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Abstract In this paper, we introduce and study the concept of almost continuity in weak
structures (Csdszar in Acta Math Hung 131(1-2):193-195, 2011) and discuss some of its
characteristic properties. Finally, we give some applications of this new kind of continuity.
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1 Introduction and preliminaries

Csészar [1] defined generalized topology and studied some of its concepts like generalized
open sets and continuity. Later on, Maki et al. [6] introduced minimal structures and inves-
tigated some of its concepts. Lately, Csaszar [2] presented the weak structures (A family
W C P(X) is called a weak structure on X (briefly, WS) iff # € ). A non-empty set X
with a weak structure VWV is called simply a space (X, W). The members of WV are WW-open
subsets and their complements are JV-closed subsets. Moreover, Csdszar [2] presented the
operations c,,, (A) and i,,, (A) in WS as the intersection of all W-closed set containing A and
the union of all WW-open subsets of A. Also, the properties of c,,,(A) and i,,, are introduced
and discussed. For more details about weak structures, the readers should refer [4,5,7-9].

Theorem 1.1 [2] For any space (X, W) and A, B C X, we have:

() ACcy,,(A)and A D i, (A);

(2) If A C B, thenc,,,(A) C ¢, (B) and i,,,(A) C i, (B);

(3) If A is W-closed, then A = c,,,(A), and if A is W-open, then A = i,,,(A);
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@) ¢, (e, (A) =y, (A) and i), (i), (A)) =i, (A);

5 ey (X —A)=X—i,,(A)andi, (X —A) =X —c, (A),

(0) iy (cyy (iyy (cyy, (A)))) =iy, ¢y, (A)) and ¢y, (i), (¢, (i, (A)))) = ¢y, (i), (A));
(7) x €c,,,(A) iff VN A # @ for every W-open subset V containing x;

(8) x €1y, (A) iff there exists a YW-open subset V such that x € V C A.

Theorem 1.2 [3] For a space (X, W) and U,V C X, we have:

) i, UNV) S i, U)Niy, (V);
) ¢, (U) Uy, (V) C ey (UU V),

Definition 1.1 Let (X, ) be a space and A € X. Then

(1) AeaW) [2]if A S iy, (c)y (i), (A)));

(2 AenW) [2]if A C i), (¢, ((A)));

(3) AeoW) [2]if A C ¢, (i), (A));

@) AepW) [2]if A C ¢, (i) (¢, (A)));

(5) AepOW) [21if A S i) (c), (A) Uy, @iy, (A));
6) Aecr(W) [3lif A =i, (c), (A));

(7 AercOW) [3]if A =c,,, (i), ((A)).

2 Almost YV-continuity

Lemma 2.1 Forany space (X, W) and W-openset V,ifU (\V =@, thenc,,,(U)(\V =0
for each subset U of X.

Proof Let V be an W-open set and U C X. Suppose U (\V =@ and c,,(U)(\V # 0,
then there exists x € X such that x € ¢, (U) and x € V. Since x € c,,,(U) and V is an
W-open set containing x, then U (| V # . This is a contradiction. Therefore if U (| V = ¥,
then c,,, (U) (| V = @ for each subset U of X. O

Definition 2.1 For any space (X, W) and S C X, a point x € X is said to be:

(1) Wy-cluster point of S if ¢,,, (V) () S # @ for every W-open set V containing x.
(2) Ws-cluster point of S if i,,, (c,,(V)) [ S # @ for every W-open set V containing x.

The set of all Wy (resp. Ws)-cluster points of S is called the Wy (resp. Wjs)-closure of S
and is denoted by ¢ (S) (resp. ¢}, ($)).If S = ¢ () (resp. § = ¢,,(S)), then A is called
Wy (resp. Ws)-closed. The complement of an W, (resp. Ws)-closed set is called Wy (resp.
Ws)-open.

The union of all Wy (resp. Ws)-open sets contained in S is called the Wy (resp. Wj)-
interior of S and is denoted by iﬁv (S) (resp. if/v (S)). The class of Wy (resp. Wjs)-open sets
in W is denoted by (V) (resp. §(W)) and the class of Wy (resp. Wjs)-closed sets in W is
denoted by Oc(WV) (resp. sc(W)).

Remark 2.1 One may notice that if (X, W) a space and V C X, then
) 0
e (V) S, (V) S e (V).
Lemma 2.2 Let (X, W) be a space. Then
(V) =c (V) =cl (V)
Sfor each W-open set V in X.
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Proof We aim to prove that c?/v (N) € ¢, (N). Let N be an W-open set in X and let
x ¢ ¢, (N). Then there exists M € W such that x € M and M (AN = ¢. By Lemma
2.1, we have CW(M)ﬂN = () and hence x ¢ c?/v(N). Thus c?/V(N) C ¢y, (N). Since
¢y (N) S ¢ (N) for each subset N in X, then ¢, (N) = ¢ (N). o

Definition 2.2 A function f: (X, Wx) — (¥, Wy) from a space (X, Wx) to a space
(Y, Wy) is called almost W-continuous at x € X if for every Wy-open set N contain-
ing f(x), there is a Wx-open set M including x such that f(M) C i, (c,,,(N)). Amap f
is called almost WW-continuous if it is almost VV/-continuous at each x € X.

Theorem 2.1 For a function f: (X, Wx) — (Y, Wy). The following statements are equiv-
alent:

(1) f is almost W-continuous;
@ f7UV) S i (V) foreach V € rOVy):;
() ¢y (f 7 (F) € f7N(F) for each F € re(Wy):;
4) f_l(V) Ciy, (f_l(iW (e (VD)) for each W-open set V in Y ;
(5) ¢,y (f ey (i (F))) S f1(F) for each W-closed set F in Y ;
©) £~ (V) S iy (f iy ey (V) for each V € m(Wy);
() ey (F ey iy (F))) € f7N(F) for each F € me(Wy);
®) 71V S iy (M iyy (e, (V) for each V € a(Wy);
9) €y (f ey iy, (F))) € f7U(F) for each F € ac(OWVy);
(10) Foreach apoint x € X anda 'V € w(Wy) containing f (x), there exists an YWy -open
set U containing x such that f(U) C i,,,(c,,, (V));
(11) Foreachapointx € X anda 'V € a(Wy) containing f(x), there exists an Wx-open
set U containing x such that f(U) C i,, (c,,,(V));
(12) ¢, (f 71 V) € f ey, (V) for each V € BOWY);
(13) f7 iy (F)) S iy (f 7N (F)) for each F € BeWy);
(14) ¢, (f 71 (V) € [N ey (V) for each V € o (Wy);
(15) £~ (F)) C i, (f~1(F)) for each F € oc(OWVy);
(16) ¢, (f (V) € f (e, (V) for each V € T (Wy);
17) f_l(iW(V)) C iW(f_l(V))for eachV € mc(Wy),
(18) ¢, (f 71 (V) € [ ey (V) for each V € a(Wy);
(19) 7Y, (V) C i, (f 71 (V) for each V € ac(Wy).

Proof (1) = (2): Suppose that V € r(Wy) and x € f_l(V). Then V =i, (cy,,(V)) and
f(x) € V =i,(c, (V)), then there exists U € Wy containing f(x) such that f(x) €
U C ¢, (V). By (1), there exists an Wx-open set W in X containing x such that f(W) C
i (cyy, (U)). Thus

Sx) e fF(W) S, (e, (U)) Sy, (e, (V)
and hence x ¢ W C f’l(iW (¢yy (V). Therefore
X €W Sy (W) iy (F (i (e0, (V) = iy, (F 1V,

(2) = (1): Suppose that V be an Wy-open set such that f(x) € V. Thenx € f~1(V) C
]‘*I(iW (¢, (V))). Since iy, (c,,, (V) € r(Wy). By (2),

x €y (F 7Ny (e, (V)

then there is x € U € Wy provided that x ¢ U € f~! (i (cyy,(V))). Thus there exists an
Wx-opensetU containing x and f(U) C i), (¢, (V)). Therefore f is almost JW-continuous.
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(2) & (3): Obvious.

(1) = (4): Let V be an Wy-opensetand x € £~ (V). Then V is an Wy-open set containing
f(x). From (1), there is a Wx-open set U containing x such that f(U) < i, (c,,, (V)).
Thus x € U € 7', (cy, (V). Since U is Wx-open, then x € i, (f~'(i,, (c,,, (V).
Therefore

FNV) Sy (F 7 gy (e0 (V).
(4) = (1): Let V be an Wy-open set containing f (x). Then

x e fTNWV) iy (F Gy (e, (V)

and then there is a YWy-open set U containing x such that

x €U C [ iy (e, (V).

Thus x € U and f(U) € i,,(c,, (V)). Therefore f is almost VV-continuous.

4) & (5): Itis clear.

2) = (6): Let V. € 7(Wy). Then V. C i,/(cy, (V)) and hence f~hwv) <
£, (e, (V). Since iy, (¢, (V) € r(Wy), then by (2), we get f~1(V) S, (F LGy,
(e (V).

(6) < (7): Itis clear.

(6) = (4): It follows from W C w (W).

(7 = 9) < (8): It follows from « (W) C 7 (W).

(8) = (4): It follows from W C a(W).

(I) = (10): Let x € X and V € w(Wy) containing f(x). Then f(x) € i,,,(c,,,(V)) and
hence there exists U € Wy such that f(x) € U C c,,, (V). By (1), there exists a Wx-
open set W containing x such that f(W) C i, (c,, (U)). Hence f(W) C i, (c,, (U)) €
iy (e (V).

(10) = (11): It follows from a (W) C 7 (W).

(11) = (1): It follows from W C a(W).

(3) = (12): Let V. € B(Wy). Then c,, (V) = c,,, (i, (c,,(V))) and hence c,,, (V) €
re(Wy). By 3), we get ey, (f ~1(V)) S ¢y, (f 71y, (V) S £ ey, (V).

(12) = (3): Let H € rc(Wy). Then H € B(Wy) and hence by (12), we get cW(f’l(H) -
I ey () = £~ (e iy (H)) = £ (H).

(12) < (13): Obvious.

(12) = (14) & (15): It follows from (W) C o (W).

(14) = (3): It is similar to that of (12) = (3).

(12) = (16) & (17) = (18) & (19): It follows from S(W) C 7w (W) and 7 (W) C a(W).
(19) = (3): It is similar to that of (12) = (3). o

Theorem 2.2 For a function f: (X, Wx) — (Y, Wy). Consider the following statements:

(1) f is almost W-continuous;

(2) fle, (V) S c5W (f (V) for each subset V of X;

() e, (f7HW)) S f7CE () for each subset U of Y ;
@ £~ Yiw, (U)) S iw (f~1((U)) for each subset U of Y ;
(5) ¢, (f"U(F)) € f~1(F) for each F € 5¢c(Wy);

©) f71V) Sy (fUV)) foreach V € §(Wy).

Then (1) = 2) = 3) = @) = (5) = (6).
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Proof (1) = (2): Let x € ¢, (V) and U be an W-open set of Y containing f(x).
By (1), there exists an W-open set W containing x such that f(W) C i, (c,,,(U)) and
hence WV # @. Thus f(W) () f(V) # @ which implies i, (c,,,(U)) [ f(V) # 0.
Then f(x) € cw;(f(V)) and hence x € f‘l(cwaf(V)) which implies c,,, (V) <
7, f (V). Therefore f (e, (V) S ¢ f(V)).

2) = (3) & (4): Itis clear.

(3) = (5): Let H € 8c(Wy). Then H = ¢ (H). By (3), we get ¢, (f~'(H) <
N () = f71(H).

(5) & (6): Itis clear.

Lemma 2.3 Let (X, W) be a space and i,,,(V) be W-open for each V € rc(W). Then
re(W) C sc(W).

Proof Let V. € rc(W) and let x ¢ V. Then x ¢ c,, (i), (V)) and hence there exists
an W-open set U containing x such that U (i, (V) = #. Since V € rc(W), then
iy, (V) is W-open. Then by Lemma 2.1, we have CW(U)ﬂiW(V) = ¢ and hence
iW(cW(U))ﬂiW(V) = ¢. Since U is W-open, then c,,,(U) € rc(WV) and hence
iy, (cy,, (U)) is W-open. By Lemma 2.1, we have i,,, (c,,, (U)) [ ¢y, (i}, (V) = @. Thus
iy (€, (U) (N V = Pand hence x ¢ cf/V(V).Thereforecf/v(V) C Vandhence V € dc(W).

O

Theorem 2.3 Let (X, W) be a space and V € rc(W). If i, (V) is W-open set, it leads to
the equality of the statements in Theorem 2.2.

Proof 1t is clear from Lemma 2.3 and Theorem 2.1(3). m]

Theorem 2.4 Let f: (X, Wx) — (Y, Wy) be an almost VV-continuous function and let V
be an W-open set of Y. If x € c,,, (f ~1(V)) — (f ~1(V)), then f(x) € c,,, (V).

Proof Letx € X and V be an W-open set of ¥ such that x € ¢,,, (fF~'V)) = f~(V) and
f(x) ¢ c,, (V). Then there exists an WW-open set U containing f(x) such that U (\V = 0.
Since f is almost WW-continuous, then there exists an YW-open set W containing x such that
f(W) S, (c, (U)).Since UV = @, then by Lemma 2.1, we have ¢,,,(U)(V =0
and hence i\, (c,,, (U)) [V = @. Thus f(W) [V = §. Since x € c,, (f~Y(v)) and W is
an W-open set containing x, then W () f~1((V) # ¥ and hence f(W) [V # . This is a
contradiction. Therefore f(x) € c,,, (V). ]

Definition 2.3 Forany WS )W on X and A C X. A pointx € X is called WW-boundary point
of Aiff x € ¢),,(A) ()¢, (X — A). The family of all WW-boundary points of A is denoted by
Bdyy(A).

Theorem 2.5 For any space (X, W) and A C X, we have:

(1) Bdw(A) = Bdw(X — A);

(2) Bdw(A) =c,,(A) — i, (A);
(3) ANBdw(A) =0 if A e W;
(4) Bdyw(A) C AifX — A € W.

Proof It follows from Theorem 1.1 and Definition 2.3. O

Remark 2.2 1t is clear that the converse of (3) and (4) in the above theorem are not correct
in general as illustrated by the next example.
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Example 2.1 Let X = {x,y, z} and W = {0, {x}, {y}, {z}}. It is clear that:

(1) A = {x, z} achieves A N Bdyy(A) =@, but A ¢ W,
(2) A = {z} achieves Bdyy(A) C A, but A is not W-closed.

Theorem 2.6 Let f: (X, Wx) — (Y, Wy) be a function and let A = {x € X : f is not
almost W-continuous at x}. Then A = Bdw(f_l(iW (¢, (V)))) for each W-open set V
containing f(x).

Proof Letx € A.Then f is not almost VV-continuous at x and hence there exists an WW-open
set V of Y containing f(x) such that U ((X — f_] (i (), (V) # @ for each W-open
set U of X containing x and hence x € ¢,,, (X — f’l(iw(cW(V)))). Since f(x) € V,
thenx € f~1(V) € £, (c,, (V) and thus x € ¢, (f~'(,, (c,, (V)))). Thus we get
x € Bdw(f~ (i, (c,, (V)))). Therefore

A C Bdw(f iy (cy, (VD)) 40

Let x ¢ A and V be an W-open set containing f(x). Then f is almost VW-continuous
at x and V is an W-open set containing f(x) and hence there exists an WW-open set U
containing x such that U C f_l(iw(cW(V))). Thus x € iW(f_l(iW(cW(V)))) and
hence x ¢ X — i, (f 7'y (e, (V) = ¢, (X — 71, (¢, (V) which implies
X ¢ Bdw(f‘1 (i), (cyy, (V))). Therefore

A D Bdw(f~ i, (e, (V) )
From (1) and (2) we have A = Bdyy (f~'(i,,, (c,,, (V). o

Definition 2.4 A map f: (X, Wx) — (¥, Wy) is said to be r(V)-continuous iff f~!(H)
is an WW-open set in X for every H € r(Wy).

Remark 2.3 One may notice that each r()V)-continuous function is almost ¥V-continuous,
but the converse need not be true in general as shown by the following example.

Example 2.2 Let X = {a, b, c}, Wx = {0, {a}, {b}, {c}}, Y = {x, ¥y}, Wy = {0, {x}, {}}
and f: (X, Wyx) — (Y, Wy) be a map defined by f(a) = f(b) = x, f(c) = y. One may
notice that:

(1) A={x} er(Wy)and f‘l(A) = {a, b} which is not an WW-open set in X.

(2) For Wy-open set #, we have ¢, (¥) = ¥ and hence i, (c,,,(¥)) = @ which implies
F iy (e, @) = f71@) = 0. Thus f71®) S iy, (f Gy (cy, (1)))). For
Wy-open set {x}, we have c,,,({x}) = {x} and hence i, (c,,,({x})) = {x} which
implies f~' (i, (c,, (x)) = f~'({x}) = {a, b}. Thus iy, (f 7' iy (¢, (X)) =
i,,({a, b}) = {a,b} and hence f~'({x}) < i), (f~'(,,(c,,({x}))). For Wy-open
set {y}, we have ¢, ({y}) = {y} and hence i, (c,,({y})) = {y} which implies
SNy (e (VD) = F7HD = e} Thus iy, (F 716y (00, (YD) = iy ((e) =
{c} and hence f‘l({y}) C iw(f‘l(iW (cy,, ({y)))). Then f satisfy (4) in Theorem 2.1
and hence f is almost W-continuous. Hence f is almost WW-continuous but it is not
r(W)-continuous.

Theorem 2.7 Ifa function f: (X, Wx) — (Y, Wy) is almost W-continuous and c,,,(V) is
We-closed for each V- C X, then f is r(WV)-continuous.
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Proof Let H € rc(Wy). Then by Theorem 2.1(3) we have c,,, (f~Y(H) < f~Y(H)
and hence c,,, (f~Y(H) = f~Y(H). Since ¢y, (V) is W-closed for each V' C X, then
Cypy (f~'(H) is W-closed in X and hence (f~!(H) is W-closed in X. Therefore f is r(W)-
continuous. O

Theorem 2.8 If a function f: (X, Wx) — (Y, Wy) is r(W)-continuous, then for each
V e rOWy) such that f(x) € V, there is a Wx-open set U such thatx € U and f(U) C V.

Proof Let V € r(Wy) containing f(x). Then f “L(V)isan Wy -open set containing x and
hence there exists an VWy-open set U such that x € U C f ~1(V). Thus there exists an
Wy -open set U containing x such that f(U) C V. O

Remark 2.4 By the following example, we show that the converse of the above theorem need
not be true in general.

Example 2.3 Let X = {a, b, c}, Wx = {0, {a}, {b}, {c}}, Y = {x,y}, Wy = {0, {x}, {}}
and f: (X, Wx) — (Y, Wy) be a function defined by f(a) = f(b) = x, f(z) = c. One
may notice that:

(1) A={x}er(Wy)and f~1(A) = {a, b} which is not an W-open set in X.

(2) Fora € X, f(a) = x € {x} = V which is an Wy-open set, there exists an JVx-open
set U = {a} containing a such that f(U) = f({a}) = {x} C {x} = i,,,(c), {x}) =
iy (e, (V). Forb € X, f(b) = x € {x} = V which is an Wy-open set, there exists
an Wy-open set U = {b} containing b such that f(U) = f({b}) = {x} € {x} =
i (e {x)) =iy, (e, (V). Forc € X, f(c) =y € {y} = V which is an Wy-open
set, there exists an Wx-open set U = {c} containing ¢ such that f(U) = f({c}) =

Theorem 2.9 Let f: (X, Wx) — (Y, Wy) be a function. If for each x € X and each V €
r(Wy) containing f(x), there exists an Wyx-open set U containing x such that f(U) C V,
then f is almost VW-continuous.

Proof Letx € X and V be an Wy-open set such that f(x) € V. Theni,, (c,,,(V)) € r(W)
containing f(x) and hence there is U € Wx such that x € U and f(U) C i,, (¢, (V)).
Therefore f is almost VV-continuous. O

Theorem 2.10 Let f: (X, Wx) — (Y, Wy) be amap. Ifi,,, (V) is an W-open set for each
V € r(W), then the converse of Theorem 2.9 is true.

Proof Letx € X and V € r(Wy) containing f(x). Then i, (c,,,(V)) = i,,, (V) and hence
iy (cy,, (V) is an Wy -open set containing f(x) and hence there exists an Wx-open set U
containing x such that f(U) € i, (c,,(V)) = V. ]

Remark 2.5 If we replaced a space (Y, Wy) by a topological space (¥, t) in Theorems 2.7,
2.8, and in r (WV)-continuity definition, then the statements in these theorem are equivalents.

Definition 2.5 A family of sets £ = {Ay: « € A} inaspace (X, W) is said to be a cover of

X if |U A¢ = X and a subfamily of & having a similar property is called a subcover of .
Ao EA

Definition 2.6 A space (X, W) is called:

(1) W-regularif forevery x € X and W-closed set U suchthatx ¢ U,thereexist M, N € W
suchthatx € M, U C Nand M (N = .
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(2) Almost W-regularif forevery x € X and F' € rc()V) withx ¢ F,thereexist M, N € W
suchthatx € M, F C Nand M (N = 0.

(3) W-normal if for every two W-closed sets U and V with U (| V = @, there exist M, V €
Wsuchthat U C M,V C Nand M [N = ¢.

(4) Almost W-normal if forevery U, V € re(Wy) with U (| V = ¢, there exist M, N € W
suchthat U C M,V C Nand M\ N = 0.

(5) W-compact if every W-open cover of X has a finite subcover.

(6) Nearly W-compact if every cover § = {Ay: ¢ € A, 1y € r(W)} of X has a finite
subcover.

Theorem 2.11 If f: (X, Wx) — (Y, Wy) is an rW)-continuous, YW-open function and
(X, Wyx) is W-regular, then (Y, Wy) is almost VWW-regular.

Proof Let f be r(W)-continuous and WW-open function and F € rc(Wy) with x ¢ F. Then
f_l(H) are W-closed set in X with f~1(x) ¢ f_l(F). Since (X, Wy) is W-regular, then
there exist M, N € Wx such that f~'(F) € M, f~'(x) € N and M (| N = @ and hence
F C f(M),x € f(N)and f(M)() f(N) = #. Since f is W-open, then f(M) and f(N)
are Wy -open sets. Therefore (¥, Wy) is almost W-regular. O

Theorem 2.12 If f: (X, Wx) — (Y, Wy) is an r WV)-continuous, YW-open function and
(X, Wx) is W-normal, then (Y, Wy) is almost W-normal.

Proof Let f be r(W)-continuous and Fj, F» € rc(Wy) such that Fi (| F, = 0, then
FUFY), £V (Fy) are W-closed sets in X with £ =1 (F) () f~!(F2) = 0. Since (X, Wx) is
W-normal, then there exist two WWy-open sets M and N such that f‘1 (F1) S M, f‘1 (F») C
Nand M (N =@ and then F; C f(M), F» € f(N)and f(M)[) f(N) = . Since f is
W-open, then f(M) and f(N) are Wy-open sets. Therefore (¥, Wy) is almost VW-normal.

O

Theorem 2.13 If f: (X, Wx) — (Y, Wy) is an r(W)-continuous surjective function and
(X, Wx) is W-compact, then (Y, Wy) is nearly VWW-compact.

Proof Let f be r(WW)-continuous,W-open and & = {1, : @ € A, Ay € r(WV)} be a cover of
Y.Then f=1(&) = {f ' (ha): @ € A, ke € F(W)}is an W-open cover of X . Since (X, Wx)
is W-compact, then {f~'(he): @ =1,2,3,...,n}is a finite subcover of f~!(&) and hence
X =Ui  f ') Thus Y = sy F(fF () = Uph—j ra- Therefore (Y, Wy) is
nearly YW-compact. O
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