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Abstract
The significance of the local skin friction as well as the heat transfer rate on the motion of water (H2O) and ethylene
glycol (C2H6O2) conveying metallic and metallic oxide nanoparticles (e.g., Al, Cu, Zn, Al203, CuO and ZnO) along a
vertical thin needle is needed to improve the performance of chemical reactors, heat exchangers, pharmaceutical equipment
and hybrid-powered engines. This led to the investigation of mixed convection flow and heat transfer of some nanofluids,
in which the thermal conductivity and viscosity vary nonlinearly with the volume fraction. For simplifying the present
investigation, appropriate variables were introduced successfully in the mathematical formulation to convert the governing
nonlinear partial differential equations to coupled ordinary differential equations (ODEs). Moreover, the resulting ODEs were
solved numerically via a robust differential quadrature algorithm. Furthermore, a comparative studywith the existing literature
is found to be in an excellent agreement. The enhancement of heat transfer in nanofluids is ascertained by increasing the
convection ratio. Generally, the maximum improvement in the local skin friction was perceived for the flows of zinc–water-
based nanofluids (Zn–H2O) with the upsurge in the volume fraction of the nanoparticles Zn. On the contrary, the highest
enhancement in the heat transfer rate was revealed for the flows of copper–ethylene glycol-based nanofluids (Cu–C2H6O2)
with the increase in the weight percent of the Cu nanomaterial loading.

Keywords Isothermal thin needle · Mixed convection · Metallic and metallic oxide nanofluids · Generalized differential
quadrature method

List of symbols

a Needle size parameter
Cp Specific heat, J Kg−1 K−1

C f x Local skin friction
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(F, f ) Dimensionless stream functions
g Gravitational acceleration, m s−2

Grx Local Grashof number
k Thermal conductivity, Wm−1 K−1

Nux Local Nusselt number
p Modified pressure, Pa
Pr Prandtl number (Pr � υ/α)

r Radial coordinate, m
Rex Local Reynolds number
R(x) Needle-shaped function, m
T Temperature, K
Tw Wall temperature, K
T∞ Free stream temperature, K
u∞ Velocity coefficient, m1/2 s−1

u Axial velocity, ms−1

U (x) Free stream velocity, ms−1

v Radial velocity, ms−1
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x Axial coordinate, m
r Radial coordinate, m

Greek symbols

α Thermal diffusivity
(
α � k/

(
ρCp

))
, m2 s−1

βT Thermal expansion coefficient, K−1

φ Volumetric fraction
Γ Mixed convection parameter
μ Dynamic viscosity, Pa s
υ Kinematic viscosity, m2 s−1

(Θ, θ) Dimensionless temperatures
ρ Density, Kgm−1
(
ρCp

)
Heat capacity, Jm−3 K−1

(ξ , η) Similarity variables
ψ Stream function, m3 s−1

Subscripts

f Base fluid
n f Nanofluid
s Solid nanoparticles

1 Introduction

The novel properties of tiny particles suspended in a base
fluid have led many scientists to great strides in the produc-
tion of chemical reactors, heat exchangers, pharmaceutical
equipment and hybrid-powered engines. The enhancement
of the thermal properties of fluids due to the presence of
nanosized particles was firstly buttressed by Choi [1]. In this
framework, the nanofluids have emerged as promising fluids
in enhancing the intrinsic thermophysical properties related
explicitly to the heat transfer characteristics. These afore-
mentioned thermal features were deliberated thoroughly
by many renowned researchers, such as Xuan et al. [2],
Das et al. [3], Azmi et al. [4], Animasaun et al. [5] and
Wakif et al. [6]. Indeed, the enhancement of heat trans-
fer across flowing or stagnant fluids or cooling can be
encountered widely in numerous vital applications, such as
chemical reactors, heat exchangers, pharmaceutical process,
hybrid-powered engines, nuclear reactor cooling, electronics
cooling, solar energy applications, copper wires annealing
and phase change processes. According to Khan and Pop
[7], Khan et al. [8] and Imtiaz et al. [9], the cooling rate
in the aforesaid process shows an important role regarding
the final product in the diversified industrial world. Mean-
while, an increase in the velocity slip has been shown to be
a factor sufficient enough to greatly reduce the heat trans-
fer rate in the non-Newtonian blood flows conveying gold

nanoparticles as reported byAnimasaun et al. [10]. In another
work, Animasaun et al. [11] demonstrated that the heat trans-
fer rate is an increasing property of thermoelectric in the
case of water conveying 29-nm CuO spherical nanoparticles.
Similarly, Wakif et al. [12] controlled passively the volumet-
ric fraction of nanoparticles at the boundaries through the
revised Nield’s condition [13, 14] to determine the tempera-
ture gradient in the flow of alumina–water-based nanofluids
(Al2O3–H2O). The significant effect of the other pertinent
physical factors such as the bioconvection phenomenon and
the gyrotactic microorganisms as well as the thermophoresis
and the haphazard motion of nanoparticles in the flow of var-
ious nanofluids have been discussed extensively by Sivaraj
et al. [15], Makinde and Animasaun [16, 17].

Lately, the heat and mass transport phenomena affected
by a laminar boundary layer flow past over a stretching sur-
face are relevant to diversified fields of several industrial and
engineering processes due to their useful practice involved
in such fields, such as cooling and heating manufacturing
systems. An augmentation in the heat transfer rate is quite
essential from an economic point of view, as long as this
thermal enhancement participates significatively in the min-
imization of the processing time aswell as in the perfection of
the working efficiency. On the other hand, the mixed convec-
tion mechanism can arise when the thermal buoyancy effect
participates also in the promotion of heat transfer in the flu-
idicmediums. In viewof the above relevance of heat transport
phenomena andmixed convection process, many researchers
succeeded in accomplishing society and industry-friendly
outcomes by carrying out extensive studies (e.g., analyti-
cal, numerical and experimental investigations) in the related
areas. For instance, the examination of mixed convective
flow with entropy generation in a heated skewed enclosure
of Cu–water nanofluids has been performed numerically by
Nayak et al. [18]. The impact of homogeneous–heteroge-
neous kinds of chemical reactions on the transportation of
thermal energy was outlined by Hayat et al. [19]. Interest-
ing exclusive reports on heat transfer during the dynamics
of two-dimensional or three-dimensional flows of various
nanofluids induced by either linear/nonlinear or exponential
stretching/shrinking surfaces subject to linear or nonlinear
thermal radiation, chemical reaction, Cattaneo–Christov heat
flux and mixed convection flow with the convective bound-
ary condition have been reported by Nayak et al. [20–26].
In addition, the conveyance of heat via the mixed convec-
tive flows of Sisko non-Newtonian fluids was presented by
Tanveer et al. [27]. Besides, the heat transfer in stagnation
point flows under the combined effect of Joule heating and
viscous dissipation was reported by Khan et al. [28]. In
another related study, the nature of heat transfer across the
nanofluid flows over a stretchable porous surface was illus-
trated by Kameswarn et al. [29]. The relationship between
the heat transfer aspects and the viscous dissipation in the

123



Arabian Journal for Science and Engineering (2020) 45:5331–5346 5333

three-dimensional radiative nanofluid flows in the presence
of Lorentz force was discussed by Nayak [30]. Interestingly,
Nadeem et al. [31] investigated the MHD oblique flows of
Walter’s B type nanofluids past over a convective surface. An
excellent study was accomplished by Afridi and Qasim [32]
to scrutinize the entropy generation and heat transfer charac-
teristics for the radiative flows over a heated thin needle.

In another flow geometry, Soid et al. [33] scrutinized
numerically the stability of a two-dimensional laminar forced
convection nanofluid flow along an incessantly moving thin
needle. As the main findings, they notified that the presence
of solid nanoparticles in a viscous fluidic medium declines
the skin friction factor and upsurges the heat transfer rate.
Based on the well-known boundary value problem solver
(bvp4c), Waini et al. [34] performed a detailed stability anal-
ysis concerning the flow and heat transfer characteristics of
an incompressible viscous fluidflowing over amoving heated
thin needle with the prescribed surface heat flux. This moti-
vating scientific research work has been extended recently
by the same authors to the case of hybrid nanofluids, in
order to analyze the behaviors of skin friction coefficient
and local Nusselt number as well as the velocity and tem-
perature profiles toward a steady mixed convection hybrid
nanofluid flow past a vertical thin needle with the prescribed
surface heat flux. After analyzing physically the admissibil-
ity of all solutions, Waini et al. [35] concluded that the skin
friction coefficient and the local Nusselt number on the nee-
dle surface have the tendency to be heightened meaningfully
bymounting the volume fraction of copper nanoparticles and
diminishing the needle size.

Based on the literature search presented above, there
are no outlined analyses dealing numerically with the
flow of metallic and metallic oxide nanofluids over an
isothermal needle using the generalized differential quadra-
ture method (GDQM). However, no such investigations
are yet declared considering the comparison of metallic
and metallic oxide nanofluid flows with their heat trans-
fer characteristics. Keeping this intention into mind, our
main objective here is to examine numerically the mixed
convection flows and thermal characteristics of metallic
and metallic oxide nanofluids over an isothermal thin nee-
dle. The novelty of the present work is to explore the
comparison of mixed convection flows and thermal charac-
teristics of many metallic nanofluids (Al–H2O, Al–C2H6O2,
Cu–H2O, Cu–C2H6O2, Zn–H2O, Zn–C2H6O2) and metallic
oxide nanofluids (Al2O3–H2O, Al2O3–C2H6O2, CuO–H2O,
CuO–C2H6O2, ZnO–H2O, ZnO–C2H6O2). As a practical
use, the physical problem under consideration has relevance
in medicine, electronics, optics, solar cells, catalysis, arteri-
als, manufacturing, smart computers, renewable energy, and
many others. The involved system of nonlinear differential
equations is tackled numerically using the generalized dif-
ferential quadrature method (GDQM). Also, the numerical

Fig. 1 Schematic diagram of the flow problem and coordinate system

outcomes are compared tabularly with those of the existing
literature. Besides this, the influence of the embedded physi-
cal parameters is deliberated in detail with the help of various
graphical and tabular demonstrations.

2 Problem Statement

In this work, we consider a steady, laminar and
incompressible convective flows of metallic/metallic
oxide water/ethylene glycol-based nanofluids
(Al–H2O,Al2O3–H2O, Al–C2H6O2, Al2O3–C2H6O2,
Cu–H2O, CuO–H2O, Cu–C2H6O2, CuO–C2H6O2,
Zn–H2O, ZnO–H2O, Zn–C2H6O2, ZnO–C2H6O2) over
a vertical heated thin needle in a variable external stream.
The schematic illustration of the present boundary layer
flow along with the dimensional Cartesian coordinates is
presented clearly in Fig. 1. In the present problem, the
isothermal wall temperature Tw on the exterior surface of
the needle is inserted in the mathematical description as an
appropriate thermal boundary condition among the physical
constraints to control the gravitational buoyancy effect.
Further, the presence of an axial pressure gradient inside the
boundary layer flow region is taken into account due to the
variable axial free stream velocity U (x)

(� u∞x1/2
)
. Also,

it is assumed that the used base fluids (H2O, C2H6O2) and
nanoparticles (Al, Cu, Zn, Al2O3, CuO, ZnO) are assumed
to be always in thermal equilibrium.

Keeping inmind the aforementioned assumptions together
with the boundary layer and Boussinesq approximation,
the relevant transport conservation equations for continuity,
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Table 1 Properties of some base
fluids and metallic/metallic
oxide nanoparticles

Properties Base fluids Nanoparticles

H2O C2H6O2 Al Al2O3 Cu CuO Zn ZnO

ρ
(
kg m−3

)
997.1 1114.4 2702 3970 8933 6500 7140 5600

Cp
(
J kg−1 K−1

)
4179 2415 903 765 385 540 389 495.2

k
(
W m−1 K−1

)
0.613 0.252 237 40 401 18 116 13

βT
(×10−5 K−1

)
21 65 2.3 0.85 1.67 1.8 3.5 0.72

μ
(×10−5 Pa s

)
89 1570 – – – – – –

References [41] [42] [42] [12] [43] [44] [42] [45]

momentum, and energy governing the present problem can
be formulated explicitly by adopting the Tiwari and Das’s
approach [36] for the single-phase homogeneous nanofluid
model. According toChen and Smith [37], the governing par-
tial differential equations (PDEs) are itemized in the steady
form as follows

∂(ru)

∂x
+

∂(rv)

∂r
� 0, (1)

(2)

u
∂u

∂x
+ v

∂u

∂r
� − 1

ρnf

∂p

∂x
+ υnf

(
∂2u

∂r2
+
1

r

∂u

∂r

)

+
(ρβT)nf

ρnf
g (T − T∞) ,

u
∂T

∂x
+ v

∂T

∂r
� knf

(ρC)pnf

(
∂2T

∂r2
+
1

r

∂T

∂r

)
, (3)

− 1

ρnf

∂p

∂x
� U (x)

dU (x)

dx
. (4)

Physically, the above PDEs are exposed to the following
boundary conditions:

u � 0, v � 0, T � Tw at r � R(x), (5)

u → U (x), T → T∞ as r → ∞. (6)

Here, u and v represent the velocity components in the
axial and radial directions, respectively, υnf and ρnf denote
the kinematic viscosity and density of nanofluids, respec-
tively, βT designates the thermal expansion coefficient, T
refers to the nanofluid temperaturewithin the boundary layer,
T∞ stands for the ambient temperature and Tw for the wall
temperature and g indicates the gravitational acceleration.

In addition, the physical meanings of the other sym-
bols and control parameters used in this paper are specified
appropriately and summarized successfully in the nomencla-
ture table.

Bymaking use of theBrinkman’smodel [38], the dynamic
viscosity of the used nanofluids can be estimated by:

μnf � μ f

(1 − φ)2.5
. (7)

Moreover, the effective values of the density ρnf, the heat
capacitance (ρCP )nf and the thermal expansion coefficient
βnf of nanofluids are given by Pourmehran et al. [39] as fol-
lows:

ρnf � (1 − φ)ρf + φρs, (8)

(
ρCp

)
nf � (1 − φ)

(
ρCp

)
f + φ

(
ρCp

)
s, (9)

(ρβT)nf � (1 − φ)(ρβT)f + φ(ρβT)s. (10)

Based on the Maxwell Garnett theory (MGT) [40], the
effective thermal conductivity of studied mixtures can be
assessed as:

knf
kf

� 1 +
3
(
ks
kf

− 1
)
φ

(
ks
kf
+ 2

)
−

(
ks
kf

− 1
)
φ

. (11)

Here, it is worth noting that the subscripts (nf, f, s) repre-
sent the nanofluid, the base fluid and the solid nanoparticles,
respectively.

For more clarification, the principal thermophysical prop-
erties of water (H2O), ethylene glycol (C2H6O2), aluminum
(Al), copper (Cu), zinc (Zn), alumina (Al2O3), copper oxide
(CuO) and zinc oxide (ZnO) are enlisted in Table 1.

By introducing the stream function formulation with the
following transformations,

u � 1

r

∂ψ

∂r
, v � −1

r

∂ψ

∂x
, ψ � xυfF(ξ)

T − T∞ � (Tw − T∞)Θ(ξ),

U (x) � u∞x1/ 2ξ �
(
u∞
υf

)
r2

x1/ 2
(12)
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Equations (1)–(4) in association with the boundary con-
ditions (5) and (6) readily take the forms:

8P1ξF
′′′ + 8P1F

′′ + P2Γ Θ + 4FF ′′ − 2F ′2 + 1

2
� 0, (13)

P3ξ Θ ′′ + P3Θ
′ + 1

2
Pr FΘ ′ � 0, (14)

F � 0, F ′ � 0, Θ � 1 at ξ � a, (15)

F ′ → 1

2
,Θ → 0 as ξ → ∞. (16)

As mentioned earlier, it can be noted here that the veloc-
ity components (u, v) are obviously verified the continuity
equation given above by Eq. (1). By combining the expres-
sion of the similarity variable ξ with that of the free stream
velocity U (x), the shape and size of the thin needle can be
done by the function R(x) � (aυfx/U (x))1/2. Here, the lim-
iting situation ξ � a corresponds to the surface of revolution
of the thin needle. Moreover, the physical quantities P1, P2
and P3 appeared in Eqs. (13) and (14) are given by:

P1 � μr

ρr
, P2 � (ρβT)r

ρr
, P3 � kr

(ρCp)r
, (17)

where

μr � μnf

μf
, ρr � ρnf

ρf
,

(
ρCp

)
r �

(
ρCp

)
nf(

ρCp
)
f

, (ρβT)r � (ρβT )nf

(ρβT ) f
, kr � knf

kf
.

(18)

Furthermore, the mixed convection parameter Γ high-
lighted in Eq. (13) is taken into account in this investigation
to measure the relative importance of the free convection
phenomenon over the forced convection mechanism. This
parameter is expressed mathematically by:

Γ � Grx
Re2x

, (19)

in which

Grx � gβf(Tw − T∞)x3

υ2
f

, (20)

Rex � U (x)x

υf
. (21)

Here, the local parameters Grx and Rex represent Grashof
and Reynolds numbers, respectively.

For isothermal wall needle and no-slip conditions, the
reduced expressions of the skin friction Cfx coefficient and
Nusselt number Nux are defined locally by:

Re1/ 2x Cfx � 8
√
a μr F

′′(a), (22)

Re−1/ 2
x Nux � −2

√
akr Θ ′(a). (23)

In order to reduce the implementation complexity of the
current physical problem, it is more useful to introduce the
following simplifications:

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

η � ξ − a,

χ � η
/

η∞,

F(ξ) � F(η + a) � f (η),

f (η) � f (η∞χ) � G(χ),

Θ(ξ) � Θ(η + a) � θ(η),

θ(η) � θ(η∞χ) � H(χ),

(24)

in which η∞ is the appropriate asymptotical value taken by
the boundary layer thickness.

In view of the above considerations, Eqs. (13) and (14)
along with their corresponding boundary conditions (15) and
(16) are transformed to the following nonlinear differential
system:

(S1):

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

f � f ′ � 0 at η � 0,
8P1(η + a) f ′′′ + 8P1 f ′′ + P2Γ θ + 4 f f ′′ − 2 f ′2 + 1

2 � 0 for η > 0,
f ′ → 1

/
2 as η → ∞,

θ � 1 at η � 0,
P3(η + a) θ ′′ + P3θ ′ + 1

2 Pr f θ ′ � 0 for η > 0,
θ → 0 as η → ∞.

(25)

After incorporating the reduced similarity variable χ in
Eq. (25), the differential system (S1) can be simplified fur-
therly as follows:
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(S2):

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

G � G′ � 0 at χ � 0,
8P1(η∞χ+a)

η3∞
G ′′′ + 8P1

η2∞
G ′′ + P2Γ H + 4

η2∞
GG ′′ − 2

η2∞
G ′2 + 1

2 � 0 for χ > 0,

G ′ → η∞
/
2 as χ → 1,

H � 1 at χ � 0,
P3(η∞χ+a)

η2∞
H ′′ + P3

η∞ H ′ + Pr
2η∞ GH ′ � 0 for χ > 0,

H → 0 as χ → 1.

(26)

By virtue of Eq. (24), the reduced physical quantities
Re1/2x Cfx and Re−1/2

x Nux can be written in the following
dimensionless form:

Re1/ 2x Cfx � 8
√
a μr f ′′(0) � 8

√
a μr

η2∞
G ′′(0), (27)

Re−1/ 2
x Nux � −2

√
akr θ ′(0) � −2

√
akr

η∞
H ′(0). (28)

3 Methodology and Validation of Results

As underlined above, the present nanofluid flow model con-
stitutes a nonlinear case problem in the computational fluid
mechanics and heat transfer areas. Also, the set of nonlin-
ear ODEs signposted in the differential system (S2) besides
their proper boundary conditions can be simulated numer-
ically rather than solved analytically for sundry values of
the embedded physical parameters (φ, a, Γ ) by discretiz-
ing spatially the computational domain [0, 1] and adopting
a powerful collocation technique based on non-uniform
grid points. Hence, to accomplish this objective and get
admissible physical results, the desired solutions for veloc-
ity and temperature fields can be computed numerically
in terms of the functions G(χ) and H(χ) by resolving
accurately the system (S2) with the successful employ-
ment of the generalized differential quadrature method
(GDQM)alongwith themodifiedGauss–Lobatto collocation
grid points {χi/0 ≤ χi ≤ 1 and 1 ≤ χi ≤ N }, whose spatial
positions can be localized geometrically by the following
expression [43, 46–51]:

χi � 1

2
− 1

2
cos

(
π i − π

N − 1

)
, (29)

where N is the total number of collocation points.
For more description of the proposed numerical proce-

dure, the readers can refer to the interesting mathematical
findings reported by Shu [52], in which the numerical col-
location method GDQM is well illustrated and explained
through various problem situations.

After discretization, the functions{
G ′(χ),G ′′(χ),G ′′′(χ), H ′(χ), H ′′(χ)

}
can then be

evaluated at any collocation point χi as:
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

G(n)(χi )�
N∑

j�1
d(n)
i j G j for 1 ≤ i, j ≤ N ,

H (n)(χi )�
N∑

j�1
d(n)
i j H j for 1 ≤ i, j ≤ N .

(30)

Here, the superscript (n) represents the derivative order
with respect to χ .

Generally, the elements d(n)
i j used in Eq. (30) denote the

weighting coefficients for the nth-order derivative, where
G j � G

(
χ j

)
and Hj � H

(
χ j

)
. According to Shu [52], the

coefficients d(n)
i j for the first-order derivative (i.e., n � 1) are

defined as follows:
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

d(1)
i j �

N∏

k�1, k ��i
(χi−χk )

(χi−χ j)
N∏

k�1, k �� j
(χ j−χk)

for i �� j and 1 ≤ i, j ≤ N ,

d(1)
i j � −

N∑

k�1,k ��i
d(1)
ik for i � j and 1 ≤ i, j ≤ N .

(31)

As far as the evaluation of the weighting coefficients
d(1)
i j is concerned, the other coefficients d(n)

i j corresponding
to the higher derivative orders (i.e., n ≥ 2) can be derived
straightforwardly from d(1)

i j by utilizing the following recur-
sive expressions:
⎧
⎪⎪⎨

⎪⎪⎩

d(n)
i j � n

(
d(n−1)
i i d(1)

i j − d(n−1)
i j

χi−χ j

)
for i �� j and 1 ≤ i, j ≤ N ,

d(n)
i j � −

N∑

k�1,k ��i
d(n)
ik for i � j and 1 ≤ i, j ≤ N .

(32)

Accordingly, the discretized form of the differential sys-
tem, (S2) can be written in the following form:
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(S3) :

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

G1 � 0
N∑

j�1
d(1)
1 j G j � 0,

LG(Gi , Hi ) + NLG(Gi , Hi ) + 1
2 � 0 for 3 ≤ i ≤ N − 1,

N∑

j�1
d(1)
N j G j − η∞

/
2 � 0,

H1 − 1 � 0,
LH (Gi , Hi ) + NLH (Gi , Hi ) � 0 for 2 ≤ i ≤ N − 1,
HN � 0,

(33)

where

(34)

LG (Gi , Hi ) � 8P1 (η∞χi + a)

η3∞

⎛

⎝
N∑

j�1

d(3)i j G j

⎞

⎠

+
8P1
η2∞

⎛

⎝
N∑

j�1

d(2)i j G j

⎞

⎠ + P2Γ Hi ,

NLG (Gi , Hi ) � 4

η2∞
Gi

⎛

⎝
N∑

j�1

d(2)i j G j

⎞

⎠

− 2

η2∞

⎛

⎝
N∑

j�1

d(1)i j G j

⎞

⎠

⎛

⎝
N∑

j�1

d(1)i j G j

⎞

⎠ ,

(35)

(36)

LH (Gi , Hi ) � P3 (η∞χi + a)

η2∞

⎛

⎝
N∑

j�1

d(2)i j H j

⎞

⎠

+
P3
η∞

⎛

⎝
N∑

j�1

d(1)i j H j

⎞

⎠ ,

NLH (Gi , Hi ) � Pr

2η∞
Gi

⎛

⎝
N∑

j�1

d(1)
i j H j

⎞

⎠. (37)

In order to get the desired numerical outcomes for the
velocity and temperature distributions with an absolute
accuracy of the order of 10−11, the resulting nonlinear alge-
braic system (S3) is solved iteratively by applying the
Newton–Raphson method (NRM) and taking (η∞, N ) �
(10, 400) as the greatest key values permitting to achieve the
preferred convergence criterion asymptotically with a higher
level of exactness.

After generating the discrete solutions
{(Gi , Hi )/1 ≤ i ≤ N } accurately through the numeri-
cal procedures GDQM and NRM, correspondingly, the
reduced engineering quantities Re1/2x Cfx and Re−1/2

x Nux

Table 2 Comparison of our numerical results for f ′′(a) with those of
the literature for various values of a, when Γ � 0

a Present
results

Existing literature results

GDQM Chen and
Smith [37]

Grosan and
Pop [53]

Trimbitas
et al. [54]

0.1 1.7217829 1.72178 1.721998 1.721783

0.01 10.3506682 10.35056 10.350656 10.35055

0.001 71.6656694 71.66594 71.667683 71.66588

Table 3 Comparison of our numerical results for θ ′(a) with those of
the literature for various values of Pr, when Γ � 0 and a � 0.1

Pr Present results Existing literature results

GDQM Chen and Smith
[37]

Trimbitas et al. [54]

0.02 − 1.4817709 − 1.464 − 1.48184

0.733 − 2.5038280 − 2.505 − 2.50383

100 − 7.5549723 − 7.555 − 7.55497

described by Eqs. (27) and (28) can be deduced numerically
as follows:

Re1/ 2x Cfx � 8
√
a μr

η2∞

⎛

⎝
N∑

j�1

d(2)
1 j G j

⎞

⎠, (38)

Re−1/ 2
x Nux � −2

√
akr

η∞

⎛

⎝
N∑

j�1

d(1)
1 j H j

⎞

⎠. (39)

Also, the discretized forms {( f ′(ηi ), θ(ηi ))/0 ≤ ηi ≤
η∞} of the dimensionless velocity and temperature fields{
f ′(η), θ(η)

}
can be deduced as follows:

f ′(ηi ) �
∑N

j�1 d
(1)
i j G j

η∞
, (40)

θ(ηi ) � Hi , (41)

where ηi � η∞χi and 1 ≤ i ≤ N .
In order to authenticate the physical significance of

the resulting boundary layer flow upshots generated by
the proposed GDQM code’s execution, multiple numerical
implementations of various testing comparisons with Chen
and Smith [37], Grosan and Pop [53] and Trimbitas et al.
[54] are carried out successfully for the reduced engineering
quantities

{
f ′′(a), θ ′(a)

}
as shown in Tables 2, 3 and 4. A

thorough analysis of these tabular results proves obviously
that the differential quadrature outcomes are at a reasonable
level of agreement with the existing results testified in [37,
53, 54].
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Table 4 Comparison of our numerical results for θ ′(a) with those of
the literature, for various values of a, when Γ � 0 and Pr � 0.733

a Present results Existing results
GDQM Grosan and Pop [53]

0.1 − 2.5038280 − 2.516082

0.01 − 16.5350204 − 16.535072

0.001 − 121.5166836 − 121.51686

Fig. 2 Effect of φ on f ′(η) for Cu–H2O and Cu–C2H6O2

4 Results and Discussion

Herein, we are concerned with addressing the comportments
of the dimensionless velocity and temperature fields as well
as the trends of skin friction coefficient and Nusselt number
against any variation in the involved physical parameters,
namely the volume fraction of nanoparticles φ, the needle
size a and the mixed convection parameter Γ . For that rea-
son, our main focus in the plotted Figs. 2, 3, 4, 5, 6, 7,
8, 9, 10, 11 is to scrutinize the behavior of each embed-
ded parameter toward the development of steady laminar
mixed convection of various kinds of metallic- and metal-
lic oxide-based nanofluids flowing over an impermeable and

Fig. 3 Effect of a on f ′(η) for Cu–H2O and Cu–C2H6O2

isothermal thin needle in a variable external stream. Effec-
tively, to realize such an objective, in which the water (H2O)

and ethylene glycol (C2H6O2) are used as appropriate base
fluids for the nanomaterials Al, Cu, Zn, Al2O3, CuO and
ZnO.

Figure 2 describes the behavior of velocity
fields

{(
ηi , f ′(ηi )

)
/0 ≤ ηi ≤ η∞

}
for copper–water-

based nanofluids (Cu–H2O) and copper–ethylene
glycol-based nanofluids (Cu–C2H6O2) in response to differ-
ent volume fractions φ at a fixed needle size

(
a � 10−2

)
and

mixed convection parameter (Γ � 1). From this graphical
representation, it is noted that an increase in the volume
fraction yields a minor boost in the flow velocity for both
metallic nanofluids (i.e., Cu–H2O and Cu–C2H6O2), which
leads to a slight shrink in the velocity boundary layer
region. In fact, these dynamical findings prove that the
nanofluid velocity grows sharply near the needle surface
and then rises asymptotically far from the needle wall to
reach locally the dimensionless value of the free stream
velocity f ′(η → η∞) � 1/2. In other words, velocity
profiles show an increasing trend with respect to the sim-
ilarity variable η as we go away from the needle surface.
Physically, it is well known that the nanoparticle loading
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Fig. 4 Effect of Γ on f ′(η) for Cu–H2O and Cu–C2H6O2

leads to a significant increasing trend in the wall velocity
gradient and leading thereafter to more contact with the
needle surface. This tendency can be explained by the
increasing trend of the effective values of dynamic viscosity
and density of metallic/metallic oxide nanofluids toward
the volume fraction of nanoparticles, which provokes a
non-negligible change in the nanofluid velocity distribution
throughout the nanofluidic medium.

Basically, the dynamical evolution of velocity profiles due
to the increment in the needle size a is represented visibly
in Fig. 3. As a first remark, it is perceived that the arisen
attenuation in the nanofluid flow velocity can be controlled
properly by adjusting increasingly the value of the needle
size a of both metallic nanofluids Cu–H2O and Cu–C2H6O2,
when the other governing parameters are fixed at φ � 0.01
and Γ � 5 as demonstrated graphically in the aforesaid
illustration. Secondly, this slowdown has an enlarging impact
on the velocity boundary layer thickness. The basis of such
a declining trend is explicated by the augmentation in the
contact surface between the thin needle and the surrounding
water–ethylene glycol-based nanofluid as long as the thin
needle size a is heightened discretely from 10−2 to 0.2. On
the other hand, it now turns out that the geometrical parameter

Fig. 5 Effect of φ on θ(η) for Cu–H2O and Cu–C2H6O2

a acts as a drag force that strengthens thereby the decline in
the nanofluid flow velocity.

For both metallic nanofluids Cu–H2O and Cu–C2H6O2,
it is evidently revealed from Fig. 4 that the intensification in
the mixed convection parameter Γ contributes significantly
to a hastening in the mounting tendency of the nanofluid
velocity once the volume fraction φ and the needle size
parameter a are fixed at φ � 0.01 and a � 0.1. Besides,
it is worth pointing out that the relevant physical quan-
tity Γ defined by Eq. (19) represents rather the ratio of
the local thermal Grashof number Grx to the squared value
of the local Reynolds number Rex . This non-local param-
eter plays an important role in the quantification of the
effective dominance of either the natural convection pro-
cess or the forced convection heat transport. Generally, it
is noticed graphically that the larger values of the mixed
convection parameter Γ yield a greater enhancement in
the free convection heat transfer process. Physically, this
increasing thermal behavior of the parameter Γ is respon-
sible for speeding up the nanofluid velocity because of
the rapid intensification in the thermal buoyancy forces.
The present physical findings emphasize that the nanofluid
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Fig. 6 Effect of a on θ(η) for Cu–H2O and Cu–C2H6O2

velocity profiles schemed for copper–water-based nanofluids
(Cu–H2O) show an exceptional dynamical feature compared
to those of the copper–ethylene glycol-based nanofluids
(Cu–C2H6O2), in which the metallic nanofluid velocity near
the needle surface becomes higher than the free stream veloc-
ity

(
i.e., f ′(η) > 1/2

)
as witnessed graphically in Fig. 4.

Moreover, the visualization of two comparative velocity pro-
files proves that the velocity profiles of Cu–H2O comprise
multiple expanded overshoots near the needle surface, while
those ascertainments are not seen in the velocity profiles of
Cu–C2H6O2. Further, the peaks observed in the velocity pro-
files ofCu–H2O for the higher values of themixed convection
parameter Γ (e.g., 20, 50, 100) exhibit a heightening trend
with the elevation in the parameter Γ , indicating that the
maximum value of velocity decreases as moving away from
the needle surface. Furthermore, it is worth mentioning here
that the velocity profiles of Cu–C2H6O2 point out a sig-
nificantly increasing tendency with the increasing values of
the parameter Γ . However, this augmenting feature still tiny
compared with the results depicted for Cu–H2O, due to the
higher dynamic viscosity of ethylene glycol (C2H6O2).

Fig. 7 Effect of Γ on θ(η) for Cu–H2O and Cu–C2H6O2

It is worth noticing that Fig. 5 is portrayed to explain not
merely the thermal behavior of Cu–H2O but also to com-
pare this physical feature with that of Cu–C2H6O2, when the
volume fraction φ of Cu nanoparticles is varied increasingly
from 0 to 0.2 and the other controlling parameters are main-
tained fixed at a � 10−2 and Γ � 1. Clearly, it is revealed
that the temperature distribution of both metallic nanoflu-
ids underlines a noticeable augmentation with the rise in the
volume fraction φ, due to the enhancement in thermal con-
ductivity of the homogeneous mixture (i.e., nanoparticles +
base fluid). Consequently, this fact leads to a large thickening
in the thermal boundary layer region of Cu–H2O compared
with that of Cu–C2H6O2.

In another context, the graphical results represented in
Fig. 6 clarified that the nanofluid temperature throughout the
thermal boundary layer region can also be enriched consid-
erably just by augmenting slightly the needle size a, so as
the values of both parameters φ and Γ still unaffected and
kept fixed at φ � 0.01 and Γ � 5. Accordingly, a larger
thermal boundary layer thickness is detected for Cu–H2O
and Cu–C2H6O2 with the escalating values of the parameter
a. However, the temperature increment rate near the needle
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Fig. 8 Effect of a on Re1/2x Cfx against continuous values of φ for
Cu–H2O and Cu–C2H6O2

surface is more pronounced for Cu–C2H6O2 compared with
that of Cu–H2O.

Furtherly, Fig. 7 is plotted to interpret the thermal impact
of the increasing values of the mixed convection param-
eter Γ toward the temperature distribution in a homoge-
neous medium characterized by φ � 0.01 and a � 0.1
and comprised metallic nanofluids, such as Cu–H2O and
Cu–C2H6O2.Unlike the thermal tendencyof both parameters
φ and a, it is found that the nanofluid temperature reduces
with the rising values of the mixed convection parameter
Γ . Due reverse behavior is due to the intensification in the
thermal buoyancy forces, which act as a driving factor for
the metallic nanofluid flows and their heat transfer charac-
teristics. In addition, the thermal boundary layer exhibits a
prompt drop in the thickness with the higher values of the
control parameter Γ . Accordingly, the heat transfer rate at
the needle surface will favorably be affected by the increas-
ing values of Γ . These physical happenings are analyzed in
detail with the aid of further graphical results.

The noteworthy influence of the needle size a on the
reduced skin friction coefficient Re1/2x C f x against contin-

Fig. 9 Effect of Γ on Re1/2x Cfx against continuous values of φ for
Cu–H2O and Cu–C2H6O2

uous values of the volume fraction φ of Cu nanoparticles is
displayed graphically in Fig. 8 for copper–water (Cu–H2O)
and copper–ethylene glycol (Cu–C2H6O2) metallic nanoflu-
ids. Apparently, the physical quantity of interest Re1/2x Cfx

discloses a faster-declining trend with the progressive incre-
mentation in the needle size a because of the resulting
hydrodynamic resistance, which prevents the nanofluid flow
to take place in the medium. For this reason, the nanofluid
velocity slows down with the widening of the contact
areas between the needle surface and the adjacent nanoflu-
idic medium. However, the reduced engineering quantity
Re1/2x Cfx shows an opposite tendency with respect to the
increasing values of the volume fraction φ, indicating that
the presence of Cu nanoparticles in a fluidic medium includ-
ing water (H2O) or copper–ethylene glycol (C2H6O2) has a
strengthening impact on the surface drag forces. On the con-
trary, it is recorded from Fig. 9 that the increasing adjustment
of themixed convection parameterΓ can be considered as an
interesting gateway for escalating thewall shear stress,whose
magnitude is generally greater for copper–water (Cu–H2O)
than for copper–ethylene glycol (Cu–C2H6O2).
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Fig. 10 Effect of a on Re−1/2
x Nux against continuous values of φ for

Cu–H2O and Cu–C2H6O2

The heat transfer features of copper–water (Cu–H2O) and
copper–ethylene glycol (Cu–C2H6O2) metallic nanofluids
against varying values of the needle size a and diversi-
fied solid volume fractions φ are divulged more evidently
in Fig. 10 in terms of the reduced local Nusselt number
Re−1/2

x Nux . Based on the obtained graphical results, it is
asserted that any improvement in the heat transfer rate at
the needle surface can be achieved straightforwardly either
by reducing the needle size a or by augmenting the volume
fraction φ of Cu nanoparticles. However, the heat transfer
behavior of Cu–H2O and Cu–C2H6O2 elucidated in Fig. 11
shows a reverse characteristic in response to diverse val-
ues of the mixed convection parameter Γ compared to the
previous situation, so as any deep reinforcement applied to
the mixed convection parameter Γ permits to accomplish a
prominent enhancement effect on the local wall heat trans-
fer rate. Consequently, the thermal buoyancy forces speed up
the motion of metallic nanofluids. Henceforth, these convec-
tion forces exhibit a strengthening effect on the heat transfer
rate at the needle surface. Also, it is concluded that the cop-
per–ethylene glycol-based nanofluids (Cu–C2H6O2 show an

Fig. 11 Effect of Γ on Re−1/2
x Nux against continuous values of φ for

Cu–H2O and Cu–C2H6O2

interesting thermal performance compared with that of the
copper–water-based nanofluids (Cu–H2O).

As shown below, Table 5 summarizes the proper
values of the reduced local skin friction coefficient
Re1/2x Cfx derived numerically for several metallic nanoflu-
ids (Al–H2O,Al–C2H6O2,Cu–H2O,Cu–C2H6O2, Zn–H2O,
Zn–C2H6O2) and metallic oxide nanofluids (Al2O3–H2O,
Al2O3–C2H6O2, CuO–H2O, CuO–C2H6O2, ZnO–H2O,
ZnO–C2H6O2) against diverse values of the solid volume
fraction φ. Generally, it is proved from this tabular demon-
stration that an increase in the solid volume fraction φ

strengthens the resulting values of the physical quantity
Re1/2x C f x (i.e., the wall shear stress) for the above-declared
metallic as well as metallic oxide nanofluids. So, the skin
friction coefficient is an increasing function of the solid vol-
ume fraction φ. Based on the slope linear regression method
(SLRM) suggested by Shah et al. [55], it is revealed that
the rate of increase in the local skin friction that due to an
increase in the volume fraction Slp ismaximum in the flowof
Zn–H2O, which is nearly of S � 20.3869, while a minimum
increase occurs in the flow of Al–C2H6O2 with an average
characteristic slope of about S � 11.6945.
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Table 5 Skin friction
characteristics for various
metallic and metallic oxide
nanofluids in response to
different solid volume fractions
φ

Nanofluids Re1/2x Cfx Slope

φ � 0 φ � 0.01 φ � 0.05 φ � 0.1 φ � 0.2

Al–H2O 7.28313869 7.39326222 7.85949928 8.51019473 10.11875935 14.1607

Al2O3–H2O 7.28313869 7.39316692 7.85912554 8.51019901 10.12543229 14.1933

Al–C2H6O2 5.09026735 5.17837242 5.55431781 6.08621333 7.43242018 11.6945

Al2O3–C2H6O2 5.09026735 5.18704243 5.59870877 6.17837163 7.63540082 12.7083

Cu–H2O 7.28313869 7.43679136 8.08224980 8.97466684 11.16126866 19.3649

CuO–H2O 7.28313869 7.41654478 7.98082244 8.76797769 10.71499510 17.1376

Cu–C2H6O2 5.09026735 5.22832950 5.80186332 6.58387405 8.47966980 16.9208

CuO–C2H6O2 5.09026735 5.20779885 5.70258141 6.38902223 8.08349760 14.9453

Zn–H2O 7.28313869 7.44415211 8.12246440 9.06265660 11.36553415 20.3869

ZnO–H2O 7.28313869 7.40087477 7.89979657 8.59783710 10.33281863 15.2288

Zn–C2H6O2 5.09026735 5.21690044 5.74783660 6.48007567 8.27376905 15.8952

ZnO–C2H6O2 5.09026735 5.20021224 5.66486128 6.31289319 7.92195396 14.1391

Table 6 Heat transfer
characteristics for various
metallic and metallic oxide
nanofluids in response to
different solid volume fractions
φ

Nanofluids Re−1/2
x Nux Slope

φ � 0 φ � 0, 01 φ � 0, 05 φ � 0, 1 φ � 0, 2

Al–H2O 2.30952461 2.35497123 2.54092283 2.78432721 3.31970426 5.0483

Al2O3–H2O 2.30952461 2.35394725 2.53569712 2.77351028 3.29559808 4.9279

Al–C2H6O2 5.08669356 5.18524070 5.58763063 6.11218844 7.25656511 10.8443

Al2O3–C2H6O2 5.08669356 5.18977754 5.61126025 6.16174394 7.36416083 11.3825

Zn–H2O 2.30952461 2.35811259 2.55673840 2.81643170 3.38653043 5.3822

ZnO–H2O 2.30952461 2.34963742 2.51310080 2.72534918 3.18430461 4.3721

Zn–C2H6O2 5.08669356 5.19839648 5.65291439 6.24239973 7.51882659 12.1548

ZnO–C2H6O2 5.08669356 5.18827311 5.60185626 6.13808755 7.29505160 11.0373

Cu–H2O 2.30952461 2.35931377 2.56309335 2.83028906 3.42038063 5.5511

CuO–H2O 2.30952461 2.35335519 2.53245535 2.76619207 3.27609833 4.8308

Cu–C2H6O2 5.08669356 5.20638544 5.69284455 6.32356504 7.69192317 13.0189

CuO–C2H6O2 5.08669356 5.19629027 5.64336698 6.22517306 7.48845350 12.0037

Furthermore, Table 6 recapitulates the various numer-
ical outcomes arising from the reduced local Nus-
selt number Re−1/2

x Nux of various metallic nanofluids
(Al–H2O, Al–C2H6O2, Cu–H2O, Cu–C2H6O2, Zn–H2O,
Zn–C2H6O2) and metallic oxide nanofluids (Al2O3–H2O,
Al2O3–C2H6O2, CuO–H2O, CuO–C2H6O2, ZnO–H2O,
ZnO–C2H6O2) against varying values of the solid volume
fractions φ. From the thermal effectiveness point of view, it
is worth highlighting that the rise in the solid volume frac-
tion φ elevates meaningfully the heat transfer rate for both
above-mentioned metallic and metallic oxide nanofluids. So,
the physical quantity of interest Re−1/2

x Nux is an increasing
function of the solid volume fraction φ. Also, it is found that
the maximum rate of increase in the involved thermal quan-
tityRe−1/2

x Nux due to an increase in the solid volume fraction
φ is ascertained in the flow of Cu–C2H6O2 with an estimated
slope reaching the typical value S � 13.0189. However, this

rate shows the tiniest increase in the flow of ZnO–H2O with
an approximate slope of S � 4.3721.

5 Concluding Remarks

In this study, the mixed convection heat transfer features of
the laminar flows of someNewtonianmetallic/metallic oxide
nanofluids along a vertical isothermal thin needle have been
investigated numerically using a robust quadrature algorithm
GDQM-NRM for water (H2O)–ethylene glycol (C2H6O2)-
based nanofluids conveying various metallic nanoparticles
(e.g., Al, Cu, Zn) and metallic oxide nanomaterials (e.g.,
Al2O3, CuO, ZnO). In summary, the major outcomes of the
present investigation are itemized as follows:
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• Greater values of the needle size a permit to slow down
the motion metallic and metallic oxide nanofluids.

• Generally, the velocity boundary layer thickness is an
increasing function with the needle size.

• An augmentation in the solid volume fraction φ promotes
the motion of metallic and metallic oxide and then leads
to a squeeze in the velocity boundary layer.

• Copper–water-based nanofluids (Cu–H2O) exhibit a dis-
tinctive dynamical behavior compared with copper–ethy-
lene glycol-based nanofluids (Cu–C2H6O2) in their veloc-
ity profiles.

• Velocity peaks appeared in the profiles of Cu–H2Owill get
lowered thereafter, indicating that the maximum velocity
declines as moving away from the surface of the needle
surface.

• Copper–water-based nanofluids (Cu–H2O) have a sig-
nificantly increasing tendency toward their velocity pro-
files unlike the features of copper–ethylene glycol-based
nanofluids (Cu–C2H6O2).

• Nanofluid temperature can be elevated either by rising the
solid volume fraction φ and the needle size a or by dimin-
ishing the mixed convection parameter Γ .

• Local skin friction coefficient and heat transfer rate charac-
teristics disclose a remarkable drop due to the increment
in the needle size a, while a reverse trend is visualized
in response to the solid volume fraction φ and the mixed
convection parameter Γ .

• Compared with the other metallic and metallic oxide
nanofluids, zinc–water-based nanofluids (Zn–H2O) show
the maximum rate of increase in the physical quantity
Re1/2x Cfx with respect to the Zn nanomaterial loading.

• Among the other metallic and metallic oxide nanofluids,
copper–ethylene glycol-based nanofluids (Cu–C2H6O2)
exhibit the highest rate of enhancement in the thermal
quantity Re−1/2

x Nux with respect to the Cu nanoparticle
loading.

Acknowledgements We would like to express our profound grate-
fulness to the reviewers and the editor for all of their insightful
recommendations that assisted us to enrich considerably the scien-
tific content of this research work.

Compliant with ethical standards

Conflict of interest The authors declare that they have no known conflict
of interest in the present manuscript.

References

1. Choi, S.U.S.: Enhancing thermal conductivity of fluids with
nanoparticles. ASME Publ. Fed. 231, 99–106 (1995)

2. Xuan, Y.; Li, Q.; Hu, W.: Aggregation structure and thermal con-
ductivity of nanofluids. AIChE J. 49, 1038–1043 (2003). https://
doi.org/10.1002/aic.690490420

3. Das, P.K.; Mallik, A.K.; Ganguly, R.; Santra, A.K.: Synthesis and
characterization of TiO2–water nanofluids with different surfac-
tants. Int. Commun. HeatMass Transf. 75, 341–348 (2016). https://
doi.org/10.1016/j.icheatmasstransfer.2016.05.011

4. Azmi,W.H.; Sharma,K.V.;Mamat,R.;Najafi,G.;Mohamad,M.S.:
The enhancement of effective thermal conductivity and effective
dynamicviscosity of nanofluids—a review.Renew.Sustain.Energy
Rev. 53, 1046–1058 (2016). https://doi.org/10.1016/j.rser.2015.09.
081

5. Animasaun, I.L.; Ibraheem, R.O.; Mahanthesh, B.; Babatunde,
H.A.: A meta-analysis on the effects of haphazard motion of
tiny/nano-sized particles on the dynamics and other physical prop-
erties of some fluids. Chin. J. Phys. 60, 676–687 (2019). https://
doi.org/10.1016/j.cjph.2019.06.007

6. Wakif, A.; Animasaun, I.L.; Satya Narayana, P.V.; Sarojamma, G.:
Meta-analysis on thermo-migration of tiny/nano-sized particles in
the motion of various fluids. Chin. J. Phys. (2019). https://doi.org/
10.1016/j.cjph.2019.12.002

7. Khan, W.A.; Pop, I.: Boundary-layer flow of a nanofluid past a
stretching sheet. Int. J. Heat Mass Transf. 53, 2477–2483 (2010).
https://doi.org/10.1016/j.ijheatmasstransfer.2010.01.032

8. Khan, M.I.; Ullah, S.; Hayat, T.; Khan, M.I.; Alsaedi, A.: Entropy
generation minimization (EGM) for convection nanomaterial flow
with nonlinear radiative heat flux. J.Mol. Liq.260, 279–291 (2018).
https://doi.org/10.1016/j.apt.2017.05.022

9. Imtiaz, M.; Hayat, T.; Alsaedi, A.: Flow of magneto nanofluid by
a radiative exponentially stretching surface with dissipation effect.
Adv. Powder Technol. 27, 2214–2222 (2016). https://doi.org/10.
1016/j.apt.2016.08.006

10. Animasaun, I.L.; Mahanthesh, B.; Koriko, O.K.: On the motion
of non-Newtonian Eyring–Powell fluid conveying tiny gold par-
ticles due to generalized surface slip velocity and buoyancy. Int.
J. Appl. Comput. Math. 4(137), 1–22 (2018). https://doi.org/10.
1007/s40819-018-0571-1

11. Animasaun, I.L.; Mahanthesh, B.; Jagun, A.O.; Bankole, T.D.;
Sivaraj, R.; Shah, N.A.; Saleem, S.: Significance of Lorentz force
and thermoelectric on the flow of 29 nm CuO–water nanofluid on
an upper horizontal surface of a paraboloid of revolution. J. Heat
Transf. 141, 022402 (2018). https://doi.org/10.1115/1.4041971

12. Wakif, A.; Boulahia, Z.; Amine, A.; Animasaun, I.L.; Afridi, M.I.;
Qasim, M.; Sehaqui, R.: Magneto-convection of alumina–water
nanofluid within thin horizontal layers using the revised gener-
alized Buongiorno’s model. Front. Heat Mass Transf. 12, 1–15
(2019). https://doi.org/10.5098/hmt.12.3

13. Nield, D.A.; Kuznetsov, A.V.: The onset of convection in a hor-
izontal nanofluid layer of finite depth : a revised model. Int. J.
Heat Mass Transf. 77, 915–918 (2014). https://doi.org/10.1016/j.
ijheatmasstransfer.2014.06.020

14. Nield, D.A.; Kuznetsov, A.V.: Thermal instability in a porous
medium layer saturated by a nanofluid: a revised model. Int. J.
Heat Mass Transf. 68, 211–214 (2014). https://doi.org/10.1016/j.
ijheatmasstransfer.2013.09.026

15. Sivaraj, R.; Animasaun, I.L.; Olabiyi, A.S.; Saleem, S.; Sandeep,
N.: Gyrotactic microorganisms and thermoelectric effects on the
dynamics of 29 nm CuO–water nanofluid over an upper horizontal
surface of paraboloid of revolution. Multidiscip. Model. Mater.
Struct. 14, 695–721 (2018). https://doi.org/10.1108/MMMS-10-
2017-0116

16. Makinde,O.D.;Animasaun, I.L.: Bioconvection inMHDnanofluid
flow with nonlinear thermal radiation and quartic autocatalysis
chemical reaction past an upper surface of a paraboloid of rev-
olution. Int. J. Therm. Sci. 109, 159–171 (2016). https://doi.org/
10.1016/j.ijthermalsci.2016.06.003

123

https://doi.org/10.1002/aic.690490420
https://doi.org/10.1016/j.icheatmasstransfer.2016.05.011
https://doi.org/10.1016/j.rser.2015.09.081
https://doi.org/10.1016/j.cjph.2019.06.007
https://doi.org/10.1016/j.cjph.2019.12.002
https://doi.org/10.1016/j.ijheatmasstransfer.2010.01.032
https://doi.org/10.1016/j.apt.2017.05.022
https://doi.org/10.1016/j.apt.2016.08.006
https://doi.org/10.1007/s40819-018-0571-1
https://doi.org/10.1115/1.4041971
https://doi.org/10.5098/hmt.12.3
https://doi.org/10.1016/j.ijheatmasstransfer.2014.06.020
https://doi.org/10.1016/j.ijheatmasstransfer.2013.09.026
https://doi.org/10.1108/MMMS-10-2017-0116
https://doi.org/10.1016/j.ijthermalsci.2016.06.003


Arabian Journal for Science and Engineering (2020) 45:5331–5346 5345

17. Makinde, O.D.; Animasaun, I.L.: Thermophoresis and Brownian
motion effects on MHD bioconvection of nanofluid with nonlin-
ear thermal radiation and quartic chemical reaction past an upper
horizontal surface of a paraboloid of revolution. J. Mol. Liq. 221,
733–743 (2016). https://doi.org/10.1016/j.molliq.2016.06.047

18. Nayak, R.K.; Bhattacharyya, S.; Pop, I.: Numerical study onmixed
convection and entropy generation of Cu–water nanofluid in a
differentially heated skewed enclosure. Int. J. Heat Mass Transf.
85, 620–634 (2015). https://doi.org/10.1016/j.ijheatmasstransfer.
2015.01.116

19. Hayat, T.; Farooq, M.; Alsaedi, A.: Homogeneous-heterogeneous
reactions in the stagnation point flow of carbon nanotubes with
Newtonian heating. AIP Adv. 5, 1–19 (2015). https://doi.org/10.
1063/1.4908602

20. Nayak, M.K.; Akbar, N.S.; Pandey, V.S.; Khan, Z.H.; Tripathi, D.:
MHD 3D free convective flow of nanofluid over an exponential
stretching sheet with chemical reaction. Adv. Powder Technol. 28,
2159–2166 (2017). https://doi.org/10.1016/j.apt.2017.05.022

21. Nayak, M.K.; Akbar, N.S.; Pandey, V.S.; Khan, Z.H.; Tripathi, D.:
3D free convective MHD flow of nanofluid over permeable lin-
ear stretching sheet with thermal radiation. Powder Technol. 315,
205–215 (2017). https://doi.org/10.1016/j.powtec.2017.04.017

22. Nayak, M.K.; Bhatti, M.M.; Makinde, O.D.; Akbar, N.S.: Tran-
sientmagneto-squeezingflowofNaCl-CNPnanofluidover a sensor
surface inspired by temperature dependent viscosity. Defect Dif-
fus. Forum 387, 600–614 (2018). https://doi.org/10.4028/www.
scientific.net/DDF.387.600

23. Nayak, M.K.; Hakeem, A.K.; Makinde, O.D.: Influence of Catte-
neo–Christov heat flux model on mixed convection flow of third
grade nanofluid over an inclined stretched riga plate. Defect Dif-
fus. Forum 387, 121–134 (2018). https://doi.org/10.4028/www.
scientific.net/DDF.387.121

24. Nayak, M.K.; Shaw, S.; Makinde, O.D.; Chamkha, A.J.: Effects
of homogenous–heterogeneous reactions on radiative NaCl–CNP
nanofluid flow past a convectively heated vertical Riga plate. J.
Nanofluids 7, 657–667 (2018). https://doi.org/10.1166/jon.2018.
1501

25. Nayak, M.K.; Shaw, S.; Pandey, V.S.; Chamkha, A.J.: Combined
effects of slip and convective boundary condition on MHD 3D
stretched flow of nanofluid through porous media inspired by non-
linear thermal radiation. Indian J. Phys. (2018). https://doi.org/10.
1007/s12648-018-1188-2

26. Nayak, M.K.; Shaw, S.; Makinde, O.D.; Chamkha, A.J.: Investiga-
tion of partial slip and viscous dissipation effects on the radiative
tangent hyperbolic nanofluid flow past a vertical permeable Riga
plate with internal heating: Bungiorno model. J. Nanofluids 8,
51–62 (2019). https://doi.org/10.1166/jon.2019.1576

27. Tanveer, A.; Hayat, T.; Alsaedi, A.; Ahmad, B.: Mixed convective
peristaltic flowof Sisko fluid in curved channelwith homogeneous-
heterogeneous reaction effects. J. Mol. Liq. 233, 131–138 (2017).
https://doi.org/10.1016/j.molliq.2017.03.001Get

28. Khan, M.I.; Hayat, T.; Khan, M.I.; Alsaedi, A.: A modified
homogeneous-heterogeneous reactions for MHD stagnation flow
with viscous dissipation and Joule heating. Int. J. HeatMass Transf.
113, 310–317 (2017). https://doi.org/10.1016/j.ijheatmasstransfer.
2017.05.082

29. Kameswaran, P.K.; Shaw, S.; Sibanda, P.; Murthy, P.:
Homogeneous-heterogeneous reactions in a nanofluid flow
due to a porous stretching sheet. Int. J. Heat Mass Transf. 57,
465–472 (2013). https://doi.org/10.1016/j.ijheatmasstransfer.
2012.10.047

30. Nayak,M.K.:MHD3Dflow and heat transfer analysis of nanofluid
by shrinking surface inspired by thermal radiation and viscous dis-
sipation. Int. J. Mech. Sci. 124, 185–193 (2017). https://doi.org/10.
1016/j.ijmecsci.2017.03.014

31. Nadeem, S.; Mehmood, R.; Motsa, S.S.: Numerical investigation
on MHD oblique flow of Walter’s B type nano fluid over a con-
vective surface. Int. J. Therm. Sci. 92, 162–172 (2015). https://doi.
org/10.1016/j.ijthermalsci.2015.01.034

32. Afridi, M.I.; Qasim, M.: Entropy generation and heat transfer in
boundary layer flow over a thin needle moving in a parallel stream
in the presence of nonlinear Rosseland radiation. Int. J. Therm. Sci.
123, 117–128 (2018). https://doi.org/10.1016/j.ijthermalsci.2017.
09.014

33. Soid, S.K.; Ishak, A.; Pop, I.: Boundary layer flow past a con-
tinuously moving thin needle in a nanofluid. Appl. Therm. Eng.
114, 58–64 (2017). https://doi.org/10.1016/j.applthermaleng.2016.
11.165

34. Waini, I.; Ishak, A.; Pop, I.: On the stability of the flow and heat
transfer over a moving thin needle with prescribed surface heat
flux. Chin. J. Phys. 60, 651–658 (2019). https://doi.org/10.1016/j.
cjph.2019.06.008

35. Waini, I.; Ishak, A.; Pop, I.: Hybrid nanofluid flow and heat transfer
past a vertical thin needle with prescribed surface heat flux. Int. J.
Numer. Methods Heat Fluid Flow 29, 4875–4894 (2019). https://
doi.org/10.1108/HFF-04-2019-0277

36. Tiwari, R.K.; Das,M.K.: Heat transfer augmentation in a two-sided
lid-driven differentially heated square cavity utilizing nanofluids.
Int. J. Heat Mass Transf. 50, 2002–2018 (2007). https://doi.org/10.
1016/j.ijheatmasstransfer.2006.09.034

37. Chen, J.L.S.; Smith, T.N.: Forced convection heat transfer from
nonisothermal thin needles. J. Heat Transf. 100, 358–362 (1978).
https://doi.org/10.1115/1.3450809

38. Brinkman, H.C.: The viscosity of concentrated suspensions and
solutions. J. Chem. Phys. 20, 571 (1952). https://doi.org/10.1063/
1.1700493

39. Pourmehran, O.; Rahimi-Gorji, M.; Ganji, D.D.: Heat transfer and
flow analysis of nanofluid flow induced by a stretching sheet in the
presence of an external magnetic field. J. Taiwan Inst. Chem. Eng.
65, 162–171 (2016). https://doi.org/10.1016/j.jtice.2016.04.035

40. Garnett, J.C.M.: Colours in metal glasses, in metallic films and in
metallic solutions. Proc. R. Soc. Lond. A 76, 370–373 (1905)

41. Wakif, A.; Boulahia, Z.; Mishra, S.R.; Rashidi, M.M.; Sehaqui, R.:
Influence of a uniform transverse magnetic field on the thermo-
hydrodynamic stability in water-based nanofluids with metallic
nanoparticles using the generalized Buongiorno’s mathematical
model. Eur. Phys. J. Plus. 133(181), 1–16 (2018). https://doi.org/
10.1140/epjp/i2018-12037-7

42. Bergman, T.L.; Incropera, F.P.; Lavine, A.S.; Dewitt, D.P.: Intro-
duction to Heat Transfer. Wiley, Hoboken (2011)

43. Wakif, A.; Boulahia, Z.; Ali, F.; Eid, M.R.; Sehaqui, R.: Numer-
ical analysis of the unsteady natural convection MHD Couette
nanofluid flow in the presence of thermal radiation using single
and two-phase nanofluid models for Cu–water nanofluids. Int. J.
Appl. Comput. Math. 4(81), 1–27 (2018). https://doi.org/10.1007/
s40819-018-0513-y

44. Dogonchi, A.S.; Selimefendigil, F.; Ganji, D.D.: Magneto-
hydrodynamic natural convection of CuO–water nanofluid in com-
plex shaped enclosure considering various nanoparticle shapes. J.
Numer. Methods Heat Fluid Flow, Int (2018). https://doi.org/10.
1108/HFF-06-2018-0294

45. Mohammed, H.A.; Al-Shamani, A.N.; Sheriff, J.M.: Thermal and
hydraulic characteristics of turbulent nanofluids flow in a rib—
groove channel. Int. Commun. Heat Mass Transf. 39, 1584–1594
(2012). https://doi.org/10.1016/j.icheatmasstransfer.2012.10.020

46. Afridi, M.I.; Wakif, A.; Qasim, M.; Hussanan, A.: Irreversibility
analysis of dissipative fluid flow over a curved surface stimulated
by variable thermal conductivity and uniform magnetic field: uti-
lization of generalized differential quadrature method. Entropy 20,
1–15 (2018). https://doi.org/10.3390/e20120943

123

https://doi.org/10.1016/j.molliq.2016.06.047
https://doi.org/10.1016/j.ijheatmasstransfer.2015.01.116
https://doi.org/10.1063/1.4908602
https://doi.org/10.1016/j.apt.2017.05.022
https://doi.org/10.1016/j.powtec.2017.04.017
https://doi.org/10.4028/www.scientific.net/DDF.387.600
https://doi.org/10.4028/www.scientific.net/DDF.387.121
https://doi.org/10.1166/jon.2018.1501
https://doi.org/10.1007/s12648-018-1188-2
https://doi.org/10.1166/jon.2019.1576
https://doi.org/10.1016/j.molliq.2017.03.001Get
https://doi.org/10.1016/j.ijheatmasstransfer.2017.05.082
https://doi.org/10.1016/j.ijheatmasstransfer.2012.10.047
https://doi.org/10.1016/j.ijmecsci.2017.03.014
https://doi.org/10.1016/j.ijthermalsci.2015.01.034
https://doi.org/10.1016/j.ijthermalsci.2017.09.014
https://doi.org/10.1016/j.applthermaleng.2016.11.165
https://doi.org/10.1016/j.cjph.2019.06.008
https://doi.org/10.1108/HFF-04-2019-0277
https://doi.org/10.1016/j.ijheatmasstransfer.2006.09.034
https://doi.org/10.1115/1.3450809
https://doi.org/10.1063/1.1700493
https://doi.org/10.1016/j.jtice.2016.04.035
https://doi.org/10.1140/epjp/i2018-12037-7
https://doi.org/10.1007/s40819-018-0513-y
https://doi.org/10.1108/HFF-06-2018-0294
https://doi.org/10.1016/j.icheatmasstransfer.2012.10.020
https://doi.org/10.3390/e20120943


5346 Arabian Journal for Science and Engineering (2020) 45:5331–5346

47. Afridi, I.M.; Qasim, M.; Wakif, A.; Hussanan, A.: Second law
analysis of dissipative nanofluid flow over a curved surface in the
presence of Lorentz force: utilization of theChebyshev–Gauss–Lo-
batto spectral method. Nanomaterials 9, 1–21 (2019). https://doi.
org/10.3390/nano9020195

48. Qasim, M.; Afridi, M.I.; Wakif, A.; Saleem, S.: Influence of vari-
able transport properties on nonlinear radioactive jeffrey fluid
flow over a disk: utilization of generalized differential quadrature
method. Arab. J. Sci. Eng. 44, 5987–5996 (2019). https://doi.org/
10.1007/s13369-019-03804-y

49. Qasim, M.; Ali, Z.; Wakif, A.; Boulahia, Z.: Numerical simulation
of MHD peristaltic flow with variable electrical conductivity and
joule dissipation using generalized differential quadrature method.
Commun. Theor. Phys. 71, 509–518 (2019). https://doi.org/10.
1088/0253-6102/71/5/509

50. Wakif, A.; Qasim, M.; Afridi, M.I.; Saleem, S.; Al-Qarni, M.M.:
Numerical examination of the entropic energy harvesting in a mag-
netohydrodynamic dissipative flow of Stokes’ second problem:
utilization of the gear-generalized differential quadrature method.
J. Non Equilib. Thermodyn. (2019). https://doi.org/10.1515/jnet-
2018-0099

51. Qasim, M.; Afridi, M.I.; Wakif, A.; Thoi, T.N.; Hussanan, A.:
Second law analysis of unsteady MHD viscous flow over a hor-
izontal stretching sheet heated non-uniformly in the presence of
ohmic heating: utilization of gear-generalized differential quadra-
ture method. Entropy 21, 1–25 (2019). https://doi.org/10.3390/
e21030240

52. Shu, C.: Differential Quadrature and Its Application in Engineer-
ing. Springer, Berlin (2012)

53. Grosan, T.; Pop, I.: Forced convection boundary layer flow past
nonisothermal thin needles in nanofluids. J. Heat Transf. 133, 1–4
(2011). https://doi.org/10.1115/1.4003059

54. Trimbitas, R.; Grosan, T.; Pop, I.:Mixed convection boundary layer
flow along vertical thin needles in nanofluids. Int. J. Numer. Meth-
ods Heat Fluid Flow 24, 579–594 (2014). https://doi.org/10.1108/
HFF-05-2012-0098

55. Shah, N.A.; Animasaun, I.L.; Ibraheem, R.O.; Babatunde, H.A.;
Sandeep, N.; Pop, I.: Scrutinization of the effects of Grashof num-
ber on the flow of different fluids driven by convection over various
surfaces. J.Mol.Liq.249, 980–990 (2018). https://doi.org/10.1016/
j.molliq.2017.11.042

123

https://doi.org/10.3390/nano9020195
https://doi.org/10.1007/s13369-019-03804-y
https://doi.org/10.1088/0253-6102/71/5/509
https://doi.org/10.1515/jnet-2018-0099
https://doi.org/10.3390/e21030240
https://doi.org/10.1115/1.4003059
https://doi.org/10.1108/HFF-05-2012-0098
https://doi.org/10.1016/j.molliq.2017.11.042

	Numerical Differential Quadrature Examination of Steady Mixed Convection Nanofluid Flows Over an Isothermal Thin Needle Conveying Metallic and Metallic Oxide Nanomaterials: A Comparative Investigation
	Abstract
	List of symbols
	Greek symbols
	Subscripts
	1 Introduction
	2 Problem Statement
	3 Methodology and Validation of Results
	4 Results and Discussion
	5 Concluding Remarks
	Acknowledgements
	References




