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1 Introduction

A symmetry in general relativity is a smooth vector field whose local flow diffeomorphisms
preserve certain mathematical or physical quantities [8,9]. So, one can regard it as vector
fields preserving certain geometric quantities like the metric tensor, the curvature tensor or the
Riccitensorin general relativity. Symmetries of the geometrical or physical relevant quantities
of the general relativity theory are known as collineations. The geometrical symmetries of
the spacetime are expressible through the vanishing of the Lie derivative of certain tensors
with respect to a vector. In literature, these can be represented as Ly A = 0, where A is the
geometric or physical object, X is the vector field generating the symmetry and Ly denotes
Lie differentiation with respect to the vector X. The collineations of the Ricci tensor are
called the Ricci collineations.
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A paracontact metric manifold whose characteristic vector field £ is a harmonic vector field
is called an H -paracontact manifold. In [2], Calvaruso and Perrone proved that & is harmonic
if and only if € is an eigenvector of the Ricci operator for contact semi-Riemannian manifolds.
Calvaruso and Perrone [3] proved that all three-dimensional homogeneous paracontact metric
manifolds are H-paracontact.

Recently, Kiipeli Erken and Murathan [10] have studied the harmonicity of the charac-
teristic vector field of three-dimensional paracontact metric manifolds and proved that £ is
a harmonic vector field if and only if £ is an eigenvector of the Ricci operator. In the same
study, the authors characterized the 3-dimensional H -paracontact metric manifolds in terms
of («, w, v)-paracontact metric manifolds.

In [6,7], Cho study contact three manifolds with Ricci collineation respect to Reeb vec-
tor field £. But no effort has been made to investigate the paracontact counterpart. In [4],
Calvino-Louzao et.al. determined all left-invariant Ricci collineations on three-dimensional
Lie groups. In the present work, we concentrate on three-dimensional paracontact metric
manifold whose Ricci operator Q is invariant along the Reeb flow, that is, £ O = 0.

Overview Here is the plan of the paper: Sect. 2 is focused on basic facts for paracontact
metric manifolds and harmonicity of the characteristic vector field of three-dimensional
paracontact metric manifolds. In Sect. 3, we proved that the Ricci operator Q on a paracontact
metric manifold is invariant along the Reeb vector field if and only if the manifold is « #
—1-nullity paracontact manifold and n-Einstein. Especially we showed that if M is a 3-
dimensional (—1, u = const.) paracontact metric manifold with b, type then L Q = 0.

2 Preliminaries

An (2n+ 1)-dimensional smooth manifold M is said to have an almost paracontact structure
if it admits a (1, 1)-tensor field ¢, a vector field £ and a 1-form 5 satisfying the following
conditions:

i) n@ =1 ¢*=1-nQE,
(i1) the tensor field ¢ induces an almost paracomplex structure on each fibre of D = ker(7),
i.e. the +1-eigendistributions, DE = Dy (£1) of ¢ have equal dimension #.

From the definition it follows that & = 0, n o ¢ = 0 and the endomorphism ¢ has rank
2n. On an almost paracontact manifold, one defines the (1, 2)-tensor field N M by

NDX,Y) = (¢, 9] (X,Y) — 2dn(X, Y)E,
where [¢, ¢] is the Nijenhuis torsion of ¢

(¢, $1(X,Y) = ¢° [X, Y1+ [$X, Y] — ¢ [#X, Y] — $ [X, $Y].

If N vanishes identically, then the almost paracontact manifold (structure) is said to be
normal [14]. If an almost paracontact manifold admits a pseudo-Riemannian metric g such
that

8@X, pY) = —g(X, Y) + n(X)n(Y), 2.1

for all X, Y € I'(T M), then we say that (M, ¢, &, n, g) is an almost paracontact metric
manifold. Notice that any such a pseudo-Riemannian metric is necessarily of signature (n +
1, n). For an almost paracontact metric manifold, there always exists an orthogonal basis
{X1,...,Xn, Y1,...,Y,, &} such that g(X;, Xj) = 8,']', g(Y;, Yj) = —(S,’j and ¥; = ¢X;,
forany i, j € {1, ..., n}. Such basis is called a ¢-basis.
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In addition, if dn(X, Y) = g(X, ¢Y) for all vector fields X, Y on M then (M, ¢, &, 1, g)

is said to be a paracontact metric manifold. In a paracontact metric manifold one defines a

symmetric, trace-free operator 1 = %Eggo. It is known [14] that & anti-commutes with ¢ and
satisfies trh = 0 = h& and

V& = —¢ + ¢h, (2.2)

where V is the Levi—Civita connection of the pseudo-Riemannian manifold (M, g). More-
over, h = 0 if and only if £ is a Killing vector field and in this case (M, ¢, &, n, g) is said to be
a K-paracontact manifold. A normal paracontact metric manifold is called a para-Sasakian
manifold. Also, in this context, the para-Sasakian condition implies the K -paracontact con-
dition and the converse holds only in dimension 3 (see [1]). Moreover, in any para-Sasakian
manifold

R(X,V)§ = —((¥)X — n(X)Y) 2.3)

holds, but unlike contact metric geometry the condition (2.3) not necessarily implies that the
manifold is para-Sasakian. Using (2.2 ), one can get

R(X, V)E = —(Vx@)Y + (Vy@)X + (Vxph)Y — (Vyoh)X. 2.4)
In [14], Zamkovoy proved that
(Veh)X = —pX + 120X + gR(E, X)E. (2.5)
Moreover, he showed that Ricci curvature S in the direction of & is given by
S, &)= —2n+trh? (2.6)

where (X, Y) = g(QX, Y). Henceforward, we denote S;; = S(e;, e;) fori, j =1, 2.

An almost paracontact structure (¢, &, ) is said to be integrable if Ny(X,Y) € I'(R§)
whenever X, Y € I'(D).

In [13], Welyczko proved that any 3-dimensional paracontact metric manifold is always
integrable. So for 3-dimensional paracontact metric manifold, we have

(Vxp)Y = —g(X —hX,Y)§ +n(Y)(X — hX). 2.7

Definition 2.1 [10] A 2n + 1-dimensional paracontact metric (x, 1, v)-manifold is a para-
contact metric manifold for which the curvature tensor field satisfies

R(X,Y)§ =k (n(Y)X —n(X)Y) +u (n(¥Y)hX
—n(X)hY) +v ((Y)phX — n(X)phY), (2.8)

forall X, Y € I'(T M), where k, i, v are smooth functions on M.
The authors proved following theorems

Theorem 2.2 [10] Let (M, ¢, &€, n, g) be a 3-dimensional paracontact metric manifold. & is
a harmonic vector field if and only if the characteristic vector field & is an eigenvector of the
Ricci operator.

Theorem 2.3 [10] Let (M, ¢, &, 1, g) be a 3-dimensional paracontact metric manifold. If the
characteristic vector field & is harmonic map then the paracontact metric (k, |, v)-manifold
always exists on every open and dense subset of M. Conversely, if M is a paracontact metric
(k, i, v)-manifold then the characteristic vector field & is harmonic map.
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Beside the other results, the different possibilities for the tensor field /# are analyzed in
[101].

The tensor h has the canonical form (I) Let (M, ¢, &, 1, g) be a 3-dimensional paracontact
metric manifold.

U ={peM|h(p)#0} C M,
U, = {p e M| h(p) =0, in aneighborhood of p} C M.

Here, & is a smooth function on M. Therefore, U; U U, is an open and dense subset of M.
Thus any property satisfied in Uy U U is also satisfied in M. For any point p € U U U, there
exists a local orthonormal ¢-basis {e, e, £} of smooth eigenvectors of 4 in a neighborhood
of p, where —g(e,e) = g(pe, pe) = g(£,&) = 1. On Uj, we put he = Xle, where X is
a non-vanishing smooth function. Since trh = 0, we have hpe = —Aige. The eigenvalue
function X is continuous on M and smooth on Uy U U,. So, h has following form

A0 O
0 —x 0 (2.9)
0 0 O

with respect to local orthonormal g-basis {e, pe, £}. In this case, we will say the operator h
is of f1 type. Using same method with [11,12], we have

Lemma 2.4 [10] Let (M, ¢, &, 1, g) be a 3-dimensional paracontact metric manifold with h
of b1 type. Then, the following equations are valid for the covariant derivative on the subset
Uj.

. 1 .. 1

(i) Vee = T [o(e) — (pe)(M)]pe, (ii) Vepe = o [o(e) — (pe)(M)]e + (1 —2)8,

(i) Ve = (A — Doe,
. 1 1
(iv) Vyee Ty [o(pe) +e(M)]pe — (A + 1§, (V) Vyepe = o [o(pe) +e(M)]e,

(Vi) Vge§ = —(A + De,
(vii) Vee = bge, (viii) Vepe = be,
(ix)[e, 6] = (A —1—="D)gpe, (x)[pe, ] = (=2 —1—b)e,

1 1
(xi) [e, pe] = BT [o(e) — (pe)(M)]e + oh [o(pe) +e(X)] pe + 2§, (2.10)

where
b= g(Vge, pe), o = S(§, -)kerr]-

Proposition 2.5 [10] Let (M, ¢, &, 1, g) be a 3-dimensional paracontact metric manifold.
If h is by type then on the subset Uy we have

Veh = —2bhg + £(L)s, @2.11)

where s is the (1, 1)-type tensor defined by s&€ = 0, se = e, spe = —ge.

Lemma 2.6 [10] Let (M, ¢, &, 1, g) be a 3-dimensional paracontact metric manifold. If h
is b1 type then the Ricci operator Q is given by

OQ=ail +bin®& —o(Veh) + o (¢*) ®E —o(e@e+o(pe)n®@ge,  (2.12)
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where ay and by are smooth functions defined by a; = 1 — A% + 5 and by = 3021 -5,
and r denotes scalar curvature. Moreover the components of the Ricci operator Q are given
by

0§ = (a1 +b1)§ —o(e)e +o(pe)ye,
Qe = o(e)§ + (a1 — 2br)e — E(M)pe,
Qpe = o(pe)é§ +E(N)e + (ar + 2br)ge. (2.13)
From (2.13), we get
S11 = —(a; —2br), S12 = —EV), Soo = ay + 2bA, S11 + Sy = 4bA. (2.14)

The tensor h has the canonical form (Il) Let (M, ¢, &, n, g) be a3-dimensional paracontact
metric manifold and p is a point of M. Then there exists a local pseudo-orthonormal basis
{e1, ea, £} in a neighborhood of p where g(ey, e;) = g(ez, e2) = gle1, &) = g(e2, ) =0
and g(ey,ex) = 1.

Lemma 2.7 [10] LetU be the open subset of M where h # 0. For every p € U there exists an
open neighborhood of p such that he; = ey, hey = 0, hé = 0 and pe; = *eq, per = Feo.

000
Hence the tensor 4 has the form | 1 0 O | relative a pseudo-orthonormal basis {e1, €2, £}.
000
In this case, we call & is of b type.
Remark 2.8 [10] Without loss of generality, we can assume that pe; = e per = —er.

Moreover one can easily get 42 = 0 but i # 0.

Lemma 2.9 [10] Let (M, ¢, &, 1, g) be a 3-dimensional paracontact metric manifold with h
of b type. Then, the following equations are valid for the covariant derivative on the subset
u

6) Velel = —bre1 + &, (i) Vglez =brey + &, (iii) Vglf = —e| —e3,
(iV)Veye1 = —c2e1 —§, (V) Voo = c2e2, (Vi) Vy§ = e2,
(vii) Veey = agey, (viii) Veep = —aner,
(ix)[e1, 6] = —(1 + az)er — ez, (X)[e2, ] = (1 + az)er,
(xi) [e1, e2] = caeq + baep + 26. (2.15)

where ay = g(Veey, e2), by = (Ve ez, e1) and ¢, = —%0(61) = —%S(S, ey).

Proposition 2.10 [10] Let (M, ¢, &, 1, g) be a 3-dimensional paracontact metric manifold
with h of by type. Then, we have
Veh = 2ax¢h, (2.16)

onlU.

Lemma 2.11 [10] Let (M, ¢, &, 1, g) be a 3-dimensional paracontact metric manifold with
h of b type. Then, the Ricci operator Q is given by

0=(143)1-(3+5)n@E—0(Veh +0@) @E+oem@er  217)
2 2
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A consequence of Lemma 2.11, we can give the components of the Ricci operator Q by
following,

Q& = =2& +o(er)en,
Qe = a(ens + (1+3) e1 — 2men,
Oey = (1 + %) es. (2.18)

The tensor h has the canonical form (Ill) Let (M, ¢, &, n, g) be a 3-dimensional paracon-
tact metric manifold and p is a point of M. Then, there exists a local orthonormal ¢-basis
{e, pe, £} in a neighborhood of p where —g(e, ¢) = g(pe, pe) = g(§,&) = 1. Now, let U;
be the open subset of M where & # 0 and let U be the open subset of points p € M such
that # = 0 in a neighborhood of p. U; U U is an open subset of M. For every p € Uy, there
exists an open neighborhood of p such that he = Lpe, hpe = —Ae and h€é = 0 where A is a
non-vanishing smooth function. Since trh = 0, the matrix form of 4 is given by

0 - 0
h=|A 0 0 (2.19)
0 0 0

with respect to local orthonormal basis {e, ge, £}. In this case, we say that & is of h3 type.

Lemma 2.12 [10] Let (M, ¢, &, 1, &) be a 3 -dimensional paracontact metric manifold with
h of b3 type. Then, the following equations are valid for the covariant derivative on the subset
Ui
(1) Vee = azpe + A&, (i) Vope = aze + &, (iii) V.& = —pe + Ae,

(iv) Vyee = bzpe — &, (V) Vyepe = bze + 15, (Vi) V& = —e — Age,

(vii) Vee = dzpe, (viii) Vepe = dze,

(ix)[e,§] = re — (1 +-d3)pe,  (x)[pe, ] = —(1 +d3)e — Agpe,

(xi) [e, pe] = aze — bype + 2€. (2.20)

where a3, bz and dx are defined by

as

1
o [o(pe) + (pe)(M)], o(e) =S, e),

1
by = —lo(e) — e, olpe) = SE ge),
d3 = g(Vee, pe)

respectively.

Proposition 2.13 [10] Let (M, ¢, &, 1, g) be a 3-dimensional paracontact metric manifold
with h of b3 type. So, on the subset Uy we have

Veh = —2d3he +§(L)s, (2.21)
where s is the (1, 1)-type tensor defined by s& = 0, se = pe, spe = —e.

Lemma 2.14 [10] Let (M, ¢, &, n, g) be a 3-dimensional paracontact metric manifold with
h of b3 type. Then the Ricci operator Q is given by

Q=g 1+ @t —o(Veh) +0(§P) Q& —a(en®@e+o(pe)y e,  (2.22)
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where g3 and f3 are smooth functions defined by gz = 1+ 2> + 5 and f3 = 32+ —L,
respectively. Moreover the components of the Ricci operator Q are given by

08 = (g3 + f3)§ —o(e)e + o (pe)pe,
Qe = o(e)é + (g3 +&E(0))e — 2d3Agpe,
Qe = o (pe)é + 2dsre + (g3 + E(L))gpe. (2.23)

From (2.23), we get
S11 = —(g3+E&A)), S12 = —2d3A, Sx2 = (g3+&(X)), S11— 822 = —2(g3+&(1)). (2.24)

3 Ricci collineations on 3-dimensional paracontact metric manifolds

Lemma 3.1 [13] If M is a 3-dimensional para-Sasakian manifold, then h = 0.

Lemma 3.2 [14] The Ricci curvature S of a 2n + 1)-dimensional para-Sasakian manifold
M satisfies the relation

S(pX, YY) = =S(X,Y) = 2nn(X)n(Y),
S(X, £) = —2nn(X). 3.1)

We recall that the curvature tensor of a 3-dimensional pseudo-Riemannian manifold sat-
isfies

RX,Y)Z =g(Y,2)0X —g(X,Z2)QY +g(QY, 2)X — g(0X, Z)Y
r
—E(g(Y, 2)X - g(X, 2)Y) (3.2)
for all vector fields X, Y, Z, where r denotes the scalar curvature.

Proposition 3.3 A 3-dimensional para-Sasakian manifold satisfies
SX.¥) = (143) (0. 1) = (3+ ) nCOn().
which means that it is n-Einstein.
Corollary 3.4 Fora 3-dimensional para-Sasakian manifold & (r) = Oifand only if L Q = 0.

First of all, we will investigate three possibilities according to canonical form #.
Case 1: We suppose that 4 is h3 type.

Lemma 3.5 Let (M, ¢, &, 1, g) be a 3-dimensional paracontact metric manifold. If h is b3
type then on the subset Uy we have,

If LeQ =0, then Ve Q = 0and Q§ = p&, where p is a function.
Proof Assume that M satisfies L¢ Q = 0. In this case, we have

Le(QX) - Q(L:X) =0
[§. OX]— Q[5, X] = 0.

By (2.2), we obtain an equivalent equation to L¢ Q = 0 as follows

(Ve DX = (Qp — Q)X + (9hQ — Qo) X. (3.3)

@ Springer



672 I. Kiipeli Erken, C. Murathan

We first note that, since Ve Q and Q¢ — ¢ Q are self-adjoint operators, it easily follows that
Q¢h —¢hQ = Qhy —heQ.

Using the anti-commutative property & with ¢ in the last equation, we get

Qph = ¢hQ. (34

Applying & to both sides of (3.4), we then get h Q& = 0. Using this in the first equation of
(2.23), we have Q& = p&, p = —2(A2 4+ 1) on the subset U;. Clearly, using relation (3.4) in
(3.3), we get
VeQ = Q¢ — ¢0. (3.5
In view of the last equation, one can easily calculate (V¢ S)(§, &) = 0. So, by Ve& =0, one
can get £(A) = 0. Moreover, from (2.23), we have
Si2 = %1, Sii=-5:. (3.6)

Applying e to (3.4) and taking inner product with ge with respect to g, the last relation returns
to
Si2=81=0, S11=-5. (3.7)

on Uj. So, using last equation in (2.24), it follows that d3 = 0 and (2.23) can be given by

Q& = pé,

Qe = gze,
Qge = g3gpe. (3.8)
Obviously, from the last equation, we have Q¢ = ¢ on Uj. Hence, from (3.5), we get
VeQ =0onUj. [m}

We now check whether A is constant or not.
In view of (3.2) and Lemma 3.5, the following formulas hold in U
R(e, pe)pe = Qe+ (1 + )Lz)e,
R(e, pe)e = Qge + (1 + 1 )ge,
R(ge, £)pe = (1 + 217,
R(e,§)e = —(1 + 18,
R(e, )5 = —(1 417,
R(pe, £)5 = —(1+27)ge, (3.9)
where R(e;, ej)e; = 0, fori # j # k.
On the other hand, taking into account, (2.20) and (3.9), direct calculations give
(VeR)(ge, §)pe = e(1+ 325 + 1(g3 +2(1 + 2%)e,
(VgeR)(E, )pe = —1(g3 + 2(1 + 2%)e,
(VeR) (e, pe)pe = &(g3)e,
(VgeR)(e. £)e = —Ge(1 + A1)E + A(gs +2(1 + AD)ge.
(VeR)(E, pe)e = —h(g3 +2(1 + AD))pe,
(VeR)(pe, e)e = —§(g3)pe. (3.10)

With the help of second bianchi identity and (3.10), we find e(A) = 0 and ge(X) = 0.
Regarding £(1) = 0, we can conclude that A is constant on M.
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So we can state following
Lemma 3.6 X is constant.

Using Lemma 3.6, (2.20) returns to
() Vee = A&, (ii) V.pe = §,
(iii) V& = —pe + Le,
(iv) Vgee = —§, (V) Vgepe = AE,
(Vi) Vpe& = —e — Age,
(vii) Vee = 0, (viii) Vege =0,
(ix) [e,§] = —pe + e, (X)[pe, ] = —e — Aye,

(xi) [e, pe] = 2¢. (3.11)
In view of (3.9) and (3.11), we have
Qe=0,0¢e=0, Q&=—207+1%E. (3.12)

From (3.12) we can easily see that (L: Q)e = (L¢ Q)pe = 0.

Case 2: We suppose that & is  type.

As the proof of the following lemma is similar to Riemannian case [6], it is not stated
here.

Lemma 3.7 Let (M, ¢, &, 1, g) be a 3-dimensional paracontact metric manifold. If h is b
type then on Uy we have,
L:Q =0ifandonly if Ve Q = 0and Q& = p&, where p is a function.
We now check whether A is constant or not.
In view of (3.2) and Lemma 3.7, the following formulas hold in U
R(e, pe)pe = Qe + (1 — Az)e,
R(e, pe)e = Qge + (1 — 37)ge,
R(pe,§)pe = (1 =27,
R(e,§)e = (1> = DE,
R(e, )€ = (3% = De,
R(ge, £)5 = (3 = Dye, (3.13)
where R(e;, ej)ey =0, fori # j # k.
On the other hand, taking into account, (2.10) and (3.13), direct calculations give
(VeR)(ge, E)pe = e(1 = 27)E,
(VyeR)(§, e)pe = 0,
(VeR)(e, pe)pe = &(ay)e,
(VgeR) (e, §)e = pe(A” — )&,
(VeR)(§, pe)e = 0,
(VeR)(pe, e)e = —&(ay)pe. (3.14)
With the help of second bianchi identity and (3.14), we find e(A) = 0 and ge(X) = 0.

Regarding £(A) = 0, we can conclude that A is constant on M.
So we can state following
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Lemma 3.8 A is constant.
Using Lemma 3.8, (2.10) returns to

(i) Vee =0, (i) Vepe = (1 — )8,
(iii) Ve§ = (A — De,
(iv) Vgee = —(A + D&, (V) Vyepe =0,
(Vi) Vge& = —(A + De,
(vii) Vge = 0, (viii) Vege =0,
(ix)[e.€] = A — Dge, (x)[pe.&]=—(A+ De,

(xi) [e, pe] = 2&. (3.15)
In view of (3.13) and (3.15), we have
Qe =0, Qpe =0, 0 =2(1% — 1)E. (3.16)

From (3.16) we can easily see that (Lz Q)e = (L¢ Q)pe = 0.

Theorem 3.9 Let M be a 3-dimensional paracontact metric manifold. Then L¢ Q = 0 if and
only if M is a «-nullity paracontact manifold with k # —1 and n-Einstein.

Proof Case 1: Assume that M is a 3-dimensional paracontact metric manifold with 4 of b3
type whose Ricci operator Q satisfies £z Q = 0. Taking into account Theorem 2.2, Theorem
2.3 and Lemma 3.5, together we obtain that M is a « -nullity paracontact manifold with
k = —1 — 22, Moreover using [5, Corollary 5.12], we have M is n-Einstein. Conversely,
let M is n-Einstein. So we have Q = Al 4+ Bn ® & where A and B are smooth functions
on M. If we take the covariant derivative according to &, we get Ve Q = 0. We proved that
Q¢ = ¢Q in the proof of Theorem 2.3. So if we use this we get L Q = 0. The proof of
Case 2 is similar to Case 1. This completes the proof of the theorem. O

Case 3: We suppose that & is h; type.

Theorem 3.10 Let (M, ¢, &, n, g) be a 3-dimensional paracontact metric manifold. If h is
ha type then on Uy we have,

LeQ = 0ifand only if § (o (e1))—(1+ax)o(e1) =0, £(r) = 0 and &(az)—2ax(14a2) = 0.
Proof We suppose LgQ = 0. Using (2.15) and (2.18 ), we have
(LeQ)ey = 0= [§, Qer] — O[5, e11 =0
= &(0(e) — (I +axoler) =0, &§0r)=0, &(a2) —2ax(1+a2)=0
(LeQ)er = 0= [§, Qea]l — Q[§, 21 =0
=&@r)=0
(L:Q)§ = 0= [, Q5] - Q[§.6]=0
= §(o(e1) — (1 +ax)o(er) =0.

The proof of the converse side is clear. O

Corollary 3.11 IfM is a 3-dimensional (—1, u = const.) paracontact metric manifold with
b2 type then L: Q = 0.
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Proof Since M is a 3-dimensional (—1, 4 = —2a> = const.) paracontact metric manifold

R(X,Y)§ = —(n(X)X —n(X)Y) = 2a2(n(Y)h X — n(X)hY)

(see [10]). One can easily get Q& = —2&. By (2.18) we obtain o (e;) = 0. Using Theorem

3.10, we get L Q = 0. This completes proof. O
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