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Abstract

In this paper, we present a new approach to evaluate the packet error probability (PEP) of code-division multiple access
(CDMA), multi-carrier CDMA (MC-CDMA) and orthogonal frequency-division multiple access systems. The PEP is com-
puted using the moment-generating function of signal-to-noise ratio. Our approach uses an approximation of the Marcum
Q-function and allows to evaluate the PEP in closed form without any integration. The obtained theoretical results were

compared to simulations, and their validity was confirmed.

Keywords Packet error probability - CDMA - MC-CDMA - OFDM

1 Introduction

The performance analysis of wireless communication sys-
tems can be evaluated by different approaches and presented
using several metrics. Given that, the moment-generating
function (MGF) of signal-to-noise ratio (SNR) has been iden-
tified as a powerful tool for simplifying some of the analysis
[1-10]. Based on the MGF of SNR, different methods have
been discussed in the literature to derive the symbol and bit
error probabilities, (SEP) and (BEP) respectively, [1-10].
The MGF of SNR has been used to evaluate symbol and
bit error probabilities for different channels such as Alpha—
Mu, Nakagami and Beckmann fading [11-13]. The same
approach has been used to study the bit error probability
of free-space optical (FSO) communications [14]. Also, the
MGEF of SNR has been used to compute the channel capacity
in [15-20]. Another possible application is to determine the
area under the curve of the receiver operating characteris-
tic (ROC) of spectrum sensing algorithms using the energy
detector [21]. Nevertheless, the MGF approach has not been
yet used to derive the packet error probability (PEP), which is
the main objective of this paper. BEP computation using the
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MGEF as initially suggested in [ 1] requires that some integrals
be computed numerically. In this paper, the PEP is expressed
in closed form as a function of MGF of SNR, and there is no
need to compute any integral. Our results are also valid for
CDMA, MC-CDMA and OFDM systems. Indeed, the MGF
is the Laplace transform (LT) of the PDF of instantaneous
SNR. Thereby, in order to compute the PEP, most of the
researchers use an integral, which is calculated numerically,
and there is no closed-form expression. This paper proposes
a closed-form mathematical expression based on the MGF
for computation of the PEP for wireless communications sys-
tems.

The proposed MGF approach is a simple tool to estimate
the PEP for different systems, such as:

— Direct-sequence code-division multiple access systems
(DS-CDMA).

— Multi-carrier CDMA (MC-CDMA) systems.

— Orthogonal  frequency-division  multiple
(OFDMA) systems.

access

The contributions of our paper are:

— Deriving the packet error probability using the MGF of
SNR. Only the SEP and BEP were studied in [1-21].

— Studying DS-CDMA, MC-CDMA and OFDMA sys-
tems. The results presented in [1-21] are valid for
single-carrier systems.

@ Springer
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— Evaluating BEP using the MGF as suggested in [1]
requires that some integrals be computed numerically.
In this paper, the PEP is derived in closed form without
any integral.

The paper is organized as follows: the PEP for single-
carrier systems is presented in Sect. 2. Sections 3, 4 and 5
derive the packet error probability for direct-sequence code-
division multiple access, multi-carrier code-division multi-
ple access (MC-CDMA) and orthogonal frequency-division
multiple access (OFDM) systems, respectively. Section 6
provides some simulation and theoretical results. Section 7
concludes the paper.

2 PEP for Single-Carrier and
Frequency-Nonselective Channels

2.1 System Model

For frequency-nonselective channels, the received signal can
be written as

r=hs+n (1)

where 4 is the channel coefficient, s is the transmitted symbol
and n is the additive white Gaussian noise (AWGN) with PSD
No.

Therefore, the SNR is written as

_ Eg|hf?
=

r @

For Rayleigh fading channels, the SNR is exponentially dis-
tributed.

2.2 PEP Evaluation: MGF-Based Approach

For BPSK modulation and a block-fading channel, the packet
error probability is written as

+00

Pbloc(L,T) =1 —/ [1 — Q(@)]Lfr(x)dx 3)

0
The channel is assumed to be block fading, i.e., constant
during L symbols and independent between two packets, and

Jr(x) is the PDF of the SNR. For Rayleigh fading channels,
itis given by

frix) =< 4
frte) = @)

Sll=

T is the average SNR.

Springer

The previous equation can be written as

+oo L L ‘ k
Pbloc:/ Z(k>(—1) Q(«/ﬂ) fr@de ()
0 k=1

where Q(x) is the Marcum Q-function defined by

+o00 ] 7£d 6
= 2 .
Q) /x «/Ee u (6)

The next step is to use an approximation of the complemen-
tary error function, which is related to Marcum Q-function
[22,23]

e”‘2 e_%
erfc(x) ~ r + 2 @)
‘We have
1 X
Q(x) = Eerfc (%) (8)
and

4xp
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Q(\/ X) _47 . » 3](—7176 e . ()
p:

Finally, using previous equations, we have

L k
Pbloc(L, T) ~ Z <I];) (-1)"4% <;]§)

k=1 p=0

+00

x 3k1_,, /0 ) frode (10)
and

L k
Pbloc(L,T) ~ ) (I];) (—1)"4% > <k>

k=1 p=0 P

p
X e Mr (k n §) a1

where Mr(s) is the moment-generating function (MGF) of
SNR (Laplace transform LT of the probability density func-
tion of SNR) defined by

+00
Mr(s) = LT (fr(x)) =/0 e fr(x)dx. (12)

The throughput can be easily deduced from the packet
error probability

Thr = R(1 — Pbloc) (13)
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where R is the data rate. The SNR is given by [24]

_ r= g, 20)
3 Application to CDMA Systems No

3.1 System Model

We study a direct-sequence CDMA (DS-CDMA) system
composed of two nodes: a transmitter T and a receiver R.
The transmitted signal by T is written as

e(t) =Y skt —kTy), (14)
k

where sy is the k-th transmitted symbol, T is the symbol
period, ¢ (z) is the spreading waveform given by

N—1

Kty =")" ctkN +q)g(t —qTo), (15)
q=0

N is the spreading factor, g(t) is the shaping filter, T is the
chip period and c(k) is the spreading sequence.

For DS-CDMA systems, the received signal at node R can
be expressed as

P
r@)=Y_ {0 skt — kT — ') +n(), (16)

=1 k

where P is the number of paths, 7/ is the delay of 1-th path,
fL(t) is the complex gain of 1-th path at time t and n(¢) is an
AWGN with one-sided PSD equal to Ny,

The m-th correlation of the rake receiver for k-th symbol
period can be expressed as [24]

P

k) = sk Y f KT)q(Tm — 7) + 0™ k), (17)
=1

where n’ (k) is a noise term, g(7) = (g ® g)(t) and ® is the

convolution between two signals.
The rake output can be written as

P
5= fHKTHZ" (k)
m=1

P
= sifTQE + ) £ n" (k) (18)

m=1

where Q is an P x P matrix, Q(k,[) = q(rk — b,

T
£= (1), fPGTY) (19

where Ej is the transmitted energy per symbol.
3.2 PEP Derivation for CDMA Systems

Using (17), the SNR can be expressed as

r = ﬁg'}_g
No ’
where g = /Qf.

Using the Karhunen—Loeve (KL) orthogonal expansion, we
have

r= LSy, 21
No
where h = (h],...,hP)T =Ulg U= [u.. u]isa

unitary matrix, u’ is the i-th normalized eigenvector of the
covariance matrix of g:

E (gg*> = /QRsy/Q = UAU", (22)

Ry = E(ffT), A = diagx (@D, ..., A®)) and A is the i-th
eigenvalue.

Since the components of h are independent, the SNR is
the sum of P-independent exponential random variables. The
moment-generating function (MGF) of the SNR is therefore
given by

P
1
—_ —sI'y
M;(s) = E(e >-1‘[l 50" (23)
J=
where
. - E
) — N Is 24
B No (24)

Using a fraction decomposition, we obtain

L))
M. (s) = jzl m (25)
where the residue is given by
4 20
) —
=] 20 a0 (26)

1<k<P k#j
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By using the inverse Laplace transform (LT), we deduce
the PDF of the SNR [25]

Lgg)

pry) = Zﬁmep( ﬂ(,)),ifyzo 27

Using the results of Sect. 2, we deduce the PEP

P
Pblocps_cpma = » 7/ Pbloc(L, B)), (28)
j=1

where Pbloc(L, a) has been defined in (11).

4 Application to MC-CDMA Systems
4.1 System Model

We study a MC-CDMA system composed of two nodes: a
transmitter T and areceiver R. The transmitted signal by node
T can be expressed as [26,27]

S—1
e(r) =\F Zskg<r—kTs>chs+meﬂ”fm (29)

m=0

where S is the number of subcarriers, sy is the k-th transmitted
symbol, T is the symbol period, {cxs4m }fn_:lo is the spreading
sequence, g(¢) is a rectangular pulse response with temporal
support [07;], Ty = T} + A where T is the useful symbol
duration and A is the guard interval, f,, = fo + mAf is
the m-th carrier frequency and A f = 1/T} is the carrier
separation.

The received signal by node R on k-th symbol period is
expressed as

r(t) = \/7\/TT Z CkS+m eJanth(f )
+n(t), 30)

where

F(fmi 1) = / £ e Inta, 31)

f(z; t) is the Rayleigh multipath fading channel and n(z) is
an AWGN.

The discrete Fourier transformation (DFT) output is writ-
ten as

(32)

F = (F(fo;kTy), ..., F(fs-i; kT))', m = (ng, ...,
ng_l)T is a zero-mean noise vector with covariance matrix
Nols.

The receiver output is written as

X Eq Fizk
A =, — 33)
S No

where (.)" denotes the Hermitian transpose operator.

4.2 PEP Derivation for MC-CDMA Systems

Using (33), the instantaneous SN R at the output of the
receiver is given by

E;F'F
= (34)
S N()
Assuming an uncorrelated scattering [28], the (g,/)-th
entry of F correlation matrix Q = £ (FF1) is given by

Qq. ) =¢r(fy — fi) = f ¢r(0)e U= MTdr, (35)

where ¢ 7 (7) is the multipath intensity profile of the channel
[28] and ¢F (A f) is the spaced frequency correlation func-
tion of the multipath channel.

Since the components of F are correlated, we use the
Karhunen—-Logeve orthogonal expansion to obtain

E;H'H
[=— (36)
K3 N()

where H = U'F, U = [u!---u%] is a unitary matrix, u’ is
the i-th normalized eigenvector of Q

Q = UAUT, (37)

A= diag(k(l), el k(S)) and A is the i-th eigenvalue. The
eigenvalues are assumed to be ordered in a decreasing man-
ner. H is a zero-mean complex Gaussian random vector with
correlation matrix A.

Since the components of H are independent, the SNR is
the sum of S-independent exponential random variables. The
moment-generating function (MGF) of the SNR is therefore
given by

:C/:

_ 7s[‘
M. (s) = E(e ’ 1+s,3<f> (38)
where
g = ) Es (39)

SNy
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Using a fraction decomposition, we obtain

S0 1

M. (s) = Z m (40)

j=1

where the residue is given by

)
I1 _Fr (41)

n) = h_gh"
Jj) —
1<k<S.k#j p p

Using the inverse Laplace transform (LT), we deduce the
PDF of the SNR

S )
e =Y T e (—L> Lify 20, “2)

J=1

Using the results of Sect. 2, [28] and (42), we obtain the
PEP

S
Pblocycepma =~ 7 Pbloc(L, 1), (43)
j=1

where Pbloc(L, a) is defined in (11).

5 Application to OFDM Systems
5.1 System Model

We study an OFDM system composed of two nodes: a trans-
mitter T and a receiver R.

It consists to decompose the allocated band B, in S sub-
bands Af = % A f represents the separation between
consecutive subcarriers. Each subcarrier transmits data rate
% where R; is the total data rate of S subcarriers.

The transmitted signal by node T can be expressed as

S—1
x(t) = in (1) ifit (44)
i=0
where
xi(1) =) sksyigt —kT). (45)
k

Subcarrier spacing is equal to f;jy; — f; = 1/T. Datarate
per carrier is equal to % = % = SLT Therefore, T = ST;.
We choose the number of subcarriers S so that 7 >> T,

where T}, is the delay spread of the channel. In the frequency

domain, this condition becomes SLTS < B, where B, is coher-
ence band.
Ry 1

— << B, =
S STRMS

(46)

where B, is the coherence bandwidth of the multipath chan-
nel and trys is the delay spread.

5.2 Transmitter Based on IFFT

VO<g<S§-1,Vl e Z, we have

S—1 .
T 1 274 (5a+iT)
x lT+—q>=—E sis4i€ TS
( S /—T g +i

S—1

1 2r jig

=—E sis+ie S .
i=0

VTS 2

Therefore, we can make an inverse Fourier transform of
transmitted symbols in order to obtain samples of transmitted
signal. Then, a digital-to-analog converter is used to obtain
signal x (7).

5.3 Receiver Based on FFT

For fixed / and i, we compute

1

VT & T \ _2mjig
T[]ZQX(IT‘FEQ)@ N

27 jqp

T 1 S—1
xIT+ —q ) =— Sis+pe S,
( Sq) \/TPZZO +p

we deduce that

S—1
v T T 2n ji
e E x(lT+§q)e_ 5
q=0
S—18-1

1 Z Z 277.qu5(‘!’*1')
=3 SIS+p€
S p

q=0 p=0
1 S0 arigeen
Tjq(p—t
= Sis+i + g ZSIS+[7 Z e S =SS+
pFi =0
5.4 Transmission Over Multipath Channel

The received signal at node R can be written as

u(t) = / f(o)x(@ —t)dr

@ Springer
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where
P
f@) =) fid(t —iTy).
i=1
Therefore,

P
u(t) =) fix(t =iTy).

i=1

‘We deduce that

T d T
u <kT + Eq) =ur(q) = ;ﬁx (kT + (g — i)E)
P
= fixg-i(k) (47)
i=1

where x,_; (k) = x(kS +q —1).
In the presence of multipath propagation, a cyclic prefix
is added at the transmitter to avoid intersymbol interference.
The transmitted OFDM symbol is written as

x0 (k)
x1(k)

xs—1(k)

where x; (k) = x(kS + 1),

nl

S—1
xi(k) =) sn(k)e™s.
n=0

We have
x0 (k) s (k)
x1(k) s1(k)
xs—1(k) ss—1(k)
where
Ay = A wl-DaE=D
ik =
S

We add the cyclic prefix to obtain canal:

xs—r+1(k)

xs—1(k)
x0(k)
x1(k)

xs—1(k)

At the receiver, we remove the cyclic prefix and we make a
FFT to obtain

Yis+ = F(Dsgsy + ny(k)

where n;(k) is a term due to noise.

P .
Fy=Y fie ¥k

i=1
5.5 PEP Derivation for OFDM Systems

For OFDM systems, L data symbols are sent over S subcar-
riers and L/S symbols are transmitted over each carrier.
The PEP is written as

S

L —
Pblocorpym = 1 — ]_[ [1 — Pbloc (E’ F,ﬂ (48)

i=1

where Pbloc(é, I';) is the PEP over i-th subcarrier and T';
is the average SNR over i-th subcarrier and Pbloc(L, a) has
been defined in (11). The packet is correctly received if there
are no errors over all S subcarriers.

6 Theoretical and Simulation Results

Figures 1, 2, 3 show the packet error probability (PEP) for
CDMA, MC-CDMA and OFDM systems. Each packet con-
tains 56 symbols.

Figure 1 shows the results for CDMA systems in the pres-
ence of 1, 2 and 3 paths. The delays of paths are separated
T.. The average of power gains of paths is 0.6 and 0.4 for
P = 2 paths and 0.4, 0.35, 0.25 for P = 3. We notice a
good accordance between simulation results and theoretical
curves. We have made Monte Carlo simulations until 10*
packet was erroneously received. We observe that the PEP
decreases as the number of paths increase due to diversity.
The rake receiver combines signals from all paths using max-
imum ratio combining, and the SNR is the sum of SNRs from
different paths.
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Fig.1 PEP for DS-CDMA systems in the presence of L = 1, 2, 3 paths
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Fig.2 PEP for MC-CDMA systems in the presence of a diffuse channel

Figure 2 shows the results for MC-CDMA channel for
S = 8 subcarriers and in the presence of a diffuse channel
with multipath intensity profile given by [28]

¢r(r) = %e% (49)

with T), = 5% 10~7 and 7},, = 107°.

S$=8 subcarriers

10'2 I I I I I I I I I
0 2 4 6 8 10 12 14 16 18 20

E,/N,(dB)

Fig.3 PEP for OFDM systems

Matrix Q is equal to

1
2 jTn(fg — f)+ 1

Qg. D) = (50)

We notice that there is a good accordance between theo-
retical and simulation results for MC-CDMA systems. As
the multipath spread of the channel 7, decreases as the
coherence bandwidth increase and the channel coefficient
of different carriers become more correlated so that the PEP
increases.

Figure 3 shows the packet error probability for OFDM
systems in the presence of two paths with average power
gains 0.6 and 0.4. We observe a good accordance between
theoretical and simulation results.

Figure 4 shows the packet error probability of OFDM for
a longer packet containing L = 400 symbols and S = 8 sub-
carriers. A perfect match between theoretical and simulation
results is observed. When packet length increases (Fig. 4),
the packet error probability increases with respect to Fig. 3
(L = 56 symbols).

7 Conclusions

In this paper, we have presented a new approach that allows
to derive the packet error probability in closed form using
the MGF. The MGF of SNR is a well-known tool; it is equal
to the Laplace transform of SNR PDF (Probability Density
Function). Our approach has been applied for CDMA, MC-

@ Springer
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Fig.4 PEP for OFDM systems: L = 400 symbols

CDMA and OFDM systems, and we have shown a perfect
match with the simulation results.
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