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Abstract
Although, titanium oxide (TiO2) has appropriate mechanical and chemical stability used in different applications, its thermal 
conductivity slightly increases with an increasing temperature and concentration compared with other metal oxides such as 
aluminum oxide (Al2O3). Thus, synthesized aluminum oxide nanoparticles were incorporated on the surfaces of titanium 
oxide in ultrasonication condition with purpose of thermophysical properties modification. The scanning electron microscopy 
and X-ray diffraction were used to investigate the structure and morphology of synthesized nanocomposite. The impact of 
variables (temperature, volume fraction and nanoparticle size) on the thermal conductivity and viscosity of prepared hybrid 
nanofluid was investigated using KD2Pro instrument and Brookfield DVII viscometer, respectively. Results showed a sig-
nificant improvement of thermophysical properties of prepared hybrid nanofluid, compared to water or untreated titanium 
oxide–water. The results showed that three mentioned variables considerably affect the thermophysical properties of hybrid 
nanofluid; as an increasing volume fraction, reducing nanoparticle size and temperature led to an increasing viscosity while 
enhanced thermal conductivity was resulted from an increasing nanofluid volume fraction and temperature, and a decreasing 
nanoparticle size. This was confirmed using two computer-modeling approaches, which allow optimization of the thermo-
physical properties of hybrid nanofluid. Modifying Response Surface Methodology-Central Composite Design (RSM-CCD) 
estimated accurately the optimal conditions for thermal conductivity and viscosity. The best artificial neural network model 
was chosen based on its predictive accuracy for estimation of thermophysical properties; having seven neurons in hidden 
layer and minimum error, demonstrated the most accurate approach for modeling the considered task.

Keywords  Nanofluids (NFs) · Nanocomposite · Response surface methodology-central composite design (RSM-CCD) · 
Artificial neural network (ANN) · Thermophysical properties

List of Symbols
T	� Temperature (° C)
k	� Thermal conductivity W/m. K
D	� Average crystal size (nm)

Greek Letters
μ	� Dynamic viscosity (kg/mS)Pa.s
φ	� Volume fraction %v/v
ρ	� Density(kg/m3)
λ	� Wavelength

1  Introduction

A nanofluid contains solid particles in nanoscale (dimen-
sional range of approximately 1–100 nm) dispersed in a 
liquid, are used to enhance thermophysical properties com-
pared to the base fluid. The nanoparticles used in nanofluids 
are typically made of metals, oxides, carbides, or carbon 
nanotubes. Common base fluids include water, ethylene gly-
col and oil [1]. Novel properties of nanofluids allow them 
to be beneficial heat transfer fluids in many engineering 
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applications ranging in microelectronics, engine cooling/
vehicle thermal management, fuel cells, domestic refrig-
erator, heat exchanger, chiller, pharmaceutical processes, 
etc., [2–11]. The thermal conductivity and the heat transfer 
increase in nanofluid compared to the base fluid [12]. Pre-
pared hybrid (composite) nanoparticles may alter or change 
the thermal conductivity of nanoparticles. Composition of 
two or more different materials in nanoscale is defined as 
hybrid nanoparticles. Hybrid nanoparticles or nanocom-
posites are dispersed into base fluid such as water, ethyl-
ene glycol and oil to produce hybrid nanofluids. Thus, the 
motivation for the preparation of hybrid nanofluid is mostly 
associated with reaching further heat transfer enhancement 
due to enhanced nanofluid thermal conductivity [13, 14].

Masuda et al. [15] showed that synthesized nanofluids 
such as alumina (Al2O3)-water, titanium oxide (TiO2)-water 
and silicon dioxide (SiO2)-water produce an increasing ther-
mal conductivity up to 30% in comparison to water base 
fluid. Eastman and Choi also reported similar enhanced 
phenomenon for alumina–water, copper oxide–water and 
copper–oil nanofluids [16]. In the following decades, Yu 
WH et al. [17] and Eapen et al. [18] demonstrated that sev-
eral parameters influence the nanofluid thermal conduc-
tivity function, for example, nanoparticle material, size, 
shape, volume fraction and spatial distribution, as well as 
temperature, base fluid type, and pH value. [19–22]. Prasher 
et al. [23] and Chen et al. [24] studied on aluminum oxide 
and titanium oxide, respectively, at the temperature range 
of 20–60 °C. Their result showed that there was not any 
change to be considered with increasing temperature in rela-
tive viscosity. Xie et al. [25] proposed the optimization of 
the thermal conductivity of nanofluids by various nanoparti-
cles such as Al2O3 of different sizes, SiO2, Fe3O4, TiO2, car-
bon nanotubes, etc. They used base fluids such as deionized 
water (DW), ethylene glycol (EG), a mixture of DW and EG, 
etc. Results showed that factors such as the volume fraction 
of the nanoparticles, nanoparticles sizes, temperature, the 
base fluid’s thermal conductivity, the pre-treatment process, 
and the additives of the fluids could affect the enhancement 
of nanofluid thermal conductivity. The results of an investi-
gation on the boundary layer of two-dimensional alumina-
water nanofluid showed that the great amount of volume 
fraction (ϕ) and the heat capacity (Cp) of nanofluid lead 
to produce more heat energy. It can also be seen that an 
increase in velocity parameter enhances local skin friction 
coefficient and reduces local Nusselt number [26]. Another 
study investigates heat transfer of nanofluid flow within 
boundary layer generated in the slurry motion (i.e., 36 nm 
Al2O3-water) using numerical approach. The results showed 
that at smaller amount of volume fraction (ϕ), the local skin 
friction coefficient is negligible. Thus, local skin friction 
coefficient has a corresponding relation with amount of ϕ. 
Temperature and velocity functions depend on amounts of 

internal space dependent heat source parameter. Moreover, 
smaller amounts of internal space dependent heat source 
lead to the maximum rate of heat transfer [27].

Artificial neural network (ANN) modeling approaches 
have been shown to provide good validation tools for meas-
urement of thermal conductivity, particularly in nanotubes 
applications and experiments [28, 29]. The impact of tem-
perature and volume concentration of zinc oxide–titanium 
oxide hybrid nanofluid on the thermal conductivity was 
investigated using ANN [30]. Nasirzadehroshenin et al. 
developed an experimental and theoretical study to investi-
gate the impact of main variables such as nanofluid volume 
fraction and temperature on the thermophysical properties 
and heat transfer of carbon nanotubes–copper oxide–water 
hybrid nanofluid. This study also predicted the optimum 
conditions to reach enhanced heat transfer of hybrid nano-
fluid by using computer-modeling approaches, RSM and 
ANN [31].

In this present study, synthesized aluminum oxide nano-
particles were incorporated on titanium oxide surface, with 
thermophysical modification purpose for titanium oxide. 
Experimental and simulation approaches were applied to 
explore the impact of main variables such as temperature, 
nanofluid volume fraction and nanoparticles sizes on ther-
mal conductivity and viscosity of hybrid nanofluid. The rela-
tion between variables and optimal results of thermophysi-
cal properties was explored using two modeling approaches. 
Response Surface Methodology-Central Composite Design 
(RSM-CCD) approach was used to design experiments and 
optimize the results. Artificial neural network (ANN) was 
used to predict thermal conductivity and viscosity of hybrid 
nanofluid accurately. The results demonstrated the utility of 
these approaches in the study of thermophysical properties 
of novel hybrid nanofluids and conditions.

1.1 � Research Questions

The presented study responds some important questions 
appropriately:

1.	 How to improve thermal conductivity properties of tita-
nium oxide–water nanofluid?

2.	 Does improvement obtain in thermophysical properties 
of hybrid nanofluid compared with water or untreated 
titanium oxide–water nanofluid?

3.	 Which main variables affect thermophysical properties 
of hybrid nanofluid?

4.	 Is there any possibility to design experiments and predict 
the optimum results by computer-modeling approaches?

5.	 In this study, are the modeling approaches such as RSM 
and ANN useful to predict and determine optimal condi-
tions for hybrid nanofluid’s thermophysical properties?
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2 � Materials and Experimental Procedure

Although, titanium oxide (TiO2) has appropriate mechani-
cal and chemical stability used in different applications, its 
thermal conductivity increases slightly with an increasing 
temperature and concentration in comparison with other 
metal oxides such as aluminum oxide (Al2O3). Thus, ther-
mal conductivity of titanium oxide was modified using 
Al2O3 nanoparticles synthesized by sol gel technique.

2.1 � Synthesizing of Al2O3

Fixed molar ratio of aluminum chloride (Sigma-Aldrich, 
98%) was dissolved into ethanol alcohol (Carolina. Co, 
95%) and subjected by adding dropwise NH3 solution 
(Scharlau, 25%). Aqueous solution was continuously stir-
ring by a magnetic stirrer for 2 h. (Solution A)

2.2 � Synthesizing TiO2

Ti(OBu)4 (TRC. Co) was dissolved into 10 ml of ethanol 
alcohol. Solution was continuously stirred by a magnetic 
stirrer for 2 h at the room temperature to make a homog-
enous solution. At the last stage, 5 ml of distilled water 
was gradually added to the mixture. (Solution B)

2.3 � Synthesizing Nanocomposite (TiO2‑10 wt% 
Al2O3)

Solution (A) was added into solution (B) dropwise under 
the ultrasonication condition for 3 h, finally, Al2O3 nan-
oparticles were incorporated on the surface of TiO2. It 
should be noted that pH must be checked and kept constant 
at three. Afterward, the synthesized TiO2-10 wt% Al2O3 
nanocomposite was dried in an oven under vacuum con-
dition overnight at 60° C. The dried gel was calcined at 
different temperatures 200, 400 and 500° C for several 
hours; nanoparticles having various sizes accompanying 
heat treatments were obtained. Finally, the calcined pow-
ders were milled to obtain the fine homogeneous powder.

2.4 � Characterization of Nanocomposite

The morphology of nanocomposite (TiO2-10 wt% Al2O3) 
was considered using scanning electron microscopy (SEM, 
Philips XL30). The structure and size of synthesized nano-
composites were investigated using X-Ray Diffraction 
(XRD, Rigaku D/MAX-RB diffractometer) with CuKα. 
Radiation λ = 1.5406 and an angle of 2θ between 20° and 
80° was applied. The scan was continuously carried out 
with a current and accelerating voltage of 100 mA and 
40 kV, respectively.

2.5 � Preparation of Hybrid Nanofluid

Preparation process of water-based hybrid nanofluid requires 
to be followed by the two-step method. Synthesized nano-
composite was gently dispersed into distilled water (as a 
base fluid). For obtaining such a stable state and preventing 
of particle agglomeration within the base fluid, 45-min ultra-
sonication condition is an essential step [32]. Equation (1) is 
used to estimate the volume fraction of the nanofluid.

The fixed amounts of nanocomposite calculated by 
Eq. (1) were gently added into water to obtain desired volu-
metric fractions.

where ρnp and ρw are the densities of nanoparticles and 
water, respectively, and wnp and ww explain their mass.

2.6 � Investigation of Thermophysical Properties 
of Hybrid Nanofluid

The thermal conductivity (k) and the dynamic viscosity (µ) 
of hybrid nanofluids (NFs) were measured using KD2Pro 
instrument and Brookfield DVII viscometer, respectively, 
under different conditions of nanofluid volume fraction rang-
ing from 0.0, 0.1, 0.2, 0.25, 0.3, 0.4 to 0.5%, temperature (20 
to 50 °C) and nanoparticles sizes (20, 35 and 50 nm).

There is a lack of a reliable hybrid model consisting all 
effective essential parameters of temperature, volumetric 
concentration and size of nanoparticles in an investigation 
for thermal conductivity. Furthermore, the presented equa-
tions for the thermal conductivity of NFs have not been 
based on nanocomposite or hybrid nanofluids; thus, there 
was no possibility of matching the data with the equations. 
In this study, it is thus strived to fit the experimental data 
based.

3 � Modeling Approaches (RSM and ANN)

3.1 � Response Surface Methodology (RSM)

Response surface methodology with a central composite 
design (CCD) is a powerful computer-modeling approach 
to design experiments and optimize purposed tasks. In this 
study, three main variables in three levels including nano-
fluid volume fraction, temperature and nanoparticle size 
were introduced to modeling approach as input values, as 
presented in Table 1. The thermal conductivity and vis-
cosity of hybrid nanofluid were used as outputs. Twenty 
experimental runs for each coefficient were suggested by 

(1)% volume fraction � =

[

wnp

�np

]

[

wnp

�np
+

ww

�w

]
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RSM-CCD using the Design Expert statistical package. 
Analysis of variance (ANOVA) contributed to analyze sta-
tistically the output data.

Experimental results contributed to the coefficients of the 
RSM equation lead to a polynomial regression equation, as 
shown in Eq. 2. The obtained equation expresses the rela-
tionships between response data (thermal conductivity or 
viscosity) and the three used variables. The efficiency of the 
model was verified by comparison of the predicted values by 
model and the results of experiments.

where Y: thermal conductivity and viscosity of the hybrid 
nanofluid, β0: intersection point, βj: linear coefficient, βjj: 
squared coefficient, βjk: interaction coefficient, Xi, Xj

2, Xj, Xk: 
the level of variables.

3.2 � Artificial Neural Network (ANN)

Artificial neural network with Levenberg–Marquardt Algo-
rithm was applied to predict thermal conductivity and 
viscosity of hybrid nanofluid. In this study, to utilize an 
approach with the lowest error, artificial neural network 
with three layers of an input, a hidden, and an output were 
designed. The next important step is to determine the opti-
mal neurons’ number in different layers. The number of 
input and output data specifies the neurons’ number in the 
input and output layers, respectively. In order to obtain an 
optimum number of neurons in the hidden layer, the trial 
and error technique was utilized. It is monitored that a net-
work with seven neurons in the hidden layer yields the most 
accurate prediction and the minimum value of mean square 
error (MSE). Variables such as temperature, volume fraction 
and size of nanoparticles were introduced as the inputs to the 
network, and thermal conductivity and viscosity of hybrid 
nanofluid as outputs.

This process is usually assessed in terms of minimum 
mean square error (MSE) and maximum R-squared (R2) to 
show high accuracy of modeling approach performance, as 
follows in Eqs. (3, 4):

(2)Y = �0 +
∑

�j ⋅ Xi +
∑

�jj ⋅ X
2
j
+

∑

�jk ⋅ Xj ⋅ Xk

where N indicates the number of data, XSim
i

 shows the 
obtained value from simulation or measurement, X̄ the aver-
age value, and XANN

i
 represents the value that is calculated 

by ANN.

4 � Analysis of Results and discussion

4.1 � Characterization of Nanocomposite Using XRD

In this study, X-ray diffraction pattern (XRD) provided 
essential information on the structure and size of synthe-
sized nanocomposite. In addition, it evaluated incorporation 
of Al2O3 nanoparticles on the surface of TiO2. XRD patterns 
of TiO2-10%Al2O3 nanocomposite synthesized at different 
calcination temperatures are shown in Fig. 1a–c. Diffrac-
tion peak for calcination temperature 200 °C or 400 °C was 
considered at 2θ = 25.2º corresponding to (101) the crys-
tal face of anatase TiO2. Low degree of crystallinity was 
considered at 200 °C and 400 °C due to their wider dif-
fraction peak and lower intensity. The results also showed 
that at 200 °C, structure of TiO2 starts to transform from 
amorphous to anatase. The diffraction peak in calcination 
temperature 500 °C, changes to be sharper at 2θ = 25.2º and 
other diffraction peaks are observed at 2θ = 37.8, 47.9 and 
62.7º associated with (004), (200) and (204). When tem-
perature increases, anatase peaks change to be sharper and 
more acute; more regular crystal forms were shown. The 
intensity of the characteristic peaks of Al2O3 is weakened 
or disappeared in the XRD patterns of TiO2–10 wt% Al2O3, 
because of an appropriate merging of Al2O3 nanoparticles on 
the surface of TiO2 nanoparticles. Diffraction peaks of XRD 
patterns for nanocomposite are in good agreement with cor-
responding standard XRD peaks. The average crystal sizes 
of nanoparticles were calculated using Scherrer–Debeye 
Eq. (5), regarding the width of diffraction peak at 2θ = 25.2º. 
The XRD results reveal that the crystal sizes are dependent 
on calcination temperatures and an increasing temperature 
result in smaller nanoparticle size, e.g., 50, 35 and 20 nm are 
obtained at 200, 400 and 500 °C, respectively.

where D is average size of nanoparticles, K is shape factor, 
its value is around 0.94, λ is incident X-ray wavelength, β 

(3)MSE = 1∕N

N
∑

i=1

(

XSim
i

− XANN
i

)2

(4)R2 =

∑N

i=1

�

XSim
i

− X̄
�2

−
∑N

i=1

�

XSim
i

− XANN
i

�2

∑N

i=1

�

XSim
i

− X̄
�2

(5)D = K�∕(�cos�)

Table 1   Three main variables in three levels chosen as input intro-
duced to modeling approaches

Input

Temperature° C Volume fraction Nanoparticle size

20 0 20
35 0.25 35
50 0.5 50
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is full width at half maximum (FWHM) and θ is diffraction 
angle at maximum intensity peak.

4.2 � Surface Morphology of Nanocomposite Using 
SEM

Scanning electron microscope (SEM) images prepared 
information on morphology of TiO2 and TiO2-10 wt%Al2O3 

nanocomposites, as shown in Fig. 2. From comparison 
between TiO2 and the TiO2-10 wt% Al2O3 nanocomposite, 
it is considered that the surface of TiO2 is covered with the 
layer of materials. Due to decreasing TiO2 carrier chan-
nels and referring to XRD results, it can be expressed that 
Al2O3 has been successfully dispersed on the surface of the 
titanium oxide, which appeared as white spots on the SEM 
image consisting small sizes and irregular shapes, as shown 
by red circles on the image.

4.3 � Thermal Conductivity and Viscosity 
Measurements

Thermal conductivity and viscosity of synthesized hybrid 
nanofluid were experimentally measured. In this case, three 
main variables affecting thermophysical properties of hybrid 
nanofluid were involved in measurements; e.g., nanofluid 
volume fractions (0.0, 0.1, 0.2, 0.25, 0.3, 0.4 and 0.5%), 
temperature ranged from 20 to 50 °C and nanoparticles sizes 
including 20, 35 and 50 nm.

As shown in Figs. 3 and 4, both the thermal conductiv-
ity and viscosity of hybrid nanofluid have been improved 
compared with water or untreated titanium oxide–water. In 
addition, the results showed that three mentioned variables 
considerably affect the thermophysical properties of hybrid 
nanofluid; as an increasing volume fraction, reducing nano-
particle size and temperature led to an increasing viscosity 
while enhanced thermal conductivity was resulted from an 
increasing nanofluid volume fraction and temperature, and 
a decreasing nanoparticle size. Increasing nanofluid volume 
fraction causes more resistance to movement and higher 
internal viscous shear stresses. The Van der Waals intermo-
lecular forces are weakened with increase in temperature and 
it leads to more Brownian motion [33, 34]. Improvement of 
thermal conductivity can be mostly addressed to the nano-
particles stability/dispersion [35], size and shape [36] and 
Brownian motion.

5 � The Results of the Modeling Approaches

5.1 � Statistical Analysis and Model Fitting of RSM

Tables 2 and 3 show the analysis and evaluation of the RSM 
results using ANOVA test. The F-value of the model for 
thermal conductivity and viscosity are 11.66 and 112.74, 
respectively, which specifies the significance of the model. 
The significance of each coefficient was examined using p 
values. Sentences with F < prob value smaller than 0.05 are 
shown as meaningful sentences.

As shown in Fig. 5, the predicted values are in appropri-
ate agreement with the experimental results as outcomes on 
the graphs follow the line Y = X. In ideal case, the predicted 

Fig. 1   Down triangle presents XRD patterns of TiO2-10  wt%Al2O3 
and arrows for Al2O3 picks, at different calcination temperature
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results are completely matched the experimental results 
when the points on the graphs place on the line Y = X, which 
means the modeling approach has been capable to predict 
purposed values with the highest accuracy. From the normal 
probability plot of the residuals as shown in Fig. 6, it can be 
expressed that the residuals scattered around the line follow 
the normal distribution.

5.1.1 � Quadratic Formula

After eliminating meaningless sentences, quadratic formula 
was carried out to predict the thermal conductivity and vis-
cosity of hybrid nanofluid, as presented in Eqs. 6 and 7.

Fig. 3   Investigation of main 
variables affecting the thermal 
conductivity of hybrid nanofluid
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Fig. 2   SEM image of TiO2 
and nanocomposite at 400° C 
calcination temperature
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Fig. 4   Investigation of main 
variables affecting the viscosity 
of hybrid nanofluid
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Table 2   Results of statistical 
analysis ANOVA test for the 
viscosity of the hybrid nanofluid

Analysis of variance table [partial sum of squares-type III]

Source Sum of squares df Mean square F-value p value prob > F

Model 0.21 9 0.024 112.74 < 0.0001 Significant
A-Temperature 0.069 1 0.069 326.35 < 0.0001
B-Concentration 0.100 1 0.100 473.73 < 0.0001
C-nanoparticles size 3.240E-003 1 3.240E-003 15.35 0.0029
AB 1.800E-003 1 1.800E-003 8.53 0.0153
AC 3.200E-003 1 3.200E-003 15.16 0.0030
BC 8.450E-003 1 8.450E-003 40.03 < 0.0001
A2 9.091E-004 1 9.091E-004 4.31 0.0647
B2 0.021 1 0.021 98.19 < 0.0001
C2 2.784E-005 1 2.784E-005 0.13 0.7240
Residual 2.111E-003 10 2.111E-004
Lack of fit 1.828E-003 5 3.655E-004 6.45 0.1608 Not significant
Pure error 2.833E-004 5 5.667E-005
Cor total 0.22 19
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(6)

Thermal conductivity = 0.59489

− 2.96768E003 Temperature

+ 0.41321 Concentration + 1.92121E

− 003 nanoparticles size

+ 0.013333 Temperature Concentration + 3.76989E

− 019 Temperature nanoparticles size − 2.66667E

− 003 Concentration nanoparticles size + 5.85859E

− 005 Temperature2 − 0.90909 Concentration2

− 3.03030E − 005 nano particles size2

(7)

Viscosity = 0.91094 − 0.013301 Temperature

+ 1.53788 Concentration − 3.13434E

− 003 nano particles size − 4.00000E

− 003 Temperature Concentration + 8.88889E

− 005 Temperature nano particles size

− 8.66667E − 003 Concentration nano particles size

+ 8.08081E − 005 Temperature2

− 1.38909 Concentration2

+ 1.41414E − 005 nano particles size2

Table 3   Results of statistical 
analysis ANOVA test for the 
thermal conductivity of hybrid 
NFs

Analysis of variance table [partial sum of squares-type III]

Source Sum of squares df Mean square F-value p value prob > F

Model 0.15 9 0.017 11.66 0.0003 Significant
A-Temperature 0.045 1 0.045 31.24 0.0002
B-Concentration 0.069 1 0.069 47.94 < 0.0001
C-nanoparticles size 1.690E-003 1 1.690E-003 1.18 0.0336
AB 0.020 1 0.020 13.92 0.0039
AC 0.000 1 0.000 0.000 1.0000
BC 8.000E-004 1 8.000E-004 0.56 0.4728
A2 4.778E-004 1 4.778E-004 0.33 0.5769
B2 8.878E-003 1 8.878E-003 6.18 0.0322
C2 1.278E-004 1 1.278E-004 0.089 0.7716
Residual 0.014 10 1.437E-003
Lack of fit 5.638E-003 5 1.128E-003 0.65 0.6786 Not significant
Pure error 8.733E-003 5 1.747E-003
Cor total 0.17 19
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Fig. 5   Comparison of the predicted data by RSM and experimental results of thermal conductivity results (a) and Viscosity of hybrid nanofluid (b)
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5.1.2 � RSM Graphical Analysis

RSM three-dimensional (3D) surface and two-dimensional 
(2D) contour simulation plots of variables affecting the ther-
mal conductivity and viscosity are shown in Figs. 7 and 8. 
While each plot illustrates the involved variables with inter-
actions, other factors are assumed constant. As Figs. 7 and 8 
show, all variables including temperature, nanofluid volume 
fraction and nanoparticle size could significantly affect the 
thermal conductivity and viscosity of hybrid nanofluid.

5.1.3 � Validation of the RSM and Optimization

To validate response surface methodology performance, 
other sets of the experiments were accomplished using 
Design Expert software. Strong correlation between the 
experimental and the predicted values by RSM demonstrated 
the highest accuracy of approach for modeling the tasks. As 
shown in Figs. 9 and 10, under the optimal conditions, e.g., 
0.5% volume fraction, 20 nm nanoparticle size and tempera-
ture 50 °C, optimal thermal conductivity could be estimated 
0.89 W/m.K. Optimum viscosity was obtained at 0.95 mPa.s 
when volume fraction, nanoparticles size and temperature 
were optimized to 0.5%, 20 nm and 20 °C, respectively. 
Desirability values for the optimized points of thermal con-
ductivity and viscosity of hybrid nanofluid are equal to one 
that mean a highly successful optimization.

5.2 � Artificial Neural Network (ANN)

Artificial neural network (ANN) was developed for theoreti-
cal analysis of thermophysical properties of hybrid nanoflu-
ids. The neural network arranges data in terms of weights 

and bias values divided into three data layer including train-
ing, validation, and testing sets. Training sets can minimize 
the error function of the networks. Additionally, validation 
sets contribute to monitoring of the error function and select 
the network with the lowest error value. In this study, the 
total number of data was 62 divided into 58% training, 13% 
validation and 29% testing data. Three variables including 
temperature, volume fraction and nanoparticles sizes were 
introduced to the neural network as inputs and, thermal con-
ductivity and viscosity of hybrid nanofluid as outputs. The 
best ANN model was chosen based on its predictive accu-
racy for estimation of thermophysical properties; efficiency 
of different ANN approaches was compared by the trial and 
error technique. The best one was selected with seven neu-
rons in hidden layer as it is monitored from Table 4; demon-
strated the most accurate approach with the minimum mean 
square error (MSE) for modeling the considered task.

Figure 11 shows the error between experimental findings 
and predicted outcomes for measurements of hybrid nano-
fluid’s viscosity. In the error diagram, results plotted for the 
total data (62 data) indicate an appropriate match between 
the both groups of data.

Predicted values by ANN for hybrid nanofluid’s viscosity 
were graphically compared with the experimental results, 
as shown in Fig. 12. The horizontal axis (X) indicates the 
experimental results, and the vertical axis (Y) illustrates 
the predicted data. Ideally, predicted outcomes completely 
match the experimental results when the prediction error of 
the neural network is zero and the correlation coefficient (R) 
is close to one; in this case, thus, the points place on the line 
Y = X, which means the ANN has been capable to estimate 
purposed values with the highest precision.

The mean squared error (MSE) is plotted for the training, 
validation, and test data as shown in Fig. 13, and horizontal 
axis shows the number of algorithm repetitions in the net-
work training process. The predicted values by ANN are 
continuously changed to reach the best model based on its 
predictive accuracy for estimation of thermophysical prop-
erties, and the most efficient one is selected with the lowest 
error. As the graph illustrates, training error is a large amount 
at the beginning of the trend, and the error value decreases 
as repetition moves forward. Validation error reaches its 
minimum amount at epoch 16, and it subsequently moves 
upward by the end of the trend; thus, the algorithm repeti-
tions has stopped at repeat 22, and the least validation error 
appeared at epoch 16 is chosen as the response.

Figure 14 graphically illustrates the comparison of the 
predicted values by ANN and experimental results for ther-
mal conductivity of hybrid nanofluid. The strong correla-
tion between predicted and experimental results (R-squared 
of 0.9439 and minimum MSE error of 0.00053) shows 
highly accurate performance of modeling approach, and 
the placement of both experimental and predicted results 

Fig. 6   Investigation of normal probability of internally studentized 
residuals
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on the vicinity of X = Y line demonstrates high precision of 
the approach for modeling the considered task. Figure 15 
shows highly accurate performance for purposed task by the 
computer-modeling approach, as it indicates the closeness of 
model-predicted values and experimental results of thermal 
conductivity.

6 � Conclusion

The presented study explored experimentally and theoreti-
cally the impact of variables such as temperature, nano-
fluid volume fraction and nanoparticle size on thermal 
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Fig. 7   2D and 3D simulation plots of interactions between variables affecting the thermal conductivity of hybrid nanofluid
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conductivity and viscosity of hybrid nanofluid. The results 
show that an increasing temperature and nanofluid vol-
ume fraction and a reduction in nanoparticle size result 

in an increased thermal conductivity. An enhanced nano-
fluid viscosity was also observed with increasing volume 
fraction of nanofluid and a reduction in temperature and 

20 26 32 38 44 50

0

0.1

0.2

0.3

0.4

0.5
viscosity ((pa.s))

A: Temperature ((C))

B
: C

on
ce

nt
ra

tio
n 

((
%

w
))

0.6

0.7

0.7

0.8

0.756401

0.851005

0.648588

0.780106

0.750155

0.750155

0.7271436

0
0.1  

0.2  
0.3  

0.4  
0.5  

  20
  26

  32
  38

  44
  50

0.4  

0.5  

0.6  

0.7  

0.8  

0.9  

1

vi
sc

os
ity

 ((
pa

.s
))

A: Temperature ((C))B: Concentration ((%w))

20 26 32 38 44 50
20

26

32

38

44

50
viscosity ((pa.s))

A: Temperature ((C))

C
: n

an
o 

pa
rti

cl
es

 s
iz

e 
((

nm
))

0.70.8 0.756401

0.851005

0.780106 0.750155

0.750155
0.7271436

  20
  26

  32
  38

  44
  50

20
26

32
38

44
50

0.4  

0.5  

0.6  

0.7  

0.8  

0.9  

1

vi
sc

os
ity

 ((
pa

.s
))

A: Temperature ((C))
C: nano particles size ((nm))

0 0.1 0.2 0.3 0.4 0.5
20

26

32

38

44

50
viscosity ((pa.s))

B: Concentration ((%w))

C
: n

an
o 

pa
rti

cl
es

 s
iz

e 
((

nm
))

0.6 0.7

0.8

0.756401

0.648588

0.780106

0.750155
0.750155

0.727143

6

202632384450

  0
  0.1

  0.2
  0.3

  0.4
  0.5

0.4  

0.5  

0.6  

0.7  

0.8  

0.9  

1

vi
sc

os
ity

 ((
pa

.s
))

C: nano particles size ((nm)) B: Concentration ((%w))

Fig. 8   2D and 3D simulation plots of interactions between variables affecting the viscosity of hybrid nanofluid
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nanoparticle size. The experimental results indicate a sig-
nificant enhancement of thermophysical properties of pre-
pared hybrid nanofluids compared with water or untreated 
titanium oxide–water.

The characterization of synthesized nanocomposite 
(TiO2-10 wt% Al2O3) showed the successful incorpora-
tion of aluminum oxide on the surface of titanium oxide 
(TiO2–Al2O3), and different calcination temperature led to 
obtain various sizes of nanoparticles (20, 25 and 50 nm).

Two computer modeling approaches (ANN and RSM) 
developed a theoretical study to explore the impact of dif-
ferent conditions of temperature, volume fraction and 
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Fig. 9   Optimum conditions and desirability for the thermal conductivity of hybrid nanofluid
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Fig. 10   Optimum conditions and the desirability for the viscosity of hybrid nanofluid

Table 4   ANN results of investigation the neuron numbers using vari-
ous configurations

Network number Neurons in hidden 
layer

Correlation coef-
ficient

MSE

1 4 0.793 0.095
2 5 0.816 0.088
3 6 0.83 0.051
4 7 0.86 0.017
5 8 0.75 0.036
6 9 0.71 0.047
7 11 0.81 0.057
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nanoparticle size on hybrid nanofluid’s thermophysical 
properties. In this study, optimal thermal conductivity and 
viscosity for hybrid nanofluid were predicted to be 0.89  
W/m.K and 0.95 mPa.s, respectively. Desirability values for 
the optimized points of thermal conductivity and viscosity 
are equal to one that means a successful optimization. The 
close relationship between experimental results and model-
estimated values indicates that ANN and RSM approaches 
accurately predicted the impact of these modifications on 
thermophysical properties, demonstrated the most accurate 
approaches for modeling the considered task and confirmed 
the experimental outcomes.

Fig. 11   Error between predicted 
data by neural network and 
experiment results

Fig. 12   The comparative study of ANN predicted and experimental 
results for hybrid nanofluid viscosity
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