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Abstract The objective of the present paper is to study results that are defined using the
notions of generalization of Janowski classes and k-symmetrical functions. A representation
theorem, coefficients inequality, distortion properties and the result on radius of starlikeness
are discussed.
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1 Introduction and preliminaries

Let A denote the class of functions of form

f@ =2+ a", (1.1)

n=2

which are analytic in the open unit disk i/ = {z € C : |z] < 1}, and S denote the subclass of
A consisting of all function which are univalent in /.
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For two functions f and g, analytic in U, we say that the function f is subordinate to
g in U, if there exists an analytic function w in ¢ such that |w(z)| < 1 with w(0) = 0,
and f(z) = g(w(z)), and we denote this by f(z) < g(z). If g is univalent in I/, then the
subordination is equivalent to f(0) = g(0) and f(U) C gUf).

Using the principle of the subordination we define the class P of functions with positive
real part.

Definition 1.1 [6] Let P denote the class of analytic functions of the form p(z) = 1 +
Y o2 | paz" defined on U and satisfying p(0) = 1, Rp(z) > 0,z € U.

1 .
Any function p in P has the representation p(z) = l;wizi, where w € Q2 and
—w(z
Q={weA: w0 =0, |w)| <1} (1.2)

The class of functions with positive real part P plays a crucial role in geometric function
theory. Its significance can be seen from the fact that simple subclasses like class of starlike
S*, class of convex functions C, class of starlike functions with respect to symmetric points
S; have been defined by using the concept of class of functions with positive real part.

Let P[A, B], with —1 < B < A < 1, denote the class of analytic function p defined on

1+ Aw(z)

————, 7 €U, where w € Q.
14+ Bw(z)

U with the representation p(z) =
we note that
Az

(see[7]).
Z

1+
€ P[A, B]if and only if
p [ ]1an0ny1p(z)<l+3

The class P[A, B, o] of generalized Janowski functions was introduced in [9]. For arbi-
trary numbers A, B, o, with —1 < B < A < 1,0 < « < 1, a function p analytic in ¢ with
p(0) = 1isin the class P[A, B, «] if and only if

I+[(1—a)A+aB]z I+[(1—a)A+aBlw(z)
z) < < pz) = , weE Q.
P 1+ Bz P 1+ Bw(2)

The definition of starlike functions with respect to k-symmetric points is as follows.

Definition 1.2 For a positive integer k, let ¢ = exp (zkﬂ) denote the kth root of unity for

feAlet

k—1
1
Mx(@) =D e f(e" D) e (1.3)
ot Yitie

be its k-weighted mean function.

A function f in A is said to belong to the class S} if functions starlike with respect to k-
symmetric points if for every r close to 1, r < 1, the angular velocity of f about the point
M g, () positive at z = z as z traverses the circle |z| = r in the positive direction, that is

0 {ﬁ} -0
f(@) — My (z0)
for z = zo, |20l = .

Definition 1.3 [11] A function f in A is univalent and starlike with respect to k-symmetric
points, or briefly k-starlike if and only if

zf'(2)
n
{ fi(@)

} >0, zel, (1.4)
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where 1
(@) = %(f(Z) — My5i(2). (1.5)
If f(z) defined by (1.1) then,
f@ =24 xpand", (k=2,3,..), (1.6)
n=2

where

1.7)

1, n=tk+1, 1eN,
=00, n ik + 1.

Al-Sarari and Latha in [1-3] (see also, [4]) studied some classes which related to Janowski
type functions and symmetric points.

Now using the generalization of Janowski functions and the concept of k-symmetrical
functions we define the following:

Definition 1.4 A function f in A is said to belong to the class Sk(A, B,a), (-1 < B <
A<1D),0<a<lif
2f'(2) - I+ [(1-—a)A+aBlz
fi(@) 1+ Bz
where fi(z) defined by (1.6).

zeuU,

We note that for special values of k, «, A and B yield the following classes:

@) S! (A, B, a)=S*(A, B, «) the class introduced by Polatoglu et al. [9];
(i) S¥(A, B,0)=8W (A, B) is the class studied by Kwon and Sim [8];
(i) S*(1, —1,0)= Sp=8; (1, —1), the class is studied by Sakaguchi [11] and etc.
We need the following lemmas to prove our main results.

Lemma 1.5 [5] Let p(z) = 1 + Y o2 | ppz" € P[A, B, a), thenforn > 1,
|pnl < (I —a)(A — B).

Lemma 1.6 pol Any function f € S*(A, B, «) can be written in the form

Flo = L2+ Bu@) = B £ 0,
zexp[(l —a)Aw(z)], if B=0,

where w € Q, and 2 was defined by (1.2).

Lemma 1.7 [10] Let ¢ be convex and g starlike Then for F analytic in U with F(0) = 1,

¢ *F8 wy c coFan)
Pxg

where C O (F (U)) denotes the closed convex hull of F(U).

Lemma 1.8 [9] Let p € P[A, B, ], then the set of the values of p is in the closed disc with
center at C(r) and having the radius p(r), where

_ _ 2 — — .
{cm = (PGl 0), p(r) = USRS if B £ 0,

C(r)=(1,0), p(r)=1—-a)lAlr if B=0.
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2 Main results

Lemma 2.1 Let p € P[A, B, «]. Then

1—(1—a)(A—-B)r—B[(l—a)A+aB]r?

SBEO <)

1 — B%2
1-(1—-a)Ar, ifB=0
1+ (1 —a)(A—Br—B[(1-—a)A+aBlr?
< 1 — B2r2  fB#0,
1+ ({1 —a)Ar, if B=0.

2
Proof The set of the values of p is in the closed disc with center at C (rr) = W
_ (1—a)(A=B)r

and having the radius p(r) =522

using Lemma 1.8, that is

- Bl -)A+aBl?| _(1-a)A- By
1 — B2r2 - 1 — B2r2

@2.1)

Simplifying (2.1), we get the required result . [ |
Theorem 2.2 If f € SK(A, B, ), then f; € S(A, B, ), where fy is defined by (1.6).

Proof Supposing that f € S¥(A, B, a), we can get
'@ 1+10 o)A +aBk
Ji(2) 1+ Bz '
Substituting z by £z in (2.2), it follows

eVzf(ez) - 1+[(1—-—a)A+aBle'z - 1+[(1 —a)A+aB]z
fi(e’2) 1+ Bevz 1+ Bz

(2.2)

hence }
eV Vzf'(e"z) 1+[(1 —a)A+aBlz

<
fl@ 1+ Bz

Lettingv =0, 1,2, ...,k —1in (2.3) and using the fact that P[A, B, «] is a convex set, we
deduce that

(2.3)

ZE YN0 T f(ev2) 1410 - @A +aBl
Sfi(@) 1+ Bz

’

or equivalently
i) 14+[(1 —a)A+aBlz

<
Si(@) 1+ Bz
thatis fi € S(A, B, ). ]

’

Theorem 2.3 Let f € SK(A, B, &), with—1 < B < A <1and0 <« < 1. Then,

oy = | i HOSEITO (4 Bu) T de if B A0,
S+ A — )@@ Texpl(l — @) Aw(0)]de, if B =0,

for some w, w € L.
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Proof Supposing that f € S¥(A, B, «), it follows that there exists a function @ € €2 such

that ~
zf&)_1+u1—mA+amw&)Zeu
Si (@) 1 4+ Bii(z) ' '
Using Theorem 2.2 and Lemma 1.6, we have
1+[(1—0{)A+(¥B]m(2) (] + Bw (Z)) )<A 5)

fl(z) = 1+Bi(z)

Jif B #£0,
[14+ Al —a)w(z)]exp[(l —a)Aw(z)], if B=0,

and integrating the above relations along the line connecting the origin with z € I/ we obtain

our result.

Theorem 2.4 Let f(z) € SY(A, B, a) and is of the form (1.1). Then forn > 2, —1 < B <

A<1l,0<a <l

n—1
[(1—a)(A—-B)— 1]+m
lan| < 1_[ Xm
m+1— Xm+1

m=1

where x,, is defined in (1.7).

Proof By Definition 1.4, we have

2f'(2)
Ji(@)

= p(z), pe€PlA, B, a],

then we have

'@ =1+ paz'lfi()

n=1

by (1.1) and (1.6), we have

) %)
1 — Xl)Z + Z anz |:Z pnzni| |:Z X"anzn:| .
n=1 n=1

Equating coefficients of z” on both sides, we have

1 n—1
an = mnlz:l DPmXn—m@n—m> X1 =1,
by Lemma 1.5, we have
—1
(A=B)(1 —a)
< A= DU
[n - Xn] m=1

Now we want to prove that

n—1

(A—B)(l—a)zx a |<H Xmld—a)(A—B)—1]+m

[n— xnl [m+1—xm,y1]

m=1

For this, we use the induction method.
The inequality (2.7) is true for n = 2 and 3.

2.4)

(2.5)

2.6)

2.7)
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Let the hypothesis be true for n = m, we have

)

(A—B)(1 —a)"! el 0 —a)(A—B)— 1] +r
[ = o] ;X"“" : 1:[1 41— %]

Multiplying both sides by %= (Amff & X ail]l] , we get

[0 @A =B —1tr | xulA= B )= D+m (4= B o) —

R ) e el I TR ;X"“"’
since
Xml(A—B)1—a)—11+m (A-B)(1—-0a) nfx lar |
[m+1— X1l Lol =
- m—1
(A-B)1—-a) Xm(A—B)(l—a)]
= 1 ;
TS T Rl PIL AL
(m—1
A-B)1-wa)
z . Xrlar] + Xmlam|
[m+1— xmy1] _; j|
CA-B(-a) [&
= Tl _Z}xrmrl]
That is " "
(A-B)1—-a) xrld—o)(A—B)—1]+r
|um-§—l|SWrginmﬂfrl;[1 T )
which shows that inequality (2.7) is true for n = m + 1. This completes the proof. |

We now prove the distortion theorem for the class S¥(A, B, a).

Theorem 2.5 If f € S(A, B, a), then

1—(1—a)(A—=B)yr—B[(l —a)A+aB]r? —aA=B)
1 — B2;2 (1—Br ) f B #0, =< |f/(Z)|
[1 — (1 —a)Arlexp[—(1 —a)Ar], ifB=0
1 1—a)(A—B)r — B[(1 —a)A B 1—a
5 + (1 —a)( l)i Bzr[z( o)A + aB]r? 1+ Br)( 1A ifB£0,
[14+ (1 —a)Ar]exp[(l1 —a)Ar], if B=0,

where |z] <r < 1.

Proof For an arbitrary function f € S¥(A, B, a), according to Theorem 2.2 and Lemma 1.6
we need to study the following:

(i) If B # 0, then there exists a function w € 2, such that
fiix)=z(1+ Bw(z)) == , by using Lemma 2.1 and therefore
1—(1—a)(A—B)r—B[(1—a)A+aB]r?

B) < ,
B2 1 < |f @]
1+(1 —a)(A— B)r — B[(1 —a)A + aB]r? (a)A-p)
B2 114+ Bw(2)| .
|zl <r <L (2.8)
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(i)

Since w € 2, we have
1—|Blr <|1+Bw()| <1+ |Blr, |z|]<r<]1.

Case 1If B > 0, using the factthat -1 < B < A < 1and 0 <« < 1, we have

(d=a)(A=B) (d=a)(A=B) (=a)(A=B)

(I—|Blr)— 5 =|1+Bw@| 7 =U+[Blr) 5, |zl=r<]l,

and from (2.8) we obtain

1—(1—a)A—=B)yr—B[(l —a)A+aB]r? (-a)(A=B)
(1—1[Blr) & <If'@|
1 — B%r2
1+ —a)(A— B)r — B[(l —a)A + ozB]r2 (1-a)(A—B)
< s (A+1BIHN T,
lz| <r < 1. (2.9)

Case 2 If B < 0, from the factthat —1 < B < A <1land0 < «a < 1, we have

(-a)(A-B) (-a)(A-B) (-a)(A-B)
(I—=1Blr) 5 =[1+Bw@| 5  =A+I[Blr) 7, [zl=r<]I,

and from (2.8) we obtain

1— (1 —a)(A—B)r—B[(I—a)A+aB]r? (I—a)(A-B)
[ — 52,2 (1—1[Blr) 5 =|f'I
1+ —a)A—B)r—B[(l —a)A+aB]r? (=a)(A-B)
= 52,2 (I+|Blr) 5,
Izl <r < 1. (2.10)
Now, combining the inequalities (2.9) and (2.10), we finally conclude that
1—(1—a)(A—Br—B[(l—a)A+aBlr? (—a)(A-B)
52,2 (1—-Br) 5 =I|f'@]
- 1+ —a)(A—Byr—B[(l —a)A +aB]r? 1+ B G=epn)
1 — B2r2
lzl <r < 1. (2.11)

If B = 0, there exists a function w € €2, such that f;(z) = zexp[(l1 —a)Aw(z)], and
therefore

[1— (1 —a)Arllexp[(1 —a)Aw@)]| < |f' @] < [1+ 1 —a)Ar]
xlexp[(1 —a)Aw()]l, |zl =7 < L. (2.12)

Since |exp [(1 —a)Aw(z)]| = exp[(1 — a)ARew(2)], z € U, using a similar computa-
tion as in the previous case, we deduce

exp[—(1 —a)Ar] < lexp[(1 —a)Aw(2)]| <exp[(l —a)Ar], |z| <r < 1.
Thus, (2.12) yield to

[1— (1 —a)Ar]exp[—(1 —a)Ar] < |f'(2)]
<[+ d—-aArlexp[(1 —a)Ar], |z| <7 <1, (2.13)

which completes the proof of our theorem.
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Theorem 2.6 Let f € SX(A, B, &) and let ¢ be convex. Then (f * ¢) € S¥(A, B, a).
Proof To prove that (f x ¢) € Sk(A, B, a) it is sufficient to show that

2(f*9) (@)

CO(FU)),
(Fronn < COFW)

2f'(@)
where F(z) = AOE Now

Wf 2@ _ af'@) x¢()
(fxdu(@)  (fe() *d(2)
0@+ 4E [
9@ fi@)
by using Lemma 1.7 with fi(z) € S(A, B, a), F € P[A, B, «], that complete the proof. |

3

Corollary 2.7 Let € S¥(A, B, «). Then
Fi(z) € S*(A, B,a), (i=1,2,3,4),

where

Fi(2) = z Malt,

F(z) =

/M ol <lx#1,

F3(2) = / f@)dt,

1
F4(z) = 7+ "L de, Rm > 0.
0

Proof Since

1
Fi() = 1) % f2), ¢1(x) =)~ =log(l —2)7",
0

;

F2(2) = ¢2(2) * f(2),

1 —x" 1 1 —xz
= n— 1 s < 1’ 1,

$2(2) ;n(l_x)z - og( - ) | < 1,x #
> 2 —2[z +log(1 — 2)]

F3(2) = §3() % f(2), $3() =) ——2"= :
0 n+1 z
o

14+m

Fi@) = 4@ % [@). ¢4@) =) ——2". 9m>0.

o n—+m
We note that ¢;, i = 1,2, 3, 4 are convex. Now using Theorem 2.6. [ |

Corollary 2.8 The radius of starlikeness of the class S¥(A, B, a) is
2

_ : (2.14)
(1 —a)(A—B)+/[(1 —a)(A—B)> +4B[(1 — @)A + aB]
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Proof From Lemma 2.1
? @) _ 1= -a)(A-B)r— Bl —a)A + aBJr?
e )~ 1 — B%r? '

Hence for r < r, the first hand side of the preceding inequality is positive this implies (2.14).
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