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Abstract In order to improve the helicopter responsive
ability during autorotation power recovery maneuvers, a
new turbo-shaft engine control scheme is proposed in this
paper. Using rotor flapping/lagging dynamics and an induced
velocity model which is capable of capturing vortex ring
characteristics, an integrated helicopter and engine model
was developed to simulate autorotation process. By intro-
ducing a closed-loop with compressor guided vanes, a novel
two-variable engine control law is devised using Linear
Matrix Inequality Pole Placement method. This allows for
a rapid adaptation of the helicopter to a large and fast needed
torque variation required in autorotation power recovery. The
transient performances and the robustness for the closed-
loop helicopter-pilot system are validated for some examples
appropriated to autorotation training procedure. Simulation
results illustrate that, with this novel control law, the heli-
copter’s ability to respond during autorotation is strongly
enhanced when compared to traditional cases.
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List of symbols

Wf Fuel flow rate (kg/s)
χ Compressor guided vane angle (◦)
Ng Relative rotor speed of gas turbine

(%)
Np Relative rotor speed of power

turbine (%)
SMc Stall margin of compressor (%)
ηc Efficiency of compressor (–)
Vx , Vy , Vz Velocities along X,Y and Z axis
Ψ,Φ,Θ Yaw, roll and pitch angle of heli-

copter (◦)
θ0, A1c,B1s,θT Rotor collective, lateral cyclic

pitch, longitudinal cyclic pitch (◦)
p, q, r Angular rate about X -axis, Y -axis

and Z -axiswith respect tob-frame
(rad/s)

G Gravity of helicopter (N)
JR, JGB, JTL, JE, Jacc Moment of inertia of rotor, gear-

box, tail rotor, engine and other
accessories(kg m2)

�R, �E, �GB, �TL Main rotor speed, engine output
shaft speed, Gearbox output shaft
speed, tail rotor speed (rad/s)

Subscript

E Engine
H Helicopter
t Total thermodynamic parameter
cor Corrected thermodynamic parameter
ds Design-point value
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g Earth fixed axes system
b Airframe fixed axes system
h Rotor hub fixed axes system

1 Introduction

Autorotation is a typical helicopter flight condition charac-
terized by the ability of the main rotor system to sustain the
rotor speed when the engines no longer transmit power to the
rotor. This condition can be obtained by setting the helicopter
in descent flight and extracting power from upward incom-
ing airflow. In this way, presuming that helicopter descent
rate is in a safe range necessary to initiate an autorotation
procedure, a certain amount of lift can also be acquired
by the spinning rotor, making the helicopter mostly a safe
mean of transportation in such emergency situations. A suc-
cessful autorotation ensures a safe landing; however, the
complicated flow behavior around the rotor can lead to pilot
difficulties in handling this maneuver. Present statistical data
from AH-1, UH-2, OH-58, and OH-6 helicopters [1] show
that at least one unsuccessful emergency autorotation land-
ing happens during 10,000-h service life, this is more than
27% of total accidents, sometimes this being accompanied
by some degree of vehicle damage or personnel injury. The
Federal Aviation Administration (FAA) [1] states that heavy
lift rotorcrafts should be within the requirement of Category
A performance during autorotation. This means that inside
the flight envelope a helicopter should guarantee a continu-
ing flight in One Engine Inoperative (OEI) or safe landing
by entering autorotation in All Engines Inoperative (AEI)
condition [2]. A surveymade by the USArmyAviation orga-
nization [3] reveals that the pilots strongly desire to practice
autorotation in flight despite the inherent safety risks. As a
considerable number of accidents occurred due to engine fail-
ures (see Ref. [3]), autorotation practice is looked upon as a
crucial part of the pilots training curriculum.A typical autoro-
tation exercise mainly consists of following phases: engine
failure simulation (often let engine go into idle state), autoro-
tation entry, descent flight, steady (trimmed) autorotation
and finally power recovery from the autorotation exercise,
as shown in Fig. 1. In the first phase, the rotor shaft is disen-
gaged from the free turbine output shaft via a clutch,while the
engine does not really enter into malfunction but into an idle
state to simulate engine failure. Next, in the autorotation’s
entry phase, the pilot collective pitch control is immediately
lowered to delay the rotor speed decreasing and to provide
enough rotor thrust to achieve a steady descent rate. Subse-
quently, if being successful the helicopter will enter into a
steady (trimmed) autorotation phase at a certain descent rate
where the rotor speed slightly changed. Finally, the recovery
from the autorotation involves collective pitch flare from the
pilot; therefore, the clutch is connected again when the rotor

and the gear box output shaft speed remain within a small
range.

For gettingmore feasible autorotation training control, the
autorotation modeling and trajectory optimization have been
tremendously studied during the past decades. And firstly,
literatures about autorotation modeling are reviewed herein.
Houston in Ref. [4] firstly described the coupling between
the rotor speed and the longitudinal rigid body motion in
autorotation. A more comprehensive rotor wake analysis
described inRef. [5]was compared to the finite-state induced
velocity model. Reference [6] compared two aerodynamic
models, i.e., the Pitt/Peters inflowmodel and a more detailed
CFDmodel, when performing autorotation in forward flight.
For simulating the vortex ring, turbulent wake and windmill
brake states in autorotation, a more feasible inflow model
was exploited in Ref. [7]. Similarly, a simplified ring vortex
modelwas developed and validated for a rotor in awide range
of descent rate in Ref. [8]. Simplified vortex ring model has
been successfully implemented in some helicopter models as
presented in Ref. [9].

Secondly, the autorotation control after engine failure is
extensively documented in the literature. Reference [10]
firstly regarded the autorotation control using a two-degree-
of-freedom (DOF) point-massmodel of anOH-58 helicopter.
Later, Aponso in Ref. [11] proposed a real-time trajectory
optimization algorithm for rotorcraft autorotation training
using a five-DOF rotorcraft model involving induced veloc-
ity, horizontal/vertical translations, rotor angular speed and
engine power. Reference [6] demonstrated a model predic-
tive control for autorotation based on a three DOF (descent
rate, rotor speed and induced velocity) helicopter model.
Reference [12] presented a four-DOF helicopter model (hor-
izontal and vertical translations, fuselage pitch angle, and
rotor angular speed) and used it to optimize helicopter tra-
jectory during takeoff and landing after engine failure. InRef.
[13], a two-dimensional point-mass model with rotor speed
and engine power dynamics model was employed with the
goal to develop a control method and an algorithm for single
main rotor helicopter flight after engine failure. A four-DOF
helicopter model was utilized in Ref. [14] for studies of
helicopter control after power failures. In Ref. [15], a four-
DOF UH-60A model was employed, aiming at minimizing
the size of the height–velocity diagram for safely landing
without power. An eight-DOF model for the PZL Mi-2 Plus
helicopter (three translations and three rotations of a rigid
fuselage, main rotor speed, and engine output power) was
developed to optimize autorotation profiles with different
performance indices, finally comparing the results with flight
test data [16]. The above-mentioned autorotation control
models can be regarded as being specific for investigation
of optimized profiles after engine failures; however, they are
not sufficient for designing flight or engine control law dur-
ing autorotation [17–21]. This motivates the need for more
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Fig. 1 Autorotation training process

specific flight dynamicmodels with feasibility and generality
for flight controller design.

It is meaningful to emphasize the significance and neces-
sity of autorotation power recovery simulation and control.
Effective autorotation power control will guide the helicopter
to a safe landing, while the engine gets into emergency state
and could not restart. On the other side, excellent engine
control scheme ought to consider the helicopter autorota-
tion recovery situations. Considering the helicopter restart
process is uncertain such as the flight height close to ground
and the other emergency situations, engine rapid response
control will contribute to the helicopter climb. Therefore,
the focus of this paper is on the important control problem
that the pilots will encounter different “dilemmas” during
the autorotation training, especially when recovering from
autorotation. When the engine goes into an idle state and
cannot provide enough torque to the rotor, the significant
drop of the rotor speed can result in some dangerous heli-
copter dynamics. Shanthakumaran et al. [22] investigated
an integrated flight and engine fuel control on an Apache
AH-64/T700 system and concluded that autorotation power
recovery deemed the largest rotor torque variation which
needed to be analyzed and controlled. Simulations showed
that an unacceptable droop of the rotor speed or the free tur-
bine speed was produced and the droop was over 5% when
the collective pitch increment rate was 29%/s, and over
12%when the collective pitch increment rate was 35%/s. In
Shanthakumaran’s work, autorotation power recovery was
simulated only related to the rotor/engine coupled system
without integrating airframe dynamics. Obviously, there is
a limitation to enhance the response ability of the engine
with the control scheme only by fuel. Some further studies
[23,24] have found that single fuel control is able to enhance

the engine response ability with a look-up table adjusting
by compressor guided vanes, but studies for closed-loop con-
trol by compressor guided vanes have not been implemented
yet.

This paper contributes to both autorotation modeling and
control by: (1) developing a detailed helicopter/enginemodel
for accurate simulating autorotation and (2) proposing new
engine control laws capable of adapting the helicopter torque
to the large and fast variations characteristic during autorota-
tion power recovery.An integrated helicopter enginemodel is
developed in the present study for theUH-60 helicopter/T700
engine including the dynamics of the flapping angles, rotor
speed, induced velocity, six DOFs of fuselage and five DOFs
of engine dynamics (gas turbine rotor speed, power tur-
bine rotor speed, total pressure of three typical volumes).
This integrated model is then taken as a validation platform,
being specifically improved with vortex ring induced veloc-
ity model in order to improve the accuracy of simulations in
autorotation. A new engine control law is obtained by inte-
grating compressor guided vanes closed-loop regulationwith
fuel flow control. The engine control law is based on Linear
Matrix Inequality (LMI) pole placement method [25,26]
in order to enhance the dynamic response performance dur-
ing autorotation power recovery process and subsequently
verified by autorotation training from an initial hovering
flight.

The paper is organized as follows: The mechanism of
autorotation is presented in Sect. 2. Section 3 develops an
integrated helicopter and engine model to simulate autorota-
tion and verifying the proposed control scheme. In Sect. 4, on
the basis of a LMI pole placement method an engine control
law using fuel flow and compressor guided vanes is proposed
and implemented in autorotation. Finally, Sect. 5 conducts
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Fig. 2 Forces schematics on rotor blade element. a Powered flight. b Autorotation

different simulation cases for validating the new engine con-
trol law in autorotation training.

2 Mechanism of Autorotation

During autorotation, there is a significant difference in the
aerodynamic loads of the main rotor as compared to the heli-
copter powered state. The mechanism of autorotation can be
simply explained by forces analysis on a blade element. Fig-
ure 2a, b schematically shows the forces acting on a blade
element in normal flight and autorotation, respectively. L and
D represent the lift and drag force.Up andUt are the local air
velocities in the blade segment frame which are decomposed
from the coming free stream. α and θ are the angle of attack
and blade pitch.

The tangential component of the velocity is Ut ≈ �RRs

(Rs is the span-wise radius of the corresponding blade ele-
ment), and the perpendicular velocity is UP ≈ Vz − Vi and
φ = arctan(UP/Ut). It follows that the inflow angle is nega-
tive in normal flights, and positive in autorotation. It can be
seen that for a certain value of the helicopter descent rate,
the component of the lift force can balance the blade pro-
file drag force, thus allowing the rotor to achieve a steady
autorotation.

3 Detailed Description of the Helicopter Model

A validated helicopter with twin engines system model
depicted in [27–29] is employed for the verification and vali-
dation of the control law developed in the present study. The
model is based on the Sikorsky UH-60 Black Hawkmedium-
lift utility helicopter developed by Sikorsky Aircraft in 1972.
It features four-bladed main and tail rotors and is powered
by two General Electric T700 turbo-shaft engines.

The model consists of three major parts: main rotor, air-
frame and engine. As shown in Fig. 3, the earth, airframe and
rotor hub fixed systems are denoted as g-, b- and h-Frame,
respectively.

3.1 Main Rotor Model

The main rotor of UH-60 helicopter is a single rotor type,
and it is modeled based on blade element theory. The blade
element relative lift and drag coefficients are provided by ver-
ifiedwind tunnel test data [19,20] to guarantee a considerable
accuracy in the flapping dynamics equations. Moreover, the
rotor moment and thrust are also numerically validated. At
any azimuthal position ψi,i≤Nb , the flapping equation given
in [27] is written as below:

β̈i = mb

Ib

⎧
⎪⎪⎨

⎪⎪⎩

cosβi
〈
V̇ h
z +e [2�R (pcosψi−qsinψi)+ ṗsinψi+q̇cosψi]

〉

+ sinβi
[
−V̇ h

x cosψi + V̇ h
y sinψi − e(r − �R)2

]

⎫
⎪⎪⎬

⎪⎪⎭

+ cos2βi [ ṗsinψi + q̇cosψi − 2�R (qsinψi − pcosψi)]

− cosβisinβi(r − �R)2 + Mflap,i

Ib
(1)

To simulate typical nonlinear characteristics in autorota-
tion (such as vortex ring state), an empirical induced velocity
model reported in Refs. [4,9] is used, as shown in Fig. 4.
In this figure, Vi,s denotes the steady induced velocity of the
rotor disc. V g

z denotes the descent velocity. And, Vi,h denotes
the baseline velocity computed from hover state actuator disc
theory:

Vi,h =
√

G

2ρπR2
m

(2)

The static induced velocity model is fitted by a 4th grade
polynomial function:

Vi,s
Vi,h

= fi

(
V g
z

Vi,h

)

= k0 + k1
V g
z

Vi,h
+ k2

(
V g
z

Vi,h

)2

+k3

(
V g
z

Vi,h

)3

+ k4

(
V g
z

Vi,h

)4

. (3)
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Fig. 4 Induced velocity of rotor disc as a function of descent rate

For a descent velocity smaller than the induced velocity in
hover, i.e., V g

z < Vi,h, the rotor goes into the vortex ring state.
When Vi,h > V g

z > 2Vi,h, the rotor will be immersed into
the turbulent wake state. For V g

z > 2Vi,h the flow field of the
rotor becomes again steady and enters into autorotation state.

The following equation is used to describe the dynamics
of the induced velocity:

V̇i = −2.356

R

(
V 2
i − V 2

i,s

)
. (4)

The dynamics of the rotor speed employed in this paper is
adapted from Ref. [30] and is formulated as:

�̇R = ṙ + (QE − QH)/JR, (5)

where the moment of inertia of rotor JR = 1.1Nb Ib, and
QH, QE denote the torque required by the helicopter and
supplied by engine.

3.2 Airframe Model

The helicopter airframe contains several components such
as fuselage, horizontal tail, vertical tail and tail rotor. The
fuselage aerodynamics is modeled as a function of the body
angle of attack and sideslip in the range from −90◦ to +90◦.
The lift and the drag forces produced by the horizontal and
vertical tails are computed using look-up tables with respect
to fuselage angle of attack. The tail rotor model is derived
from linearized Bailey theory.

Defining xH=
⎛

⎝Vg=
⎡

⎣
V g
x

V g
y

V g
z

⎤

⎦ ,ω=
⎡

⎣
p
q
r

⎤

⎦ , θ=
⎡

⎣
θ

ψ

φ

⎤

⎦

⎞

⎠

T

and uH=(θ0, A1c, B1s, θt)
T as state and control vectors

respectively, for a six-DOF rigid body the governing dynamic
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Fig. 5 T700 engine structure

equations for the airframe can be expressed as [19]:

ẋH = fH(xH,uH). (6)

Equation (6) can be solved numerically by using a proper
integration method.

3.3 Turbo-Shaft Engine Model

The T700 turbo-shaft engine contains inlet, compressor,
combustion chamber, gas turbine, free turbine and nozzle
as shown in Fig. 5. The compressor system consists of a
five-stage axial and one-stage centrifugal compressors. This
compressor system is directly linked with the gas turbine
through the shaft, whereas the rotor is driven by free turbine
through the power output shaft.

3.3.1 Computing of Each Component of the Engine

The engine is modeled based on component-level method
introduced in Ref. [31] and using the necessary data set
from Refs. [32,33]. Each engine component is sequentially
modeled by virtue of its thermodynamic characteristics and
coupled to rotor dynamics and working fluid flow continuity.
For example, the compressor could be modeled employing a
predefined performance map, which related to guided vanes
could be formulated as:
{
ma2cor,HPC = fm

(
πc, Ngcor,�χ

)

ηc = fη
(
πc, Ngcor,�χ

) (7)

whereπc, ηc,ma2cor, Ngcor, χ are, respectively, the compres-
sor pressure ratio, efficiency, corrected air flow, corrected
rotor speed and guided vane angle, and HPC is power needed
for compressor.

Fig. 6 Compressor performance map

Especially for a turbo-shaft engine, a surgemargin concept
is defined to identify the physical meaning of the relative
distance existing between the cooperative working point and
the surge border in the compressor performance map (see
Fig. 6). This margin is used to indicate the stall margin for an
engine, which is a basic control limit for acceleration. The
following equation is generally used to represent the surge
margin of a compressor:

SMc = πc,s/ma2cor,s − πc,o/ma2cor,o

πc,o/ma2cor,o
= πc,s

πc,o
· ma2cor,o

ma2cor,s
− 1

πc,o = πc,ma2cor,o = ma2cor

where subscripts o and s denote the relative values located
in surge border and cooperating working line, respectively,
along some equal Ngcor line. It should be observed that πc,s

and ma2cor,s are also computed using Eq. (7).
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3.3.2 Cooperated Working Dynamics of the Engine

Each component of the engine is cooperated through its vol-
ume main rotor dynamics. For volume dynamics, in order
to describe the relationship existing between fluid flow and
pressure variation, three typical volumes need to be consid-
ered as follows: (a) the combustion chamber volume-VComb,
(b) the volume between the gas turbine exit and the free
turn entrance-VGTb_PTb and (c) the nozzle volume-VNoz. The
volume dynamics for the engine is then expressed by the
following differential equations:

Ṗt4 = k4ϒTt4
VComb

(ma3 + Wf − mg4) (8)

Ṗt44 = k44ϒTt44
VGTb_PTb

(mg43 − mg44) (9)

Ṗt8 = k8ϒTt8
VNoz

(mg6 − mg8) (10)

where k is the gas or air adiabatic exponent at relative compo-
nent section,ϒ represents the gas constant and Pt , Tt denote,
respectively, the total pressure and temperature at the rela-
tive component section. ma is as the air mass flow at relative
entrance or exit section, mg is the gas mass flow at relative
entrance or exit section, and Wf is fuel flow rate.

For the engine rotor dynamics, the following dynamic
equations must be fulfilled:

Ṅg =
(
30

π

)2
(HPT–HPC)

Jg · Ng
(11)

Ṅp =
(
30

π

)2
(HPA–HPP)

Jp · Np
(12)

where HPA, HPP and HPT represent power needed by heli-
copter, output power from power turbine, power supplied
from gas turbine. Note that all parameters of HPP, HPT and
HPC can be computed throughout the relative component
models of the engine while HPA gotten by helicopter model.

Assuming that HPA is a disturbance imposed on the
engine, the dynamics of the turbo-shaft engine can be
expressed as follows:

ẋE = fE(xE,uE,HPA) (13)

where xE = [ Ng Np Pt44 Pt45 Pt8 ]T,uE = [
Wf �χ

]T
are

defined as the state vector of engine and the control input
vector, respectively.

3.4 Gear Box and Clutch Model

For simplicity, the gear boxmodel is utilized as one order ini-
tialmodel reported inRef. [22]. In fact, the clutchmodel used

No regulating 

After regulating

Guided vanes row Working blades row

Fig. 7 Principal for compressor guided vanes regulation

is simplified as an “on/off” logic. In practice, the clutches are
connected again when the rotor speed is close enough to the
gear box output shaft speed. Usually due to frictions existing
in clutch, re-clutch action will have an impact on the autoro-
tation recovery transient, but if the re-clutch logic is strictly
in line with the defined profile, the influence will be little.

4 Engine Control Law Design in Autorotation
Power Recovery

4.1 Compressor Guided Vanes Control Application

The principle of compressor guided vanes regulation is pre-
sented in Fig. 7, where μ denotes the blade tip speed. The
solid lines represent an off-design point for the working
blades rows of the compressor guided vanes, the dotted lines
show the triangle chart of the velocities in the first stage of the
compressor. By adjusting the compressor guided vanes angle
�χ , the inflow air velocity C1 of the working blades returns
to working blades rotation; thus, the inflow angle υ0 grad-
ually decreases to υ1 resulting in an improved compressor
performance.

The compressor guided vanes angle should be therefore
used as optimization parameter for improving compressor’s
performance in different operation modes, see Ref. [23].
Moreover, the output power can be dynamically regulated
through compressor guided vanes, and the response time to
load variation might be decreased with respect to the conven-
tional single fuel flow control [23,24]. For full utilization of
the two control variables containing fuel flowand compressor
guided vanes of the engine control in autorotation, a robust
control scheme based on pole placement in LMI regions is
next developed. This guarantees that all poles of the expected
closed-loop system are placed in a proper region [25,26].
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This control method is capable of decreasing the conserv-
ativeness of the controller dynamic performance (this is a
typical characteristic of traditional robust control), gaining
better static and dynamic performance of the engine.

4.2 LMI Pole Placement Control Method

4.2.1 System Description and Transformation

Consider the following dynamic system:

ẋ = Ax + B1w + B2u

y = Cx + D11w + D12u (14)

where x denotes system state, y systemoutput,u is the control
variable, w is the system disturbance and A,B1,C,D11,B2,

D12 are the corresponding matrices.

Then defining an augmented state x̄ = [
xT

∫ t
0 e

Tdτ
]T
,

the relative system is transformed to

˙̄x = Āx̄ + B̄1w̄ + B̄2ū

z1 = ȳ = C̄1x̄ + D̄11w̄ + D̄12ū (15)

where ū = u, w̄ = w, x̄ =
[
ẋ
e

]

, ȳ = y, Ā =
[

A 0
−C 0

]

,

B̄1 =
[

B1

−D11

]

, B̄2 =
[

B2

−D12

]

, C̄1 = [
C 0

]
, D̄11 = D11,

and D̄12 = D12.
Defining z2 = C̄2x̄ + D̄22ū, Eq. (15) can be rewritten as:

˙̄x = Āx̄ + B̄1w̄ + B̄2ū

z1 = C̄1x̄ + D̄11w̄ + D̄12ū

z2 = C̄2x̄ + D̄22ū (16)

where C̄2 =
[
Q1/2

0

]

, D̄22 =
[

0
R1/2

]

, Q = QT ≥ 0,

R = RT > 0 are adjustable weighted matrices.

4.2.2 Controller Design Using LMI Pole Placement Method

This method is used to design a controller with the following
conditions:

Besides thew → z1 transfer function matrix H∞ index of∥
∥Twz1(s)

∥
∥∞ ≤ γ and the w → z2 transfer function matrix

H2index of
∥
∥Twz2(s)

∥
∥
2 ≤ η where η, γ , are some specific

positive scalar, respectively, the poles of the designed closed-
loop system must be placed in the shaded cone region in
Fig. 8, guaranteeing that the system has the minimal attenu-
ation degree τ , the minimal damping ratio ζ = cos δ and the
maximal natural angular frequency wn = ε sin δ. All these
indexes make the overshoot, decay time and the stable time
of the designed system to be confined in an expected scope.

Im

Re

Fig. 8 The aimed cone region in LMI pole placement

Next, providing a H2/H∞ state feedback control law can
be expressed as:

ū = K̄x̄ = [Kx Ke ]
[

x
∫ t
0 edτ

]

= [Kx Ke ]
[

x
∫ t
0 (r − y)dτ

]

where r is reference signal, and e is deviation vector between
r and y.

For a system as described in Eq. (16) and its state feedback
control, the systemmatrix of the designed loop systemwould
be Ac = Ā + B̄2K̄.

First, for corresponding to the H∞ index needed above
that

∥
∥Twz1(s)

∥
∥∞ ≤ γ , the necessary LMIs must be held as:

⎡

⎢
⎣

ĀX̄ + B̄2Ȳ + (ĀX̄ + B̄2Ȳ)T B̄1 (C̄1X̄ + D̄12Ȳ)T

B̄
T
1 −γ I D̄

T
11

C̄1X̄ + D̄12Ȳ D̄11 −γ I

⎤

⎥
⎦ < 0

[
M C̄2X̄ + D̄22Ȳ

(C̄2X̄ + D̄22Ȳ)T X̄

]

> 0

[
−εX̄ ĀX̄ + B̄2Ȳ

(ĀX̄ + B̄2Ȳ)T −εX̄

]

< 0

γ < γ0 (17)

where X̄, Ȳ and M are proper dimensions matrices and γ is
a positive scalar.

Second, for
∥
∥Twz2(s)

∥
∥
2 ≤ η anotherLMImust be satisfied

as:

min
γ,X̄,Y,M

αγ + βTrace(M) (18)

Finally, the followingLMIs give a sufficient and necessary
condition for all the poles ofAc to be placed within the sector
region plotted in Fig. 8.
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ĀX̄ + B̄2Ȳ + (
ĀX̄ + B̄2Ȳ

)T + 2τ X̄ < 0
[ −εX̄ ĀX̄ + B̄2Ȳ

(ĀX̄ + B̄2Ȳ)T −εX̄

]

< 0

[
Λ1 Λ2

]
< 0 (19)

whereY = K̄X̄,Λ1 =
⎡

⎣
sinδ

[
ĀX̄+B̄2Ȳ+(ĀX̄+B̄2Ȳ)T

]

cosδ
[
(ĀX̄+B̄2Ȳ)T−ĀX̄+B̄2Ȳ

]

⎤

⎦,

Λ2 =
⎡

⎣
cosδ

[
ĀX̄ + B̄2Ȳ − (ĀX̄ + B̄2Ȳ)T

]

sinδ
[
ĀX̄ + B̄2Ȳ + (ĀX̄ + B̄2Ȳ)T

]

⎤

⎦.

Thus, by designating the parameters γ0, η0, α, β, α2, r
and θ , if there exists a groupof optimumsolution (γ ∗, X̄∗

, Ȳ
∗
,

M∗) for the above LMIs, the state feedback control law can
be derived as:

u = Y∗ (X̄∗)−1 = Kx = [Kx Ke ]
[

x
∫ t
0 edτ

]

(20)

Necessity and sufficient proofs for Eqs. (17–19) can be
found in Ref. [23], so they are omitted here.

However, one focuses on the asymptotic performance for
tracking reference signal. For a real plant, nonlinear differ-
ence should be considered, so the following equation could
be obtained from Eq. (14):

ẋ = Ax + Δ1(x,u) + B1w + B2u

y = Cx + Δ2(x,u) + D11w + D12u (21)

Supposing an augmented state x̄ = [
xT

∫ t
0 e

Tdτ
]T
, the

relative system (21) is transformed to:

˙̄x = Āx̄ + Δ̄1(x̄, ū) + B̄1w̄ + B̄2ū

z1 = ȳ = C̄1x̄ + Δ̄2(x̄, ū) + D̄11w̄ + D̄12ū (22)

where Δ̄1(x̄, ū) =
[

Δ1(x,u)

−Δ2(x,u)

]

, Δ̄2(x̄, ū) = Δ2(x,u).

Generally for helicopter aero engines, a bounded condi-
tion is guaranteed in a specific flight envelope around the
trimmed state [34]:

∥
∥
∥
∥

[
Δ1(x,u)

Δ2(x,u)

]∥
∥
∥
∥∞

< +∞

Based on the lemma proposed in Ref. [35], for Eq. (21)
a relative regulator derived using Eq. (20) can guarantee that
all states converge to a bounded area, that is:

‖x̄‖∞ =
∥
∥
∥[ xT ∫ t

0 e
Tdτ ]T

∥
∥
∥∞ < +∞.

This means that e ∈ L∞. Furthermore, e ∈ L2 and e ∈ C1

could be also guaranteed in the cases of helicopters and

engines. Therefore, based on Babalat lemma [36], the out-
put can track the input command with the following limit
conditions:

lim
t→∞ e = lim

t→∞(r − y) = 0.

4.3 Design for Turbo-Shaft Engine Controller in
Autorotation

Regarding the integrated helicopter–enginemodel as the con-
trolled plant, the engine control scheme is depicted in Fig. 9,
where Npr denotes free turbine speed reference, Ngr repre-
sents gas turbine reference signal.

During the autorotation power recovery, the helicopter
torque load undergoes themost violent changes, with highest
amplitude peaks. Therefore, a two-variable control law con-
taining fuel flowand compressor guided vanes is employed in
describing the autorotation power recovery, which is in order
to enhance the disturbance sensitivity of the closed-loop sys-
tem (traditional signal loop fuel flow control law is still used
in all other stages of the autorotation).During the autorotation
power recovery, once the rotor speed and free turbine speed
are closed enough in value, the clutch will engage again. At
this time, engine should quickly supply power so as to keep
the helicopter in steady state, otherwise an unacceptable rotor
speed droop will develop and lead to an unsafe autorotation.
Thus, as discussed above, with the help of guided vanes,
the above-given two-variable control law may improve the
helicopter response during autorotation.

On the basis of LMI pole placement method, the engine
control can be realized, whether it is a double or a single
variable control law. The definitions of the control law are
denoted in Table 1.

First, a linear time invariant model (LTI) at a baseline
operation point (H = 0m, Vx = 0m/s) is obtained using
system identification methods reported in Ref. [31]. The
LTI model for T700 engine is described as:

AE =
[−0.2222 1.4943

0.1686 −4.1027

]

, BE1 =
[−0.1939

0.1224

]

,

BE2 =
[
0.0123 −0.2332
0.6116 0.8281

]

CE =
[
1 0
0 1

]

,DE11 =
[
0
0

]

,DE12 =
[
0 0
0 0

]

.

After choosing appropriate design parameters, the con-
troller gains can be derived as:

K ẋ =
[
16.4826 4.1696
−8.2031 4.0833

]

,Ke =
[−16.2114 −2.9005

7.0866 −12.0657

]

Consequently, while considering some real constrains like
surge margin, the engine control law could be formulated as:
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Fig. 9 A sketch for the new engine control law

Table 1 Definitions for engine control system in autorotation

System parameter definition Expressions

State vector xE = [
Np Ng

]T

Control vector uE = [
Wf �χ

]T or uE = Wf for
single fuel control

Output vector yE = [
Np Ng

]T

Reference signal rE = [
Npr Ngr

]T or rE = Npr for
single fuel control

Output error vector eE = rE − yE
Disturbance wE = QH

⎧
⎪⎪⎨

⎪⎪⎩

uE = Ke
∫ t
o eEdτ + K ẋxE,uE ≤ uElimt

SMc ≥ SMclimit

T4 ≤ T4limit

P3 ≤ P3limit

(23)

where the subscript “limit” means a limit for each para-
meter, SMc ≥ SMclimit is related to the acceleration limit,
and T4 ≤ T4limit and P3 ≤ P3limit are the limitation con-
trol limits for engine life time. Due to the latter two limits
activated normally in engine maximum power state as Ng ≈
100%, this paper concentrates on how to improve the fast
response potential of the engine, so only SMc ≥ SMclimit and
uE ≤ uElimt would be checked in the following validation
cases.

Finally, in order to overcome the difficulties of wind up
of the guided vanes’ control signals, an anti-windup control
law is also derived and integratedwith the above two-variable
engine control law.

Table 2 Definitions for flight control system in autorotation

System parameter definition Expressions

State vector xH =
[ V g

x V g
y V g

z p q r φ ψ θ ] T

Control vector uH = [ θ0 A1c B1s θt ]T
Output vector yH = [ V g

x V g
y V g

z ψ ]T
Reference signal rH = [ V g

xr V
g
xr V

g
xr ψr ]T

Output error vector eH = rH − yH
Disturbance wH = �R

4.4 Design of a Helicopter Flight Controller in
Autorotation

Although there is no power in autorotation, the flight control
law for the UH-60 helicopter or an auto-pilot control law
can also be derived based on the LMI pole placement control
method. The system’s states, control inputs, system outputs,
etc. are given in Table 2.

In the trimmed autorotation at H = 650m and V g
z =

−10m/s, the helicopter system’s matrices can be identified
using perturbation method [37]. Thus, the control law for
the integrated helicopter–engine system can be expressed as:

uH = KxxH + Ke

∫ t

0
eHdτ.

5 Validations and Discussion

In this section, the feasibility and robustness of the two-
variable control law including fuel flow and compressor
guided vane angle are exemplified (in the figures, notation
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Table 3 Control limits for helicopter and engine

System System Limits

Up Low

Engine Wf 0.08 0

�χ +6 −6

Helicopter θ0 18.3 0

θT 36.5 4.5

A1c 8.0 −8.0

B1s 8.0 −8.0

“−D” represents the two-variable control and “−S” the sin-
gle fuel flow control). The control limits imposed on the
variables used in the analyzed simulation cases are listed in
Table 3.

5.1 A Simulation Case for Autorotation Training

The autorotation is initialized from a hover state where
H = 650m, V g

x = V g
y = V g

z = 0 and the power recovery
height is H = 0m (Fig. 10a). At time t = 0 s, the heli-
copter is disconnected from the engines by the clutches. As
a result, the engines run quickly into the idle state in which
the core compressor speed Ng is about 75% to its design
value, whereas the free turbine speed Np has to be always
kept constant via an engine controller (see Fig. 10b). For
preventing the main rotor speed NR from the severe deceler-
ation (see Fig. 10b), and for implementation of a successful
autorotation, all four control inputs of the helicopter should
be adjusted appropriately by the auto-pilot control law.Using
this auto-pilot control, the main rotor collective pitch θ0 is
decreased (Fig. 10c), subsequently at around t = 6 s an accel-
eration for the main rotor speed is realized as depicted in Fig.
10b.Meanwhile, see Fig. 10d, the helicopter torque QH tends
to approach zero value at the beginning of the autorotation,
resulting in a similar tendency for the tail rotor collective
pitch, see Fig. 10c. Moreover, a negative value for QH as
seen in Fig. 10d is an explanation for the accelerating ten-
dency of the main rotor. This is also true when QH is again
near zero at about t = 20 s in steady autorotation, where
NR no longer varies or changes very slowly (in this case,
around 117% nominal rpm). Obviously, the steady autorota-
tion is acquired through a large descent velocity V g

z as much
as -18m/s, while the pilot is keeping other flight controlled
variables (V g

x , V g
y , ψ in Fig. 10f) constant by slightly adjust-

ments in the longitudinal cyclic A1c and lateral cyclic B1s as
indicated in Fig. 10e.

When t = 38 s, the recovery from autorotation is initiated
via a fast increase of themain rotor collective pitch, the clutch
is engaged again when the rotor speed is very close to the free
turbine speed. Then, a large torque load from helicopter is

simultaneously needed to recover to the normal flight state.
Therefore, the engine, starting up from its idle state once
more, is forced to output power (depicted in Fig. 10d) to
the helicopter by the fuel flow Wf as shown in Fig. 10g.
For obtaining a smooth fuel flow control, the compressor
guided vane �χ represented in Fig. 10h needs also to be
adjusted to get proper air flow and compressor efficiency.
Figure 10i demonstrates a validation of the explanation in
Fig. 2, in which the Up is always positive from the moment
of 6 s until the full recovery, indicating that the lift along
the rotor circumferential direction is able to exceed the drag
force and thus accelerate the blade, ultimately reaching a
balance due to aerodynamic damping. In order to validate
the induced velocity model which was extended to include
typical vortex ring state, Fig. 10j gives the changes in the
induced velocity Vi. The obvious vortex ring behavior can be
seen when entering into or recovering from the autorotation.

5.2 Validation for New Engine Control in Autorotation
Power Recovery

The two-variable engine control law proposed in this paper is
compared to the traditional single fuel flow control. As initial
condition, the (H = 700m, V g

x = 10m/s) point is used for
autorotation training process. The single fuel flow control
law is derived using the following robust control method:

W f = Ke

∫ t

o
eEdτ + KxxE

where eE and xE are, respectively, the state vector of engine
and control input vector. The relative controller gains are
modulated as:

Kx = [
3.2972 0.8339

]
, Ke = −3.2422.

when entering into steady-state autorotation, the engine con-
trol scheme is switched to the two-variable control law. At
t = 37s, a sudden increment in pilot collective pitch input
is initiated in order to achieve autorotation power recov-
ery (Fig. 11a). This is accompanied by a reduction of rotor
speed (see Fig. 11b). Similar to the above-given example,
when the rotor speed approaches the value of the free tur-
bine speed, the clutch is geared. Meanwhile, the compressor
rotor speed increases rapidly for meeting the torque needed
by the helicopter. Note that if the output torque cannot fulfill
the helicopter rotor demand in time, a large droop in rotor
speed or free turbine speed is reached. Specifically, the slower
the engine supplies output torque, the larger the droop rotor
speed or free turbine becomes. This can be explained also
from Eq. (5). One can clearly see in Fig. 11c that the relative
speed droop is less than 3% when using compressor guide
vanes regulation, and this is far more reduced than that under
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Fig. 10 An autorotation training process
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Fig. 11 Comparisons between double variable control and single fuel control
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single fuel control. Although the amplitude of the fuel flow
is smaller using the “−D” control scheme (Fig. 11d), the
regulation of the compressor guided vanes as plotted in Fig.
11e shows the beneficial changes in the air flow and the com-
pressor efficiency (Fig. 11g, h). Specifically, the regulation of
the compressor guided vanes ensures a higher sensitivity to
load torque from helicopter. Furthermore, the torque output
from engine and compressor rotor speed explain this clear
(see Fig. 11i, c); thus, this is more adaptable to the torque
needed from the helicopter (see Fig. 11j). In the transient
process of the compressor guided vanes regulation, a small
increment of �χ can be seen in the first few seconds t = 40
to 42s. And, it is necessary to adapt the increasing need for
the rotor speed, which is followed by a rapid decease of �χ

at t = 42 s to arrive at a more efficient compressor state after
that in Fig. 11e). To eliminate the deviation of the compressor
speed from the reference to the real value, a steady adapta-
tion process is initiated after that. It is noted that compressor
regulation also brings a small negative influence on the com-
pressor stall margin as depicted in Fig. 11h, and nevertheless,
the reduction is within a safety region as referred to Fig. 6,
where one can see that efficiency is often higher near the
surge border than that beyond it.

Employing the new two-variable engine control generates
significant benefits in helicopter inter-coupled dynamics. On
the one hand, the fluctuations of the controlled variables (see
Fig. 11k–n) are more dissipated now than those of the tradi-
tional control scheme, on the other hand, the control burden
is now far more lightened (see Fig. 11a, o).

5.3 Robustness of the New Engine Control in
Autorotation Power Recovery

It is meaningful to note that the control effects in other enve-
lope points (near the trimmed state V g

x < 20) are similar, so
those plots are no more given here. The simulation results
exemplified above show that the designed two-variable con-
trol law presented in this paper is suitable for different
working states. Due to the robust LMI method, once the
dynamic differences are bounded, the controllerswould guar-
antee the stability and tracking performance, as proved in
section IV. For the entire flight envelope, the robust control
law described in this paper is not enough, and some further
studies will be needed regarding robustness during the entire
envelope.

6 Conclusions

In this paper, an autorotation process is simulated and a
corresponding engine control law designed. Meanwhile, an
appropriate helicopter and engine model is built including
dynamics of the helicopter, nonlinear engine dynamics, rotor

speed dynamics and especially an induced velocity model
capable of capturing vortex ring characteristics.

In order to adapt to large and fast power variation occur-
ring during autorotation power recovery, a two-variable
engine control law is proposed on the basis of an integrated
helicopter and engine model. Furthermore, compared to a
conventional single-variable fuel flow controller, the new
one allows a better helicopter dynamic response during the
entire autorotation process, ensuring furthermore that the
over droop is not exceeding 3%.

Moreover, with the LMI pole placement method, the sim-
ulation results prove that the new designed control law shows
a good robustness in stability and tracking performance.
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