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Keywords Boundedness - Stability - Lyapunov functional - Third-order delay vector
differential equations

Mathematics Subject Classification 34D05 - 34D20

1 Introduction

In the recent years, the stability theory and asymptotic behavior of differential equations
and their applications have been and still are receiving intensive attention. The problem of
the boundednes and stability of solutions of vector differential equations has been studied by
many authors, who have provided many techniques especially for delay differential equations.

In 1985, Abou El Ala [1] gave sufficient conditions that ensure that all solutions of real
vector differential equations of the form

X"+ FX, X)X"+GX)Y+ HX)= P, X, X', X"),

are ultimately bounded. Afterward, in 2006 Tung [27] also proved some results on the asymp-
totic stability and the boundedness of solutions of vector differential equation

X"+ FX, X, X")X"+GX)+HX) =Pt X, X, X").
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Our aim in this paper, by using Lyapunov second method is to study the asymptotic stability
and the uniform ultimate boundedness of third-order nonlinear vector differential equation
with bounded delay

WXHX"Y +FX, X, X)X"+GX(@t —r@), X'(t —r@)))
+HXE—-r®)) =P, X, X, X", (1.1)

when P = 0 and P # O respectively, in which X € R", ¥ : R* - R™", F : R" x R" x
R'" > R, G:R"XR" > R'",H: R" > R"and P : Ry x R" x R" x R" —
IR"™ are continuous differentiable functions with (H(0) = G(X,0) = 0) and W is twice
differentiable, where r(¢) is differentiable and 0 < r(¢) < y,r'(t) < Bo,0 < By < 1,y will
be determined later, and the primes in (1.1) denote differentiation with respect to ¢, ¢ € RT.

Finally, the continuity of the functions ¥, F, G, H and P guarantee the existence of the
solution of (1.1). In addition, we assume that the functions W, F, G, H and P satisfy a
Lipschitz condition with respect to their respective arguments, like X, X" and X”. In this
case, the uniqueness of solutions of the equation (1.1) is guaranteed.

This work extends further a result given by Graef [10,11], Remili [15-24] and Tung
[28-32].

2 Preliminaries
The symbol (X, Y) corresponding to any pair X and Y in IR" stands for the usual scalar

product Y7 x;y;, thatis, (X, ¥) = 3", x;y;, Thus (X, X) = || X|%.
The following results will be basic to the proofs of Theorems.

Lemma 2.1 [3,4,7-9,25] Let D be a real symmetric positive definite n X n matrix, then for
any X in R", we have

84 I X 1< (DX. X) < A || X II%,
where 84, Ag are the least and the greatest eigenvalues of D, respectively.

Lemma 2.2 [3,4,7-9,25] Let Q, D be any two real n X n commuting matrices, then

(i) The eigenvalues A; (QD) (i =1,2...,n) of the product matrix QD are all real and
satisfy

mikn A (@M (D) =2 (QD) = 1<”}2}(X<n)hj (Q) A (D).

1<j,k=n

(i) The eigenvalues 1; (Q + D) (i = 1,2...,n) of the sum of matrices Q and D are all
real and satisfy.

{1m,in Aj (@) + min A (D)} =4 (Q+D) = {lmax Aj(Q) + max Ay (D)} :
=j=n =k=n <j=<n <k<n
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Lemma 2.3 [2,26] Let H(X) be a continuous vector function with H(0) = 0.

d

(1 o

1
(/ (H(oX),X)do):(H(X),X/).
0

1
) %(/ (aH(aY)Y,Y)da):(H(Y)Y,Y/).
0

d
dt

1

1
3) </ (H(X,0Y)Y, Y)do) =(H(X,Y)Y, Z) +/ (J(HX,oY)Y|X)Y,Y)do.
0 0

Lemma 2.4 [7-9,13,25] Let H(X) be a continuous vector function with H(0) = 0.
1 1
(1) (HX),H(X)) = 2/ / o(Ju(oX)Jg(ctX)X, X)dodr.
0 JO

1
2) (C(t)H(X),X):/ (C(t)Ju(c X)X, X)do.
0

1 1 1
3) / (C(t)H(0 X), X)do =/ / o[{(C(t)Jg(ot X)X, X)ldodr.
0 0 JO
Lemma 2.5 Let H(X) be a continuous vector function and that H(0) = O then,
1
S Il X IIP< / (H(©X),X)do < A | X |
0

where 8y, Ap are the least and the greatest eigenvalues of Jn(X) (Jacobian matrix of H),
respectively.
Definition 2.6 We definite the spectral radius p (A) of a matrix A by
p (A) = max {A/ A is eigenvalue of A}.
Lemma 2.7 For any A € R™", we have the norm | A| = ,/p (ATA) if A is symmetric
then
A= p (A).

We shall note all the equivalents norms by the same notation || X|| for X € IR” and ||A]|
for a matrix A € R"*".

3 Stability

The following notations (see [14]) will be useful in subsequent sections. For x € R”, |x]| is
the norm of x. For a givenr > 0, #; € R,

C(t) ={¢: [ty —r, 1] = R"/¢ is continuous}.

In particular, C = C(0) denotes the space of continuous functions mapping the interval
[—r,0] into R" and for ¢ € C,¢ = sup_, g I¢ (0)| . Cy will denote the set of ¢ such
that ¢ < H. For any continuous function x(u) defined on —h < u < A, where A > 0, and
0 <t < A, the symbol x; will denote the restriction of x () to the interval [t — r, ¢], that is,
x; is an element of C defined by

x,0)=x(t+0), —r<6<0.
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902 L. D. Oudjedi, M. Remili

Consider the functional differential equation
X = ftx), x(@) =x(+0), —r=6<0 120, 3.1

where f : I x Cy — R”" is a continuous mapping, f(1,0) = 0, Cyg = {¢ €
(C[—r,0], R™) : |l¢ll < H}, and for H; < H, there exists L(H;) > 0, with |f (¢, ¢)|
< L(Hy) when ||¢|| < H.

Definition 3.1 [6] An element ¥y € C isin the w — limit set of ¢, say Q(¢), if x(¢, 0, @) is
defined on [0, +00) and there is a sequence {t,,}, t, — 00,asn — oo, with ||x;, (¢)—¥|| = 0
as n — oo where x;,(¢) = x(t, +0,0,¢) for —r <6 <0.

Definition 3.2 [6] A set Q C Cy is an invariant set if for any ¢ € Q , the solution of (3.1),
x(t, 0, ¢), is defined on [0, co) and x;(¢) € Q for ¢t € [0, 00).

Lemma 3.3 [5] If ¢ € Cgis such that the solution x;(¢) of (3.1) with xo(¢) = ¢ is defined
on [0, 00) and ||x;(¢)|| < H1 < H fort € [0, 00), then Q(¢) is a non-empty, compact,
invariant set and

dist(x;(p), Q@) —> 0 as t — oo.

Lemma 3.4 [5] Let V(t,¢) : I x Cyg — R be a continuous functional satisfying a local
Lipschitz condition. V (t,0) = 0, such that:

() W1(|¢(0)|) SVt ¢) < Wa(I¢(0)]) + Wallgll2) where |l = (", g (s)[12ds)2.
(ii) Vet @) < —Wa(l9(0)]),

where, W; (i = 1,2, 3, 4) are wedges. Then the zero solution of (3.1) is uniformly asymptot-
ically stable.

Notation and definitions

The Jacobian matrices Jg, (X,Y), Jo, (X, Y),Ju (X), J(F(X,Y,0)Y|X) and
](F(X, Y, Z)Y|Z) are given by

08i 9gi dh;
Jox X. V) =5~ Joy (X. V)= oy ) In (0 =(=),
J J J

J(FOX Y, 007 [X) = ( Zﬁm) (Zgﬁ yk),
J

Y =

J(F(X, Y, 2)Y|Z) = ( Zfzk)’k) (ZZ }’k>,
k=1 %7

k=

4 Assumptions and main results

The following assumptions will be needed throughout the paper. Leta, b, c, k, K, L, M, B,
and § be an arbitrary but fixed positive numbers, such that the following assumptions are
satisfied:

HI) k<x; (¥(Y)) =K.

(H2) G(X,00=0, b=<ij(Jgy (X.Y)) <M.
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Boundedness and stability in third order... 903

(H3) —L <A (Joy (X, Y)) 0.

(H4) H(©0)=0, § <i; (Ju (X)) <c.

(H5) aK <1;(F(X,Y,2)), »;(J(F(X,Y.00Y|X)) <0, »; (J(F(X,Y,2)Y|Z)) >
0.

For ease of exposition throughout this paper we will adopt the following notation
t
n(t) = / IT ()l ds,
0
d -1 —1 d —1
L@ =W (Ym) =-w (Y(t))[a‘lf(Y(t))]\ll (Y().

t
Al = / {1 (X)) Y () + Tox Y () + o, W (Y () Z(5) ) ds,
t—r(t)
1 1 —1 -1 2
Al =~ (1+7> +aK+5|IGX, Y)Y —b|",

2 k
1 1 1 -1 2
Ar =S (142 )+ IFX Y, ¥ (1)2) —al|”.

The main problem of this section is the following theorem for P(.) = 0.

Theorem 4.1 In addition to conditions (HI)—(HS) being satisfied, suppose that the following
is also satisfied

L[| d
(l)/
0
C

—\I/(Y(s))H ds < 0.
(i) 5 <o <a.

ds

(iii) B < min{(ab — c)(@K)~", (ab — c)AT", i(a —a)As').

Then every solution of (1.1) is uniformly asymptotically stable, provided that
Y < min {8A3_1, 2(1 = Bo)(ab — VALY, K2(1 = Bo)(a — oz)As_l} ,

where

A3 =L+ M +c,
Ay =0 -=-pB)a+a)A3+(L+0)2+a+a+p),

and
As =2K( — Bp)As+ MKQ2+o+a+ B).

Proof We write the Eq. (1.1) as the following equivalent system

X =Y
Y =v )z
Z =-F(X, v,y 'MZ)W ' ()Z-GX,Y) - HX)+ AQ®). (4.1)

We shall use as a tool to prove our main results a Lyapunov function W = W (¢, X;, Yr, Z;)
defined by

W(Xt, Y[, Z[) = exp <—%> V(Xt, Yt7 Z[) = eXp <_%) V, (4.2)
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904 L. D. Oudjedi, M. Remili

where

1 1
V= (oc—i—a)/ (H(@X), X)do +2/ (G(X,0Y),Y)do
0 0

1
+ (a —l—a)f o(F(X,0Y,0)Y,Y)do
0

+2(H(X),Y) + (W NY)Z, Z) + ap(¥(Y)X,Y)
+B(X, Z) + (@ +a)(Y, Z)

1 1 0 t
+ lepx. x) 4 Lprry + / f (1Y O + 221 Z0) 1) dods, (4.3)
2 2 —r(0) Jr+s

such that u is positive constant which will be specified later in the proof. From the definition
of V in (4.3), we observe that the above Lyapunov functional can be rewritten as follows

1 1
V= é / [ o ([(e+a)b—2Jy(ta X)) Ju (0 X)X, X) drdo
0 JO

1 rl
+2/ / o ([Joy (X, t0Y) = bI|Y,Y)drdo
0 JO

FZIHGO +BY I+ /01 (| @+ aoroor.o - e +aywm] vy )ao
+%||aw%(Y)Y+\IJ%'(Y)ZII2

+%||,6\1/%(Y)X+aq;%(Y)Y

FUTOZIP 4 JBIVIP + AT~ PYO)X, X)

0 t
+/ f (MY @)1 + 2211 Z(0)]17} dbds.
—r(t) Jt+s
Since
0 t
/ /{MIIY(G)IIZ+?»2||Z(9)||2}d9ds
—r(t) Jt+s

is positive and using the conditions (i)—(iv) and (vi) of the theorem, we find

1
= % [(a +a)b —2c + %ﬁa) - ﬁK)] IX)12 + S1B+eK —a|Y|?

1 1 -1 1 1 1 -1
+ Ella\Iﬁ(Y)Y +UT(NZ)* + Ellﬁ\Iﬂ(Y)X +avI(V)Y + W7 (Y)Z|>.
From (ii) and (iii) we obtain that for sufficiently small positive constant §;
Vs (IXIP+ Y12+ 1Z1%). (4.4)

Assumptions (iii) and (vii) imply the following:

n(0) =/ IT(s)llds < K—2/
0 0

this may be combined with (4.4) to obtain

%\D(Y(s))H ds < N < o0,

_N
W =8 (IXIP+ 1Y I+ 1Z17) . 4.5)
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Boundedness and stability in third order... 905

Now, we can deduce that there exists a continuous function W; with
Wi(l¢(0)) =0 and Wi(l¢(0)]) < W(z, ¢).

The existence of a continuous function W (|¢ (0)]) + W3 (||¢||2) which satisfies the inequality
W, ¢) < Wa(lp0)) + W3(ll@ll2), is easily verified.
Now, let (X, Y, Z) = (X(¢), Y(¢), Z(t)) be any solution of differential system (4.1).
Differentiating the function V, defined in (4.3), along system (4.1 ) with respect to the
independent variable ¢, we have

1
V' = (a+ a)f (J(F(X,0Y,0)Y|X)Y,Y)do + ap(¥(Y)Y,Y)
0

+{((BX + (@ +a)Y +20~1¥)2), A(D))
+r@MIY 2+ 220 Z13) + B, (I + ¥ (¥)Z)

1
+2/ Joy (X, 0Y)Y,Y > do — B(X, G(X,Y) — bY)
0

—-B(X. [FX. Y, 9" (V)Z) - al] Z)

—BX, HX)) — ([(« + a)G(X, Y) — 2/ (X)Y], Y)
—(2F(X. v, ¥ ' M2Z2) v (¥) — (@ +a)I] Z, ¥ (V)Z)
+(T(OZ, Z) — aB(W(Y)T(OW(Y)X, Y)

—(a+a) <[F<X, Y, \y—l(Y)z> —F(X,Y, 0)} Y, \y—l(Y)z>
—a- r’(z))/ IO+ 21Z0 ) ds
t—r(t

Using the Schwartz inequality 2 |(U, V)| < ||U ||2 + ||V ||2, we obtain the following

(BX + (@ +a)Y + 29~ 1Y) Z), A®D))

A3 2 2, 2 2
< 7r(t)(/3||X|| + (@ +a)||Y]| +k7||Z|| )
M ! )
+—Q+a+a+p) 1 Z(s)|1>ds
2k? —r(0)
1 t
+§(2+a+a+/3)(L+c) Y (s)|1%ds.

t—r(t)

Since
F(X,Y,2)—F(X,Y,00=J(F(X,Y,02)|2)Z with0<#6 <1,

then by (HS5) we get

Q=—(a+a) <[F<X Y, \IJ_I(Y)Z) — F(X,Y, 0)] Y, \IJ_l(Y)Z>
=—(a+ a)J(F(X, Y, 9\11’1(Y)Z)Y|Z> w=trz|?* <o,
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906 L. D. Oudjedi, M. Remili

Consequently by the hypothesis (H1)-(HS) we get
Az 2 1
Vs S (ﬁﬂxn2 +(@+a) Y|+ k—2||Z||2) +r@®MIYI* +r20Z)1%) - EﬁSIIXIIZ
2
_ o 1 1 —1 -1 _ 2 2
ab—c— B 5 1+k +aK +87NGX, Y)Y bIZ |t IY I

- i(a—a)—,s 1 1+1 +8 YWFX, Y, v\ 2Z) —all? |} 2]
2K 2 k T

- :%uax +2(G(X,Y) = bY)|? - :%H(SX +2(FX, Y, v~ '(V)2) —aD)Z|?

1 K?
— (@b =Y |? = @ —)lZI* + T 0] (uzn2 + P axie + ||Y||2>)

t
- |:A1(1—r’(t))—%(2+a+a+ﬂ)(L+c)]/ ()||Y(s)||2ds
t—r(t

M t
- |:)\2(1—r/(t))— ﬁ(2+a+a+ﬂ)i|/ o 1 Z(s)|ds.
t—r(t

Now, in view of estimates (ii), (iii), the fact that 0 < r(r) <y and r'(t) < By 0 < By < 1,
we have

apK?
2

1 , [ 1 As 5
—yeb—c—|Zl@tadstay IYIT -y spl@—a) = {7+ 2 )y lZ]

v < —g [6 — Asy ] IIXI* + T @)l <||Z||2 + AX1%+ ||Y||2>)

t

1
- )»1(1—ﬂo)—§(2+a+a+ﬂ)(L+C)]/ ()lIY(S)IlzdS
L t—r(t

s . t
) P ﬁ(2+a+a+ﬂ)]/ 1Z(s)|%ds.
t

—r(1)

Let
QRQ+a+a+B)(L+c) MQ2+a+a+pB)
Al = and A =
21— o) 2k2(1 — fo)
Hence,
V' < —g [5 = Asy JIXIZ + NP OIIX I + 1Y 12+ 1Z17)
B o l Q4+a+a+ p)(L+c) 2
ab—c |:2(a+a)A3+ N }y}nYn
1 A3 MQ+a+a+p) 5
- ﬁ(a—w)—(k2 + %20~ fo) )V}IIZII,
2
where Ni = max 1,aﬂTK}.
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8
Using (4.2), (4.4) and taking p = ﬁl we obtain:
1

Nm(t)> < v N1|F(I)|V>
dt 81

(-

p< Nm(t)) [_g [5 — Asy] IXP
|
|

d
—W =exp

d

2(1 = o)

1 A3y MQ+a+a+p) )
(@ —a) - (k2+ AT )y]nzn]. (4.6)

ab—c — [%(a+a)A3+ (2+a+a+ﬂ)(L+C)]V}||Y||2

2K
Provided that

y < min {aA;I, 2(1 = Bo)(ab — ) A" K2(1 — fo)(a — a)Agl} ,

the inequality (4.6) becomes

d
—W(X:, Y, Z) < =&(IXI* + 1YI> + 1 Z]|*), forsome & >0.  (4.7)

dt
Thus, all the conditions of Lemma 3.4 are satisfied. This shows that every solution of (1.1)
is uniformly asymptotically stable. O

5 Boundedness of solutions

First, consider a system of delay differential equations
X' =F(t,x), x0)=xt+0),—r <6<0,t>0, (5.1)

where F : R x Cy —> IR" is a continuous mapping and takes bounded set into bounded
sets.
The following lemma is a well-known result obtained by Burton [5].

Lemma 5.1 [5] Let V (t,¢) : R x Cy —> R be a continuous and local Lipschitz in ¢. If

M) W (x () = V(x) < Wi (x OD+ W2 (f) Wa (x (9)]) ds ),

(i1) V5 h= < W3 (Ix (s))+M for some M > 0, where W (r), W; (i =1, 2, 3) are wedges,

then the solutions of (5.1) are uniformly bounded and uniformly ultimately bounded for
bound B.

To study the ultimate boundedness of solutions of (1.1), we would need to write (1.1) in
the form

X' =Y
Y =v )z
Z = -F(X, Y, '\MZ)v'(")Z - G(X,Y) — HX) + A1)
+P, X, Y, v N(¥)2). (5.2)

Thus our main theorem in this section is stated with respect to (5.2) as follows:
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908 L. D. Oudjedi, M. Remili

Theorem 5.2 One assumes that all the assumptions of Theorem 4.1 and the assumption
[P X, Y, Z)| < p1(t) + p2OUXIT+ Y+ 11ZID) (5.3)
hold, where p1(t) and p,(t) are continuous functions such that
p1(@) = po p2(1) <,

where € and po are positive constants. Then all solutions of system (5.2) are uniformly
bounded and uniformly ultimately bounded.

Proof Along any solution (X (¢), Y (¢), Z(t)) of (5.2), we have

d d _ -
Vs = Wan + BX + (@ +a)Y +207'(V)Z, P(t, X, Y, ¥~ (V) 2Z)).

From (4.7), we obtain

d -
W52y = =HAXIP+ 1Y I2+IZID + k(X + 1Y+ 1ZDIPE, X, ¥, 9= () 2),

2
where k| = max {,8, o—+a, E}
Choosing € < 3_l/<]_182, then kp = 6, — 3k1€ > 0.
In view of (5.3) we have

d K2 3 _
W2y = =S UXIP+IYI2+1ZIP) + Jeipiey (5.4)

since

2 2 2
K2 _ _ _
2[<IIXII—K1POK21> +<|IY||—K1POK2 1) +<||Z||—K1P0K21> }20,

for all X, Y and Z. From estimate (5.4), the hypothesis (ii) of Lemma 5.1 is satisfied. Also
from estimates (4.5) and by the fact that W(z, ¢) < Wa(|lp|) + W3 (ftt_r(t) Wa(o(s))ds),
then condition (i) of Lemma 5.1 follows. This completes the proof of the theorem. m}
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