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Abstract In this study, using the neutrosophic soft definitions, we define some new concept
such as the neutrosophic soft lattice, neutrosophic soft sublattice, complete neutrosophic soft
lattice, modular neutrosophic soft lattice, distributive neutrosophic soft lattice, neutrosophic
soft chain then we study the relationship and observe some common properties.
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Modular neutrosophic soft lattice
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1 Introduction

Most of the problems in engineering, medical science, economics and social science etc. have
vagueness and various uncertainties. To overcome these uncertainties, some kinds of theories
were given which we can use as mathematical tools for dealing with uncertainties. However,
these theories have their own difficulties. In 1999, Molodtsov [1] initiated a novel concept of
soft set theory, which is a completely new approach for modeling vagueness and uncertainty.
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From then on, works on the soft set theory are progressing rapidly. After Molodtsov’s work,
same different applications of soft sets were studied in [2,3]. Furthermore Maji, Biswas
and Roy worked on soft set theory in [4,5]. Roy et al. presented some applications of this
notion to decision making problems in [6]. The algebraic structures of soft sets have been
studied by some authors [7–14]. Birkhoff’s work in 1930 started the general development
of lattice theory [15]. The lattice theory has been applied to many kinds of fields. Recently,
the work introducing the soft set theory to the lattice theory and the fuzzy set theory have
been initiated. Fu [16] and Çağman et al. [17] presented the nation of the soft lattice and
derived the properties of the soft lattice and discussed the relationship between the soft
lattices. Karaaslan et al. [18] introduced the fuzzy soft lattice theory, some related properties
on it. Florentine Smarandache for the first time introduced the concept of neutrosophy in
1995 [19,20]. Maji [21] had combined the neutrosophic set with soft sets and introduced
a new mathematical model neutrosophic soft set. Later Broumi and Smarandache defined
the concepts interval-valued neutrosophic soft sets and intuitionistic neutrosophic soft sets in
[22,23]. Different algebraic structures and their applications were studied in the neutrosophic
soft set context [24–31].

In this paper, we apply the notion of neutrosophic soft sets introduced by [21] to the lattice
theory and present the notion of neutrosophic soft lattice, which is different from the one
presented by [16–18]. The organization of this paper is as follows: in Sect. 2, some basic
concepts and some related properties are introduced. In Sect. 3, the notion of neutrosophic
soft lattice is presented and some related properties are defined, then the neutrosophic soft
sublattice, complete neutrosophic soft lattice, distributive neutrosophic soft lattice, modular
neutrosophic soft lattice, neutrosophic soft chain are presented and their related properties
are studied. Section 4 concludes the paper.

2 Preliminaries

Definition 2.1 [19] LetU be a space of points (objects), with a generic element inU denoted
by u. A neutrosophic set (N-set) AinU is characterized by a truth-membership function TA,
an indeterminacy-membership function IAand a falsity-membership function FA. TA(u);
IA(u) and FA(u) are real standard or nonstandard subsets of [0, 1]. It can be written as

A = {< u, (TA(u), IA(u), FA(u)) >: u ∈ U, TA(u), IA(u), FA(u) ∈ [0, 1]}.
There is no restriction on the sum of TA(u); IA(u) and FA(u), so

0 ≤sup TA(u) + sup IA(u) + sup FA(u) ≤ 3.

Definition 2.2 [21] Let U be an initial universe set and E be a set of parameters. Consider
E . Let P(U ) denote the set of all neutrosophic sets of U . The collection (F, A) is termed to
be the soft neutrosophic set over U , where F is a mapping given by F : A → P(U ).

Definition 2.3 [32] Let P be a non-empty ordered set.

(i) If x ∨ y and x ∧ y exist for all x, y ∈ P , then P is called a lattice,
(ii) If ∨S and ∧S exist for all S ⊆ P , then P is called a complete lattice.

Definition 2.4 [15] An algebra (L ,∧,∨)is called a lattice if L is a nonempty set, ∧ and ∨
are binary operations on L , both ∧ and ∨ are idempotent, commutative and associative, and
they satisfy the two absorption identities. That is, for all a, b, c ∈ L

1. a ∧ a = a; a ∨ a = a,
2. a ∧ b = b ∧ a; a ∨ b = b ∨ a,
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3. (a ∧ b) ∧ c = a ∧ (b ∧ c); (a ∨ b) ∨ c = a ∨ (b ∨ c),
4. a ∧ (a ∨ b) = a; a ∨ (a ∧ b) = a.

Definition 2.5 [21] Let (F, A) and (G, B) be two neutrosophic soft sets over the common
universe U.(F, A) is said to be a neutrosophic soft subset of (G, B) if A ⊂ B, andTF (e)(x)
≤ TG(e)(x), IF (e)(x) ≤ IG(e)(x), FF (e)(x) ≥ FG(e)(x),∀e ∈ A, x ∈ U.We denote it by
(F, A) ⊆ (G, B).

Definition 2.6 [21] The complement of a neutrosophic soft set (F, A) denoted by (F, A)c =
(Fc,¬A) where Fc : ¬A → P (U ) is a mapping given by Fc (α) =neutrosophic soft
complement with TFc (x) = FF (x) , IFc (x) = IF (x) andFFc (x) = TF (x) .

Definition 2.7 [21] Let (H, A) and (G, B) be two NSSs over the common universe U.
Then the union of (H, A) and (G, B) is denoted by “(H, A) ∪̃ (G, B)” and is defined
by(H, A) ∪̃ (G, B) = (K ,C), where C = A∪ B and the truth-membership, indeterminacy-
membership and falsity-membership of (K ,C) are as follows:

TK (e) (m) =
⎧
⎨

⎩

TH(e) (m) , i f e ∈ A − B,

TG(e) (m) , i f e ∈ B − A,

max
(
TH(e) (m) , TG(e) (m)

)
, i f e ∈ A ∩ B.

IK (e) (m) =
⎧
⎨

⎩

IH(e) (m) , i f e ∈ A − B,

IG(e) (m) , i f e ∈ B − A,
IH(e)(m)+IG(e)(m)

2 , i f e ∈ A ∩ B.

FK (e) (m) =
⎧
⎨

⎩

FH(e) (m) , i f e ∈ A − B,

FG(e) (m) , i f e ∈ B − A,

min
(
FH(e) (m) , FG(e) (m)

)
, i f e ∈ A ∩ B.

Definition 2.8 [21] Let (H, A) and (G, B) be two NSSs over the common universe U.
Then the intersection of (H, A) and (G, B) is denoted by “(H, A) ∩̃ (G, B)” and is defined
by(H, A) ∩̃ (G, B) = (K ,C), where C = A∩ B and the truth-membership, indeterminacy-
membership and falsity-membership of (K ,C) are as follows:

TK (e) (m) = min
(
TH(e) (m) , TG(e) (m)

)

IK (e) (m) = IH(e) (m) + IG(e) (m)

2
FK (e) (m) = max

(
FH(e) (m) , FG(e) (m)

)
, i f e ∈ A ∩ B.

3 Lattice structures of neutrosophic soft sets

In this section, the notion of neutrosophic soft lattice is defined and several related properties
are investigated.

Definition 3.1 Let NL be a neutrosophic soft set overU, ∨̃ and ∧̃ be two binary operation on
NL . If elements of NL are equipped with two commutative and associative binary operations
∨̃ and ∧̃ which are connected by the absorption law, then algebraic structure (NL , ∨̃, ∧̃) is
called a neutrosophic soft lattice.
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Fig. 1 A neutrosophic soft
lattice structure .

. .

.
Example 3.2 Let U = {u1, u2, u3, u4} be a universe set and NL = {FA, FB , FC , FD} ⊆̃
NS(U ).

Suppose that

FA =
{(

e1,
u1

0.5, 0.2, 0.7

)

,

(

e2,
u2

0.6, 0.3, 0.4
,

u3
0.4, 0.1, 0.7

)

,

(

e3,
u4

0.6, 0.3, 0.8

)}

FB =
{(

e1,
u1

0.4, 0.1, 0.5
,

u2
0.8, 0.2, 0.6

)

,

(

e2,
u3

0.5, 0.2, 0.3

)}

FC =
{(

e1,
u1

0.4, 0.2, 0.5
,

u2
0.5, 0.4, 0.6

)

,

(

e2,
u2

0.5, 0.4, 0.6
,

u3
0.4, 0.1, 0.7

)}

FD =
{(

e1,
u1

0.5, 0.1, 0.4
,

u2
0.6, 0.3, 0.2

)}

Then,
(
NL , ∪̃, ∩̃)

is a neutrosophicsoft lattice. Here binary operations are neutrosophic
union and neutrosophic intersection. Hasse diagram of NL is shown in Fig. 1.

Theorem 3.3 (NL , ∨̃, ∧̃) be a neutrosophic soft lattice and FA, FB ∈ NS(U ). Then

FA∧̃FB = FA ⇔ FA∨̃FB = FB .

Proof

FA∧̃FB = FA∧̃ (
FA∨̃FB

)

= (
FA∧̃FA

) ∧̃ (
FA∧̃FB

)

= FA∨̃FA

= FA
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Conversely,

FA∨̃FB = (
FA∧̃FB

) ∨̃FB

= (
FA∨̃FB

) ∧̃ (
FB∨̃FB

)

= FB∧̃FB

= FB

��
Theorem 3.4 (NL , ∨̃, ∧̃) be a neutrosophic soft lattice and FA, FB ∈ NS(U ). Then the
relation ≤̃ which is defined by

FA≤̃FB ⇔ FA∧̃FB = FAor FA∨̃FB = FB

is an ordering relation on N S(U ).

Proof (i) ∀FA ∈ NL , ≤̃ is reflexive, FA≤̃FA ⇔ FA∧̃FA = FA

(ii) ∀FA, FB ∈ NL , ≤̃ is antisymmetric. Let FA≤̃FB and FB≤̃FA. Then

FA = FA∧̃FB

= FB∧̃FA

= FB.

(iii) ∀FA, FBandFC ∈ NL , ≤̃ is transitive. If FA≤̃FB and FB≤̃FC ⇒ FA≤̃FC . Indeed

FA∧̃FC = (
FA∧̃FB

) ∧̃FC

= (FA) ∧̃ (
FB∧̃FC

)

= FA∧̃FB

= FA.

��
Theorem 3.5 (NL , ∨̃, ∧̃) be a neutrosophic soft lattice and FA, FB ∈ NS(U ). Then FA∨̃FB

and FA∧̃FBare the least upper and the greatest lower bound of FAandFB, respectively.

Proof Suppose that FA∧̃FB is not the greatest lower bound of FAandFB . Then there exists
FC ∈ NS(U ) such that FA∧̃FB≤̃FC ≤̃FAand FA∧̃FB≤̃FC ≤̃FB . Hence FC ∧̃FC ≤̃FA∧̃FB .
Thus FC ≤̃FA∧̃FB . Therefore FC = FA∧̃FB .But this is a contradiction.FA∨̃FB being the
least upper bound of FAandFB can be shown similarly. ��
Lemma 3.6 Let N L ∈ NS(U ). Then neutrosophic soft lattice inclusion relation ⊆̃ that is
defined by

FA⊆̃FB ⇔ FA∪̃FB = FBorFA∩̃FB = FA

is an ordering relation on N L.

Proof For all FA, FBandFC ∈ NL ,

(i) FA ∈ NL , ⊆̃ is reflexive, FA⊆̃FA ⇔ FA∩̃FA = FA

(ii) FA, FB ∈ NL , ⊆̃ is antisymmetric. Let FA⊆̃FB and FB⊆̃FA ⇔ FA = FB .
(iii) FA, FBandFC ∈ NL , ⊆̃ is transitive. If FA⊆̃FB and FB⊆̃FC ⇒ FA⊆̃FC .

��
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Corollary 3.7 (NL , ∪̃, ∩̃, ⊆̃) is a neutrosophic soft lattice.

Definition 3.8 Let (NL , ∨̃, ∧̃, ≤̃) be a neutrosophic soft lattice and let FA ∈ NL . If FA≤̃FB

for all FB ∈ NL , then FA is called the minimum element of NL . If FB≤̃FA for all FB ∈ NL ,
then FA is called the maximum element of NL .

Definition 3.9 Let (NL , ∨̃, ∧̃, ≤̃) be a neutrosophic soft lattice and let FA ∈ NL . If
FB≤̃FAorFA≤̃FB for all FA, FB ∈ NL , then NL is called a neutrosophic soft chain.

Example 3.10 Consider the neutrosophic soft lattice in Example 3.2. A neutrosophic soft
subset NS = {FA, FB , FD}⊆̃NS(U ) of NL is a neutrosophic soft chain. But (NL , ∪̃, ∩̃ , ⊆̃)

is not a neutrosophic soft chain since FB and FCcan not be comparable.

Definition 3.11 Let (NL , ∨̃, ∧̃, ≤̃) be a neutrosophic soft lattice. If every subset of NL

have both a greatest lowers bound and a least upper bound, then NL is called a complete
neutrosophic soft lattice.

Example 3.12 LetU = {u1, u2, u3, u4, u5} be a universe set and NL = {FA, FB , FC , FD}⊆̃
NS(U ).

FA =
{(

e1,
u1

0.5, 0.2, 0.7
,

u5
0.8, 0.3, 0.4

)}

FB =
{(

e1,
u1

0.4, 0.1, 0.5
,

u4
0.8, 0.2, 0.6

,
u5

0.5, 0.2, 0.3

)

,

(

e2,
u3

0.5, 0.2, 0.7
,

u4
0.8, 0.3, 0.4

)}

FC =
{(

e1,
u1

0.4, 0.2, 0.5
,

u2
0.5, 0.4, 0.6

,
u4

0.7, 0.2, 0.3
,

u5
0.6, 0.1, 0.4

)

,

(

e2,
u1

0.4, 0.2, 0.5
,

u2
0.5, 0.4, 0.6

,
u4

0.7, 0.2, 0.3

)}

FD = F∅.

Then (NL , ∪̃, ∩̃, ⊆̃) is a complete neutrosophic soft lattice

Definition 3.13 Let (NL , ∨̃, ∧̃, ≤̃) be a neutrosophic soft lattice and NM ⊆̃NL . If NM is a
neutrosophic soft latticewith the operations ofNL , then NM is called a neutrosophic sublattice
ofNL.

Theorem 3.14 Let (NL , ∨̃, ∧̃, ≤̃) be a neutrosophic soft lattice and NM ⊆̃NL. IfFA∨̃FB ∈
NM and FA∧̃FB ∈ NM for all FA, FB ∈ NM, then NM is a neutrosophic soft lattice.

Proof It is obvious from Definition 3.13. ��
Example 3.15 Let U = {u1, u2, u3, u4, u5} be a universe set and NL = {FA, FB , FC , FD}
⊆̃NS(U ).

FA =
{(

e1,
u1

0.5, 0.2, 0.7
,

u5
0.8, 0.3, 0.4

)}

FB =
{(

u1
0.4, 0.1, 0.5

,
u4

0.8, 0.2, 0.6
,

u5
0.5, 0.2, 0.3

)

,

(

e2,
u3

0.5, 0.2, 0.7
,

u4
0.8, 0.3, 0.4

)}

FC =
{(

e1,
u1

0.4, 0.2, 0.5
,

u2
0.5, 0.4, 0.6

,
u4

0.7, 0.2, 0.3
,

u5
0.6, 0.1, 0.4

)

,

(

e2,
u1

0.4, 0.2, 0.5
,

u2
0.5, 0.4, 0.6

,
u4

0.7, 0.2, 0.3

)}

FD = F∅
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Then, if NM = {FA, FB , FD}⊆̃NS(U ), then NM is a neutrosophic soft sublattice.

Definition 3.16 Let (NL , ∨̃, ∧̃, ≤̃) be a neutrosophic soft lattice and FA, FBandFC ∈ NL .
If

(
FA∧̃FB

) ∨̃ (
FA∧̃FC

) ≤̃FA∧̃ (
FB∨̃FC

)

or

FA∧̃ (
FB∨̃FC

) ≤̃ (
FA∧̃FB

) ∨̃ (
FA∧̃FC

)

then NL is called a one-sided distributive neutrosophic soft lattice.

Theorem 3.17 Every neutrosophic soft lattice is a one-sided distributive neutrosophic soft
lattice.

Proof Let FA, FBandFC ∈ NL . ��

Since FA∧̃FB≤̃FA and FA∧̃FB≤̃FB≤̃FB∨̃FC ,
FA∧̃FB≤̃FA and FA∧̃FB≤̃FB∧̃FC .
Therefore,

FA∧̃FB = (
FA∧̃FB

) ∧̃ (
FA∧̃FB

) ≤̃FA∧̃ (
FB∨̃FC

)
(a)

And also we have FA∧̃FC ≤̃FA and FA∧̃FC ≤̃FC ≤̃FB∨̃FC . Since FA∧̃FC ≤̃FA and
FA∧̃FC ≤̃FB∨̃FC , then

FA∧̃FC = (
FA∧̃FC

) ∧̃ (
FA∧̃FC

) ≤̃FA∧̃ (
FB∨̃FC

)
(b)

from (a)and(b), we get the desired result,

(
FA∧̃FB

) ∨̃ (
FA∧̃FC

) ≤̃FA∧̃ (
FB∨̃FC

)
.

Definition 3.18 (NL , ∨̃, ∧̃, ≤̃) be a neutrosophic soft lattice. If NL satisfies the following
axioms, it is called a distributive neutrosophic soft lattice;

(i) FA∨̃ (
FB∧̃FC

) = (
FA∨̃FB

) ∧̃ (
FA∨̃FC

)

(ii) FA∧̃ (
FB∨̃FC

) = (
FA∧̃FB

) ∨̃ (
FA∧̃FC

)

for all FA, FBandFC ∈ NL .
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Fig. 2 A distributive
neutrosophic soft lattice

.

.

.

. 

.

.

Example 3.19 Let U = {u1, u2, u3, u4, u5} be a universe set and NL = {F∅, FA, FB , FC ,

FD, FE }⊆̃NS(U ). Then NL⊆̃NS(U ) is a neutrosophic soft lattice with the operations
∪̃and∩̃. Suppose that

FA =
{(

e1,
u5

0.5, 0.2, 0.7

)

,

(

e2,
u1

0.6, 0.2, 0.7
,

u2
0.5, 0.1, 0.6

)}

FB =
⎧
⎨

⎩

(
e1,

u1
0.4,0.1,0.5 , u3

0.8,0.2,0.6 ,
u5

0.5,0.2,0.3

)
,
(
e2,

u2
0.4,0.2,0.3 , u4

0.8,0.3,0.4

)
,

(
e3,

u3
0.7,0.4,0.3 , u4

0.5,0.1,0.4

)

⎫
⎬

⎭

FC =
⎧
⎨

⎩

(
e1,

u3
0.4,0.2,0.5 , u4

0.7,0.2,0.3 ,
u5

0.6,0.1,0.4

)
,
(
e2,

u1
0.4,0.2,0.5 , u2

0.5,0.4,0.6 , u4
0.7,0.2,0.3

)
,

(
e3,

u3
0.7,0.4,0.3 , u4

0.5,0.1,0.4

)

⎫
⎬

⎭

FD =
{(

e1,
u5

0.6, 0.1, 0.4

)

,

(

e2,
u1

0.4, 0.2, 0.5
,

u2
0.5, 0.4, 0.6

,
u3

0.7, 0.2, 0.3

)

,

(

e3,
u3

0.7, 0.4, 0.3
,

u4
0.5, 0.1, 0.4

)}

FE =
⎧
⎨

⎩

(
e1,

u1
0.4,0.2,0.5 , u2

0.5,0.4,0.6 , u3
0.7,0.2,0.3 ,

u5
0.6,0.1,0.4

)
,
(
e2,

u1
0.4,0.2,0.5 , u2

0.5,0.4,0.6 , u3
0.7,0.2,0.3

)
,

(
e3,

u3
0.7,0.4,0.3 , u4

0.5,0.1,0.4 ,
u5

0.5,0.2,0.3

)

⎫
⎬

⎭

F∅ = ∅
(
NL , ∪̃, ∩̃, ⊆̃)

is a distributive neutrosophic soft lattice. The Hasse diagram of it is shown in
Fig. 2.

Definition 3.20 (NL , ∨̃, ∧̃, ≤̃) be a neutrosophic soft lattice. Then NL is called a neutro-
sophic soft modular lattice, if it is satisfies the following property:

FC ≤̃FA ⇒ FA∧̃ (
FB∨̃FC

) = (
FA∧̃FB

) ∨̃FC

for all FA, FBandFC ∈ NL .

Example 3.21 LetU = {u1, u2, u3, u4, u5, u6}be auniverse set and NL = {F∅, FA, FB , FC ,

FD} ⊆̃ NS(U ). Then NL ⊆̃ NS(U ) is a neutrosophic soft lattice with the operations ∪̃ and ∩̃.
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Fig. 3 A neutrosophic soft
modular lattice

.

. . .

.

Suppose that

FA =
{(

e5,
u5

0.5, 0.2, 0.7

)}

FB =
{(

e1,
u1

0.4, 0.1, 0.5
,

u2
0.8, 0.2, 0.6

)

,

(

e2,
u4

0.8, 0.3, 0.4

)}

FC =
{(

e3,
u2

0.7, 0.4, 0.3

)}

FD =
⎧
⎨

⎩

(
e1,

u1
0.4,0.1,0.5 ,

u2
0.8,0.2,0.6 ,

u3
0.6,0.1,0.4

)
,
(
e2,

u2
0.5,0.4,0.6 ,

u4
0.7,0.2,0.3

)
,

(
e3,

u2
0.7,0.4,0.3 ,

u5
0.5,0.1,0.4

)
,
(
e5,

u1
0.7,0.4,0.3 ,

u5
0.5,0.1,0.4

)

⎫
⎬

⎭

F∅ = ∅
(
NL , ∪̃, ∩̃, ⊆̃)

is a neutrosophic soft modular lattice. The Hasse diagram of it is shown in
Fig. 3

4 Conclusion

In this paper, we defined the concept of neutrosophic soft lattice as an algebraic structure and
showed that these definitions are equivalent. We then investigated some related properties
and some characterization theorems. To extend this work one can study the properties of
neutrosophic soft set in other algebraic structures and fields. In addition, based on these
results, we can further probe the applications of neutrosophic soft lattice.

Acknowledgements The authors would like to thank the referees for giving useful suggestions for improving
the work.
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