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Abstract

Gravity-driven thin film flow of two immiscible non-Newtonian Sisko fluids over a flat inclined plane is investigated. The
equation, describing the flow, is nonlinear in nature and does not have a closed form of solution in general. In this study,
the nonlinear governing differential equations are solved analytically by employing homotopy perturbation method (HPM).
Besides, an exact solution for a special case of the non-Newtonian index is also obtained. The results of the solution based
on HPM are compared with the exact solution for the special case, and it shows close agreement between the two results.
This demonstrates the efficacy of HPM for solving nonlinear problems. The expression for the velocity is obtained, and the
effects of various parameters like Sisko fluid parameters, density ratio, and viscosity ratio are also analyzed and discussed.
The results indicate that with increase in the density ratio, it causes a significant increase in the velocity of fluids in both the
layers and the velocities in both the layers are decreasing significantly with an increase in the Sisko fluid parameters. This

study has got wider application in various industrial activities such as protective and decorative coating, painting.
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1 Introduction

Gravity-driven thin film flow of fluids down an inclined plane
has attracted researchers over the years due to its widespread
applications in various industrial applications such as pro-
tective and decorative coating, painting, etc. This coating
process includes coating of papers of various grades, protec-
tive coatings of magnetic storage media such as the audio
and video tapes, optical storage media like audio- and photo-
compact disk, etc. This coating process may be of monolayer
or multilayers. The properties of the coating depend on the
number of layers and properties of individual coating mate-
rial used in each layer. Studies [1] on coatings reveal that
the multilayer coatings have better wear resistance and resis-
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tance to fracture than monolayer coatings. To ensure quality
products, the film thickness should be uniform throughout
the entire coating region. This uniformity is possible if any
sort of flow disturbance dies out rapidly. Therefore, for a
better quality of these products, the study of flow stability is
very important and essentially requires the knowledge of the
basic state of this flow process. Knowing the basic state, the
effect of various parameters on the velocity distribution can
be investigated. Velocity distribution is significantly affected
by the pertinent parameters such as the density ratio of the
fluids, ratio of the viscosity of the fluids, thickness ratio, etc.,
which play a crucial role in the final success of the coating
process. Several researchers have investigated thin film flow
of Newtonian fluid over flat and wavy inclined planes [1-3].

In many natural and industrial processes, however, the
fluid involved is non-Newtonian in nature. The general ter-
minology for non-Newtonian fluid applies for a very large
number of fluids which deviate from Newtonian behavior
in a diverse way. It is obvious that all such behaviors can-
not be described by a single model or a single mathematical
description. Depending on the rheological behaviors, sev-
eral physical models have been suggested over the years.
Based on this, several classes of fluid such as power-law
fluid, Oldroyd-6, Ellis fluid, third-grade and fourth-grade
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fluid, Johnson—Segalman fluid, Sisko fluid, etc., have been
conceived [4-6].

Single-layer thin film flow of non-Newtonian fluids
through different geometries has been studied by the
researchers. Gravity-driven flow of a power-law fluid down
aninclined plane has been investigated by Amouche et al. [4].
Thin film gravity-driven flow of an Ellis fluid has been studied
[5] numerically by implicit finite difference scheme. Alam
et al. [6] investigated non-Newtonian Johnson—Segalman
fluid flow over a vertical moving belt and cylinder for lifting
and drainage problem. The nonlinear governing differential
equations have been solved by the Adomian decomposition
method (ADM) [6, 7], and the effect of pertinent parame-
ters on the velocity distribution has been discussed. Thin film
gravity-driven flow of a third-grade fluid [8] down an inclined
plane has been examined, and an analytical solution for
the velocity field employing traditional perturbation method
and homotopy perturbation method has been obtained. The
effect of various parameters on the velocity distribution has
been discussed. The same problem has been studied by the
researchers [9], and exact solution for the nonlinear gov-
erning equation has been developed. Kumaran et al. [10]
investigated thin film gravity-driven flow of a third-grade
fluid down an inclined plane and yielded exact solution and
analytical solution for the equation governing the flow phe-
nomenon. A correction of the previous [9] results has been
introduced in the study of Kumaran et al. [10].

The studies, cited above, clearly indicate the importance
of studying thin film gravity-driven flow of non-Newtonian
fluids over an inclined plane. Sisko fluid is a non-Newtonian
fluid model, put forward by Sisko [11], which is a three-
parameter model. Cement slurries, paintings of different
grades, and coating materials are some of the fluids observed
to follow the Sisko model. Numerous researchers have stud-
ied flow of Sisko fluids under various circumstances which
are of practical interest. Khan et al. [12], in a very recent
paper, investigated irreversibility associated with the flow
and heat transfer in Sisko nanomaterial employing homo-
topy analysis method (HAM) [12]. The effect of various
parameters on the rate of entropy generation is investigated.
Thin film flow of Sisko fluid over surface topography [13]
has been studied numerically, and the effect of the pertinent
parameters on the free surface profile has been investigated.
Boundary layer flow of a Sisko fluid over a radially stretch-
ing sheet has been investigated [14]. Mixed convection heat
transfer of a Sisko fluid over a radially stretching sheet has
been studied [15]. HAM has been adopted for solving the
governing equations, and the effect of various parameters on
the flow and temperature field is discussed. Pulsatile flow of a
Sisko fluid in an endoscope has been investigated by Nadeem
et al. [16] both numerically and analytically. Flow of blood
through a stenosed artery has been examined numerically by
the researchers [17] modeling blood as a Sisko fluid. The

@ Springer

effect of the rheological parameters on the velocity and flow
rate is discussed. Siddiqui et al. [18] reported thin film flow
of Sisko fluid and Oldroyd-6 fluid on a moving belt for lifting
problem. Governing differential equations have been solved
by HPM up to the second order, and the effect of the Sisko
fluid parameter and the non-Newtonian index is discussed as
well.

Though numerous researchers have investigated single-
layer thin film flow of non-Newtonian fluid through var-
ious geometries, only a limited number of research work
have been reported for multilayer flow of immiscible non-
Newtonian fluids. However, such flow situations are also
of importance in diverse engineering systems. Hajmoham-
mdi et al. [19] carried out an analytical investigation of the
two-layer Couette flow of a gas and power-law liquid in
microcylinder and analyzed the effect of various parameters
on the velocity field and temperature field. The present work
is carried out to study the thin film flow of two immiscible
non-Newtonian Sisko fluids over a flat, inclined plane. The
novelty of the work lies in considering multilayer thin film
gravity-driven flow of non-Newtonian Sisko fluids over an
inclined plane, which has never been reported in the open lit-
erature. Exact solution of the governing equation in terms of
the index n cannot be obtained due to the high nonlinearity of
the equation governing the flow problem. In the present work,
solution for the flow problem with two layers is obtained
analytically by HPM [20, 21]. Though numerical techniques
are capable of generating accurate results even for highly
nonlinear problems, analytical solutions are always preferred
to get a deeper understanding of the parametric dependen-
cies of the dynamics of the phenomenon, presenting a better
insight into the physics of the problem without compromis-
ing with the accuracy of the results. In the present study, HPM
has been adopted to solve the nonlinear governing equations
describing the flow phenomenon, and analytical solution for
the non-dimensional velocity is obtained. The effects of the
Sisko fluid parameter, density ratio, thickness ratio, and non-
Newtonian index on the velocity have been discussed.

2 Problem Formulation

The geometry of the problem is shown in Fig. 1. Two immis-
cible non-Newtonian Sisko fluids, with different properties,
flow down an inclined plane. The plane is inclined at an angle
6 with the horizontal. The x-axis is along the direction of the
flow, and the y-axis is perpendicular to the plane surface.
The plane is considered very large in the z-direction, which
indicates that the width of the plane is large compared to the
length of the plane. As aresult, the end effect can be neglected
and the effect of the velocity in the z-direction is negligible.
This assumption indicates that the results of the present study
are valid when the plane is very large in the z-direction. The



Arabian Journal for Science and Engineering (2019) 44:8081-8093

8083

A

Velocity profile

Upper layer

T

Rigid Boundary

T

Fig. 1 Geometry of the flow of two immiscible Sisko fluids down a flat
inclined plane

thickness of the film is very small in coating process. The flow
is analyzed for the fully developed regime, which indicates
that the plane is long enough in the axial direction to ensure
fully developed condition. As a result, the velocity is inde-
pendent of the coordinate in the axial direction and the length
of the plane is not required in the analysis. The thicknesses
of the bottom layer and top layer are h1, hy, respectively, and
these are uniform. The flow is assumed to be steady, laminar,
incompressible, and fully developed. The pressure acting on
the top layer is atmospheric.

2.1 Governing Differential Equations

The equations governing the flow are obtained from the con-
servation of mass and momentum principle. The thermal
effect is neglected as the flow is gravity-driven, and thus,
the temperature is assumed to be constant. The mass and
momentum conservation equations are as follows:

V.V=0 (1)
v - .-

p|:¥+(V'V)Vi|:V~T+pB 2)

T=-pl+8§ 3)

where \7, T, p,t, é, D, S, I are velocity vector, Cauchy
stress tensor, density, time, body force per unit volume, pres-
sure, extra stress tensor, and unit stress tensor, respectively.
Depending on the behavior of the non-Newtonian fluids, the
extra stress tensor introduces various forms of nonlinearity
into the equation. The extra stress tensor for the Sisko [12]
fluid is given as follows:

n—1
5 [a+g(m) }Al @

where A1 is the rate of deformation tensor, a, l;, n are con-
stants which vary for different fluids. We seek a solution of
the form (u(y), 0, 0) and assume the extra stress tensor to be

function of y only. Using Egs. (3) and (4) in the momentum
equation of Eq. (2), the ¥ momentum equation is obtained as
follows:

ap; . d*a; . d [dﬁi]”

X -momentum — — 44— +b;j—| —
X dy? dy| dy
+ pigsind =0 5)
5 pi
y - momentum — P — pigcosf =0 (6)
y

where x, § are dimensional coordinates in the direction of the
flow and in the perpendicular direction, respectively. p, i
are the pressure and the velocity components in the flow
direction, g is the acceleration due to gravity, and 6 is the
angle of inclination of the plane. It is important to mention
here that 6 is maintained within the limiting value so that the
laminar flow regime is ensured. With an increase in 6, the
velocity increases and for a certain angle, depending on the
other parameters, the flow may become turbulent. The exact
range of 6 varies for different situations. If the densities of
the fluids are less, then the value of 6 can be in the higher side
and still the flow may be laminar. The specific range of 6,
to maintain the flow in laminar regime, needs to be obtained
from experimental investigation or from stability analysis, i
= 1, 2 for the bottom and the top layer. For b; =0in Eq.(5),a;
represent the viscosities of the fluids, which is the Newtonian
fluid case. n is the non-Newtonian index, which represents
the measure of deviation from the Newtonian fluid. Since the
flow is gravity-driven, pressure gradient in the flow direction
is zero. Therefore, Eq. (5) reduces to the following form:

_d%; onb di; 1 a2, .\ 0 —0 @
aj—= +nbj| — ;g sinb =

Shear stress equation for Sisko fluid [12] is given as follows:

du;  ~ (du;\"
f,.:a,,.Lbi(&)

7.1
dy dy (1.1)

From Eq. (7.1), the effective viscosity can be written as fol-
lows:

A . dﬁl n—1
Meffective = | @i +hb;| — (8)
dy

To convert the governing differential equations into dimen-
sionless form, following non-dimensional variables are intro-
duced:

uj Yi
up=—, yi="—-

, h=hi+h 9)
ug h

where u is the reference velocity, u; is the non-dimensional
velocity in the ith layer (i = 1 for bottom layer and i =2 for top
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layer), in x-direction, and /4 is the length scale, respectively.
Substituting these dimensionless variables in Eq. (7), the non-
dimensional momentum conservation equations for the top
and bottom layers are obtained as follows:

pigh?sin 6

dzu,‘ nl;,‘ du,‘ n_ldzu,‘
=0 (10)

+ —_—
dy? =, (£>"—1 dy
uo

In the present study, no predefined reference velocity exists
and it needs to be identified. The third term in Eq. (10) rep-
resents the ratio of gravity force and viscous force, and for
the present study, these are of the same strength. Therefore,
the reference velocity can be obtained as follows:

dy? aijuo

in Oh?
up = 285N (11)

a

Therefore, from Eqgs. (10) and (11), the governing equation
for bottom layer is obtained as follows:

d2u1 du n-l
— +nb)| —

dy? dy dy?
Substituting the dimensionless variables and uq in Eq. (10),
for the top layer, we obtain

+1=0 (12)

a2 dus \" a2 k
S22 nby (22 220 (13)
dy? dy dy? Kk
where
b b i
bl——l, by = 2 , klZ&, kzziﬁ
(e TRy e T

(14)

where b1, b, are the Sisko fluid parameters of the bottom and
top layer fluids, respectively, and from Eq. (14), we get

k3
by = b1 — (15)
ko
Two second-order ordinary differential equations (ODE)
describe the flow, and to obtain the solution, four bound-
ary conditions are required. Following boundary conditions
are applicable for the two-layer flow:

7#1(0) =0 (No slip at the plane) (16.1)

i1(h1) = tia(hy) (Continuity of velocity at the interface)

(16.2)
T1(h1) = Ta(hy) (Continuity of tangential stress at the interface)
(16.3)
diir(h
ud2—A() =0 (Zero shear at the free surface) (16.4)
y

Springer

Non-dimensional boundary conditions are as follows:

u1(0)=0 (17.1)

hy
h] +h2

where r = (17.2)

ui(r) = us(r),

Using Egs. (7.1) and (16.3), in the dimensionless form,
reduces to the following:

d d " d d "

Db (B = 622 fkapy (222 (18.1)

dy dy dy dy

where

ky = ==. (18.2)

by

Equation (16.4), in the dimensionless form, gives

dus(1
w® _y (18.3)
dy

2.2 Solution by HPM

Equations (12) and (13) are nonlinear in nature, and HPM is
an effective analytical tool for solving nonlinear ODEs. HPM
is a coupling method of the homotopy theory and perturba-
tion method introduced by He [22, 23]. It does not require
the presence of any small parameter in the problem, but it
can take the full advantages of the traditional perturbation
method. For solving Egs. (12) and (13), the following homo-
topy is constructed:

d?v;  d?uyp d%v; vy (do \"!
(1 —m)| — — tm| —2 b — () +1|=0
dy? dy? dy? dy? \ dy
(19)
2 2 2 2 n—1
(l—m)[d—vj—duio]"'m dil’22+nb2d71’22(%> NI B
dy dy dy dy dy ko

(20)

where vp, vy are the approximate solutions for up, u;.
u10, Upo are guess solutions for u1, uy, and m is an embed-
ding parameter. In velocities u1g, 120, the first suffix indicates
the layer and the second one signifies the order (zeroth order,
first order, and second order) of the solution. For example,
u1o indicates the zeroth-order solution for the bottom layer.
If m= 0 is substituted in Egs. (19) and (20), a simplified
linear equation is produced which can be solved easily; m =
1 reduces Eqgs. (19) and (20) into the actual nonlinear equa-
tions.

v1 and v, are expanded in terms of the embedding param-
eter m as follows:

V] :v10+mv11+m2v12+~~ 21



Arabian Journal for Science and Engineering (2019) 44:8081-8093

8085

Vo = V0 + My +m2v22+~-- (22)

where vig, V11, V12, V20, V21, V22 are the approximate zeroth-
order, first-order, and second-order velocities in the bottom
and top layers.

To obtain the boundary conditions, we construct a homo-
topy for Eq. (18.1) as follows:

d d dup\" dva \"
U o2 el b () — kb (£2) =0 (23
dy dy

Substituting Egs. (21) and (22) in Egs. (19), (20), and (23)
and equating the coefficients of mO, m!, m? to zero, the equa-
tions and boundary conditions for zeroth-order, first-order,
and second-order system are obtained as follows.

2.2.1 Zeroth-Order Equations

d? d?

e (24)
dy dy
d? d?
S0 g (25)
dy dy

Boundary Conditions

Equations (24) and (25) are second order and require two
boundary conditions each for obtaining the solution. Aty =
0 (at the plane surface), velocity is zero (the plane is at rest)
because of no-slip boundary condition. From Eq. (21), we
obtain zeroth-order, first-order, and second-order velocity to
be zero. Therefore, the first boundary condition is obtained
as follows:
At, y=0, vip=0 (26.1)
At the interface of the two layers, velocity is same in both lay-
ers, because velocity at a point must be same irrespective of
the layers considered. Therefore, the second boundary con-
dition is obtained by using Egs. (21) and (22) and equating
the like coefficients of like power of m, which is given as
follows:
At, y=r, vi9=1v (26.2)
Atthe interface, in addition to the velocity, shear stress is also
same irrespective of the layers considered. Using Eq. (23)
and equating the coefficients of like powers of m, we get the
zeroth-order equation for shear stress is obtained as follows:

(26.3)

The fourth boundary condition required for solving the sys-
tem equations given by Egs. (24) and (25) is obtained from

the condition of negligible shear stress at the free surface.
From Eq. (23), using the condition of negligible shear stress,
we obtain the boundary condition at the free surface as fol-
lows:

dvyg
At, y=1, — =0 (26.4)
dy
2.2.2 First-Order Equations
d2 d2 d2 d n—1
TR TR d:;0< :1);0) =0 @
d? d dvyo (dua "'k
V2] u20 + nby v20 ( dv2g sy (28)
dyz dyz dy2 dy ko

Boundary Conditions

For solving Egs. (27) and (28), four boundary conditions
are required, which are obtained by following the same pro-
cedure as followed in Egs. (26.1)-(26.4). From Eq. (21),
equating the coefficient of m to zero, the first boundary con-
dition is obtained. As the velocity in the plane surface is
zero, the first-order velocity should vanish, which is given as
follows:
At, y=0, v =0 (29.1)
At the interface, velocity is same in both the layers, which
yields the second boundary condition for the first-order prob-
lem, given as follows:
At, y=r, v = (29.2)
Equality of shear stress at the interface produces the third
boundary condition for the first-order problems as follows:

d d n d d n
dy dy dy dy

(29.3)

The negligible (zero) shear at the free surface yields the fourth
boundary condition for the first-order problem, given as fol-
lows:

dvy;

At, =1, —
y dy

=0 (29.4)

2.2.3 Second-Order Equations

a2 a2 dvio\"2d
v12+n(n—1)b1 U]O( U]O) v

dy? dy? \ dy dy
d2v11 dv10 n=l
+nb —_— =0 30
T (dy > G0
d%vy,

+n(n — 1)by

d?vy <dv20 )"_2 dvyy

dy? dy? \ dy dy
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d2 d n—1
+nby, 2L (€20 -0 (31)
dyz \ dy

Boundary Conditions

Four boundary conditions are required for solving the
second-order problem, which are obtained using the con-
dition of no slip at the plane surface, equality of velocity at
the interface, equality of shear stress at the interface, and the
vanishing of shear stress at the free surface, as discussed in
Egs. (26.1)-(26.4) and in Egs. (29.1)—(29.4). From no-slip
condition, we get the first equation as follows:
At, y=0, vi2=0 (32.1)
From equality of velocity at the interface, second equation is
obtained, which is as follows:
At, y=r,

V2 = U2 (32.2)

From the condition of equality of shear stress, the third con-
dition is obtained, given as follows:

d dvio\"'d
At y=r, V12 +nby V10 V11
dy dy dy
d dvyo " 'd
— kzﬂ + nkzby dv2o dvat (32.3)
dy dy dy

Vanishing of the shear at the free surface generates the last
boundary condition, given as follows:

d
V2 g

At, yzl, F

(32.4)

2.2.4 Zeroth-Order Solutions

Guess solutions are selected, satisfying the boundary condi-
tions given by Eqgs. (26.1)—(26.4) as follows:

Y

S 33

u1o 2(1+b1)+01y (33)

Uy = —l +c3y+c (34)

0 T A bk, YT
where
ki
- 35.1
ST U+ ko (35.1)
ki(1 —
e = — = (35.2)
(1+by) (1+by)

Springer

(35.3)

r2 kq r2
C4 = C|TV — + — —r
(1+b1)2 (1+b)ky\ 2

From Egs. (24) and (25), the solutions of the zeroth-order
equations are obtained as follows:

2

Yy
-2 36
V10 30 +bD) cly (36)
2
yoki
= . tC3y+ 37
V20 30 + byks 3y +c4 37

2.2.5 First-Order Solution

Equations (36) and (37) are substituted in Egs. (27) and (28),
and first-order solutions are obtained satisfying the boundary
conditions given by Eqs. (29.1)—-(29.4). The solutions are:

V] = — yhr +b1(1+b1) o — —2 thl+c +c
=50 +by -+ \ T Ay Sy T o
(38)
y2hoki o1+ bk kiy \"!
V2] = — + €3 —
21 +by)ky  (n+ Dk ka(1 + by)
+c7y +cg 39)
kyby(1 — b
o= b =) o bir (40.1)
(1+by)  (1L+b))
1 1— n+1
_ _hd+bpt v kd-—r) 402)
m+1) |(+b) (1+by)
k1by
-7 403
T o +by) (403)
byr? bi(1 +by) r ntl
cg = — + cl1 —
(1+b)2  (1+n)2 (1+by)
k1bor?
+csr+cgt ———m—
ko(1+ b))2
kaba(1 + by) kyr n+l
- - 40.4
k(1 +n) (“ ko +b2)) 7 @0

2.2.6 Second-Order Solution

Equations (38) and (39) are substituted in Eqs. (30) and
(31), and satisfying the boundary conditions given by
Egs. (32.1)-(32.4), the second-order solutions are obtained
as follows:

V12 = (b1C5 — b%cl)(l +b1)<c1 — (1 31)]))

n—1 s y n+l
+ <—n 1 )bl(l +b1)<c1 — —(1 +b1)>

(n — 1)b? y O\
_m<cl_(l+b1)> (1+b1)+coy+cio
41)
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k k "
v = (bac7 — bic3) (ﬁ)(l +b2)<03 - 7k2(11+yb2))

n—1 5 k kly n+l
1 s Y
+(n+1>b2( +b2)(k1)(c3 k2(1+b2)>

(n— Db (ka kiy
T 22— <H>(1 +b2)(c3 k(1 +b2)

2n
> +ciiy+ciz

(42)

Therefore, the expressions for the velocity in bottom and top
layers are found to be:

u)] = vy = vjg+ vy + vz (substituting m = 1 in Eq. (21))
(44)

(substituting m = 1 in Eq. (22))
(45)

Uy = v = V20 + V21 +V22

n—1 n
c9g = I’l(b]CS — b%Cl)(C‘] — (1 :b1)> +(7’l — l)b%(cl - (1 ':bl)>

(n — Dnb? roo !
T Tan-1) (Cl_(1+b1>>

+k2

n(n — b3 ST 2 kir\"
~ " —aulbrcn — b R L
=1 |° kd+b) ”( 267 2c3> ST ( +by)

(43.1)

kir "
—n— b3 (3 — —
(n—1 2(03 Tl +b2)> +cr1

(n—Db2cP"(1+by)  (n—1)b? el
on—1 a1 Qb

€10 =

+d +b1)(b1cs —b%cl)c;' 43.2)
n(n — 1)b3 kir ) on_y
e =— e —
2n—1) ka(1 + b2)
ki _
b _bz _ n—1
+”( 267 2‘:3) {C3 k(1 +b2)}
k
+(n — 1)b? {C3 _ —‘}"
ko(1+ b3) 43.3)

crp = (bICS - bel) (I+b1) (Cl T -:b]))
(n = Db3(1 +b1) ( r )
+ -

(n+1) (1+by)
(n — Dnb? r ntl
T en-0 <61_<1+b1))
(n — D31 + by) r -
T 20— {c‘ - <1+b1)}
+ cor + C10

_ (b267 — b2C3) (l + bz) (E) <C3 — m)

_ (n—= b1+ by) /2>< LT e
n+1) i) \® T k+by

+w(’2>{ _kl_r}zn
202n —1) ki e ka(1+by)
— C11F

(43.4)

2.3 Exact Solution forn =2

The governing equations are nonlinear, and they do not have
any closed-form solution for all values of n. However, for the
special cases of n= 1 and 2, exact solutions are available.
But, n=1 represents the case for the Newtonian fluids and
can easily be obtained. Here, the exact solution for n= 2 is
presented. Through a suitable substitution in Eq. (12), the
solution can be obtained as follows:

0.5 1
= 2 Ly C (1 —dby(y — )P 4
u by [ y 6b1{ 1y —c1)} }+Cz (46)

Similar procedure is followed to solve uy from Eq. (13) to
obtain:

0.5 1 k 3/2
= —y——{1—4b2(—1y—c1)} +c4
by 6b2<k1) ko

k>
(47)

uz

where ¢, ¢2, c3, ¢4 are evaluated from the boundary condi-
tions given by Egs. (18.1)—(18.3). The details of the solution
procedure of the governing equation and the evaluation of
the boundary conditions are given in “Appendix A.”

3 Results and Discussion

In this section, at first, a comparison between the results from
the analytical solution and those obtained from the exact solu-
tion is made. Then, the results from the analytical solution
are presented graphically. The property ratios of the two flu-
ids have been varied widely to investigate the effect of such
variation on the velocity.
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Fig.2 Comparison between the
dimensionless velocity
distribution from the analytical
results and from the exact
solution forn=2, k1 = 0.9, k>
=2,k3 =3, and b; = 0.25 and
0.15

Fig.3 Dimensionless velocity
distribution for b; = 0, 0.15,
0.25andforan=2,bn=23,
andcn=4and k; =09,k =
2,k3 =3
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Fig. 4 Velocity distribution for 0.4
k1 =0.3,0.6,0.9 and foran= 4
2,bn=3,anden=4and b; = E
0.25and ky =2,k3 =3 E
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In Fig. 2, the non-dimensional velocity distributions from
the exact solution Egs. (46) and (47) for the Sisko fluid with
the non-Newtonian index n = 2 and from the analytical solu-
tion Egs. (44) and (45) are compared graphically for two
different values of »; while keeping other parameters same.
It is evident from the figure that the results of the analytical
solution are in close agreement with those obtained from the
exact solution. Figure 2a displays the comparison between
the results of HPM and exact solution when by = 0.25. The
percentage of maximum error (in the free surface) is 5.6%.
The percentage error decreases with a decrease in b as shown
in Fig. 2b. The discrepancy in the results is zero in the plane
surface (velocity is zero because of no-slip condition) and
gradually increases as the distance from the plane surface
increases. The discrepancy is maximum at the free surface.

Figure 3 depicts the non-dimensional velocity distribu-
tion from the analytical solution for different values of the
non-Newtonian index n and the Sisko fluid parameter b;.
It is evident that the velocity in both the layers of the fluid
decreases with an increase in the values of b;. It may be noted
that an increase in b1 can be interpreted in two ways. For fixed

values of aj, higher values of l;1 result in an increase in by.
As l;l increases, from Eq. (8), it is clear that the effective
viscosity increases which results in a decrease in the veloc-
ity for the gravity-driven flow. It is evident from the figure
that the change in velocity is comparatively higher near the
top layer. The presence of the solid surface suppresses any
significant change in the vicinity of the plane surface. In this
context, to demonstrate how the results of the present study
can be used in real-life situation, a two-layer gravity-driven
flow of Sisko fluids has been considered. In the absence of
the data from experiments on Sisko fluids, realistic values of
the properties and parameters involved are considered. The
following values are used:

h; =10 mm, hp = 10 mm, 0 = 20°, a; = 100 kg/m s, an
=300 kg/m s, by = 100 kg s"~2/m, br = 300 kg s"~%/m, p;
=900 kg/m?3, po = 700 kg/m>, n= 2.

From Egs. (11) and (14), we obtain uo = 0.003 m/s, b;
= 0.30, by = 0.225. If the threshold velocity, obtained from
experiment or from stability analysis, is = 5 mm/s, then from
Fig. 3a, the maximum non-dimensional velocity is obtained
as 0.4, which yields dimensional velocity to be 1.2 mm/s. If
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Fig.5 Velocity distribution for

ko =0.5,1.5,25and an=2,
bn=3,and cn=4fork; =
0.9,b1 =0.15,and k3 =3
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the velocity crosses the threshold value or approaches near
this, by changing the values of aj, a2, by, b2, p1, h1, and
hy, the maximum velocity can be controlled and maintained
well below the limiting value. In this way, by changing the
properties of the fluids, different fluids can be selected for
controlling the velocity.

Figure 4 presents the dimensionless velocity distributions
for different values of the non-Newtonian index n and the
density ratio k | as a parameter. It is evident from the figure
that an increase in the density ratio of the top and bottom
layer fluid causes significant increase in the velocity in the top
layer. In the bottom layer, increase in the velocity is less near
the plane due to the presence of the solid surface as discussed
earlier. As the density ratio increases, the higher body force
results in a significant increase in the velocity. It is important
to note that the non-dimensional velocity increases slightly
with an increase in n, as indicated in Fig. 4a—c. From Eq. (8),
it is evident that an increase in n results in an increase in the
effective viscosity of the fluid which should cause a decrease
in the velocity. The reverse trend displayed by the figures can
be explained as follows. The Sisko fluid parameters b1 and b5,

@ Springer
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as defined in Eq. (14), have u( in the numerator. Any increase
in n causes an increase in the numerator. If the values of by
and b, are maintained, fixed values of b 1 132 have to decrease.
The effect of 51, 52 on velocity is more dominant than the
influence of n. Therefore, the non-dimensional velocities are
observed to increase with an increase in n.

Dimensionless velocity distribution for different values of
n and k3 is depicted in Fig. 5. The results imply that with an
increase in kj, the velocity decreases. As discussed earlier,
once ug is chosen, %‘ = z1 becomes fixed. Therefore, an

increase in ko can be caused only due to an increase in c(liiy‘ +

2b1z1 %1 + 1 = 0. Increase in k; signifies increase in the
effective viscosity ratio which results in a decrease in the
velocity. Compared to the density ratio, the effect of k on
the velocity is relatively less.

The effect of the thickness ratio on the non-dimensional
velocity distribution is presented in Fig. 6. The results indi-
cate an increase in the velocity in the top layer and a decrease
in the velocity in the bottom layer with an increase in the
thickness ratio. The force due to gravity decreases in the
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Fig. 6 Non-dimensional velocity distribution for different » when b1 =
0.1,k =0.2,kp =0.25, and k3 = 0.1

bottom layer as the thickness of the bottom layer decreases,
which leads to the lower velocity in the bottom layer.

4 Conclusions

Single-layer thin film gravity-driven flow of non-Newtonian
fluid has been studied by the researchers, but thin film gravity-
driven flow of multilayer non-Newtonian Sisko fluids has
never been considered before, as revealed by the open liter-
ature. This kind of flow, however, is important in multilayer
coating process. In the present study, thin film gravity-driven
flow of two immiscible non-Newtonian Sisko fluids has been
examined for the first time. A closed-form analytical solution
of two-layer flow of typical Sisko fluids down a flat inclined
plane is obtained for a special case, and for other cases of
the non-Newtonian index, approximate analytical solution is
yielded by solving the governing equations employing He’s
homotopy perturbation method. Considering a wide variation
of the property ratios of the two fluids, the flow behavior (dis-
tribution of velocity) in the two layers has been investigated.
Following important observations are made:

The velocity distribution is the most sensitive toward any
change in density ratio of the top and bottom fluid layers. A
100% increase in the non-dimensional velocity is observed at

all the points when the density ratio increases by around three
times. At lower values of the density ratio, the velocity in the
top layer is practically constant. However, in the bottom layer,
asignificant change in velocity is observed at different points.
With an increase in the Sisko fluid parameter, the velocity
decreases significantly in both the layers. For higher values of
the non-Newtonian index n, however, the effect of the Sisko
fluid parameter b diminishes on the velocity distribution as
depicted in the figures. An increase in the value of k, results
in a decrease in the velocity; this decrease is significant in the
top layer. In the bottom layer, the nonlinearity of the velocity
distribution is much less due to the effect of the solid wall.
Velocity in the bottom layer decreases, and in the top layer,
velocity increases with an increase in the thickness ratio.
Using the results of the present study, the maximum veloc-
ity in the layers can be controlled so that the threshold
velocity, at which flow is unstable, is never reached and
quality of the coating is ensured. The threshold velocity
can be obtained from the experimental investigation. The
parameters such as density ratio, viscosity ratio, and ratio of
thickness can be varied accordingly to maintain the velocity
in each layer much lower than the threshold limit. Further,
Sisko fluids with different properties and non-Newtonian
index can be selected to obtain the required density ratio
or viscosity ratio, required for limiting the velocity lower
than the limiting value. Moreover, the thickness ratio can be
varied to maintain the velocity. However, the limitation of
the present study is the inability to fix the number of layers
required to achieve the velocity as only two layers are con-
sidered. But, the study can further be extended to more than
bilayer case following the similar procedure adopted in the
present investigation. The practical application of the present
study is that it can be used for multilayer coating purposes.

Appendix A

Equation (12) is solved by substituting

du _ (A1)
& =7 .
which gives:
d d
St i1=0 (A2)
dy dy

dzy
= E(l +2b1z1) = —dy (A.3)
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Integrating Eq. (A.3) and solving, we get: z1 = ki
—lyIsahiG=c) 4b1(} D) (taking the +ve value for ”yl asu1 increases —l+ 1 —4b, k ) =0 (A-10)
with y)
c3 = 7+. These four equations are solved for ¢y, ¢3, ¢3, and
duy  —1+./T—=4bi(y —c)) 3= 9 1 €2, €3
= — = (Ad) ca, and velocity in both layers is found as follows:
dy 2b1
051 1 3 . ky
=>u = —|—y— —{1—4bi(y —c)}P? | +c GB= (A.1D)
=0l Y o { 1(y —cn)} 2 ks
(A.S)
b, k1
05ky—| -1+ [1—=4b,| — |(r—1)
1 b, ka
ci=r——|1—-405+ |0.25+ b 5 (A.12)
4b, ki
+0.25b1 k3| =1+ |1 —4by| — J(r = 1)
ka
S.nnllar procec?ure is used to solve uy from Eq. (13) which 0 = {1 + 451C1} (A.13)
gives the solution as follows: 6b,
0.5 1 { ki 3/2 0.5 |
Up = — |-y — —— l—4b2<—y—cl e = e 4 r—e)V32 |t
by 61)2(%) ko 4 bl 6b1 { 1( 1)} 2
(A.6) 0.5 1 k
- b_ —r — — N {1 —4b, (k—lr—03>}3/2
Now, using the boundary conditions given by Eqgs. (17.1, 2 6b, (é) 2
17.2), we get the following equations: (A.14)
0.5 1
| ———{1+4bjc1 P |+ =0 A7
by [ 61 { } (A7)
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