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Abstract
The sand boiling phenomenon occurs downstream of hydraulic structures, and the continuation of this phenomenon could lead
to a structural failure. In this paper, by developing a device to simulate sand boiling, experimental tests have been performed
to determine the critical hydraulic gradient on various sandy soil. The effect of different parameters was evaluated such
as four relative densities (0, 20, 50 and 80%), uniformity coefficient, woven and non-woven geotextiles in both single and
double-layer states and the particle size distribution. Based on the results, with increasing the relative density and uniformity
coefficient, the sand resistance against the hydraulic failure improved and also in soils with Cu � 1, coarser sands have
indicated more resistance to the boiling. In improvement by geotextile, reinforced sands beard more water load than natural
sands, and the type and layer number of reinforcements have affected the test results. In addition, a statistical comparison has
been performed between the experimental results and the proposed equation by Terzaghi to calculate the critical hydraulic
gradient. Finally, by using experimental results, a linear and nonlinear regression model is presented to predict the required
seepage force for the hydraulic failure of the specimens.

Keywords Hydraulic failure · Sand boiling · Critical hydraulic gradient · Uniformity coefficient · Seepage force · And
geotextile
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�H Difference head (m)
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icr Critical hydraulic gradient (dimensionless)
K Permeability coefficient (cm/s)
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1 Introduction

Hydraulic structures such as dams, water canals, and
embankments are important structures that are built along
rivers to supply, store, and transfer water for urban, industrial
and agricultural use. The occurrence of hydraulic failures
such as the rapid drawdown in the upstream, sand boiling,
piping in the downstream and uplift (inside the body and
foundation of a dam) can be considered as hazards for these
structures. The spread of these events leads to the fraction of
the water structures and can result in major Life and financial
losses.

The German BAW Code [1] defines hydraulic failure in
four modes including uplift, internal erosion, heave, and pip-
ing.

Uplift failure occurs when the pore water pressure under
the soil layers with very low permeability overcomes the
weight of the soil structure and moves the structure upward
in an integrated way. Lateral and uplift forces due to ground-
water flow can adversely affect the stability of structures such
as dams and weirs [2].

Internal erosion of soil as a type of hydraulic failure refers
to the process whereby fine particles are detached from a soil
structure to the liquid stream flowing through the soil pores
and subsequently migrate with the liquid phase [3]. Internal
erosion can lead to the piping phenomenon and consequently
the failure of levees and dams [4].

Heave is another type of hydraulic failure that causes boil-
ing of the sand particles. Jewel et al. [5] performed a sand
boiling test on silica sand and reported that the cause of
sand boiling is zero shear stress of cohesionless soils and
concluded that there is a linear relationship between critical
shear stress and hydraulic gradients and evaluated the trend
of shear stress variations as a decrease in upward seepage.
Sand boiling can be considered as a kind of damage due to
liquefaction [6].

Piping, as one of the critical patterns of internal erosion,
has been reported as a major cause for failures of embank-
ment dams and levees [7]. In this phenomenon like sand
boiling, the erosive force of the seepage by overcoming the
shear stress of the soil causes the separation of particles
from each other and the creation of flow channels. Back-
ward erosion piping occurs when non-plastic soil particles
are removed at a seepage exit point [8]. Richards and Reddy
[9] introduced three modes for piping behavior in hydraulic
structures including backward erosion, erosion due to con-
centrated seepage and suffusion. The TetonDam in 1976was
one of the hydraulic structures that collapsed by the piping
phenomenon in the dam abutment and caused huge damages
[10].

According to theoretical studies, sand boiling and piping
occur when the amount of hydraulic gradient exceeds the
critical hydraulic gradient (icr) of the soil and the soil does

not show resistance towater seepage. Terzaghi [11],Wu [12],
Liu [13], and Zhou et al. [14] presented theoretical equations
to predict icr . The basis of these relations is the zero value of
effective stress and the force equilibrium for a particle of soil.
The presented relationship by Terzaghi [11] to determine the
icr is:

icr � Gs − 1

e + 1
(1)

According to Eq. (1), soil compaction (void ratio and
porosity) is an important and effective factor in the calcu-
lation of icr .

Furumoto et al. [15], Sivakumar & Vasudevan [16], Das
et al. [17], Das and Viswanadham [18], Estabragh et al.
[19], Estabragh et al. [20], Yang and Wang [21], Yang
et al. [22], and Langroudi et al. [23] measured the required
hydraulic gradients for the hydraulic failure of natural and
fiber-reinforced samples by fabricating a device to create
upward water seepage. In these studies, the fibers were ran-
domly distributed in the soil and increasing the percentage
and length of the fibers, increased the icr of the samples.
Also, in the researches of Sivakumar & Vasudevan [16] and
Estabragh et al. [20] for the experimental results, a regression
model (linear and quadratic) has been presented that predicts
the correlation between seepage velocity and seepage force
with parameters such as fiber length and percentage. These
statistical analyses have been performed using errors opti-
mization of theoretical models relative to observational data.

In this study with designing and fabricating a device
to create upward seepage (to simulate sand boiling phe-
nomenon), the effect of uniformity coefficient and relative
density (Dr) on the icr of the soil was investigated. In addi-
tion, the effect of using single and double-layer woven and
non-wovengeotextiles on the sandhydraulic parameters (per-
meability coefficient, seepage force and critical hydraulic
gradient) have been evaluated. Also, ten completely uniform
soil samples (with a coefficient of uniformity equal to 1)
with maximum porosity and different particles size (diame-
ter) have been considered to measure the critical hydraulic
gradient. In addition to the experimental tests, a statistical
comparison has been performed between the test results and
the presented relationship by Terzaghi [11] (common and
widely usedmodel for determining the critical hydraulic gra-
dient) to determine the certainty of Terzaghi’s relationship.
Finally, two prediction models of linear and nonlinear have
been applied to the experimental results which will predict
the values of seepage force related to the sand boiling.

2 Material properties

In this study, to examine the phenomenon of sand boiling,
four types of granular soils withCu >1 and ten types of com-
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Table 1 Physical and mechanical properties of soils with Cu >1

Soil type Soil1 Soil2 Soil3 Soil4

Gs 2.65 2.65 2.65 2.65

D50 (mm) 0.36 0.82 0.79 0.77

D10 (mm) 0.17 0.27 0.2 0.14

Cc 1.06 1.31 1.45 1.58

Cu 2.02 3.38 4.46 6.21

emax 0.93 0.85 0.81 0.79

emin 0.58 0.47 0.45 0.43

Soil classification SP SP SP SW

pletely uniform soils with Cu � 1 were used. These soils are
clean sands that were extracted from the Firoozkooh moun-
tain mine (located in the north of Iran) and their constituent
minerals are quartz and silica.

2.1 Sandy Soils with Cu > 1

Four types of sandy soilswith uniformity coefficients of 2.02,
3.38, 4.46, and 6.21 were considered in this study. Based
on the sieve analysis test, three of them are classified as SP
(poorly graded sand) and the other one graded as well-graded
sand according to the Unified classification system (ASTM
D2487-17 [24]). Table 1 and Fig. 1 display the physical and
mechanical properties and gradation curves for soils 1 to
4, respectively. The maximum and minimum void ratios in
this table have been obtained in accordance with the test of
minimum andmaximum dry densities of granular soil ([25]).

Table 2 Physical and mechanical properties of soils with Cu � 1

Soil type D (mm) emax γ dmin (gr/cm3)

Soil5 4.75 0.96 1.36

Soil6 3.35 1.00 1.33

Soil7 2.36 1.06 1.29

Soil8 2 1.05 1.30

Soil9 1.18 1.07 1.28

Soil10 1 1.16 1.23

Soil11 0.600 1.15 1.24

Soil12 0.425 1.14 1.24

Soil13 0.250 1.19 1.21

Soil14 0.180 1.22 1.20

2.2 Sandy Soils with Cu � 1

By using sieves No. 4, 6, 8, 10, 16, 18, 30, 40, 60 and 80,
uniform soils have been prepared and specific gravity (Gs)
for all samples is 2.67. Table 2 demonstrates the physical and
mechanical properties of the completely uniform soils used
in this study. Based on this table, due to the diameter of the
constant particles for each specimen, the values of uniformity
and curvature coefficient for soils 5 to 14 become 1.

2.3 Reinforcement Specifications

In this study, two types of geotextile (woven andNon-woven)
have been used for soil improvement, which were placed
in the soil horizontally. The reinforcements are made of
polyester and their main difference between them is in the
opening size and the water permeability. Table3 shows the

Fig. 1 The grain size
distribution of soils (Cu >1)
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Table 3 Physical and
mechanical properties of
geotextiles

Material name Geotextile type Permeability
(cm/s)

Tensile strength
(N)

AOS (mm) Thickness (mm)

Woven Polyester 0.01 1250 0.07 Less than 1

Nonwoven Polyester 0.24 700 0.21 1

Fig. 2 Schematic design of
upward seepage apparatus

physical and mechanical characteristics of woven and non-
woven geotextiles in this research.

3 Sand Boiling Test Device

There is no standard test equipment for determining the resis-
tance of soil against hydraulic failure (i.e. boiling or piping).
Skempton & Brogan [26], Fuurmoto et al. [15], Sivakumar
& Vasudevan [16], Das et al. [17], Das and Viswanadham
[18], Estabragh et al. [19], Estabragh et al. [20], and Yang
et al. [22] designed different devices to determine the critical
hydraulic gradient by simulating the phenomenon of piping
and sand boiling. In this study, considering the sand boiling
phenomena, a device has been fabricated. Figures 2 and 3
illustrate the schematic and prototype of the device.

As it can be seen, on the left side of the apparatus, a cylin-
drical reservoir with an inner diameter of 10 cm and a height
of 1 m to supply water was installed. There are some circu-
lar holes with a diameter of 8 mm on the wall of the water
reservoir that was defined at a distance of 2 cm from each
other. These holes adjust the reservoir water level (upstream
head). To connect the upstream (left side of the device) to the
downstream (right side of the device), a water transfer tube
with a diameter of 1 cm has been used. In the path of this
tube, a water flow control valve was fabricated to gradually
increase the water head of the upstream. On the other side of
the water transfer tube, there is a calm reservoir, a sample cell

and a downstream ring in the cylindrical form were designed
placed on top of each other. The calm reservoir was made of
Plexiglass with a diameter and height of 5 and 10 cm, respec-
tively, and the sample cell with a height of 10 cm was placed
above it. To observe the flow of water and the boiling phe-
nomenon, the sample cell was considered transparent. For
the cell floor, a screen with the number 200(D � 75 μm) has
been used which causes the uniform distribution of water
pressure and prevents falling soil particles inside the calm
reservoir. The outlet tube has been connected to the down-
stream transparent ring at a distance of 2 cm over the sample
surface that directs the outlet water from the system to the
outside tomeasure the outflow rate. In Fig. 2, H2 andH1 indi-
cate the height of the outlet tube (downstream water head)
and the elevation of the water inside the reservoir (upstream
water head) versus the desired base level. In this system, the
head difference between the upstream and downstream (�H)
is equal to:

�H � H1 − H2 (2)

Since the height of the sample cell is 10 cm, the amount
of applied hydraulic gradient on the specimen is equal to:

i � �H

(L ∼� 10 cm)
(3)
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Fig. 3 Overview photo of
upward seepage device
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4 Sample Preparation and Test Procedure

4.1 Samples Preparation

In this paper, for soils 1 to 4 (Cu >1), four relative densities
of 0, 20, 50, and 80% have been considered. For soils 5 to 14
(Cu � 1), samples with the loose condition were arranged.
To prepare the sampleswith different compaction conditions,
the test of minimum and maximum dry densities of granular
soil was performed. To perform this test following the stan-
dard (ASTM D4254 and 4253 [27, 28]), the vibration and
sand precipitation methods have been used.

Figure 4 depicts the variations of maximum andminimum
dry unit weight for sandy soils in terms of the uniformity
coefficient. According to this figure, for soils 1 to 4 with Gs

� 2.65, values of the maximum and minimum dry density
increase with increasing uniformity. Indeed, soil porosity at a
certain relative density decreases with increasing uniformity
coefficient.

Arvelo [29] by performing the modified standard proctor
test on sandy soils examined the effect of parameters such as
fine percentage (clay and silt) and the uniformity coefficient
on the results of compaction tests and found out that the unit
weight of the soil increases with increasing the uniformity
coefficient of the soil.
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Fig. 5 Variations of minimum dry unit weight against the diameter of
the particles (Cu � 1)

As mentioned before, for soils 5 to 14 (Cu � 1) the sand
pluviation technique has been used to make the samples in
the loose conditions. Figure 5 displays the variations of min-
imum dry unit weight in the term of the materials diameters
for completely uniform soils. As it can be seen, the minimum
dry density rises with an increase in the aggregate diameter.
It should be noted that there are exceptions in some points
of this diagram. A similar trend for uniform sands has also
been reported by Islam et al. [30].

After conducting the relative density tests on thematerials,
samples 1 to 4 were made at different relative densities. The
weight of each sample inside the cell (W ) at a certain relative
density of Dr is obtained from Eq. (4):

W � γdmin

1 −
(

Dr
γdmax

)
(γdmax − γdmin)

V (4)

where V is the sample cell volume. Because of considering
the loosest compaction state for soils 5 to 14, the sample
weight (W ) is calculated using Eq. (5):

W � γdminV (5)

Two layers One layer
(a)

(b) 

Nonwove

5(cm)

H/3

H/3

H/3
H/2

D =5 cm, H =10 cm

H/2

Woven

Fig. 6 a Location of the geotextiles layers in the cell of the sand boiling
apparatus, b: Geotextile texture

For reinforced sand samples with geotextiles, a relative
density of 80% was considered. According to Fig. 6(6-a) in
reinforced sand with one geotextile layer, the reinforcement
element is placed at the center of the apparatus cell. In other
words, the position of the reinforcement, in this case, was at
a distance of h/2 from the base of the sample cell and in the
two-player mode, the distance between the geotextiles was
h/3 (h is the height of the cell of the sand boiling device in
this study).

4.2 Test Procedure

After preparing the samples at different relative densities, the
sample cell is placed on the calm reservoir. Then the water
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Fig. 7 Diagram of water flow
velocity against hydraulic
gradient for soil sample 1 (Dr �
0%)
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supply pipe is opened to the desired extent so that the water
reservoir is filled to a level of 2 cm above the water outlet
tube and the excess water of the system is removed through
the hole on the wall of the reservoir. In fact, according to the
length of 10 cm of the sample, a hydraulic gradient of 0.2 is
created between the upstream and downstream of the device.
Next by opening the water flow control valve, water enters
the calm reservoir and the sample cell through the transfer
tube. The flow discharge rate (Q) is calculated by measuring
the weight of the outlet water (m) in time of t(s) from Eq. (6).

Q � m

γwt
(6)

The velocity of water flow into the soil is obtained by hav-
ing the area of a cross-section perpendicular to the direction
of flow (A) (Eq. 7):

v � Q

A
(7)

This step is completed by closing the flow valve. In the
following, the height of the reservoir water increases by 2 cm
in each stage and, as in the first stage, by measuring the flow
rate (Q) for each reservoir water elevation (upstream head),
the flow velocity corresponding to the hydraulic gradient is
calculated. These steps continue until the occurrence of the
sand boiling. Signs such as an increase in discharge, the heave
of the sample surface, the muddy water downstream, and
the upward movement of grains indicate that the hydraulic
failure has occurred and soil can no longer control the down-
stream flow. Finally, to analyze the obtained results from the
sand boiling test, the flow velocity diagram is plotted ver-
sus the hydraulic gradient (Fig. 7). Based on this diagram,
the hydraulic parameters of the sample such as permeability
coefficient (k), critical hydraulic gradient (icr), and seepage
force are determined. In this study by following Darcy’s law,

to calculate the permeability coefficient of the samples, from
the average flow velocity to hydraulic gradient ratios for dif-
ferent points of this graph (v-i). The extracted data belong
to points that have a Reynolds number of less than 1 (the
laminar flow) [31].

According to Fig. 7, the intersection of the linear regres-
sion of the points before the boiling with the line passing
through the two endpoints of the experiment shows vc and
icr (critical flow velocity and hydraulic gradient). By draw-
ing a vertical line at this point of intersection, this chart (v-i)
is divided into two parts before and after boiling occurrence.
In Fig. 7 using this method, the critical hydraulic gradient of
sample 1with for loose condition is obtained 0.78. By obtain-
ing the icr, based on Eq. (8), the values of the seepage force
for the hydraulic failure of each sample can be calculated.

F � icrγwV (8)

The flow before and after sand boiling illustrate in Fig. 8.
Under conditions of i > icr (after breaking the v-i curve),
hydraulic failure occurs for the specimens and with a sudden
increase in the flow discharge, the flowmode changes from a
laminar flow to turbulence flow downstream and as a result,
the water becomes muddy.

5 Results and Discussion

In this research, 40 experimental tests have been performed
to measure the hydraulic characteristics of different types of
sandy soils (natural and reinforced). Tables 4 and 5 demon-
strate the results of sand boiling tests for sandy soils with
a uniformity coefficient greater than 1 in the reinforced and
unreinforced conditions. Also in Table 6, the results from the
hydraulic failure tests of perfectly uniform sands (Cu � 1)
have been summarized.
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Fig. 8 The situation of the
sample in the sand boiling test:
a i ≤ icr , b i > icr and
c moment of starting sand
boiling phenomenon

(a) (b)

Sand 
Boiling

Muddy

Steady 
state

Flow pipe

Heave

(c)

Table 4 displays the effect of variations in relative density
and uniformity coefficient on soil hydraulic parameters with
Cu >1 such as the amount of seepage force at the boiling
point, critical hydraulic gradient and permeability coeffi-
cient. It should be noted that the amounts of heave in Table
4 have been measured for the pre-boiling point. For soils 1,
2, 3 and 4 with an increase in relative density of 80%, the

changes in the longitudinal strain of the samples at the time
of hydraulic failure were 0.02, 0.04, 0.05 and 0.05, respec-
tively, indicating that the denser samples at the moment of
boiling occurrence have a higher strain capacity. According
to the results of the soils 1 to 4, the amount of heave in
samples with loose compaction is very low. However, with
increasing the relative density of the specimens, the heave
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Table 4 Results of sand boiling
tests on the soil samples with
uniformity coefficient bigger
than 1

Soil type Dr% γdSample n icr k (cm/s) icr (Terzaghi) MQ F(N) Heave (mm)

Soil1, Cu �
2.02

0 1.36 0.48 0.78 0.078 0.84 1.08 1.53 0

20 1.41 0.46 0.98 0.059 0.87 0.89 1.92 0

50 1.49 0.43 0.98 0.055 0.93 0.95 1.92 1

80 1.59 0.39 1.50 0.030 0.99 0.66 2.94 2

Soil2, Cu �
3.38

0 1.42 0.46 1.17 0.296 0.88 0.75 2.29 0

20 1.48 0.43 1.18 0.167 0.92 0.78 2.31 0

50 1.59 0.39 1.37 0.129 0.99 0.72 2.68 1

80 1.71 0.35 1.89 0.063 1.06 0.56 3.71 4

Soil3, Cu �
4.46

0 1.46 0.44 1.18 0.352 0.90 0.76 2.31 0

20 1.52 0.42 1.18 0.174 0.94 0.80 2.31 1

50 1.62 0.38 1.43 0.120 1.00 0.70 2.80 2

80 1.73 0.34 1.93 0.059 1.07 0.55 3.78 5

Soil4, Cu �
6.21

0 1.48 0.44 1.21 0.167 0.92 0.76 2.37 2

20 1.54 0.41 1.51 0.128 0.95 0.63 2.96 2

50 1.64 0.38 1.56 0.118 1.02 0.65 3.06 4

80 1.75 0.33 2.30 0.058 1.08 0.47 4.51 7

Table 5 Results of sand boiling
tests on the reinforced samples
by geotextile

Cu Type of sample Geotextile texture icr k(cm/s) F(N)

Unreinforced – 1.50 0.030 2.94

One layer Non-woven 1.78 0.029 3.49

Soil1, Cu � 2.02 One layer Woven 2.14 0.026 4.19

Two layers Non-woven 2.27 0.029 4.45

Two layers Woven 2.67 0.021 5.23

Unreinforced – 1.89 0.063 3.71

One layer Non-woven 2.33 0.058 4.57

Soil2, Cu � 3.38 One layer Woven 2.43 0.047 4.76

Two layers Non-woven 2.89 0.045 5.67

Two layers Woven 3.12 0.031 6.12

Unreinforced – 1.93 0.059 3.78

One layer Non-woven 2.23 0.058 4.37

Soil3, Cu � 4.46 One layer Woven 2.41 0.057 4.72

Two layers Non-woven 2.77 0.041 5.43

Two layers Woven 3.38 0.034 6.63

Unreinforced – 2.30 0.058 4.51

One layer Non-woven 2.84 0.058 5.57

Soil4 Cu � 6.21 One layer Woven 2.87 0.045 5.63

Two layers Non-woven 3.42 0.045 6.71

Two layers Woven 3.76 0.035 7.37

values have been enlarged and the specimens tolerated more
longitudinal strain against boiling. In addition to the com-
paction condition of the samples, the uniformity coefficient
value affects the deformation of the samples. Based on the
results in Table 4, with increasing the uniformity coefficient
by 4.19 at relative densities of 0, 20, 50 and 80%, the amount
of variations in the heave becomes 2, 2, 3 and 5 mm, accord-
ingly, which illustrates that with increasing relative density,

the rate of heave has risenwithmore intensity against changes
in the uniformity coefficient. It can be concluded that soils
with non-uniformity granulation revealed more deformation
at the critical hydraulic gradient point. As it can be seen, the
deformation value of soil 4 (with a uniformity coefficient of
6.21) at a relative density of 80% has been 7 mm, while this
amount (heave) for soil 1 in the same compaction condition
is 2 mm.
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Table 6 Results of sand boiling tests on the soil samples with Cu �
1(Dr � 0)

Soil type icr k(cm/s) F(N) icr (Terzaghi) MQ

Soil5 Not exist Re>1 – 0.85 –

Soil6 Not exist Re>1 – 0.83 –

Soil7 4.2 Re>1 8.24 0.80 –

Soil8 2.95 Re>1 5.78 0.81 –

Soil9 1.8 Re>1 3.53 0.80 –

Soil10 1.2 Re>1 2.35 0.76 0.64

Soil11 0.91 0.3319 1.78 0.77 0.85

Soil12 0.84 0.1771 1.64 0.77 0.92

Soil13 0.78 0.0528 1.53 0.76 0.97

Soil14 0.67 0.0286 1.31 0.75 1.12

Table 5 presents the results of sand boiling tests on the
reinforced samples by geotextile which indicates that sam-
ples with a uniformity coefficient greater than 1 in dense
conditions have been improved by geotextiles against boil-
ing. Based on the results, it is observed that the reinforced
sample has better control in water seepage and increas-
ing the number of geotextile layers improves the resistance
of sandy soil against hydraulic failure. It should be noted
that the type of geotextile also affected the test results. So
that with reinforcing soil 1, 2, 3 and 4 by woven geotex-
tile in two layers, the permeability coefficient decreased
by 30, 50, 42.3 and 39.6%, respectively. In fact, geotex-
tiles have an effective role in controlling seepage from
the device. Similar results are also obtained and presented
in Table 5 for reinforced samples by non-woven geotex-
tiles.

The results permeability coefficient, seepage force and
critical hydraulic gradients of the particle diameter of com-
pletely uniform samples (Cu � 1) are summarized in
Table 6. According to the results of the performed exper-
iments on soils 7 to 14, it can be suggested that by
increasing the diameter of sand particles by 2.18 mm,
the required water head for sand boiling in the upstream
area becomes 35.3 cm. Soils 5 and 6 with a diameter of
4.75 and 3.35 mm, respectively, resisted upstream hydraulic
pressures and no signs of boiling were observed on the
downstream soil surfaces. For soils 5 and 6, boiling didn’t
occur and for soils 7, 8 and 9, despite the occurrence of
boiling, the breakage point didn’t appear in the velocity
diagram in terms of their hydraulic gradient. Worth men-
tioning that the reported icr for these soils belong to a
point at which upward soil particles movement has been
seen.

The values of Reynolds number for soils 5 to 10 in all
heights of the reservoir water table were more than 1, so the
permeability coefficient hasn’t been calculated for these sam-
ples. In other words, in samples 5 to 10 (D ≥1 (mm)), there
is no linear relationship could not be obtained between flow
velocity and hydraulic gradient. However, by decreasing the
particle diameter in samples 11 to 14 (D <1 (mm)), Due to
the reduction of flow rate and the existence of laminar flow,
the Reynolds number of the flow is less than 1 and the per-
meability coefficient has been calculated for these samples.

Furthermore, in Tables 4 and 6, a comparison between
the theoretical relationship of Terzaghi [11] and experimen-
tal test results has been conducted. In this comparison, in
addition to soils 5 and 6, soils 7, 8 and 9 due to the lack of
breakage of the flow velocity diagram in terms of hydraulic
gradients, were not included. In this comparison, the Model
Quality (MQ) statistical index has been used, which repre-
sents the ratio of the calculated critical hydraulic gradient
through the theoretical relationship (icrt) to the experimental
critical hydraulic gradient (icrm) results (Eq. 9).

MQ � icr t
icr m

(9)

By calculating the model quality index for all samples,
the mean and variation coefficient of the MQ statistical pop-
ulation for this comparison are 0.77 and 21%, respectively.
If this index becomes 1, it indicates that the relationship of
Terzaghi [11] had high validity for predicting the critical
hydraulic gradient of soil. For example, the MQ index for
soils 1 and 2 at loose conditions is 1.08 and 0.75, accord-
ingly. Based on the results presented in Tables 4 and 6, the
Terzaghi model has the best and worst predictions for the
critical hydraulic gradient of soil 13 (MQsoil13 � 0.976) at
the loose condition and soil 4 (MQsoil4 � 0.473) at a dense
condition, correspondingly. In general, the proposed equa-
tion by Terzaghi [11] for icr, predicts hydraulic gradients of
uniform soils in loose condition with high accuracy, but on
the other hand, the calculation of critical hydraulic gradients
using this model for well-graded soils at high relative densi-
ties due to the high error of this model is not recommended.
Figure 9 shows the experimental and calculated results using
Terzaghi’s relationship.

It can also be seen in Fig. 9 that soils that had a high resis-
tance to boiling are far from the same function and show that
the Terzaghi relationship has a low value in determining the
hydraulic gradient of these soils. In otherwords, for loose and
poorly graded sampleswhere sand boiling has occurred in the
lower gradient (less than 1.1(zone A)), the Terzaghi model
has high validity and has the points of maximum compliance
with the line (same function).
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Fig. 9 Predicted vs measured critical hydraulic gradients

5.1 The Effect of the Relative Density of the Sample
(for Cu > 1)

According to Fig. 10, for soils 1 to 4 (Cu > 1), with rising
relative density, the trend of critical hydraulic gradient vari-
ations is ascending and the samples have been improved. In
fact, as the relative density of the sample increases, the break-
ing point of the graph (v-i) is shifted to the right, as a result
of a sudden increase in flow velocity occurs at a point with a
higher hydraulic gradient. In addition, the slope of the graphs
before the breaking point (i < icr) decreases with increas-
ing the relative density (i.e. decreasing the permeability of
the samples), for instance, the values of seepage force and
hydraulic gradient for the hydraulic failure of soil 1 with 80%
increase in relative density (i.e. dense sample) have increased
by about 100% and also the permeability coefficient of this
sample has changed from 0.078 to 0.03 cm /s.

Figures 11 and 12 display that relative density changes
have affected the critical hydraulic gradient and seepage force
for soils 1 to 4. As it can be seen, soil 4 at relative densities of
0 and 80%, reached the critical hydraulic gradient of 1.21 and
2.3, respectively, and also, the seepage force has increased
by 90%. This type of variation of critical hydraulic gradient
and hydraulic conductivity has also been reported by other
researchers. Ren et al. [32], Terzaghi [11] and Zhou et al.
[14] investigations show porosity (relative density) has a sig-
nificant effect on these hydraulic parameters (icr, k & F).
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Fig. 10 Flow velocity against hydraulic gradient for different relative
density: a Cu � 2.02, b Cu � 3.38, c Cu � 4.46 and d Cu � 6.21
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Fig. 11 Amounts of the critical
hydraulic gradient versus
relative density for different
uniformity coefficient
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Fig. 12 Amounts of seepage force versus relative density for different
uniformity coefficient

5.2 Effect of Uniformity Coefficient (Cu > 1)

The effect of the uniformity coefficient on the values of the
hydraulic gradient and the seepage force at the moment of
boiling are shown in Figs. 13 and 14, accordingly. Based on
the results, for soils 1 to 4 in different compaction condi-
tions, it can be concluded that at a constant relative density,
the amount of critical hydraulic gradient increases with an
increasing uniformity coefficient of samples and the samples
with non-uniformity granulation indicate more resistance
against the boiling. At a relative density of 80%, the value
of seepage force for boiling related to soils 1 and 4 becomes
2.94 and 4.51 (N), respectively. By improving soil granula-
tion, more hydrodynamic force is required for heave failure.
Igwo et al. [33] performed a series of experiments to deter-
mine the maximum shear stress on loose sands with different
uniformity coefficients and found out that sandy soil with
high uniformity coefficient tolerates higher shear stress and

Fig. 13 Amounts of the critical
hydraulic gradient versus
uniformity coefficient for
different relative density
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Fig. 14 Amounts of seepage force versus uniformity coefficient for dif-
ferent relative density

also the peak shear stress has a direct relationwith soil unifor-
mity coefficient. Therefore, it can be concluded that growing
the uniformity coefficient increases the shear strength and
weight of the sample, as results in upward water seepage,
more hydraulic gradient is required for boil in well-graded
sand.

It can be seen in Fig. 13 that the value of the critical
hydraulic gradient at a relative density of 80% for soils 1
and 4 is 1.5 and 2.3, correspondingly. In fact, for sand with a
specific gravity of 2.65 and a relative density of 80% with a
change in uniformity coefficient from 2.02 to 6.21, the criti-
cal hydraulic gradient has increased by 53%. This increasing
trend of resistance is also observed in relative densities of 0,
20 and 50%.

5.3 Effect of Geotextiles on Dense Sands with Cu > 1

Figure 15 shows the changes in flow velocity against the
hydraulic gradient in upward water seepage for soils 1 to 4 at
a relative density of 80% in reinforced and natural samples.
The results indicate that by adding geotextiles to the sandy
soil, the boiling of the sand is delayed and the reinforced
sands show more resistance to water seepage. For example,
in soil 3 with Cu � 4.46, by adding two layers of woven
geotextiles, the critical hydraulic gradient is increased by
1.45.

Figures 16 and 17 represent the effect of the type and
number of layers of geotextile on the required seepage force
for boiling and the permeability coefficient of samples 1 to
4. According to the histogram of seepage force and chart
of permeability coefficient, it can be concluded that woven
geotextile has a greater impact on soil improvement than non-
woven geotextile and water seepage rate is lower in these
samples. In addition, the measured seepage force at the boil-
ingmoment is higher forwoven geotextiles. Furthermore, the
use of two layers of reinforcement increases the resistance of
the sample to boiling rather than one layer. For instance, in

soil 4(Cu � 6.21), it is observed that in reinforcement with
non-woven geotextile, the seepage force in single and double
layers is 5.57 N and 6.71 N, respectively, while by replacing
the woven geotextile, the seepage force changes to 5.63 N
and 7.379 N, correspondingly.

Figure 18 shows the Histogram of the improvement per-
centage for soil 1 to 4 in dense conditions. As it can be seen,
the sandy soils have been improved between 60 and 80%
using geotextiles. In all samples in both single and double
layer reinforcement, the highest percentage of improvement
is related to woven geotextiles.

This trend of improving critical hydraulic gradient using
reinforcement also considered by other researches ([15–20],
and [22]). In previous studies, the soil has been improved
with fibers and parameters such as length, percentage and
type of fibers on the critical hydraulic gradient and perme-
ability coefficient have been evaluated. Implementing the soil
reinforcement method with randomly distributed fibers on a
large scale is difficult and costly, while geotextiles can be
easily applied in practice.

5.4 The Effect of Sand Particle Diameter with Cu � 1

Figure 19 shows the flow velocity variations against the
hydraulic gradient of uniform soils (soils 5 to 14) in the
loose condition. Based on the results, the break is seen only
in curves of soils 10 to 14. If the diameter of the parti-
cles is greater than 1 mm, there will be no break in the
diagram of (v-i). In other words, due to the high permeabil-
ity of completely uniform soils with D >1 mm, the flow
has been turbulent before and after the hydraulic failure
and a sudden difference in the amount of flow discharge
doesn’t occur. For particles diameters of 1 and 0.18 mm,
the value of critical hydraulic gradient is 1.2 and 0.67,
respectively. As a result, it can be established that boil-
ing occurs in fine sands earlier. In addition, based on the
results presented in Fig. 19, the slope of the diagram (per-
meability coefficient) has reduced with decreasing sand
diameter.

Figures 20 and 21 demonstrate the values of the hydraulic
gradient and the seepage force in terms of the diameters
of the particles of perfectly uniform sands in the loosest
state. It can be seen in Fig. 20 that the particle diam-
eter in uniformly sands has a significant effect on the
critical hydraulic gradient. Moreover, in accordance with
Fig. 21, the regression equation passing through the diagram
of seepage force versus particles diameter with a corre-
lation coefficient of 0.96 is equal to F � 2.86D + 0.69.
Based on this relationship, by increasing the diameter of the
particles (mm), the seepage force (N) for boiling the spec-
imens is changed at a positive rate of 2.86(N/mm). This
increase in strength is due to the increase in the internal
friction of particles in coarse sand against the fine sand.
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Fig. 15 Flow velocity against
hydraulic gradient for reinforced
samples: a Cu � 2.02, b Cu �
3.38, c Cu � 4.46 and d Cu �
6.21
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Zhou et al. [14] by conducting a theoretical and labora-
tory study, presented the chart of the hydraulic gradient
in terms of a mean diameter of the grains and found that
with increasing the average diameter of the soil particles,
more hydraulic gradient is required for piping occurrence.
Kara et al. [34] also performed direct shear experiments
on uniformly sand samples with different diameters and
concluded that the internal friction angle of uniform sand
materials surges with increasing particles diameter. Accord-
ingly, coarse sand due to an increase in resisting shear stress
can bear higher hydraulic gradients in upwardwater seepage.

5.5 Multivariate Linear and Nonlinear Regression
Models

Obtained data and information from experiments in vari-
ous fields can be modeled using mathematical and statistical
analysis to determine the relationship between variables. In
fact, to save time and costs and by using mathematical and
statistical modeling that apply to the results of various exper-
iments, prediction can be presented for an event that does not
require accomplishing the test anymore. Linear and nonlin-
ear regressionmethods aremathematical algorithmsbased on
statistical reasoning that are proposed to predict data’s trend.
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Fig. 15 continued
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In this study, Multivariate Linear and Nonlinear Regression
(MLR &MNLR) have been presented to determine the rela-
tionship between independent parameters such as uniformity
coefficient and relative density with the dependent variable
of seepage force which has been applied to the experimental
test results with a uniformity coefficient greater than 1 (i.e.
soils 1, 2, 3 and 4). This regression model has two proper-
ties (independent variable) of x1 � Cu and x2 � Dr% and
a hypothesis function (dependent variable) y � F (Cu, Dr)
to forecast the seepage force. In each prediction model, a
hypothesis function exists that represents the behavior of the
variables with each other. In these functions, there are con-
stant coefficients that are considered unknown. Degree of
freedom is a factor that determines the validity and certainty

of regression, which is equal to the difference between the
number of observational data and the number of the con-
stant parameters of the hypothesis function. In this study, by
examining the outcomes of sand boiling experiments on soil
1 to 4, the number of seepage force data becomes 16 for two
hypotheses functions are presented in the form of Eqs. 10
and 11.

y � β0 + β1x1 + β2x2 (10)

y � β0 + β1x
2
1 + β2x

2
2 + β3x1 + β4x2 + β5x1x2 (11)

Equations 10 and 11 are linear and parabolic hypothesis
functions, respectively. βj are constant coefficients of these
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Fig. 16 Amount of seepage
force at the boiling time for
reinforced samples by woven
and non-woven geotextile in one
and two layers modes
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Fig. 17 Variations of
permeability coefficient for
reinforced samples by woven
and non-woven geotextile in one
and two layers modes
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functions. In this study, the degree of freedom for linear
and nonlinear regression is 13 and 10, correspondingly. In
regression models, to obtain constant coefficients, the clas-
sicmethod of the least square ofErrors [35] is used to produce
the most conformed model. If Yi and yi show the amount of
observational data and the prediction value of the hypothe-
sis function for the ith test, accordingly, then the sum of the
square of the error (�2) will be achieved from Eq. (12):

�2 �
n∑
i

(Yi − yi)
2 (12)

In Eq. (12), n is the number of data. To obtain the model
with the most conformity, the derivative of �2 with respect
to βj must be considered zero (optimization):

∀ j,
d�2

dβj
� 0 (13)

According to Eq. (13), for each constant coefficient
(regression unknowns), an equation is generated that by solv-
ing this collection of equations, the most accurate model to
predict the data is achieved.
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Fig. 18 Amount of improvement
percentage for
reinforced samples by woven
and non-woven geotextile in one
and two layers modes
(Improvement percentage (%) �
(icr (reinforced) − icr (unreinforced)/
icr (unreinforced)) ∗ 100)

Soil1 Soil2 Soil3 Soil4
1 layer Nonwoven 18.6 22.9 15.5 23.4
1 layer Woven 42.6 28.2 24.8 24.7
2 layers Nonwoven 51.3 52.5 43.5 48.6
2 layers Woven 78 64 75.1 63.4
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Fig. 19 Variations of flow
velocity against hydraulic
gradient for soils with Cu � 1
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Fig. 20 Critical hydraulic variation versus particles diameter (Cu � 1)
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Fig. 21 Seepage force versus particles diameter (Cu � 1)

Thereafter, 2 characteristics of R2 and RMSE are cal-
culated for the regression model. R2 is the determination
coefficient of the model. As this coefficient gets closer to 1, a
higher percentage from dependent data has been determined
via the independent features. RMSE is the root-mean-square
errors of the predicted and observed data, Also, as this
value gets closer to zero, the presented regression model has
less error. These two characteristics are calculated based on
Eqs. (14 and 15).

R2 �
(∑n

i (yi − yave)(Yi − Yave)
)2

∑n
i (Yi − Yave)

∑n
i (yi − yave)

(14)

RMSE � 2

√√√√
n∑
i

(yi − Yi)2

n
(15)

where Yave and yave are the averages of the predicted and
measured data, respectively. In this study, the outcome of
linear and nonlinear regression analysis of 2 variables (uni-

Table 7 Results of regression models

Regression type R2 RMSE

MLR 0.93 0.279(N)

MNLR 0.97 0.162(N)

formity coefficient and relative density) on the required
seepage force for the hydraulic failure of the samples have
been shown in Table 7:

F(N ) � 0.97255 + 0.25626Cu + 0.0191Dr(MLR) (16)

(17)

F (N ) � 0.858511 − 0.040637C2
u + 0.000272D2

r

+ 0.519167Cu − 0.010823Dr

+ 0.00198CuDr (MNLR)

Equations (16 and 17) show the linear and nonlinear
regressions passing through the experimental data. Based
on Eq. (16), the coefficients of Cu and Dr are greater than
zero. It can be concluded that with increasing the uniformity
coefficient and relative density, the amount of seepage force
increases and the sample is improved. It should be noted that
in Eqs. (16 and 17), relative density values are entered in the
form of the percentage. As well as the values of determina-
tion coefficient (R2) for nonlinear (parabolic) regression are
higher than linear regression that indicates, more data has
been determined by the parabolic model. Whilst, the root-
mean-square errors (RMSE) of the linear model is about
0.12 N higher than the parabolic model. Figure 22 displays
the graphs of the predicted data in terms of measured data for
both linear and nonlinear regression models. In this Figure,
it can be seen clearly that the points for the linear model have
more dispersion toward the identity function (y � x) and in
the nonlinear regression diagram, the matching of the points
on the identity function seemsmore. Generally, it can be said,
nonlinear regression is more accurate than linear regression.

6 Conclusion

In this paper, while designing and fabricating a device to
simulate the sand boiling phenomenon, experimental and sta-
tistical studies have been implemented on different types of
sandy soils. The effects of gradation characteristics unifor-
mity coefficient and soil particle diameter, relative density,
type and layers number of geotextile on sand hydraulic
parameters such as seepage force, critical hydraulic gradient
and permeability coefficient have been investigated. Further-
more, linear and nonlinear regression models are presented.
The main results of this research are as follows:
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Fig. 22 Variations of predicted against measured seepage force during
sand boiling: AMNLR, B MLR

1. With an increase in the uniformity coefficient, the trend of
the changes in maximum and minimum dry unit weight
of sandy soils is ascending. In this study, the maximum
dry density for sandswith uniformity coefficients of 2.02,
3.38, 4.46 and 6.21 are 1.67, 1.8, 1.82 and 1.84 g/cm3,
respectively. The maximum void ratio for soil 5 with
a diameter of 4.75 mm and soil 14 with a diameter of
180 μm is 0.96 and 1.22, correspondingly, which indi-
cates that coarser sands have less porosity.

2. In sandy soils with a uniformity coefficient greater
than 1 with increasing compaction and relative density,
hydraulic failure occurs at higher hydraulic gradients. For
instance, with an 80% increase in relative density, the
resistance against boiling increased by 100% for a soil
with a uniformity coefficient of 2.02. On the other hand,
at constant relative density, the critical hydraulic gradient
of the soil has increased with the improvement of grada-
tion characteristics (increasing uniformity coefficient),

and well-graded samples indicated more resistance to
hydraulic failure. As an example, the critical hydraulic
gradient of soil 1 with Cu � 2.02 and soil 4 with Cu �
6.21 in dense conditions are 1.5 and 2.3, accordingly.

3. In the reinforcement by geotextile, the reinforced spec-
imens have more resistance than the natural specimen,
which can be attributed to the reduction of the permeabil-
ity coefficient in the reinforced specimens. In addition,
samples reinforced with 2 layers of geotextile failed at
higher hydraulic gradients. Also Woven geotextiles due
to lower water permeability have better performance in
the improvement process. The average percentage of
improvement with woven and non-woven geotextiles for
two-layer mode is 70% and 49%, respectively.

4. For soils in the loosest compaction condition with Cu �
1, the diameter of sand particles (D) has significantly
affected the hydraulic parameters of the sample. By
considering the flow velocity diagram with respect to
the hydraulic gradient for soils with particles diameter
greater than 1 mm, there is no maximum point (break-
age) that cannot be observed and therefore the critical
hydraulic gradient for these samples cannot be calcu-
lated. Furthermore, reducing the diameter of the particles
in perfectly uniform soils decreases the permeability
coefficient and critical hydraulic gradient.

5. Two linear and non-linear regression models have been
presented to predict the required seepage force for
hydraulic rupture of sands with a uniformity coefficient
greater than 1. These models indicate the effect of rela-
tive density and uniformity coefficient on the occurrence
of sand boiling. In the linear model, the coefficients of
the independent variables of the regression are positive,
so it can be concluded that with increasing the relative
density and uniformity coefficient, the resistance of the
sample to hydraulic failure increases. Also, the nonlinear
model has a higher determination coefficient and a lower
error rate than the linear model. It can be concluded that
nonlinear regression has predicted the obtained data in
this study with higher accuracy.

6. A laboratory study in this study shows that parameters
such as uniformity coefficient, grain diameter and rel-
ative density of sandy soils are very effective on the
occurrence of sand boiling phenomenon and improves
the hydraulic parameters of sandy soils by adding woven
and non-woven geotextiles. Using the finding of this
research, it is possible to use geotextiles to increase the
critical hydraulic gradient downstream of levees, dams
and embankments and to avoid the risk of consequences
related to the failure of these types of hydraulic struc-
tures.
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