
Arabian Journal for Science and Engineering (2023) 48:3351–3366
https://doi.org/10.1007/s13369-022-07065-0

RESEARCH ART ICLE -MECHANICAL ENGINEER ING

A Reliable Algorithm for Obtaining All-Inclusive Inverse Kinematics’
Solutions and Redundancy Resolution of Continuum Robots

Ammar Merrad1,2 · Ammar Amouri1 · Abdelhakim Cherfia1,2 · Selman Djeffal3

Received: 17 February 2021 / Accepted: 14 June 2022 / Published online: 10 August 2022
© King Fahd University of Petroleum &Minerals 2022

Abstract
This paper presents a reliable algorithm for solving the inverse kinematic (IK) problem of continuum robots. Admittedly,
there are an infinite number of configurations to get the robot’s end point (EP) pose. Therefore, the proposed algorithm
introduces a new solution that helps narrow the infinite number of the IK solutions down to a finite one by taking into
account the first (n − 1) sections’ sets of reachable EP poses, which are selected and created one-by-one from the first to
(n − 1)th section, in which the Particle Swarm Optimization method is adopted to randomly pick up the first IK solution.
However, a specific criterion has been accorded to select the appropriate IK solution (i.e., redundancy resolution) among the
existing varieties that perfectly fits within the targeted trajectory. Furthermore, numerical experiments are performed on a
Cable-Driven Continuum Robot for tracking a trajectory in a free and confined environment, pointing up on IK, multiple
IK solutions and redundancy resolution. The obtained results demonstrated that the proposed algorithm is computationally
accurate and efficient in obtaining all-inclusive IK solutions and redundancy resolution of continuum robots in comparison to
previously proposed approaches. It is noteworthy to say that the proposed algorithm can be applied to any kind of continuum
robots and most importantly regardless of its number of sections, which makes the developed algorithm a sovereign remedy
for the IK problem of these robots.

Keywords Continuum robot · Inverse kinematic · Redundancy resolution · Particle swarm optimization · Three-dimensional
simulation

1 Introduction

Nowadays, the design, modeling, and control research
around continuum robots has received a lot of attention
due to their appealing characteristics such as low inertia,
high dexterity, flexibility, and, most importantly, their safety
near humans when compared to robots with rigid links
[1–3]. Additionally, their continuous structure and inherent
compliance enable them to work in extremely congested
environments and provide them with the ability to dex-
terously avoid obstacles. These features make them more
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suitable for a variety of applications including: medical and
surgical applications [4, 5], inspection and manipulation
[6–8] and so on.

A continuum robot has a complex structure that can be
either soft or hard consisting of single section or a number
of sections serially connected. The entire structure of contin-
uum robot can be assimilated as piecewise curves, which can
be either real or virtual, depending on the type of the robot.
Currently, a variety of designs and prototypes of continuum
robots have been developed with planar and spatial function-
ality such as Cable-Driven Continuum Robot (CDCR) [9],
Tendon-Driven Continuum Robot (TDCR) [10], pneumatic
continuummanipulator as Bionic Handling Assistant (BHA)
[11] and concentric-tube continuum robot [12].Nevertheless,
due to their inherent complex behavior, they require exten-
sive modeling and development in order to extract their full
physical potential for practical applications.

From a modeling point of view, the Forward Kinematic
(FK) problem of continuum robots is relatively easy to solve.
As a result, many research projects have been carried out
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to solve it using different methods and theories based on
some simplifications and hypotheses, such as Elliptic Inte-
gralApproach [13],ConstantCurvatureKinematicApproach
[14], Modal Approach [15] and Pseudo-Rigid Body Repre-
sentation [16]. On the other hand, the Inverse Kinematic (IK)
problem of continuum robots remains a major challenge due
to highly coupled nonlinear equations of the forward kine-
matic. In fact, it is hard to solve this problem in a purely
analytical way except in specific circumstances where the
robot meets particular conditions, such as in [17–20]. In
[17], the IK of multi-section continuum robot was analyt-
ically solved by considering it as a rigid-linkage system (i.e.,
each rigid-link connects the section’s EPs) and assuming
that the EP coordinates of all links are known and without
considering their orientations. In [18], the IK of continuum
structures was solved by using parametric curves approxi-
mated by mode shape functions assigned to restricted shapes
and motions. The authors in [19] proposed a solution to the
IK for inextensible bending segments under specific segment
arrangement, and similarly, for a specified EP pose in [20].
In [21], the IK problem of continuum robots has been solved
using Pythagorean Hodograph curves, in which the robot’s
shape is firstly reconstructed, and then the IKs are derived.
However, these approaches do not tackle the redundancy
problem; hence they cannot be used to find a general solution
to the redundancy problem.

Alternatively, some researchers have resorted to use
machine learning tools to solve the IKs of continuum robots.
In [22], a neural network approach via a distal supervised
learning architecture has been used to solve the IK problem
ofCompactBionicHandlingAssistant (CBHA)manipulator.
In [23], a hybrid approach was used to solve the IK problem
of the CBHA manipulator in which the robot was consid-
ered as a series of vertebrae, where a flexible link joined two
successive vertebrae. In the same context, a goal babbling
approach was used to solve IK problem of Bionic Handling
Assistant (BHA) manipulator [24]. However, only one IK
solution was provided among the redundancy varieties in
these approaches, and which, in turn, cannot be used in gen-
eral cases.

Additionally, other researchers have used numerical and
optimizationmethods to solve the IKs problemand the redun-
dancy resolution of continuum robots. In [25, 26], the IK
problem for a planar and spatial CDCR has been formulated
as an optimization issue dealing with a constant curvature
assumption and using PSO method. In [27], a Sequential
Quadratic Program (SQP)-based approach is used to approx-
imate the IK of CBHA manipulator. These approaches,
however, can only provide one optimal or non-optimal IK
solution. Similarly, numericalmethods based on the Jacobian
matrix have been implemented to solve the IK problem of
continuum robots [11, 28, 29], in which the FK equations are
differentiated to find a linear transformation between actuator

velocities and robot pose velocities and yet, these methods
have only solved redundancy in one way, where changing
the resolution criterion when computing the IK solution is
difficult.

Based on the previously proposed approaches for solv-
ing the IK problem of continuum robots, we noticed that
the majority of researchers have not thoroughly addressed
the redundancy resolution, which is undeniably important.
In this paper, a reliable algorithm is established and devel-
oped to address the shortcomings of previously proposed
algorithms for solving the IK problem and redundancy res-
olution of continuum robots. It is a two-sub-algorithm: the
first sub-algorithm collects and forms a tree of the reachable
EP poses of the first (n − 1) sections for each robot’s EP
pose. The second sub-algorithm selects the optimal posture
of the robot among the redundant varieties provided by the
first one.

The following points summarize the advantages of the
proposed algorithms: (1) unlike previous works [11, 28, 29],
in which the ease of the model’s derivation is strongly related
to the number of robot’s sections (i.e., increasing number of
robot’s sections has a negative impact on the process of the
IK problem’s resolution). On the other hand, these methods
suffer generally from several shortcomings such as high cal-
culation cost, the presence of local minima and instabilities
close to the singularities;while the proposed algorithmhas no
links with the robot’s degree of redundancy and its character-
istics, and does not require computing the Jacobian and even
the gradient of the cost function; thus the commonproblemof
singularities can be easily avoided.Besides, the re-generation
of the initial population on the PSO method has been intro-
duced to address the occurrence probability of local minima.
Thus, the complexity of the continuum robot’s mechanism
is no longer an obstacle to processing multi-sections which
was previously considered as an unavoidable problem. (2)
unlike [22–24] that require a massive database just to pro-
vide access to a significant number of possible solutions, the
proposed algorithm is simple, complete and does not require
any data to be applied, except for the treatment of the prob-
lem’s inputs. Essentially, it is a database builder,which allows
researchers to easily build their own databases. (3) with the
proposed algorithm, all IK solutions are obtained analyti-
cally and thus easily accessible, in contrast to works [25–27],
where all these solutions are inaccessible and rely entirely on
runtime.

The structure of this paper is as follows: the next section
describes the structure of the considered continuum robot,
namely CDCR, and presents briefly the kinematics models
of its single section. Section 3 focuses on the development of
the proposed algorithm and details the pseudo-codes of the
first sub-algorithm. After that, the second sub-algorithm and
its pseudo-codes related to the resolution of redundancy are
presented in Sect. 4. Section 5 presents a series of numerical
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experiments on a class of continuum robots, namely cable-
Driven Continuum Robot (CDCR). Finally, Sect. 6 outlines
the main conclusions and future perspectives.

2 Kinematics of a Single Continuum Robot
Section

This section provides a summary on the IK solution of a
continuum robot with a single section. Commonly, this class
of continuum robot consists of n sections; each section is
actuated by three cables, namelyCDCR, as depicted in Fig. 1.

From a structural point of view, the movable part of a
single CDCR section is composed of a flexible backbone on
which several equidistant spacer disks are rigidly mounted,
each two disks form a unit. The whole section is actuated by
three driving cables placed at 120 degree from each other.
This arrangement of cables leads to performing two DoFs of
bending and orientation motions.

In order to describe the robot’s configuration, references
coordinate systems Ok XkYk Zk , where k � 1, 2, . . . ,
n is the section number, are attached at the end of each
section. Additionally, one fixed base reference coordinate
system O0X0Y0Z0 (see Fig. 1a, b). Furthermore, we intro-
duce local references coordinate systems o j , k x j , k y j , k z j , k ,
where j � 1, 2, . . . , m is the unit number, attached to the
ends of each intermediate unit (see Fig. 1c).

Asmentioned above, the objective is to calculate the actua-
tor cable lengths as a function of {Xk , Yk , Zk}, the Cartesian
coordinates of the section’s endpoint k, defined in its base
reference coordinate system,Ok−1Xk−1Yk−1Zk−1, supposed
fixed in this case. Various methods can be applied to accom-
plish this purpose, butmost of them require quite complicated
andmathematically lengthy steps [14, 30]. In this section, the
IK of a single CDCR section is derived by assuming that each
of its units is assimilated to a parallel 3UPS-1PU type robot
[23, 26]. Thismodel is a crucial part of the algorithm involved
in this paper, which will be developed and explained through
numerical experiments in the following sections.

For simplicity reasons, the bending shape of each section
k is assumed to be a perfect arc of circle and variable in
time. Thus, the length vector of the active prismatic actuator
for each UPS (li , j , k � Ai , j , k Bi , j , k), where i � 1, 2, 3 is
the actuator cable number, which corresponds to the cable
length variable vector in our case (see Fig. 1), it can be cal-
culated using the Cartesian coordinates of the endpoint of
each section k by the following relationship

li , j , k � o j−1, ko j , k + RP · o j , k Ai , j , k − o j−1, k Bi , j , k , (1)

where RP is the matrix defines the orientation of the mov-
ing platform relative to fixed platform unit ( j , k), it can be

expressed by.

RP � rot
(
x j−1, k , � j , k

) · rot(y j−1, k , � j , k
)
, (2)

where rot represents the rotation transformation, and � j , k

and � j , k indicate pitch and roll angles, which correspond to
the rotation around y j , k-axis and x j , k-axis, respectively, can
be obtained by.

� j , k � tan−1
(−r31

r11

)
, (3)

� j , k � tan−1
(−r23

r22

)
, (4)

where rmn is the element (m, n) of the matrix R given by
[14]

R � rot
(
z j−1, k , ϕk

) · rot(y j−1, k , θ j , k
)

·rot(z j−1, k , −ϕk
)
,

(5)

where θ j , k and ϕk indicate bending and orientation angles.
They can be obtained as a function of Cartesian coordinates
as follows:

θ j , k � 2

m
tan

−1
⎛

⎝

√
X2
k + Y 2

k

Zk

⎞

⎠, (6)

ϕk � tan−1
(
Yk
Xk

)
, (7)

Finally, the total actuator cables’ length of the section k
(i.e., the actuator space vector), which corresponds to the sum
of vectors norm of Eq. (1), can be written as follows:

li , k �
m∑

j�1

√(
li , j , kT · li , j , k

)
, (8)

For further use, the endpoint coordinates of each section
relative to its base reference as a function of a bending
and orientation angle are needed, which presents the for-
ward kinematic model of a single continuum robot section.
According to [14], this model can be expressed as

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

Xk � �k
θk

(1 − cos(θk))cos(ϕk),

Yk � �k
θk

(1 − cos(θk))sin(ϕk),

Zk � �k
θk
sin(θk),

(9)

in which θk � ∑n
j�1

(
θ j , k

)
, and �k is the length of the con-

tinuum robot section.
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Fig. 1 Multi-section continuum robot schematics. Panel a shows a class
of a continuum robot with three sections, namely CDCR. Panel b shows
a single section of CDCRwith three driving cables. It consists of a num-
ber of units. Panel c shows a single unitmodeled as a parallel 3UPS-1PU

type robot. The Prismatic actuators for the kinematic chainUPS are con-
sidered active, whereas the central one of PU is considered as a passive

3 IKs of Continuum Robots with All-Inclusive
IK Solutions

As mentioned before, for a given operational configuration
of the robot’s EP, there is an infinite number of IK solutions
that the robot can reach and this will generally raise two
problems: obtaining all-inclusive IK solutions for a given
robot’s EP pose and the redundancy resolution (i.e., selecting
an appropriate IK solution that satisfies a specific criterion for
the robot, such as minimum variation of the actuator space
vector, traveled distance, obstacle avoidance and so forth).
Certainly, from a computational time point of view, the ideal
is to use the analytical methods since they provide all IK
solutions for a given robot’s EP pose. However, these meth-
ods generally remain unable to solve the IK problem of this
class of redundant robots, which is undoubtedly a non-trivial
problem to be solved.

As for the numerical methods, although they work inde-
pendently of the robot’s redundancy, they still suffer from
several shortcomings, such as high computational costs, run-
ning times, existence of local minima and instabilities close
to singularities [11, 28, 29]. Moreover, redundancy resolu-
tion criteria for these methods are generally applied to derive
a specific IK solution. However, to figure out this commonly
encountered problem, a reliable algorithm has been devel-
oped, in this section, to provide all-inclusive IK solutions,
for a given robot’s EP pose.

Since the proposed algorithm is strongly based on an opti-
mizationmethod,many optimization algorithms can be used,
such as Genetic Algorithm (GA) [26], Particle Swarm Opti-
mization (PSO) [31], Simulated Annealing (SA) [32], and
so on. Although these algorithms have been successfully for
solving a variety of real-world problems, each of them has

some limitations. However, since PSO method is superior in
terms of model complexity, accuracy, iteration and program
simplicity in finding the optimal solution compared to other
algorithms [33], it will be used to pick up the first randomly
IK solution for the proposed algorithm.

In the following, we will introduce the preliminaries used
in developing the proposed algorithm, namely PSO method
and the cost function, boundary conditions and the physical
limitations as well as the proposed algorithm itself.

3.1 PSOMethod and the Cost Function

Standard PSO method is a population-based search algo-
rithm, developed by Kennedy and Eberhart in 1995 [31].
This method is inspired by the social behavior of swarming
animals such as flocks of birds, schools of fish, and even
human social behavior. Generally, PSO method is quite sim-
ple and has a fast convergence with few parameters tuned
compared to other optimization algorithms. However, it has
not been shown to be effective in some challenging prob-
lems, especially the type of problems where the algorithm
has to be applied in small increments in order to keep the
algorithm’s stability. Therefore, to increase the PSO perfor-
mance, Shi and Eberhart [34] added another factor called the
inertia weight concept, which will be used in this work.

In the PSO algorithm, the potential solution to the opti-
mization problem is called a particle and the population of
solutions is called a swarm. Each particle, is character-
ized by a position vector and a velocity vector .
The quality of its position is determined by the value of the
appropriate cost function. The particle memorizes the best
reached position so far and it is denoted by . The best
position found by all the particles in the swarm is denoted
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by gbestD. In the search space D, the velocities and posi-
tions of particles keep changing according to the following
equations:

(10)

(11)

where and is the current position and velocity
of the particle , respectively; ξ is the iteration number; D
is the dimension of the particle vector (here, D � 3, i.e.,
along X−, Y− and Z -axis); ω is the inertia weight rate; c1
and c2 are two positive constants, λ1 and λ2 are two random
numbers; and gbestD represent personal best and
swarm best position, respectively.

Regardless of the time ‘s implementation issue, a com-
mon barrier to most optimization algorithms is the early
convergence of solutions to local minima, which makes the
algorithms inefficient in practical applications. However, to
avoid the algorithm being trapped in local optima, the re-
generating of population technique has been added to PSO
method [35, 36], see algorithm 1.

As stated in the paper’s title, the first goal is to provide
all-inclusive IK solutions of continuum robot. Since the pro-
posed algorithm is based on the PSOmethod, the appropriate
cost function which enables the goal to be achieved can be

expressed as.

C f � ‖Xdesired − Xgenerated‖, (12)

where Xdesired and Xgenerated are the desired and generated
position vector of the endpoint of the robot. The generated
position vector is given by the fourth column of the homoge-
neous matrix defining the FKM of the continuum robot (for
detailed derivation of the FKM refers to ref [37].).

3.2 Parameters Selection of PSOMethod

Naturally, the performance and efficiency of the PSOmethod
strongly depends on the choice of its parameters, namely
constant parameters c1 and c2, inertia weight ω, swarm size,
number of iterations. Therefore, these parameters should be
carefully determined before starting the optimization pro-
cess. As the parameters c1 and c2 give the tendency of the
swarm to converge to local or global best solution, the two
parameters are fixed after performing a pre-test of the algo-
rithm by increasing their values with a step of 0.1 in a range
[0.1, 3.0] and the fitness value was calculated. As a result,
it was found that the value 1.2 is the best for both parame-
ters. For the determination of inertial weight parameter, the
method developed in [38] was used for reducing the inertia
weight linearly from 0.9 to 0.4 throughout the implementa-
tion in order to explore the research space in the early stages
and then exploit the optimum solution at the later ones. On
the other hand, since the size of the swarm and the number of
iterations are related to the complexity of the problem, that
is, larger ratios obviously mean better performance with the
selected swarm and the number of iterations and therefore,
following multiple tests of the algorithm, and it was found
that the values 15 and 45 are the lowest values of the conver-
gence of the algorithm in a reasonable computation time.

3.3 Boundary Conditions and PHYSICAL Limitations

The Boundary conditions satisfying the achievement of the
central backbone curve to the reference frame’s origin must
be introduced to correlate the reference frame of the cen-
tral backbone and the base’s reference. Furthermore, another
required condition is the association of the desired point,
which is located in the prescribed trajectory and the previ-
ously mentioned frames. Explicitly, a relationship between
the frame of the central backbone, the base, and the pre-
scribed trajectory’s specific position (point) that allows the
robot to fulfill the task must be considered. Mathematically,
these conditions can be expressed as follows:

X0 � Xbase, Xn � Xdesired , (13)
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Fig. 2 Block diagram of algorithm providing with all-inclusive inverse kinematics’ solutions and the resolution of its redundancy

where Xbase and Xdesired are the position of origin of the
reference frame associated with the fixed base and the end
reference frame of the robot, respectively.

Limitations such as those related to actuator variables,
which are typically presented in rigid manipulators, can be
considered to confirm the robot’s proper operation, especially
in the case of a continuum robot with a large number of
sections thatmay overlap. These limitations can be expressed
as.

lmin
k ≤ li , k ≤ lmax

k , (14)

3.4 Proposed Algorithm Step-By-Step

From a computational time point of view, the analytical
approaches have been proved to be the ideal way to solve
the inverse kinematics of continuum robots. Methodically, it
is extremely difficult to solve their inverse kinematics, espe-
cially for those who havemore than two sections. Solving the
inverse kinematics of continuum robots generally leads to an
infinite number of inverse kinematics solutions. Therefore,
the alternative way is the development and the improvement
of numerical and optimization approaches. Thus, this sub-
section is dedicated to establishing and developing a reliably
efficient algorithm capable of providing with all-inclusive
IKs solutions of any multi-section continuum robots and;

then, its redundancy can be easily resolved. The problem
of the infinite number of IK solutions is transformed into
a finite number by considering a set of the reachable posi-
tions of the EP poses of the first (n − 1) sections, which are
defined and created one-by-one from the first section to the
(n − 1)-thsection. It should be noted, here, that any numeri-
cally selected solution results in small errors.

Figure 2 summarizes the proposed algorithm approach
which can be divided into two sub-algorithms with
((n − 1) + 1) steps. Sub-algorithm 1, with (n − 1) steps,
focuses on defining and creating the reachable positions of
the EP poses of the first (n − 1). In this sub-algorithm, the
robot redundancy is decreased one-by-one by deleting the
previous section. While sub-algorithm 2, with one step, is
dedicated to the resolution of the redundancy, which will be
presented in the next section. This sub-algorithm works with
the outputs of sub-algorithm 1 and the robot EP pose.

However, it is known that the difficulty of deriving the
inverse kinematic for any continuum robot increases as the
number of its sections increases. So, in this paper, the pro-
posed algorithm is applied to a three section continuum
robot; hence, sub-algorithm 1 will have two steps. There-
fore, according to block diagram depicted in Fig. 2, the first
step gives the reachable EP poses of the first section, and the
second one for determining the reachable EP poses of the
second section. The procedure of each step can be achieved,
respectively, by the following pseudo-code.
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To summarize, sub-algorithm 1 collects and forms a tree
of the reachable EP poses of the first (n−1) sections for each
robot’s EP pose, while sub-algorithm 2 selects the optimal
posture of the robot based on a specific criterion from among
the redundant varieties provided by sub-algorithm 1.

4 Resolution of Redundancy

In fact, any selected IK solution results in Cartesian and ori-
entation errors; thus, the most accurate solution criterion is
used in redundancy resolution process. This solution can be
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reliably used in various applications that do not require very
high accuracy. In this context, to obtain the optimal posture
of the robot in which its endpoint reaches the desired trajec-
tory, the intermediate endpoints of the first (n − 1) sections
can be selected among the redundant varieties, provided by
sub-algorithm 1, according to a specific criterion, such as.

• Minimum variation of the actuator space vector: this cri-
terion can be expressed as

l � min
i , k

‖lsum − loptsum‖, (15)

where lsum and loptsum are the sum of current and last con-
tinuum robot actuator space, respectively, i.e., the sum of
cables length of all sections of the robot.

• Minimum variation of traveled distances of the endpoints
of the first (n− 1) sections: this criterion can be expressed
in the general form as

dist � min
k

n∑

k�1

‖Pk − Popt
k ‖, (16)

where Pk and Popt
k are the current and last position of end-

point of the section k, respectively.
To thoroughly describe the application of the two criteria

that serve to generate the optimal posture of the robot for a
given EP pose, the following pseudo-codes are presented:
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Base

Radius ( , )

Virtual sphere
,

Fig. 3 Obstacle avoidance strategy

4.1 Obstacle Avoidance

When the robot is operating in a restricted environment, the
inverse kinematic involves generating an optimal posture
allowing the robot to avoid the obstacles and reach the target.
The obstacle avoidance strategy can be performed through
two steps. First, a set of appropriate EP poses of the first
(n − 1) sections, that the robot does not collide with the
obstacles, is selected from the redundancy varieties provided
by sub-algorithm 1.

A simple manner to achieve the obstacle avoidance is to
place some virtual spheres such that their gravity center is
placed on the backbone curve of the robot (see Fig. 3), and

then; if the distance between any obstacle and these spheres
are greater than a given value compared to the sum of the
radii of the obstacle and that of the spheres, the IK solution
is retained, otherwise the solution is rejected. The obstacle
avoidance strategy can be written in the general form as.

d j , k > robs + r j , k , (17)

Then, the optimal posture that allows the robot to avoid
the obstacles and achieves the specified target can be selected
among the resulting set of EP poses of the first (n−1) sections
in which Eq. 16 will be satisfied using a certain criterion.

5 Numerical Experiments

The aim of this research work is to find all-inclusive IK
solutions that allow the robot to track a given EP pose
in its workspace (sub-algorithm 1), and then to solve the
redundancy problem according to a given criterion (sub-
algorithm 2).

The proposed algorithm that is dedicated to a CDCR with
three sections begins with finding out the dimension of the
problem at step 1 in sub-algorithm 1 which is (nb_P1 × 3),
where nb_P1 is the number of EP poses of Sect. 1. While
at step 2, the dimension of the problem is (nb_P2 × 3) for
each point of [MAT _P1], where [MAT _P1] is the matrix

123



3360 Arabian Journal for Science and Engineering (2023) 48:3351–3366

of all Sect. 1’s reachable EP poses that verify the inequality
aX1 + bY1 + cZ1 + d ≥ 0, where X1, Y1 and Z1 are the
Cartesian coordinates of the specific IK solution denoted P1s .
On the other hand, the reachable EP poses of Sect. 2, denoted
[MAT _P2], are all points that verify the equality aX2+bY2+
cZ2 +d � 0, for each point of [MAT _P1], where X2, Y2 and
Z2 are the Cartesian coordinates of the specific point denoted
P2 (see, step 2 in sub-algorithm 1).

Regarding PSO method, the population is the set of pos-
sible reachable EP poses and the coordinates of the particle
are the variables of the optimization problem, which repre-
sent in our case the specific accessible EP poses, denoted
P1s(X1, Y1, Z1) and P2(X2, Y2, Z2) in sub-algorithm 1.
Concerning the redundancy problem (i.e., sub-algorithm 2),

the optimal posture of the robot, denoted
[
MAT _Popt

1

]
and

[
MAT _Popt

2

]
are selected according to a given criterion

among redundancy varieties.
The proposed algorithm is tested through three numeri-

cal experiments utilizing a CDCR with three sections (see
Fig. 1). The first example is considered to illustrate the block
diagram depicted in Fig. 3 that showing the reachable EP
poses of the two sections for a given robot’s EP pose. The
second numerical experiment has been carried out in order to
track a line-shaped trajectory in a free environment. The last
is performed to reach a desired goal while avoiding a static
obstacle in the robot’s workspace, in which the collision and
free-collision’s areas are illustrated. To select the optimal
IK solution, in all examples, two criteria have been applied,
namely minimum variation of the actuator space vector and

Table 1 Parameters of CDCR for the numerical experiments

Designation Section’s
length (mm)

Radial
distance
between
cables and
the backbone
(mm)

Disk radius
(mm)

Section 1 300 40 45

Section 2 250 30 35

Section 3 200 20 25

traveled distance, and after that, their results have been com-
pared. The numerical experiments have been performed in
MATLAB software on a computer with the following speci-
fications: Intel(R) Xeon(R) CPU E5-1620 0@ 3.60 GHz, 16
Go of RAM, 64-bit operating system. The geometric param-
eters of CDCR are given in Table 1.

5.1 Illustration of the Block Diagramof the Proposed
Algorithm: A Numerical Example

The purpose of this numerical example is to thoroughly
illustrate the block diagram as it is shown in Fig. 3. To
emphasize, the three-section continuum robot starts from
its initial configuration[0; 0; 750], see Fig. 4a, to reach
the desired goal located at[240; 150; 570]. In fact, there
is an infinite possible configuration. However, for sim-
plicity reasons, three EP poses are exclusively taken for
the first section, denoted[MAT _P1]; and for each point

(a) (b)

Fig. 4 Numerical example in the form of a tree illustrating the block diagram of the proposed algorithm
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Table 2 Optimal reachable EP poses of Sect. 1 and 2 satisfying both
criteria to achieve the desired goal

Criterion Minimum variation of the
actuator space

Traveled distance

Section 1 [10.80; 128.68; 259.01] [45.31; 34.39; 292.68]

Section 2 [133.57; 142.13; 433.64] [94.86; 145.16; 508.26]

of[MAT _P1], four EP poses are chosen for the second
section, denoted

[
MAT _P2, q

]
, in which the reachable EP

poses
[
MAT _P2, q

]
, with q � 1, 2, 3, forms the

matrix of all reachable EP poses of the second section,
denoted[MAT _P2], see Fig. 4b. However, to select an opti-
mal configuration, namely to pick up themost appropriate IK
solution, among the considered varieties of solutions, criteria
of minimum variation of the actuator space and traveled dis-
tance are granted. The obtained optimal achievable EP poses
of Sects. 1 and 2 are given in Table 2 andwhich are displayed,
respectively, in bold-black line and dashed-line in Fig. 4b.

5.2 IKs for Tracking a Trajectory in Free Environment

This simulation experiment attempts at first to demonstrate
the existence of infinite configurations of the robot, i.e., all
possible IK solutions, from any starting pose to any des-
tination pose on the trajectory. From a realistic view, it is
not possible to reach all IK solutions; however, through the
proposed algorithm, the problem can be reduced to a finite
number of IK solutions by considering the sets of reachable
EP poses of the two first sections. Before starting, it is obvi-
ous that when the robot is in a straight line, there is a unique
configuration of the robot, which represents generally its ini-
tial configuration, where P1 and P2 represent the EP poses
of the two first sections in this case, see Fig. 5a. Figure 5.b
shows such a destination pose of the robot inwhich the sets of
reachable EP poses of the two first sections are shown (red
points). Besides, three random configurations of the robot,
presented by its backbone, are depicted.

To illustrate more about Fig. 5b, let [MAT _P1] � 4621
EP poses for the first section and

[
MAT _P2, q

] � 300 EP
poses for the second section for each point of [MAT _P1].
The dimension of the problem becomes 4621×300 possible
configurations of the robot for such pose on the trajectory,
which can be explained graphically in Fig. 5c.

To highlight the redundancy resolution aspect along the
desired trajectory, two cases have been considered for a line-
shaped trajectory [40t , 25t , 750 − 30t]T (mm). Figure 6a
and b illustrates the robot’s EP poses and its backbone deflec-
tion for tracking a line-shaped trajectory with two criteria,
namely minimum variation of the actuator space vector and
traveled distance, respectively.

Fig. 5 Representation of reachable EP poses of two first sections for
such robot’s EP pose. Panel a shows the initial configuration of the
CDCRpresented by its central backbones. The green and cyan set points
present the theoretical workspaces of the two first sections of the robot,
respectively. Panel b shows the reachable EP poses of two first sections
presented by the sets red points, i.e., set of P1 and P2, for such robot’s EP
pose. Panel c shows three random configurations of the robot reached
such pose on the line-shaped trajectory

Figure 7 presents the variation of cable lengths (actuator
space vectors) required to track the desired line-shaped tra-
jectory with two considered criteria. From this Figure, it can
be seen that the two criteria give the similar solution in find-
ing IK solutions. Of course, the two solutions are very similar
because practically and according to the given trajectory, it
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Fig. 6 Inverse position kinematics: a and b the robot’s EP pose tracks
a line-shaped trajectory with minimum variation of the actuator space
vector and the traveled distance of two first sections’ EP poses, respec-
tively

is the unique and optimal solution that can be obtained; and
this indicates the computational efficiency of the proposed
algorithm in finding IK solutions and redundancy resolution.
However, the slight difference apparent in the lengths varia-
tion, especially in the second and third sections, is due to the
small number of EP poses considered for the second section.

5.3 IKs for Reaching a Goal in Presence of Obstacle

In this numerical experiment, the proposed algorithm is
evaluated against avoiding obstacles which can be encoun-
tered in the robot’s workspace. According to this numerical

Fig. 7 The required actuator space vectors to track the line-shaped tra-
jectory for two criteria

experiment, areas of collision and free-collision (obstacle
avoidance) of the robot can be identified. Let us consider a
static obstacle that is located atXobs � [60; 70; 350](mm),
within the robot’s workspace (see Fig. 8), from the fixed
reference frame and then, the robot starts from its initial
state [0; 0; 750](mm) to reach the desired goalXdesired �
[240; 150; 570](mm). Interestingly, to ensure that obstacles
along the trajectory are avoided, the path must be subdivided
into a large number of points. To achieve this purpose, the
obstacle avoidance is provided at the point of destination. For
visual representation, the red and green points, depicted in
Fig. 8, present the collision and free-collision’s areas, respec-
tively, of the robot with obstacle.

To avoid that obstacle, an additional constraint has been
introduced to the optimization problem aiming at retain-
ing the Euclidean distance between the obstacle’s position
and some points on the robot’s backbone beyond a safety
distance equal to 40 mm. However, to select the optimal
configuration through which the robot does not collide with
the obstacle and properly tracks the desired trajectory, the
previously criteria, namely minimum variation of the actu-
ator space vector and traveled distance are accorded. The
reachable EP poses of the two first sections of the robot that
satisfy the two aforementioned criteria are presented in Table
3. Besides, the actuator space vectors required to reach the
desired goal for both criteria, namely minimum variation of
the actuator space vector and traveled distance are given in
Table 4.
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Fig. 8 a and bCollision and free-collision’s areas for the robot (Red and
green points present collision and free-collision’s areas, respectively)

Table 3 Reachable EP poses of Sects. 1 and 2 satisfying both criteria
to reach the desired goal

Criterion Minimum variation of the
actuator space

Traveled distance

Section 1 [145.70; 115.48; 199.38] [0; 0; 300]

Section 2 [258.80; 188.08; 374.68] [74.49; 46.72; 529.53]

6 Summary

Three numerical experiments are conducted on the IK prob-
lem and redundancy resolution for a class of continuum
robots, namely Cable-Driven Continuum Robot (CDCR), to
test and validate the proposed algorithm. The aim of the first
example is to providewith an explicit illustration of the block
diagram as it is shown in Fig. 3. The second one is dedicated
to figuring out the redundant IK solutions and the redundancy
resolution for tracking a trajectory without obstacle avoid-
ance, while third one is considered for reaching a desired
goal in the presence of obstacle. According to the achieved
results, the proposed algorithm achieves good performance
in terms of computational accuracy and efficiency in obtain-
ing global IK solutions and redundancy resolution criteria,
unlike the previously proposed approaches.

Regardless of the runtime, the main advantages of the
proposed algorithm can be summarized as follows: (1) easy
parameterization and simple build, (2) does not require any
data to apply it except the treatment of the problem’s inputs,
(3) no links with the degree of redundancy of the robot and
its characteristics, (4) a database builder, and (5) it can be
applied to any continuum robot regardless of its number of
sections.

Comparatively, the so-called continuum robots are com-
posed of hard or soft structure, which makes their char-
acteristics and properties different, such as sizes, material,
continuous/discontinuous shape, etc.On theother hand, these
robots can be controlled by different inputs including pneu-
matic actuation, hybrid actuation (pneumatic + electric),
cable/tendon actuation, and so on. Based on the aforemen-
tioned differences between the existing continuum robots’
proprieties, a comprehensive comparison cannot be fully
considered by merely considering the results obtained in
this work. Table 5 lists some contributions dealing with IK
problem and redundancy resolution of continuum robots.

Table 4 Actuator space vectors
required to reach the desired goal
for both criteria

Criterion Minimum variation of the actuator space Traveled distance

Cable lengths of Sect. 1
(
li , 1

)
(252.57, 290.80, 355.30) (300, 300, 300)

Cable lengths of Sect. 2
(
li , 2

)
(286.79, 261.00, 200.79) (231.32, 249.10, 269.30)

Cable lengths of Sect. 3
(
li , 3

)
(199.48, 200.36, 200.14) (178.25, 198.96, 222.15)
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Table 5 Some contributions dealing with IK problem and redundancy resolution of continuum robots

Robot Characteristics Modeling method IK problem Redundancy
problem

CDCR Continuous shape, rigid
structure, multi-sections,
controlled by cables

Proposed algorithm in this
paper

All-Inclusive IK
Solutions can be
provided

Can deal with
redundancy using
different criteria

PSO metaheuristic
approach [25, 26]

Only one IK solution
can be provided

CBHA Continuous shape, soft
structure, two sections,
pneumatic actuation

Pythagorean Hodograph
curves-based approach
[21]

One optimal or
non-optimal IK
solution can be
provided

Cannot deal with
redundancy
problem

Neural network approach
[22]

Hybrid approach: Geometry
and Neural Network [23]

PSO metaheuristic
approach [26]

Only one IK solution
can be provided

Can deal with
redundancy using
different criteriaSQP-based approach [27]

Approach-based Jacobian
matrix [29]

Only one IK solution
can be provided

Difficult dealing
with redundancy
problemBHA Continuous shape, soft

structure, two sections,
pneumatic actuation

Approach-based Jacobian
matrix [11]

Goal babbling learning [24] Only one IK solution
can be provided

Cannot deal with
redundancy
problem

Redundant manipulator Discontinuous shape, rigid
structure, multi-sections

Modal approach [18]

Multi-section continuum arm Continuous shape, soft
structure, three sections,
Pneumatic muscle
actuation

Modal approach [28]

Geometrical-based
approach [17]

Comparatively speaking, an overview of the previously
developed continuum robot’s IK solutions is given in Table 5,
which proved that the proposed algorithm is the best and can
be used as an exhaustive method to solve the IK problem and
its redundancy for continuum robots (despite the differences
in characteristics and properties of the studied robots), and
thus, it can be considered as an alternative and a sovereign
remedy to compensate for the shortcoming experienced by
the previously proposed algorithms.

7 Conclusion

In this paper, a novel reliable algorithm is proposed. It
accurately provides with all-inclusive inverse kinematics’
solutions of continuum robots as well as the resolution of
redundancy. Certainly, there are an infinite number of con-
figurations throughwhich the continuum robot’s EP pose can
attain a specific pose within its workspace, in other words,
an endless number of IK solutions are inevitably encountered
for a given pose in the robot’s workspace. Through the pro-
posed algorithm, the infinite number of the IK solutions can

be reduced to a finite number by considering sets of reachable
EP poses of the first (n − 1) sections. It consists of a two-
sub-algorithm: the first sub-algorithm collects and forms a
tree of the reachable EP poses of the first (n − 1) sections
for each robot’s EP pose. In this way, the robot’s sets EP
poses are selected and built up one-by-one starting from the
first section to (n − 1)th section. The second sub-algorithm
selects the optimal posture of the robot, among the redundant
varieties solutions provided by the first sub-algorithm’s out-
puts, according to a specific criterion. However, since the
proposed algorithm is strongly related to an optimization
method, the Particle Swarm Optimization (PSO) method is
adopted, to pick up the first specific IK solution, due to its
particularly considerable advantages compared to other algo-
rithms, particular: its implementation simplicity and its fast
convergence that provides a low computation time.

To test and validate the efficiency of the proposed algo-
rithm, three numerical experiments are carried out on a
cable-Driven Continuum Robot (CDCR). The first exam-
ple is explicitly provided to illustrate the functionality of
the two sub-algorithms. While the second and third numer-
ical experiments are performed for tracking a trajectory in
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a free environment as well as to reach a desired goal in the
presence of obstacle within the robot’s workspace. In all sim-
ulations, IK,multiple IK solutions and redundancy resolution
are thoroughly discussed. The obtained results showed that
the proposed algorithm is computationally accurate and effi-
cient in obtaining all-inclusive IK solutions and redundancy
resolution of continuum robots.

In comparison with existing works about IK, that directly
address the problem in this paper, and despite the differ-
ences in the above-mentioned properties and characteristics,
the proposed algorithm can be considered as a comprehen-
sive method for perfectly addressing the IK problem and
its redundancy for continuum robots. Furthermore, the pro-
posed algorithm can be applied to any kind of continuum
robot regardless of the number of sections, which makes it
a sovereign remedy for the IK problem and redundancy of
continuum robots. One of the many advantages regarding the
developed algorithm in this paper is that it can be adopted by
researchers to directly build their database without using the
forward kinematic which significantly helps to narrow down
theunwanted singularities triggeredby the forwardkinematic
during the build-up of the needed database, for instance, neu-
ral networks and growing gas techniques strongly depend on
the database, thus awell-collected data helps to achieve accu-
rate results.

In the future, we will address the issue of mobile contin-
uum manipulators.
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