,

7

1
IIg(t vr) — &, V)t

,/ gt va) — g(t, V)|
5,/—1||v—vh||,
o

where the last estimate is due to Corollary 2.4, 2. On the other hand, using again (3.20) we
obtain

Pz, vn)(g(r, vn) — g, V) =

Pz, vn) = Dgt, )|l = —=[[(Pr(z, vp) = D, V)1,

f
< 7||(Qh — D, V)l
o

M
5\/7l|(Qh—I)g(t,v)||.

Owing to the hypothesis (3.19), we find
I(Pu(t, vw) — Dgt, vl S h1D g, v)lip, SAIONf@ vl -
For the second term, we may write

A, v)v — A, vi)opll < IIAG, v)v — A, vp)vll + [T — Pu(t, vp) A, vp)vll
P (2, vr) AL, vp)v — Ap (2, vp)vpl- (3.22)

Corollary 2.3 directly furnishes
[A@E, v)v =A@, vp)vll S llv = vallllv]l.
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Further owing to (3.20), we have

M
(I — Pp(t, vp) A, vi)o|l < ,/7”(1 — On) A, v
As A(t, vp)v € Dy due to the assumption v € Dy, we deduce from the estimate (3.19) that
I = Put, vi)) A, vl S RIONAGE vivlip, S I vllp, -

It then remains to estimate the last term of the right-hand side of (3.22). For that purpose,
setting w = A(t, vy)v and wy, = Ay (¢, vy) vy, by the definition of a; and a, we have

ay(t; vps w, ) = ax(t; vps v, 9), Yy eV,

ai(t; vp; wh, Yu) = az(t; vps vy, Yn), Yy € Vi,

and by the definition of Py (¢, vy), we also have
ar(t; vy Pr(t, vp)w, i) = ai(t; v w, ¥p), Vg € V.
Hence
ar(t; vp; Pr(t, vp)w — wp, Yi) = a2t v v — v, Yu), Yy € Vi (3.23)
Choosing in (3.23) Y, = Py(t, vy)w — wy, we obtain owing to the hypotheses Hy and Hj
[1Pa (2, v)w — wall S v —vpll.

Consequently

P (2, vi) A, v)v — Ap (2, vi)oall < llv — vall-

Altogether we have shown that (3.21) is valid. O

Lemma 3.12 Suppose that ug € Dy, that f € C([0,T] x V; Ds_1)is (V, Ds_l)-Lipschitz
continuous with respect to the second variable uniformly in t, and that Hy hold. Then the
sequence (U,,)flV:] defined by (3.10) is (uniformly) bounded in Dy, i.e.,

1Unllp, S1, Vn=1,...,N.

Proof By construction (see (3.10)), we have

At
1UnttliD; < 1Unl Dy +7(|IF(tn, Ul Dy + 1 F (tat1, Un+ AL F (1, Up)) I b, )-(3.24)

We then estimate each term of this right-hand side separately by using the assumptions that
Ai(t,v)7 Lis (uniformly) bounded from Ds_ into Dy, that A(t, v) is (uniformly) bounded
in Dy and taking into account the Lipschitz hypothesis on f.

For the first term, by the triangle inequality, for any u € Dy we have

| F(tn, w)llpy < N1 F(tnyu) — F(tn, 0Dy + | F (20, 0)l Dy - (3.25)
Since F(t,,0) = A(¢,, O)_lf(t,,, 0), we directly get
| F(ty, 0)llp, S ||f(t,,,0)||DS71, Vn=0,1,...,N. (3.26)

Furthermore for any # € Dy, and for any ¢ € [0, T], we can write

I F(t,u) = F(z,0)llp, = Az, wullp, + lIg(r, u) — g(z,0)lp,
<A@ wulp, + 1AL ) f(w) — A, 007! £, 0)]p,
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S llullp, + AL, )" (f(t,u) — f(2,0)p,
+HIA L, W) (2,00 — A2, 007 £z, 0] p,
Sllullp, +1f @ uy = £@ 05+ 1705

By the Lipschitz property on f, we then conclude that
IF(,u) = F(t,0lp, < lullp, + £, 05 - (3.27)
These two estimates in (3.25) leads to
1F (s Wi, < Nullip, 4+ 1 (s Ol 5, - (3.28)
To estimate the second term of the right-hand side of (3.24), writting
F(tng1, Up + AtF (ty, Up)) = F(tns1, Un + AtF (1, Up)) — F(tus1,0) + F(tn11, 0),
and using (3.26) and (3.27), we obtain

”F(Zn+1» Un + AtF (1, Un)) “D,\- ,S 1Un + AL F (tn, Un)”Dx + 11f Gnts 0)”[)571
S NUnllp, + ALNF (. U, + 1 f g1, Ol 5, -

Therefore (3.28) allows to conclude that
IF (141, Un+ALF (1, Un)llp, S A+ADNUnllp,+ AL f 1 Ol 5 +1f a0l 5,
Using this estimate and (3.28) in (3.24) leads to
1Unt1llp, S (14 ADUnllp, + Al £t O)ll 5, + ALIf (g1, Ol 5, -

By iteration, we find

n—1

1Unlln, S (1 + A0 luollp, + Az Y (1 + A" H (I f @, Ol + ILf s, Oll )
k=0

Asforall0 <k <N
A+ant <a+any e’
the result follows since f is continuous from [0, 7] x V into Ds_1. O

Lemma 3.13 Let the hypotheses Hy to Hg and the hypotheses of Lemma 3.12 hold. Let U,
(resp. Uy ) be the approximated solution given by (3.10) (resp. (3.17)). Then the error
en,n = U, — Uy pp is bounded as follows

llennll S h4. (3.29)
Proof By the triangular inequality, we can write
At
lentinll < llennll + 7||Fh(tn, Up,p) — F(tn, Ul
At
+ 5 IFn (tns1 Up,j + AtFp(tn, Uy ) — F(tnge1, Un + ALF (0, Up)) .
As U, € Dy, forall 1 <n < N, Proposition 3.11 and Lemma 3.12 lead to

1 Fn s, Un.i) = F (tn, UD IS llennll + B2 (1Unllp, + 1 (s Ul )-
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Using again this proposition and the previous estimate, we find

||Fh(tn+l, Un,h + At Fp(ty, Un,h)) - F(tn+]7 Up + AtF (1, Un))” S 1+ Al‘)”e‘n,hH
+h1 (1Unllp, + 1f Gy Ul + 1f (tas15 Un + ALF (1, Ul )-

Consequently

lensiall S (A + ADlennll +hS AL(1Unlip, + 1f (t, Ul 5,
S g1, Un + ALF (0, Ul 5, ,)-

By iteration we deduce that

n—1

lennll S (14 A" leonll +hTO At Y (1 + A" F (| Ukl p, (3.30)
k=0

L e U s, + I f (1, U + ATF (5, U )
As ug € Dy, our hypothesis (3.19) guarantees that
lleo.nll = lluo — Pu(to, uoyuoll < h4|luoll p,. (331
By the Lipschitz continuity of f and since D; is continously embedded into V, we obtain
ILf @, Ul g, < WUkllp, + 1Lf (e, Ol - (3.32)
Similarly one has
I (st Uk + AtF e, U g, S NUKlLp, + ATIF e, U b, + 1L (st Ol 5,
With the help of the estimate (3.28), we obtain
ILf (et U+ At F (e, U g, S+ ADUkllpg +1Lf (st Ol +ALILf (ke Ol -

Inserting this estimate, as well as (3.31) and (3.32) into (3.30), we deduce owing to Lemma
3.12 and the continuity of f from [0, T] x V into Ds_ that (3.29) is valid. O

Remark 3.14 Under the same hypotheses of Lemma 3.13, if the Euler scheme (3.16) is used
to approximate the solution of problem (1.1), then the error estimate (3.29) remains valid.

Corollary 3.15 Under the hypotheses Hy to Hg, we suppose that uo € W N Ds, f €
Cc(0,T] x V; Ds,l), that f is (V, 5571)—Lipschitz continuous with respect to the sec-
ond variable uniformly in t. Assume that the solution u of problem (1.1) exists and belongs
to CPTL((0, T'1; V), p = 1 or2. Let Uy j, be its approximated solution given by (3.16) for
p = 1 (resp. (3.17) for p = 2). Then we have the global error estimate

lu(ty) — Unnll S (ADP + i Vn=1,...,N. (3.33)

Proof Direct consequence of Proposition 3.5 and Remark 3.14 for the Euler scheme, and of
Proposition 3.7 and Lemma 3.13 for the Runge—Kutta scheme. O
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4 Applications to particular semi-linear equations
4.1 Elliptic operators of order two: the regular case

Let Q be a bounded domain of R?, d > 1 with a Lipschitz boundary. Fori = 1, 2, let L; be
two elliptic operators of order two of the form

d d
Litx. Dou=— Y d(al,()deu) + Y b 0)du + D (xyu, 4.1)
k,e=1 k=1
where a]g)[ = agl)c e CO1(Q), b,(j), ¢ e L>®(€). Moreover we suppose that L1 is strongly
elliptic, namely that there exists o, > 0 such that

d
Z aifﬁ(x)sesk > a,E|?, VE e RY.

k=1

In this case, we may introduce the continuous bilinear forms a; on HO1 () x H& (2) by

d d
a; (u, v)=/ Z a,((i)[(x) deu Bkv—i—z b,il)(x)aku v+ u v | dx,Vu,v e H(; ().
Q
k=1 k=1

Hence their associated operator A;
(Aju, v)yry = a;(u,v), Yu,v e HJ(Q),
are continuous from HOI(Q) into its dual H~'($2). These operators satisfy the hypotheses
from Sect. 2 with V = HO1 () and H = L%(S), if we assume that a; is coercive on HO1 (2)
(that is the case if divb() = ZZ:1 8kb,(<]) =0and ¢V > 0 for example).
Consequently the problem

Lyu; + Lou = f(t,u), in x(0,7),
u=>0, on Q2 x (0, T), 4.2)
u(0) = uo, in Hj(Q),

is well-posedness for an initial datum uq € HOl (2) and f continuously differentiable from
[0, T] x Hy(Q) into H~!(Q). This system is a semi-linear Sobolev equation in Q that
has been analyzed in [2,15,28,31,32,39] in some particular situations with Neumann type
boundary conditions. Such boundary conditions also enter into our framework by simply
replacing H} (Q) by H!() (and assuming that a; is coercive in H'(Q)).

In order to check the assumptions H73and Hg, we will characterize the domains of A; (as
an unbounded operator in H) and of Al7 in some particular situations. In the first case we
make use of Kadlec’s result.

Lemma 4.1 Under the previous hypotheses on the coefficients of Li,i = 1,2, and if Q is
convex or has a boundary of class C1', then

D(A)) = HZ(Q) n HOl () — D(Ay). (4.3)
Proof Fori = 1, or 2, we recall that

D(A) = {u € H Q) : Aju € L*(Q)).
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Hence u € H(} (2) belongs to D(A) if and only if there exists f € L?(€2) such that

al(u,v)=/ fvdx, Vv e H}(Q).
Q

This is equivalent to

d
/ Z algz(x)aguakvdx =/thdx, Yv € Hol(Q),

=1

where h = [ — Zzzl b,El)Bku — ¢My belongs to L%($2). Hence owing to Kadlec’s result
[22] (see also [18, Thm 3.2.1.3]), we conclude that u € H2(S2). This proves the embedding

D(Ay) = H*(Q) N H} ().
The inverse embedding being trivial, we have shown that
lullpcay ~ lullp2@y, Yu € D(AD.

Clearly we have D(A) = H*(Q) N H} () C D(A,), and therefore for u € D(A;), Lou
belongs to L2() with
lull Diary = llull gy o) + 1L2ull2@) S lullp2 )

which proves the continuous embedding of D(A;) into D(A»). ]

With the help of this result, as a first guess we can take D; = D(A) and ﬁo = H,
since A1 is an isomorphism from D (A1) into H and A3 is bounded from D(A;) into H. The
3

characterization of the domain of D(Alj) and additional assumptions on the coefficients of
A, allow to build a second choice of pairs Dy, f)s_l.

Lemma 4.2 Suppose that the boundary of 2 is of class C*', that a,il;)z = aéf,)c e CLI(Q),
and that b, ¢V € CO(Q). Then

DAY = ATTH) () = {fu e H3 Q) NHJ(Q): Aju=0 on 9Q).  (44)

If furthermore we have
2)

alg,l = alg,ll) andd® -n=d" . nonadQ, 4.5)

where n is the unit outward normal vector along the boundary and for d¥) = (d1([))1d=1 is the
vector given by

d
A = =3 a1
k

Then A is continuous from D(A?/z) into H(; (2).

Proof Letu € D(A?/ 2). Then there exists h € HO1 (€2) such that

A]M =h.
By [18, Theorem 2.5.1.1, p. 128], we deduce that u € H3 (£2), hence the embedding

3

DAY > (ue H(Q)NHJ(Q) : Aju =0 sur 9Q}.
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The converse embedding being trivial, the first assertion is proved.

Let us go on with the second assertion. Let us then fix u € D(A?/z), then by the regularity
of the coefficients of L,, we directly see that Aou = Lou belongs to H 1(©). Hence it remains
to show that it is zero on the boundary. For that purpose, we notice that

d .
Liu=— Z a,il;?)kagu +dD . Vu+cDy.
k,e=1
Hence on the boundary, splitting the gradient of u into its tangential part and its normal one,
and recalling that ¥ = 0 on the boundary, we have

d
Liu=— Z a,ﬁf;akagu + (a'(i) -n)o,u on 0K2.
k=1

Our assumption (4.5) then implies that
Lou = Liu on 0$2,
which finishes the proof since L;u is zero on the boundary. O

Let us notice that a similar result may remain valid for less regular boundaries. Indeed it
holds for instance for a square and for L reduces to the Laplace operator.

Lemma 4.3 If 2 is the unit square (0, 1)% of the plane and L| = A, then (4.4) remains valid.

Proof We use an argument from the proof of Lemma 2.4 in [21]. Let v € D(A?/ 2) —

D(Ay) = H*(Q) N H}(Q), then ¢ = Av € H}(R). Hence from elliptic regularity, v €
H3(Q\ V), where V is any neighborhood of the corners. It then remains to show the H>
regularity near the corners. By symmetry, it suffices to show such a regularity near 0. Let
us then fix a radial cut-off function n such that = 1 near O with supp n C B(O0, %).

Consequently u = nv (extended by zero outside its support) belongs to H>((0, 00)?) N
H((0, 00)?) and satisfies

an dv -
Au = ng +23—Z§ + oA = f e HL((0, 00)?).

We now set
U(x,y) = u(lxl, [y) sign xy, and F(x, y) = f(lx], |y]) sign xy,
and easily check that
AU = F,

in the distributional sense. But as F € H!(R?) by [37, p.85], we conclude that U € H3(R?),
and consequently u € H3((0, 00)?) and finally v € H3(Q). O

3
In conclusion if (4.4) and (4.5) are valid, we can take D3;» = D(Af) and ﬁl/z =
1
D(A}) = H}(Q).

Now to build a fully discrete scheme, we shall use a finite element method based on a
triangulation of €2. To this end, we consider a family of meshes {7}, of €2, where each mesh
is made of tetrahedral (or triangular) elements K. To simplify the analysis, we assume that
the boundary of €2 is exactly triangulated, and therefore, we consider curved Lagrange finite
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elements as described in [5]. Also, for each element K, we denote by Fk the mapping taking
the reference element K to K.
With the help of this triangulation 73, we define the approximation space V;, C H(; ()
by
Vi ={vn € HY(@ : wilk o F' € Py(K) VK €T3, (4.6)

where P, (1% ) stands for the set of polynomials of total degree less than or equal to p.

In this setting, owing to Corollary 5.2 of [5] (see also Theorem 3.2.2 of [10]), the assump-
tion (3.19) is satisfied for s = 1 (under the assumption (4.3)) ors = % (under the assumptions
(4.4) and (4.5)), with g(s) = 2s — 1 and the choice p > ¢(s), i.e., for all f € Dy, one has

If = Onfll SN flip,.

Finally the fully discrete schemes of problem (4.2) can be formulated as follows: The
explicit Euler scheme consists in looking for U414 € Vi solution of

a1 (Uns1,h xn) = av(Un iy xn) — Ataz(Un s xn) + At(f (6w, Un i)y Xn)s Yxn € Vs
(C))
that allows to compute Uy, 41, by the knowledge of Uy, , and of f(t,, Uy p).

Similarly, by the Runge—Kutta method, we look for U 11,5 € Vn solution of

ar(Uy 1 xn) = ar(Unns xn) + At (fu(tn, Unn)s xn) — Atax(Un iy xn), Yxn € Vi

and then U, 41, € Vj, solution of

ar(Uns1,n> xn) = a1(Un,py X1)

At " "
+ L s Un i)+ S Gt Uy ) ) =2 W + Uiy s x> Yo € Vi
4.8)

4.2 Elliptic operators of order two: the singular case

We now extend the previous results to the case where the domain €2 is a non-smooth two-
dimensional domain and the principal part of L| and L, are piecewise constant. In that
case, Lemma 4.1 is no more valid in general (see [24-26,30] for instance), but the use of
weighted Sobolev spaces of Kondratiev’s type [18,36] will allow to put (4.2) into our abstract
framework.

Let us start with the definition of the weighted Sobolev spaces in a polygonal domain D
of R? (see [36] or [18, Def. 8.4.1.1]).

Definition 4.4 Let r(x) be the distance from a point x of D to the vertices of D. Fora € R
and k € N*, we define

L2(D) = {u € L} (D) : r% € L*(D)},
VED) ={ue L2 (D) :r*tPI=kDPy ¢ L2(D), VB e N? : |B] < k).

These spaces are Hilbert spaces equipped with their natural norms:

2 - 2
lall 2oy = Irull 2oy NuelBp ) = D IrHPEDPuIZ, )
|BI<k
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1
For any edge e of D, the trace space of Vw1 (D) onto e is denoted by V,? (e) (see [29, Thm
1
1.31]). Note that V,? (e) has its own definition, see [29, Def. 1.9], in particular we have

Vi) > Lii%(e). 4.9)

We now suppose that  is a polygonal domain of R? that is partitioned into sub-domains
Q;, j = 1,...,J, with a positive integer J so that the £2;’s are disjoint open polygonal
domains and that

- J =
Q:U./ZIQ]'.

Let us further denote by e¢, £ = 1, .. L, tlle set of interior edges, namely the set of straight
segments that are the intersection of Q; N €2 with j # j’ (hence they are not included into
the boundary of €2). Similarly the set S of vertices of €2 is simply the set of vertices of all
Q j ’S.

In the following we need piecewise weighted Sobolev spaces VX (2), more precisely, we
set

VEQ) = (v e L2 () :v; e VEQ), Vi=1,...,J)},

where v; 1= v|q; denotes the restriction of v to ;. Again these spaces are Hilbert spaces
equipped with their natural norms.

Now we suppose that the operators L; are elliptic of order 2 in the previous form (4.1)
but with coefficients a,ﬁf)z = a[(l,)( piecewise regular, in other words the restriction of a,ilz to

2 are regular (C°°(S_2j)). As before we assume that the bilinear form a; associated with A
is coercive so that A; is an isomorphism from HO1 () into H~1().

To facilitate the presentation, for i = 1 or 2, let us introduce the symmetric matrix
M; = (a]((l;)l)k,;e=172 and the gradient jumps of u through an edge e, as follows

[MiVu-n], = ((M;Vu)e, - (M;Vuyg, ) - ne.

when e, = Q in Q j+ and ny is the unit normal vector along ¢, orientated from €2; to 2.
We now recall Corollary 4.4 of [30] that is valid in dimension 2 under the assumption
y < 1 since there exists r > 1 such that

Li(sz) — L7 (Q). (4.10)

Theorem 4.5 Suppose that y € (0, 1) and the segment (0, 1 — y] does not contain singular
1

exponent of Ay at all corners of Q. Then forall f € LJZ/ () and hy € Vf (ee), £=1,...,L,
there exists a unique solution u € HO1 (2) N V)% (R2) to problem

{L”‘f:fj in . j =1+, J, @.11)

[[M]qufl]]zzhz Oneg,Z=1,~-~ ’L,
in the sense that

aj(u,v) = F(v), Yve Hi(Q),
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where the linear form F' is given by
L
F() = / fx)v(x)dx + Z/ heyv(x)do(x), Vv e HOI(Q).
Q =1 ey

Note that F is well-defined on HO1 (R2) since for all y € (0, 1), there exists r € (1, 2] such
that

Vy% (eg) = L' (ey). (4.12)
Indeed by (4.9), any w € Vy% (eg) satisfies

r’“%w e L?(ep).
Ify < l, we directly obtain w € Lz(eg), on the contrary if y € (0, %), as

i e L),

forall t < (y — %)_1, owing to Holder’s inequality we show that w € L"(e;) for some
r> 1.
This Theorem allows to check the assumption Hy with D; = V)% ()N Hé (2) and

~ 1

Dy = L)z, () x ]_[f=1 VV2 (eg),forally € (1—A,4, 1), when X, is the smallest positive singular
exponent associated with A;. Indeed, the previous result asserts that A; is an isomorphism
from Dj into Dy, therefore it remains to check the boundedness property of A,:

Lemma 4.6 Aj; is bounded from Dy into DO.
Proof Fix v € V]% ()N HOl (2), then A, v belongs to H~ Q) and is given by

(A2v, w) = ar(v, w)

2 2
= / E aﬁ(x) dev rw + E b,Ez)(x)BkU w + c(z)(x)v w | dx,
o .
k=1 k=1

forall w € Hol (2). As b,EZ) 3v and ¢@v are in L2(2), it remains to transform the first term

of this right-hand side. For that purpose, we first fix w € D(2). By an application of Holder’s
inequality, there exists r > 1 such that

dvj e WH(Q)).Vj=1,.J.

Therefore Green’s formula on each €2; yields
J
/ al)(x) dev wdx = — Z/ (@) (x) de)v w dx
Q ; Q ’
j=1
L
+Z/ [M2Vv - n],ywx)do(x), Yw e D).

1=1"v¢et

1

As Bk(ali?z d¢)v (resp. [MaVu - n],) belongs to Lf, (Q) (resp. V,? (e¢)) and since Hy ()
1

(resp. H2(ep)) is embedded into L*(€2) (resp. L¥(e¢)) for all s > 1 and recalling (4.10),
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(4.12), the previous identity remains valid for all w € H(} (£2), owing to Holder’s inequality.
We then deduce that

J

(A, w) = E /-szj w;dx
X Q
j=1

L
+Z/ [M2Vv - n],ywx)do(x), Yw e Hy ().
=17¢

This ends the proof in view of the regularity of L,v; and of [ M2V - n]](. u]

In conclusion problem (4.2) is well-posed if we take an initial datum ug in Dy and if
f(t, u) is continuous with value in Do. Nevertheless it is well known that the reduction of
regularity diminishes the rate of convergence for a standard FEM based on quasi-uniform
meshes, but the use of refined meshes near the singular points allows to restore the optimal
order of convergence, namely the estimate (3.19) is valid with ¢(1) = 1 (using [36] or [18,
Thm 8.4.1.6] on each subdomain 2;), Vj being defined by (4.6) with a triangulation that is
conform with the partition of €2 (i.e., each triangle T of 7}, has to be included into one €2;).
Remark 4.7 Near an exterior vertex, where 2 is convex or if the coefficients a,ﬁ?z are con-
tinuous at an interior vertex, then the shift Theorem is valid in standard Sobolev spaces and
therefore it is not necessary to take initial data in weighted Sobolev spaces near such vertices
but it suffices to take them in H?2. Consequently near such vertices, quasi-uniform meshes
can be used.

Remark 4.8 1f L, is strongly elliptic, then this operator may have one singularity S, near a
vertex, with 0 < p < 1, in other words, S, € H(}(Q) behaves like r# near this vertex, is
piecewise regular elsewhere and satisfies

LyS, = g € L*(Q).
Then the function u(x, t) = S, (x) is clearly a solution of (4.2) with f = g and initial datum
Su:

Liu; + Lou=g,in 2x(0,7),
u=0, on 32 x (0, T),
u©) = S,, in H} ().

This solution is indeed furnished by our abstract framework if we fix the parameter y appro-

priately, namely if y > max{l — u, 1 — X4}.

To avoid to take initial data in weighted Sobolev spaces, we will extend our previous
framework in the following way. For each interior vertex s € Siy;, we fix a smooth cut-off
function 7, equal to 1 near s and equal to zero near the other vertices. We then introduce

Dy = Dy @ Span {1 : s € Sint),

in other words v € ﬁl if and only if there exists v,, € D and coefficients ¢; € R, s € Sint
such that
v=vu+ Y Gl (4.13)

SE€Sin
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This is a Hilbert space with the inner product

W, V) = Wu. V), + Y sl

5,5 €Sint

whenv = vy, + ) (s csnsand v’ = vy, + > s ;.
The key point is the next result.

Lemma 4.9 The operator Al_lAz is bounded from ﬁl into itself.

Proof Take an arbitrary element v € 51 , then it admits the splitting (4.13) and hence

Arv = Arvy, + Z cs Ao,

fesinl

As we have seen in Lemma 4.6 that Ayv,, is in 130, it remains to show that A, njy is in ﬁo as
well. If this is the case, then A>v belongs to Dy and we conclude owing to Theorem 4.5.
For s € Sin, let us characterize Azn;. By definition we have

<A2nS! w> = az(n37 w)

2
f Z al)(x) den ew + Y b ) dkng w+ ¢ (mg w | dx,
k=1 k=1

forallw e HO1 (£2). As n; is regular, we can apply Green’s formula on each 2; to find

(Aaily, w Z/ Lzm,w,dx+2/ [M2V1n, - 0],y w(x) do (o),

Since 7y is constant near the vertices of €2, we deduce that Lyn ; € Lf,(Q ;) and that
1 -
[[szﬂs . ”]]z € V,7 (e¢), which shows that Ayng € Dy. O
Corollary4.10 If f € C([0, T]; L*(Q)) and ug € {v € HN(RQ) : v; € HX(Q)),Vj =
, J}, then problem

Liu;+ Lou= f,in Qx(0,7T),
u=20, on 092 x (0, 7),
1(0) = uo, in Hy (),

has a unique solution u € C'([0, T1; bl).

Proof Owing to Hardy’s inequality [18, p. 28], any function ug € {v € HO1 () :v; €
H?(Q;),Vj =1,---,J} admits the splitting

Uy = Uy + Z ug(s)ns,

SESint

with u,, € V2(Q) forall & > 0. This implies that ug € Dj. Since L2(Q) <= L2(S), we will

have Afl f € C(0,T], D1) and we conclude owing to the continuity of AflAz from 151
into itself. O
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In the framework of this corollary, a solution u € C Lo, T7; 51) is found. Therefore our
convergence results will be guaranteed if we show (3.19) with g(1) = 1 and refined meshes
but for any ¢ € D;. For that purpose, write ¢ € D into

@ =@y + Z CsMs,

SESint

with ¢,, € D and real coefficients ¢; € R. For the first term, by [36] or [18, Thm 8.4.1.6]
we have

low — Inowlii,q S, hllowllp,

where I, is the Lagrange interpolation operator. For the second term, as 1, belongs to H2(£2),
a standard interpolation estimate yields

s = Innsline < hlinslig@) S b-

In conclusion the function ;¢ satisfies

le = Inellie < hllellp, -
which proves (3.19) with ¢ (1) = 1.

4.3 Numerical results

To validate our theoretical results, we propose different test examples. First in (4.2) we take
Ly =1 — A and L, = —A (A being the Laplace operator) in convex and non-convex
polygons with an explicit solution and compute the different rates of convergence. Then
we will consider a semi-linear equation for which the exact solution is unknown, hence we
compute experimental convergence rates. In all cases, we compute two rates of convergence
of the error (in the HO1 (€2) norm): one in space and another one in time. Namely, for the
first (resp. second) one, we chose At (resp. &) small enough with respect to & (resp. At ) so
that the error due to the time (resp. space) discretization is neglectible; and then let vary the
parameter h (resp. At) from a rough value to finer ones.
In the whole subsection, for a sequence of functions U, € H 1 (2),0<n < N, we set

U, = max |, Q) -
1Unlloo omax, NUnll g1

4.3.1 The smooth case

On the unit square (0, 1)2 ¢ R2, we take the exact solution
u(t,x,y)=x(1—x)y(1 —y)sint, Vte[0,T], x,y € (0,1),

the right-hand side f being computed accordingly. In such a case, we present the numerical
tests for the Euler scheme (4.7), where V}, is based on P elements. The approximated
solution obtained by this scheme is illustrated in Fig. 1 for different values of ¢ with the
choice At = h = 0.1.

The rate of converge of the error in space (resp. time) is presented in Table 1 (resp. 2)
with At = 0.001 (resp. h = 1/160). There we can see a rate of convergence of 1, that is in
accordance with (3.33).
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t=0.5

u (0/10) u (5/10)
0 000833 00127 0019 00253 00317 0038 00443 00507 0057 00633 0 000633 00127 0019 00253 00317 0038 00443 00507 0057 00833
]
t=0.7 t=1

u (7/10) u(10/10)
0 000833 00127 0018 00253 00317 0038 00443 00507 0057 00633 0 000831 0012 00189 00253 00316 00379 00442 00505 00568 00631
L N S O

Fig.1 Approximated solution by Euler’s scheme (4.7) of problem (4.2) fort =0, =0.5,t =0.7andt =T
with At = 0.1 and h = 0.1

Table 1 Evolution of the error by —
Euler’s scheme at final time N h lutin, ) = Un,hlloo
T = 0.1 for different i 10 0.1 1.92¢e—04

20 0.05 9.72e—05

40 0.025 4.95e—05

30 0.0125 2.65e—05

160 0.00625 1.63e—05
Table 2 Evolution of the error by N
Euler’s scheme at final time N Al lutin, ) = Un lloo
T = 1 for different At 10 0.1 3.98¢—02

20 0.05 1.96e—02

40 0.025 9.83e—03

80 0.0125 5.06e—03

160 0.00625 2.85e—03
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Table 3 Evolution of the error at
final time 7' = 1 for differenth h N Ctn, %, ) = Un.illoo
for the Runge—Kutta scheme and 10 0.1 4.981e—06
Py el
20 0.05 1.44e—06
40 0.025 3.78e—07
80 0.0125 9.58e—08
160 0.00625 2.40e—08
Table 4 Evolution of the error at
final time 7' = 20 for different Al luCtn, ) = Un.illoo
At for the Runge—Kutta scheme 20 1 0.000145
and P el
40 0.5 2.9261e—05
80 0.25 6.4912e—06
160 0.125 1.5455¢—06
320 0.0625 4.36447e—07

We now present the numerical results relative to the Runge—Kutta scheme (4.8), where
Vy, is based on [P, elements. In this case, as exact solution, we take

u(t, x, y) = [x(1 = x)y(1 — )]’ sint,

3
that then belongs to C([0, T'1; D(A7]).
From Tables 3 and 4, we see that the convergence rate is 2 in space and 2 in time, as
expected from (3.33).

4.3.2 The nonsmooth case

In order to illustrate the results from Sect. 4.2, we have decided to take the domain Q =
(-1,1) x (0,1) C R2, the operator L, = —A, while the operator L1 = — divaV, with a
piecewise constant, namely

0= € in o,
T 11 inQUQ3,

where € is a positive parameter, we have set

Q =QN{(rcosh,rsinf) :r >0and 0 < O < %},

. b4 3
Q =QN{(rcosh,rsinb) :r >Oandz <60 < T}’

3
Q3 = QN {(rcosh, rsing) : r > 0and Tﬂ <6 <n),
and, as usual, (r, 0) are the polar coordinates of (x, y) centred at the origin.
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Table 5 Evolution of the errorby h [4(tn, ) — Uy plloo
be o . al 6 ns n,
Euler’s bchem'e at final tlrpe Uniform meshes Refined meshes
T = 0.1 for different & with
uniform/refined meshes for 5 0.2 0.0244 0.018
At =0.0001 and € = 3
10 0.1 0.0164 0.0087
20 0.05 0.0105 0.0045
40 0.025 0.0064 0.0024
30 0.0125 0.0041 0.0013

In that case if € # 1, the operator L with Dirichlet boundary conditions has a singularity
at (0, 0) given by (see [30])

r* sin(A0) in Q1,
S, =4 <€H sin(.0) + <=L cos(w)) in Q,
r*sin(A (;r — 0)) in Qs,

. _ 4 . /1
with A = — arcsin < ﬁ>

Consequently we take
u(t,x,y) =sintS,(x,y),vVt >0,x,y € Q,
that is seen as the exact solution of
Aruy + Aru = (sint)h,
where h € 50 is the jump of Z—Z along the edge ) = Q1 N Qy and the edge ep = Q>N Q3.

This means that u is solution of

/ (aVu; - Vv + Vu - Vv)dxdy = Z f dn]]z)/vda Yv € Ho (2).
Q .

We then have approximated this problem by the Euler scheme (4.7), where V}, is based
on [P elements on either uniform meshes or refined (near 0) ones with the choice € = 3 that
yields A = 2/3. The rate of converge of the error in space is presented in Table 5 for uniform
and refined meshes (see Fig. 2 for & = 0.2) with Ar = 0.0001 and a final time T = 0.1.
There we can see a rate of convergence of 2/3 (resp. 1) for uniform (refined) meshes, as
expected. Here for shortness, we do not present the rate of converge of the error in time since
we are interested in the influence of the space singularities.

4.3.3 A semi-linear equation

Here we consider problem (4.2) on the unit square © = (0, 1)> and zero initial datum with

ft,u)=v1+1t+u?, (4.14)

that is clearly continously differentiable from [0, 7] x HOI(Q) into R. In such a case, the
exact solution is unknown, hence we shall compute the experimental rates of convergence
using succesive solutions: the experimental space convergence rate is computed by

< 1Unn — Un,20 oo )
logy | ————F——|.
1Un,n2 — Unilloo
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-1 -05 0 05 1 =l 05 0 05 1

Fig.2 Uniform (left) and refined (right) meshes

0.0050904

0.0048359
0.0045813
0.0043268
0.0040723
0.0038178
0.0035633
0.0033087
0.0030542
0.0027997
0.0028452
0.0022907
0.0020362
0.0017816
0.0015271
0.0012726
0.0010181
0.00076356
0.00050904
0.00025452

-6.9340-037

Fig.3 The fully discrete solution U,, ;, obtained by Euler’s scheme with At = 0.1 and 7 = 0.1 and P el

where Uy, 2, and Uy, 3, are the fully discrete solutions for the meshes 2/ and /2 /2 respectively
and At small enough. Similarly, the experimental time convergence rate is computed by

U = Ui oo
U™ = Unhlloo

where U,f%t and UnA ;/ % are the fully discrete solutions for the time steps 2At and At/2,

respective’ly and h small enough.

Figure 3 shows the fully discrete solution U,, ;, obtained by Euler’s scheme and IP; elements
at final time 7 = 1 with Ar = 0.1 and & = 0.1. In that case, the experimental time (resp.
space) convergence rate is presented in Table 6 (resp. 7), where an order one is detected, as
theoretically expected. Additionnally, the experimental time (resp. space) convergence rate
is presented in Table 8 (resp. 9) using P, elements, where, as theoretically expected, an order
one in time and two in space are observed.
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Table 6 Experimental time
convergence rate for different Az
with h = 75 and Py el

Table 7 Experimental space
convergence rate for different i
with At = g and Py el

Table 8 Experimental time
convergence rate for different Az

with h = 535 and P el

Table 9 Experimental space
convergence rate for different i

with A = gl and P el

A 2A
10U = Ui oo

Exp. rate of convergence

0 = 9| —
o‘_ o‘” o‘“ o"‘

‘ -

—|
o)
(=

‘ -

)
)|
(=

0.0348315
0.0172607
0.00858329
0.0042788
0.00213605
0.00106717

1.01

1.007
1.004
1.002
1.001

HUn,h - Un,2h lloo

Exp. rate of convergence

-8 8- -2

o)
(=

3%
[5S
f=

0.00582633
0.00302302
0.00152823
0.00076712
0.000383953
0.000192033

0.94
0.978
0.99
0.997
0.999

U2 = Unillos

Exp. rate of convergence

-8 a2

—
f=

3%
I
f=

0.0324174
0.0166353
0.00842427
0.00423879
0.00212606
0.00106468

0.962
0.9816
0.9908
0.99547
0.997

HUn,h - Un,2h ||oo

Exp. rate of convergence

- g 8- 8-

—
[=)]
(=

0.000782864
0.000223207
6.18843E—05
1.68535E—05
4.53264E—06

1.81
1.85
1.87
1.89

5 Applications to quasi-linear equations

5.1 Non autonomous equations

Here we concentrate on the non autonomous case, namely we suppose that the operators
A1(t,u) and A;(¢, u) depend only on the time variable ¢, but still corresponds to second
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order differential operators. More precisely, in a bounded domain € of R, d > 1 with a
Lipschitz boundary, for i = 1, 2, L; is a differential operator of order two of the form

d d
Li(x. Dy, =— Y dlay,.0d) + Y b’ (v, 0)du + ¢V (x, u,
k, =1 k=1

where a, = afl} € C([0, T1; C*'(Q) N CO7 ([0, TT; L¥()), b, @ € CO7 ([0, T1;
L>°(R)), for some y € (0, 1]. Furthermore, L is supposed to be umformly elliptic, namely
there exists a,, > 0 such that

Za (x, D& > aul€]’, VE R 1€[0,TI.

k,£=1

In this case, the bilinear form a; (¢; -, -), i = 1, 2, is independent of u and is defined by

a;(t; v, w) :/ Z a; (x 1)0¢ VoW
Q

k=1

d
+3 b dow + D, t)vw) dx, Yv,w e H} (),
k=1

and for all # € [0, T'], the operator A;(¢) defined by
(Ai (D, v)yry = ai(t,u,v), Yu,v e Hy (),

is continous from HO1 (Q) into H~!(). Finally if we suppose that a; is uniformly coercive
in H(} (R2), then the assumptions Hj—Hj3 will be satisfied. As in Sect. 4.1, one can show
that D(A (1)) = H*(Q) N Hy(Q), for all ¢ € [0, T] if the boundary of Q is C!! or if
€2 is convex. Therefore, under this additional hypothesis, the assumptions H7 and Hg with
Dy = H*(Q) N H}(RQ) and Dy = L?*(Q) will be satisfied if Vj is defined by (4.6) with
p=1
Finally, under the assumptions Hy4 to Hg¢ on f, the next problem

Li(@®u; + La(nu = f(t,u), in 2 x (0, 7),

u=0, on Q2 x (0, T), 5.1

u(0) = uo, in Hy(Q),

is well-posed and can be approxiamted by the fully Euler discrete scheme (see (3.16))
ai(tn; Unst iy xn) =a1(tns Un iy Xn) — Ataz(tns Unns xn) + 8t (f (tny Unn), Xn)s YXn € V-

We now illustrate this theory by chosing in (5.1), @ = (0, D%, Li(t) = I — (1 + HA
and Lo(t) = —(1 4+ t)A. Clearly the bilinear forms (a; (¢; -, -)):¢[0, 7] satisfy the previous
assumptions, in particular we directly see that

lai (t; u, v) —a;(s; u, v)| S|t —slllullllvll, Yu,ve HOI(Q),V t,s € [0, T].
We start with a linear problem by taking the exact solution
u(t,x,y) =sintsin(mwx)sin(wry), V(x,y) e Q2,tr>0.
As before, we present the time (resp. space) convergence rate in Table 10 with 7 = 0.003125

(resp. Table 11 with At = 0.001), where again order one is obtained.
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Table 10 Evolution of the error
at final time 7' = 0.1 for different
At

Table 11 Evolution of the error at
final time 7" = 0.1 for different /

N At lu(tn, ) = Unplloo
5 0.2 0.168

10 0.1 0.0823

20 0.05 0.040

40 0.025 0.0214

80 0.0125 0.0130

N h lu(tn, ) = Unplloo
5 0.2 0.06387

10 0.1 0.032499

20 0.05 0.0163

40 0.025 0.00824

80 0.0125 0.00425201

160 0.00625 0.00236201

0.0090751
0.0091913
0.0087075

0.0082238
0.00774
0.0072563
0.0067725
0.0062888
0.005805

0.0053213
0.0048375

Fig.4 The fully discrete solution Uy, ;, at final time 7 = 1 obtained by Euler’s scheme with At = h = 0.1

We go on with a semi-linear equation by taking the source term f (¢, u) defined by (4.14)
and a zero initial datum ©(0) = 0. In Fig. 4, we can see the fully discrete solution (by Euler’s
scheme) U, j at final time 7 = 1 with At = h = 0.1. The experimental time (resp. space)
convergence rate is presented in Table 12 with & = ﬁ (resp. 13 with At = Wloo)’ where

again an order one is detected.

5.2 Quasi-linear cases

5.2.1 An example in dimension 1

Here we consider a quasilinear problem
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Table 12 Experimental time . At IAT
convergence rate for different Az Time steps I Unvh B U"»h lloo Exp. rate of convergence
ithh = 7k and P| el
with = 7gp and Iy e . 0.01632 0.94
1
70 0.00853 0.96
1
0 0.00437 0.98
1
20 0.00221 0.99
1
160 0.00111 1
1
0 0.00055
Table 13 Experimental space .
Mesh s - Exp. f
convergence rate for different oon s 1Un.h — Un.2nlloo XP- rate of conversence
. 1
with At = 7000 and Py el % 0.00559 0.95
1
70 0.00290 0.98
1
0 0.00147 0.90
1
20 0.00074 0.99
1
160 0.000337 1
1
0 0.00018
i ] 32 ] .
G — L (pr1(x, u) g+ pa(x, ) 54) = f(t,u), in (0,1) x (0,7),
u=0, on 3(0,1) x (0, T), (5.2)
u(0) = uo, O, ),

where p1, p2 : (0, 1) x R — R are two continuous functions satisfying
e there exist two positive constants 8, M such that
B <pix,u) <M, and |pa(x,u)] < M,¥(x,u) € Q xR, (5.3)

e the function p;, i = 1, 2, is globaly Lipschitz, i. e., there exists a constant L > 0 such
that B
|pi (x, 1) — pi(x, )] < Llu—iil, V(x,u,ii) € QxR (5.4)
With these assumptions, the bilinear forms a; (u; -, -), i = 1, 2, defined on HO1 () x Hé ()
as

0x

satisfy the assumptions Hyi—Has, this last property following from the Sobolev embedding
theorem yielding HY(0,1) — C([0, 1]).
Here we discretize problem (5.2) by explicit Euler’s scheme using the finite element space

1 ov ow
ai(u; v, w) :/ pi(x, u(x)) ———dx,
0 ax

Vi = {vn € H} (); v |ixxiag1€ P1,0 < i < N, v(0) = vy, (1) = 0},

Xi+1

based on a uniform subdivision x; = ih, 0 <i < N, with h = % and N € N*, For the
numerical illustrations, we take the source term f (¢, u) defined by (4.14), a zero initial datum
1#(0) = 0 and

2 2

pa(x,u) =

1 u
P =at e ey

@ Springer



84 F. Bekkouche et al.

ot e a1 TS 108 Ul B e of comoronc
with 7 = 0.00625 |

5 0.00481 0.998

x 0.002407 1.00

4L0 0.001203 1.00

= 0.000601 0.99

5 0.0003010 1.00

o 0.00015
comvergenco e fordiftren h MO W0up — Unnleo  Exprate of onvergence
with Ar = 0.001 % 0.00596 1.00

% 0.00296 1.01

% 0.00146 0.9964

8L0 0.0007318 1.00

o 0.0003654 1.001

5 0.0001825

As before the experimental time (resp. space) convergence rate is 1, as seen in Table 14 with
h = 555 (resp. 15 with At = 1555)-

5.2.2 An example in dimension 2

On the unit square 2 = (0, 1?2 of R2, we consider the problem

A(p1(x, w)Aug) + Ap2(x, u)Au) = f(r,u), in Qx (0, 7),
u=2%=0, on 9 x (0, 7), (5.5)
u(0) = uo, in H}(Q),

where ?T: denote the outward normal derivative of u on 92, p; and p, are two functions in
C%(Q2 x R, R) that fulfil the assumptions (5.3)—(5.4) with second order partial derivatives
uniformly bounded in x and u.

Forallu € H&(Q), and i = 1 or 2, we define the bilinear form «; (u; -, -) by

ai(u;v,w):/ (pi (x, ) AvAw)dx, Vv, w € HJ(Q), (5.6)
Q

that immediately satisfy the assumptions Hy and H3, due to the embedding H 2(Q) — C(Q)
(consequence of the Sobolev embedding theorem). To check that Hy holds, due to (5.3) we
first notice that

ar(u; v, v) = BlAv]|72 . Vv € Hy ().

()’

Secondly as the Laplace operator is an isomorphism from H2($2) N HO1 () into L2(Q), we
have

vl g2 S IAVI2), Yo € HA(Q) N Hy (Q).
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As H&(Q) is included into H2(2) N H& (R2), these two estimates show that Hp holds.
In order to check H7 and Hg, we use the next result.

Lemma5.1 Forallu e HOZ(Q), we have

D(A1(w) = H*(Q) N Hy (Q) < D(Az(u)). (5.7)
Proof For a fixed u € HOZ(Q), we recall that

D(A1(u) = {ve H3(Q) : Aj(w)v € LE(Q)}.

Hence we see that v € Hg(Q) belongs to D(A1(u)) if and only if there exists f € L%(Q)
such that

A(p(x, u)Av) = f,

in the distributional sense (here and below, for shortness we write p(x, u) for p;(x, u)). By
Leibniz’s product rule, we get equivalently

o, )A%v = fi= f — Alp(x, u(x))]Av — 2V[p(x, u(x))] - VAv. (5.8)

The difficulty is that this right-hand side is not automatically in L?(£2), hence we will use a
bootstrap argument. First by the chain rule, we notice that

0ilp(x, u(x))] = 0;p(x, u(x)) + dyp(x, u(x))diu(x), (5.9)
5o (x, u()] = 97 p(x, u(x)) + 0, p(x, u(x));u(x)dju(x)
+p (0, u())3u (), (5.10)
forany i, j € {1, 2}. Note that these identities directly imply that
1
p(u()), ——— € HX(Q). (5.11)
PG u())
With such identities, for i = 1 or 2, we also see that
0ilp(x, u(x))]0; Av = 9;p(x, u)d; Av + 9y p(x, u)d;ud; Av, (5.12)
and that
3
Alp(x, u(x)]Av =Y Tj(x,u)Av, (5.13)
j=1

where we have set

Ti(x, u) = (Ap)(x, u),
Ty(x.u) = 9, p(x, w){(@11)* + (D2u)°),
T3(x,u) = 0up(x, u)Au.
In a first step, for i = 1 or 2, we show that
0i[p(x, u(x))]o;Av e H(Q), Vse(1,2). (5.14)

According to the identity (5.12), it suffices to show that each term of its right-hand side
belongs to H~%(2), forall s € (1, 2). For that purpose, we notice that 9; Av € H~'(Q), and
d;u € H'(Q). By the regularity assumptions on p, we see that

3 p(x, 1), dup(x, wdu € HY(Q). (5.15)
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As Theorem 1.4.4.2 of [18] implies that the product
uv € H*(Q), Vs e (l1,2), (5.16)

If u € H' () and v € H~1(£2), we conclude that (5.14) holds. Similarly for j = 1,2 or 3,
we show that
Ti(x,u)Ave H(Q), Vse(l,2). 5.17)

By the boundedness of Ap and the regularity v € H>(S), we directly get T} (x, u)Av €
L?(2), hence (5.17) for j = 1. Now by the Sobolev embedding Theorem, H'!(Q) — LP (%),
for all p > 1, hence by Holder’s inequality, we get

(Bu)’Ave LY(Q), Vi=1,2,

since the condition 1 = % + % holds if p = 4. As pr(x, u) is bounded, we deduce that
T>(x, u)Av € L' (Q), which implies (5.17) for j = 2, because Hg (Q) = C(Q), owing to
the Sobolev embedding theorem. Finally, the regularities u, v € H>($2) simply guarantee
that AuAv € L'(Q) and hence T3(x, u) Av € L' (), and we conclude as for j = 2.

At this stage, by (5.14) and (5.17), we deduce that f (defined in (5.8)) belongs to H % (2),
foralls € (1, 2). With the regularity property (5.11) and Theorem 1.4.4.2 of [18], we conclude
that

A%y = f e H*(Q), Vse,?2).
p("u)

Owing to Theorem 2 of [6] and Corollary 5.12 of [13], we deduce that

ve HYS(Q), Vse(,2),
or equivalently
ve H35(Q), Vee(0,1).
This extra regularity allows to show that
3o Cx, u(x)]d;Av e HE(Q), Ve €(0,1), (5.18)

fori =1 or2 and ,
Ti(x,u)Av € H™® (Q), ve' € (0, 1), (5.19)

for j = 1,2 or 3. For the first assertion, by the regularity d; Av € H¥(2), the properties
(5.15) and Theorem 1.4.4.2 of [18], we conclude that (5.18) holds for ¢’ > &. For the second
assertion, by the boundedness of second derivatives of p;, we first notice that

Ti(x, u)Av € LX(Q),

hence (5.19) for j = 1. For j = 2 we remark that (8;u)* + (.u)? belongs to L%(2) due to
the embedding H'(Q) — LP (), for all p > 1, and Holder’s inequality. Since we directly
get that Au € LZ(Q), we conclude that

Tj(x,u) € LX), for j =2,3.

Again Theorem 1.4.4.2 of [18] leads to (5.19) for g >¢gand j =2,3.
By its definition, we deduce that f belongs to H_E/(Q), forall & € (0, 1), and by (5.11)
and Theorem 1.4.4.2 of [18] we get

A%v e H5(Q), Vee(0,1).
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By Theorem 2 of [6] and Corollary 5.12 of [13], we deduce that
ve HY5(Q), Vee(0,1).

This regularity implies that ; Av € H'~#(Q), for all ¢ € (0, 1) hence 8; Av € L?(), for
all p > 1, which allows to show that

il (x, u(x))19; Av € L* ().

More simply as Av belongs to H2¢(Q), for all ¢ € (0, 1), it is bounded in  and conse-
quently

Tj(x,u)Av € L*(Q).
This leads to the final property
A% e L2(Q),
and by Theorem 2 of [6], we conclude that
ve HY(Q).

We have thus shown that D(A; (1)) — H*(Q) N Hoz(Q). As the converse embedding is
direct the proof is complete. O

With the help of this Lemma, the assumption Hy holds with the choice D; = H*(Q) N
H}(2) and Dy = L*(Q).

Since the variational space is included into H 2(Q), the use of continuous FEM is not
appropriate, hence we shall use HCT elements (Hsieh-Cough-Tocher) described in [10] for
instance. Such elements are macro-elements (see Fig. 5) since each triangle K is subdivided
into three sub-triangles K;,i = 1, 2, 3, namely we define

Pg ={veC'(K):v|xeP3(K), 1 <i <3},
and then

) 9
Vi = {uec‘(Q):v|Ke PK,VKe%,,v=a—v=0 on asz} C HX(S).
n

For more details, we refer to [10, p. 341].
As Theorem 6.1.6 of [10] implies that

le — Pugll 2oy S PPHIel gy, Yo € HH(Q) N HG (),

the assumption Hg holds with ¢ (1) = 2.
The fully discrete explicit Euler’s scheme of problem (5.5) is therefore given by: find
Uy+1.n € V), solution of
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Fig.5 The HCT element

smmar

Fig.6 The fully discrete solution: Left u, middle dyu, right d,u, with Az = h = 0.1 at final time 7 = 1

Table 16 Experimental time P AL

. A
convergence rate for different Ar Time steps ||u wh ~ U oo Exp. rate of convergence
with 2 = 0.00625 1
0 0.00375 1.027
1
20 0.00184 1.015
1
0 0.00091 1.04
1
30 0.00044 0.97
1
160 0.000224 1.01
1
0 0.000111
Upt1.n — U

N
/{pl(x, Uni)A( 22) Avy + pa(x, Up p) AUy Avp }dx
Q

At

=f S @, Upp)vop dx, Yoy € V.
Q

We finally illustrate this case by chosing pj(x, u) = % + 11%’ p(x,u) = 11%, the
source term f (¢, u) defined by (4.14) and a zero initial datum «(0) = 0. In Fig. 6, we can see
the fully discrete solution U, ;, and its gradient at final time 7 = 1 with At = h = 0.1. The
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Table 17 Experimental space

convergence rate for different /2 Mesh sizes Iien.h — n 281100 B rte of comergence
with A = 0.001 & 0.00106 1.82

. 0.0003 1.72

- 9.07 x 107> 1.94

& 2.36 x 1079 1.97

o 5.99 x 1070

experimental time (resp. space) convergence rate is presented in Table 16 with iz = 0.00625
(resp. 17 with At = Wloo)’ where an order one in time and two in space is obtained, as
expected from (3.33).

Note that all our numerical tests are performed with the help of the software freefem++

[1].
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