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Abstract A large displacement and a high first natural fre-
quency are twomain concerns for anyflexure-based position-
ing system. A two-degree-of-freedom (DOF) flexure-based
mechanism (FBM) with a modified double-lever amplifica-
tion mechanism is first designed. This study then proposes a
multi-objective optimal design of the 2-DOF FBM using the
hybrid approach of grey-Taguchi coupled response surface
methodology and entropy measurement. The design vari-
ables of the 2-DOF FBM include the thickness of the flexure
hinges and the length of lever amplification, both of which
play vital roles in determining quality responses. The quality
responses of the 2-DOF FBM are assessed by measuring the
displacement and first natural frequency. The experimental
plan is carried out using the Taguchi L25 orthogonal array.An
integrated approach of grey-Taguchi- based response surface
methodology and entropy measurement is then applied for
themulti-objective optimization of the 2-DOFFBM.To illus-
trate the relation between the design variables and the output
responses, mathematical regression models are developed.
The entropy measurement technique is applied to calculate
the weight factor corresponding to each response. Then, an
analysis of variance (ANOVA) is conducted to determine
the significant parameters affecting the responses. In addi-
tion, theANOVAand experimental validations are conducted
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to validate the statistical adequacy and the prediction accu-
racyof the developedmathematicalmodels, respectively. The
results reveal that the regression models have good statistical
adequacy and excellent prediction accuracy. The confirma-
tion results of the grey relational grade fall within 95% of the
confidence interval. It is strongly believed that the proposed
approach has great potential for the optimal design of related
flexure-based mechanisms.

Keywords 2-DOF flexure-based mechanism · Flexure
hinge · Multi-objective optimization · Taguchi method ·
Response surface methodology · Grey relational analysis ·
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1 Introduction

Two-degree-of-freedom (DOF) flexure-based mechanisms
(FBMs) can be found in a variety of applications, e.g. bio-
mechanics, ultrahigh- speed machining, micro-electrome-
chanical systems, atomic force microscopes and optical fibre
alignment [1–3]. A 2-DOF FBM transfers motions based on
the elastic deformations of flexure hinges instead of the tra-
ditional mechanical joints. Hence, the 2-DOF FBM offers
several extra advantages, such as smooth displacement, no
backlash, zero friction, no noise, simplified manufactur-
ing processes, increased precision, increased reliability and
monolithic structure.

In recent years, several studies have constructed 2-DOF
flexure-based stages. For example, research has been con-
ducted on the kinematics, statics, stiffness, load capacity
and dynamics for a 2-DOF compliant mechanism using a
pseudo-rigid-body model [4]. The dynamics model of a 2-
DOF compliant stage using the Lagrange equation has been
analysed [5]. Also, the linear force–deflection relationship
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and experimentations for the 2-DOF compliant mechanism
using the matrix method have been demonstrated [6]. Finite-
element analysis (FEA) results indicated the mechanism as
having an almost linear force–deflection relationship. An
investigation of the displacement and natural frequency of the
2-DOF compliant mechanism using FEA has also been con-
ducted [7]. The displacement, actuation stiffness and output
compliance for a 2-DOF compliant micro-gripper using the
pseudo-rigid-body model were analysed [8]. The simulation
results showed the gripper as having a decoupled transla-
tional motion in two axes and a high resonant frequency. The
statics, dynamics and workspace for the 2-DOF compliant
stage using the matrix method were also studied [9], and a
robust motion tracking control of the 2-DOF flexure-based
mechanism investigated [10].

In general, the displacement and first natural frequency
are the most important quality characteristics for an effi-
cient 2-DOF FBM. Because if the 2-DOF FBM has a large
displacement, the workspace is then enlarged; moreover, if
the 2-DOF has a high first natural frequency, the responding
speed is faster.

In the past, some researchers only focused on the dis-
placement [7,11–13], while others concentrated on the first
natural frequency [6,9,14,15]. Unlike previous studies, this
study proposes a new 2-DOF FBM that possesses a large dis-
placement and a high first natural frequency, simultaneously.
The large displacement can be achieved by using a modified
double-lever amplification mechanism. This double-lever
amplification mechanism, initially designed for the 2-DOF
FBM, has not yet been reported in previous studies. The
high frequency can be obtained via adjusting the geometrical
dimensions of flexure hinges. To achieve a large displace-
ment and a high first natural frequency for the 2-DOF FBM,
a multi-objective strategy is needed in this study.

Before performing the multi-objective optimization prob-
lem, a set of experiments are carried out to collect the
displacement and first natural frequency data. The experi-
mental plan is constructed by using the orthogonal arrays
of Taguchi method [16] because the number of experiments
can be minimized instead of a full factorial experiment.
The Taguchi method can optimize a single objective but
it fails to multi-objective optimization problem. Hence,
some researchers have developed many hybrid optimiza-
tion methodologies to solve the multi-objective optimization
problem. For instance, the Taguchi method was integrated
with an artificial neural network (ANN), but this method
requires voluminous data and tedious training characterized
by an uncertainty in finite convergence [17,18]. Besides, the
Taguchi method was combined with fuzzy logic analysis;
however, fuzzy logic rules do not readily lend themselves
to dynamic changes in a process [19,20]. In addition, the
Taguchi method was coupled with grey relational analysis
(GRA) as a generally the preferred combination, because the

grey relational grade is used as the performance measure in
GRA and the grade values are maximized irrespective of the
nature of the quality characteristics [21,22]. In summary, the
Taguchi method and grey relational analysis are chosen for
the multi-objective optimization of the 2-DOF FBM in this
study. However, in this hybrid approach, the weight factor for
each quality characteristic should be determined. The reason
is because when the weight factor of each response changes,
the setting of the optimal parameters also changes. Hence,
the weight factor of each response must be determined accu-
rately. The weight factor can be calculated by the entropy
measurement technique [23,24].

In the optimal process, the relationship between the design
variables and quality characteristics should be correctly
formulated to predict some discrete values. To efficiently
demonstrate this relationship, response surface methodology
(RSM), a statistical regression technique [25], is used in this
study. In the past, the Taguchi method was integrated with
RSM for the optimization of the laser beam thin steel sheet
cutting process [26,27]. However, the statistical adequacy of
predictive models must be tested by means of an analysis
of variance (ANOVA) along with the validation experiments
and statistical criteria [28]. Moreover, the prediction accu-
racy of RSM models must also be checked by experimental
validation.

The GRA-Taguchi method, RSM and entropy measure-
ment are now used in various areas of multi-response
optimization involving coating, plasma, drilling and CNC
[29–34]. However, how to best integrate these methods and
create a hybrid approach with which complicated problems
can be solved remains a challenge. To the best of our knowl-
edge, a hybrid approach incorporating grey-Taguchi-based
response surface methodology and the entropy measurement
technique for the multi-objective optimal design process of
flexure-based mechanisms has yet to be developed.

The aim of this study was to develop the proposed multi-
objective optimal design of a new 2-DOF flexure-based
mechanism through a hybrid approach combining the grey-
Taguchi-based response surface methodology and entropy
measurement. The proposed 2-DOF flexure-based mecha-
nism was developed via using the double-lever amplification
mechanism. The quality responses of the proposed 2-DOF
FBM were assessed by measuring the displacement and the
first natural frequency. The experimental plan was designed
using the Taguchi L25 orthogonal array. A hybrid approach
of grey-Taguchi based response surface methodology and
entropy measurement was used to optimize both responses
simultaneously. Prior to optimization, RSM was applied for
modelling the relationship between the design parameters’
responses and the grey relational grade. The entropy mea-
surement technique was adopted for calculating the weight
factor corresponding to each response. An ANOVAwas then
conducted to determine the significant parameters affecting
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the responses. In addition, an ANOVA and confirmation tests
were performed to validate the prediction accuracy and the
statistical adequacy of the developed mathematical models.
Finally, experimental validations were performed to verify
the optimal results.

2 Proposed Design and Optimal Problem
Statement

2.1 Structural Design with Modified Double
Amplification Levers

The new 2-DOF flexure-based mechanism (2-DOF FBM)
with modified amplification levers proposed in this paper, as
shown in Fig. 1, comprises the main components as follows:
(1) screw holes where the proposed mechanism is fixed by
screws; (2) themodified lever amplificationmechanism, con-
sisting of two similar levers arranged in a symmetric frame
and through a middle point N or M, is called a double-lever
amplification mechanism; (3) a pivot flexure hinge connect-
ing the levers with the screw hole is considered to be a rotary
joint; (4) a mobile platform based on the flexure hinges to
move in the x- and y-directions; and (5) a leaf flexure hinge
that connects the levers with the mobile platform. The pivot
flexure hinge and the leaf flexure hinge were created with a
rectangular cross section to allow for a large displacement.

Fig. 1 Proposed design of new 2-DOF FBM

In this study, the piezoelectric actuator (PEA)was adopted
as an effective actuator to drive the 2-DOF FBM because of
its advantages, such as high resolution, high stiffness and fast
frequency. As depicted in Fig. 1, PEA1 (blue colour) acts as
a load to a rigid link at middle point N, while PEA2 (green
colour) acts as a load to a rigid link at middle point M.

The 2-DOF FBM possesses two working modes that fulfil
different requirements. If a positioning is needed along the
y-direction, a voltage signal is supplied for PEA1, and then
PEA1 exerts the force at point N. Subsequently, through the
pivot flexure hinge (3), the levers (2) and the leaf flexure
hinge (5), the amplified motion is transferred to the mobile
platform (4). If a positioning is needed along the x-direction,
a voltage signal is supplied for PEA2, and then, PEA2 applies
the force at point M. Through the pivot flexure hinge (3), the
levers (2) and the leaf flexure hinge (5), the amplified motion
is transferred to the mobile platform (4).

The 2-DOF FBM has a compact size of about 126 by
107mm and allows planar motion along the x- and y-
directions. With the symmetric structure, the 2-DOF FBM
creates similar motions in the x-axis and the y-axis. An 8-mm
thick Al 7075-T73 was chosen for the proposed mecha-
nism because of its high yield strength to Young’s modulus
ratio and light relative density. The Young’s modulus (E) is
72GPa, the yield strength (σy) is 435MPa, the Poisson rate
(υ) is 0.33 and the density is 2810 kg/m3.

The most important part of the 2-DOF FBM is the main
frame consisting of the double-lever amplification mecha-
nism (2), the pivot flexure hinge (3) and the leaf flexure hinge
(5). This is because the main frame is capable of creating a
large amplified displacement. A magnified view of the main
frame is given in Fig. 2. The geometric design parameters
of the main frame affecting the performance characteristics
of the proposed mechanism are as follows: (i) thickness of
pivot flexure hinge t1; (ii) thickness of leaf flexure hinge t2;

Fig. 2 Magnified view of a mainframe based on double-lever mecha-
nism
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and (iii) length of lever amplificationmechanism b. The other
parameters that are constant because they have little effect on
the performance characteristics of the proposed mechanism
are as follows: (iv) distances h1 of 4.92mm, h2 of 10mm and
h3 of 16.82mm; (v) distance a of 17.8mm; and (vi) angles
α1 of 80 ◦ and α2 of 41.14 ◦.

In the current work, the 2-DOF FBM design was based
on the principle of the double-lever amplification mech-
anism which would likely amplify the displacement and
have the desired high frequency for a fast response. In
order to fulfil these requirements, the geometric design
parameters of the main frame were optimized by a suit-
able optimization methodology. Because the 2-DOF FBM
has a symmetric structure, the performance characteristics
along the x-direction are similar to those along with the
y-direction; thus, PEA1 only was used to drive the mobile
platform moving along the y-axis to investigate the perfor-
mance characteristics. When the mobile platform moves, the
displacement and the frequency are measured.

2.2 Optimal Problem Statement

The displacement and the first natural frequency are the two
most important responses of the proposed 2-DOF FBM. If a
mobile platform has a large displacement, then it will have a
broad positioning capacity; while if a mobile platform has
a high first natural frequency, then it will be capable of
rapid response. The displacement and the first natural fre-
quency are considered as two objective functions. This study
aimed to find an optimal set of the design variables, such that
the FBM has the largest displacement along the y-axis over
0.2mm and the highest first natural frequency over 1200Hz.
To achieve a large displacement and a high first natural fre-
quency for the proposed 2-DOF FBM, the displacement and
the first natural frequency must be optimized simultaneously
via a suitable optimization approach. The multi-objective
optimization problem for the proposed 2-DOF FBM can be
briefly described in the standard form as follows:

Design variables: t1, t2, b
Cost functions:

Maximize f1 (t1, t2, b) (1)

Maximize f2 (t1, t2, b) (2)

Subject to constraints:

σmax ≤ σy

SF
(3)

⎧
⎨

⎩

0.4mm ≤ t1 ≤ 1.2mm
0.4mm ≤ t2 ≤ 1.2mm
4mm ≤ b ≤ 12mm

(4)

where f1 identifies the displacement that is a cost func-
tion of design variables (t1, t2, b) and f2 represents the
first natural frequency that is a cost function of design
variables (t1, t2, b); t1, t2, b are the geometric design vari-
ables of the flexure hinges; σmax denotes the maximum
stress of the flexure hinges; SF is the safety factor; and σy

denotes the yield strength of the proposed material Al 7075-
T73.

In general, most flexure-based stages only operate in the
elastic area of a specific material [1–15]. To minimize plas-
tic failures, a safety factor as large as possible should be
selected. In this study, a safety factor of 2.5 was chosen for
the FBM. The design variables were assigned in the range
of Eq. (4), because if thicknesses t1 and t2 are much lower
than 0.4mm, the displacement will be increased but the fre-
quency decreased. Also, if the thickness is much larger than
1.2mm, the mass of the stage can increase and the proposed
mechanism becomes stiffer; as a result, the travel range will
decrease. The lower bounds for the parameters were selected
to guarantee compliance, and the upper bounds of the geo-
metric dimensions were set to achieve a compact structure.
If the length b is more than 12mm, the travel amplification
ratio will be reduced; if b is ≤4mm, the mechanism will not
be safe at the hinges.

The thickness and width of the flexure hinges are directly
related to the optimization problem for the following rea-
sons. In order to create greater motion, the resistance of
the flexure hinges must be reduced, which means the thick-
ness of the flexure hinges should be decreased regardless of
whether they have circular or rectangular geometries. How-
ever, a decrease in the thickness will increase the stress of
the flexure hinge [35]. The flexure hinges in this study were
subjected to a bending load from PEA1 that created an axis
bending moment. For a bending load, according to elastic
theory [36], the maximum stress of the flexure hinge is not
only related to the axis bending moment but also to the stress
concentration. In summary, the maximum stress is related to
the axis bending moment, the stress concentration and the
geometric parameters of the flexure hinges by the following
equation [35,36]:

σmax = 6MzKt

t2w
(5)

where σmax is the maximum equivalent stress; Mz is the axis
bending moment; Kt is the stress concentration factor; t is
the thickness variable of the flexure hinges; and w is the
thickness of the flexure hinges.

Equation (5) shows that the thickness t has a critical effect
on the maximum stress. Reference [35] proved that the width
of the flexure hinges has a very small effect on the maximum
stress, while the length of the flexure hinges has a relatively
large effect on the maximum stress. Hence, in this study, the
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Fig. 3 Flowchart of
multi-objective optimal hybrid
approach

width of flexure hinges was designed as the constant of w

= 8mm. The optimization problem is carried out to find the
optimal parameters of the thickness and length of the flexure
hinges so as to achieve the best values of displacement and
frequency.

3 Methodology for Optimization

Ahybrid integration of the grey-Taguchi-based response sur-
face methodology and entropy measurement technique was
adopted as an effective multi-objective optimization tool for
the proposed 2-DOF FBM.

Figure 3 shows a stepwise flowchart for the multi-
objective optimizationmethodology using a hybrid approach
of grey-Taguchi- based response surface methodology and
the entropy measurement technique. The optimization
process is divided into key steps as follows:

Step 1 Define problem
The purpose of this study is the optimal design for a

new 2-DOF flexure-based mechanism based on the double-
lever amplification mechanism. The goal is to develop the
mechanism with the best quality objectives. The first qual-
ity objective is to maximize the displacement; the second
objective is to maximize the first natural frequency.

Step 2 Define control factors and quality characteristics
As mentioned, the thickness of pivot flexure hinge t1, the

thickness of leaf flexure hinge t2 and the length of lever ampli-
ficationmechanism b are the control factors for achieving the
best quality objectives. The displacement and the first natural
frequency of the 2-DOF FBM are two quality characteristics,
which will be optimized simultaneously.

Step 3 Design of experiments using the orthogonal array of
the Taguchi method

To investigate the entire design parameters with a small
number of experiments, the Taguchi method employs a spe-
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cial design of the orthogonal array instead of a full factorial
approach [16]. Hence, the experimental plan is based on the
Taguchi method.

Step 4 Experimental data collection
After experimenting, the displacement and first natural

frequency are collected for the next step.

Step 5 Determine the effect of the control factors on the
quality characteristics

Response surface methodology (RSM) is adopted to
describe the relationship between the design variables and
the two quality characteristics. These relationships are inves-
tigated by a quadratic polynomial regression model because
of its flexibility to an approximate nonlinear response, as
compared to first-order models which often result in lack-of-
fit; themathematicalmodel of the quadratic regressionmodel
is described below [29]:

f = β0 +
N∑

u=1

βuxu +
N∑

u=1

βuux
2
u +

∑

u

∑

v

βuvxuxv + ε (6)

where f is the estimated response of the 2-DOF FBM; xu
and xv represent the design variables of the 2-DOF FBM; β0

is a constant; βu (u = 0 , 1, 2,…, N ) is a linear regression
coefficient; N is the number of design variables; βuu and βuv

are quadratic regression coefficients that can be determined
by the least-squares method [30]; and ε denotes the noise or
error which is neglected in this study as the experiments are
carried out under stable conditions.

Step 6 Analysis of signal to noise (S/N) for each quality
characteristic

The Taguchi method recommends the loss function. The
loss function is then transferred into the signal-to-noise
ratio (S/N ). The S/N is utilized to determine the deviation
between the experimental value of the quality characteris-
tic and the desired value. The quality characteristics of the
desired values can be categorized into three types as follows
[29–34]: the lower-the-better, the higher-the-better and the
nominal-the-better. In this study, a large displacement and
a high first natural frequency are the desired quality char-
acteristics for the 2-DOF FBM; hence, the higher-the-better
type is adopted for both the displacement and the first natural
frequency, calculated as follows:

η = −10 log

(
1

n

n∑

i=1

1

f 2i

)

(7)

where η is the signal to noise in decibels; fi is the measured
response value of the ith experiment; and n is the number of
experiments.

According to the Taguchi method, the optimal set of
design parameters corresponds to the highest S/N ratio. This

is right for a single optimization problem, but not for the
multi-objective optimization problem in the present study.
As a result, the grey relational analysis is integrated with the
Taguchi method to optimize the multiple quality characteris-
tics of the 2-DOF BM. Based on the grey relational analysis,
the S/N ratio of each quality characteristic is first normalized
in the range between zero and unity in the next step.

Step 7 Data preprocessing or normalization
To avoid the effect of different units and to reduce the vari-

ability, data preprocessing or normalization is a necessary
step in the grey relational analysis [29–34]. Data preprocess-
ing is a transferring of the original sequence to a comparable
sequence in the range from zero to one, which means that the
given data sequence is transferred into a dimensionless data
sequence.

In this study, the normalized S/N ratio zi (k) value for
n experiments is calculated to adjust the measured values
on different scales to a common scale. The type of the
higher-the-better is used for both quality responses; hence,
the normalization equation for the S/N ratio for both quality
responses is computed as follows:

zi (k) = ηi (k) − min ηi (k)

max ηi (k) − min ηi (k)
(8)

where zi (k)is the normalized S/N value for the kth response
(k = 1, 2, . . .,m) in the ith experiment (known as the compa-
rability sequence of S/N data); ηi (k) indicates the estimated
S/N value (known as the original sequence of S/N ratio
data); andmax ηi (k) andmin ηi (k) are the largest and small-
est values of ηi , respectively.

Step 8 Determine deviation sequence
Before calculating the grey relational coefficient, the

absolute deviation sequence zo (k) of the reference sequence
and comparability sequence zi (k) must be determined. The
absolute deviation sequence is calculated by equation:

�oi (k) = ‖zo(k) − zi (k)‖ (9)

where �oi (k) is the absolute difference sequence between
zo (k) and zi (k); zo (k) is the reference sequence that presents
the ideal value (optimal value, generally equal to 1 in a nor-
malized sequence) for the kth response; and zi (k) is the
comparability sequence.

Step 9 Determine grey relational coefficient
In the grey relational analysis, the grey relational coeffi-

cient is calculated to give the
relationship between the optimal and actual normalized

experimental results [29–34]. In this study, the grey rela-
tional coefficient expresses the relationship between the best
and the actual normalized S/N ratios. The grey relational
coefficient can be computed as follows:
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γi (k) = �min + δ�max

�oi (k) + δ�max
(10)

where �min is the smallest value of �oi ; �max is the largest
value of �oi ; and δ is the distinguishing coefficient (0 ≤
δ ≤ 1)for adjusting the interval of γi (k). In this study, a δ

of 0.5 is set for the average distribution due to the moderate
distinguishing effects and good stability of outcomes.

Step 10 Determination of weight factors
In general, the average grey relational coefficient is the

grey relational grade. However, the importance of each qual-
ity characteristic is different; hence, the weight factor for
each quality characteristic is determined before calculating
the grey relational grade. The weight factor can be computed
by the entropy measurement technique [24]. As proposed by
Wen et al. [24], themapping function fi : [0, 1] → [0, 1] uti-
lized in the entropy should satisfy the following conditions:

fi (0) = 0 (11)

fi (x) = fi (1 − x) (12)

where fi (x) is the monotonic increase in the range of x ∈
(0, 0.5).

Hence, the following function we(x) can be employed
as the mapping function in the entropy measure, yielded as
follows:

we(x) = xe(1−x) + (1 − x)ex − 1 (13)

This function achieves the maximum value when x = 0.5;
the value yielded is

we(0.5) = e0.5 − 1 = 0.6487

To obtain the mapping result in the range [0, 1], Wen et al.
[24] defined a new entropy W as:

W ≡ 1

(e0.5 − 1)

n∑

i=1

we(xi ) (14)

Wen et al. [24] then proposed the following steps to calcu-
late the weight factor of each response. The sum of the grey
relational coefficient Dk in all sequences of each quality char-
acteristic is calculated by the following equation:

Dk =
n∑

i=1

γi (k), k = 1, . . . ,m (15)

The entropy of each response ek is calculated as:

ek = K
n∑

i=1

we

(
γi (k)

Dk

)

(16)

where the normalized coefficient K is determined as K =
1

(e0.5−1)×n
= 1

0.6487×n .

The sum of entropy ES is determined by the following
equation:

ES =
m∑

k=1

ek (17)

The normalized weight of each quality response wk is calcu-
lated as:

wk = 1

m − ES
× 1 − ek

∑m
k=1

1
m−ES

(1 − ek)
(18)

where λk = 1−ek
m−ES

is the relative weighting coefficient.

Step 11 Determine the grey relational grade
The grey relational grade (GRG) is computed by finding

the mean of the grey relational coefficient values. The grey
relational grade values are taken as the single representative
for multiple responses. The grey relational grade reflects the
degree of influence between the comparability sequence and
the reference sequence. If the grey relational grade is equal to
unity, it implies the sequences are identical and all have val-
ues equal to unity. A high grey relational grade corresponds
to a strong relational degree between the original sequence
and the reference sequence, and yields the factor combina-
tions closer to the optimal setting. The mathematical grey
relational grade is calculated by the following equation [24]:

ψi = 1

m

m∑

k=1

γi (k) (19)

However, the relative significance of the responses varies
as per requirement. In practice, all responses have unequal
weights. Hence, the grey relational grade can be determined
by multiplying the grey relational coefficients with the cor-
responding weight factors of the quality characteristics [24]:

ψi =
m∑

k=1

wkγi (k) (20)

where
∑m

k=1 wk = 1; and wk denotes the weight factor for
the kth quality characteristic. The total of the weights is equal
to zero:

m∑

k=1

wk = 1 (21)

Step 12 Response table and response graph of grey rela-
tional grade
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Based on the response table and response graph of the grey
relational grade through the Taguchi method, the optimal
parameters are determined.

Step 13 Calculate ANOVA for grey relational grade
An analysis of variance (ANOVA) is used to estimate the

significance of each factor on the grey relational grade.

Step 14 Effect of design variables on the grey relational
grade

In this step, RSM is used to describe the relationship
between the design variables and the grey relational grade.
From that, the effect of the design variables on the grey rela-
tional grade can be determined using Eq. (6).

Step 15 Test statistical adequacy and prediction accuracy
for the developed regression models

An analysis of variance (ANOVA) is used to test statistical
adequacy for the developed regression models.

In addition, to validate the prediction accuracy of the
developedmodels, the designvariables are selected randomly
in their ranges to manufacture the prototypes needed to carry
out the corresponding experiments.

Step 16 Predict the optimal grey relational grade under the
optimum parameters

The optimal grey relational grade is predicted by con-
sidering the effect of all parameters or the most significant
parameter. The estimated mean of the grey relational grade
can be determined as follows:

μG = Gm +
g∑

s=1

(Go − Gm) (22)

where μG is the optimal GRG value of the predicted mean;
Gm is the total mean of the grey relational grade; Go is the
optimal mean grey relational grade for each level of factor;
and q is the number of significant parameters affecting the
grey relational grade.

In order to judge the closeness of the observed value with
the predicted value, the confidence interval (CI) value of
the predicted value for the optimum factor level combina-
tion is determined. The 95% confidence interval (CI) of the
confirmation experiments is calculated using the following
equation [16]:

CICE = ±
√

Fα (1, fe) Ve

(
1

neff
+ 1

Re

)

(23)

where α = risk = 0.05; Fα (1, fe) = F0.05 (1, fe) is the F-
ratio at a 95% (1−α) confidence interval against degrees of
freedom 1 and degrees of freedom of error fe [16]; Ve is the
variance of error (get from ANOVA); neff = n/ (1 + d)with
n is the total experimental number in the orthogonal array

and d is the total degrees of freedom of factors associated in
estimates of themeanμG; and Re is the number of repetitions
for the confirmation experiments.

Step 17 Confirmation experiments
The confirmation experiments are the final step for eval-

uating the prediction accuracy of the developed regression
models and validating the optimal results.

4 Results and Discussion

4.1 Experimental Measurements

The relationship between three design variables and the two
quality characteristics of the 2-DOF FBMwas determined in
order to obtain the optimal parameters. First, the composition
of the various factors and level values were designed based
on the Taguchi method, as given in Table 1.

Because the proposed 2-DOF FBM requires a large dis-
placement for a large workspace and a high first natural
frequency for a fast response, this study selected the larger-
the-better for the two responses according to the Taguchi
method. With three process parameters and five levels, the
experimental plan was designed using the L25 orthogo-
nal array of the Taguchi method, as shown in Table 2.
The 25 experimental tests were conducted to collect the
data on the displacement and first natural frequency. The
experimental equipment was installed on a vibration iso-
lated optical table (Daeil Systems, Model: DVIO-I-1209M-
100t, Korea) to avoid any unexpected vibrations. The
prototypes were fabricated using wire electrical discharge
machining.

The experimental setup of the displacement is shown in
Fig. 4. A high-speed bipolar amplifier (Model HAS 4011, NF
Corporation)was utilized to drive the PEA1 (Model 150/5/40
VS10, Piezomechanik GmbH). Retro-reflective tape (Ono
Sokki Company) was attached at the top of each thin alu-
minium beam; this aluminium leaf was then fixed to the
mobile platform using screws. A preload was applied on
PEA1. A laser vibrometer sensor (Model LV-170, Ono Sokki
Company) with a high nanoscale resolution was used to
measure the displacement. A frequency response analyser
(Model FRA 5097, NF Corporation) was used. Frequency

Table 1 Control factors and their levels

Design
variable (mm)

Coded Levels

Level 1 Level 2 Level 3 Level 4 Level 5

t1 A 0.4 0.6 0.8 1.0 1.2

t2 B 0.4 0.6 0.8 1.0 1.2

b C 4 6 8 10 12
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Table 2 Design of experiments

No. trial t1 (mm) t2 (mm) b (mm)

1 0.4 0.4 4.0

2 0.4 0.6 6.0

3 0.4 0.8 8.0

4 0.4 1.0 10.0

5 0.4 1.2 12.0

6 0.6 0.4 6.0

7 0.6 0.6 8.0

8 0.6 0.8 10.0

9 0.6 1.0 12.0

10 0.6 1.2 4.0

11 0.8 0.4 8.0

12 0.8 0.6 10.0

13 0.8 0.8 12.0

14 0.8 1.0 4.0

15 0.8 1.2 6.0

16 1.0 0.4 10.0

17 1.0 0.6 12.0

18 1.0 0.8 4.0

19 1.0 1.0 6.0

20 1.0 1.2 8.0

21 1.2 0.4 12.0

22 1.2 0.6 4.0

23 1.2 0.8 6.0

24 1.2 1.0 8.0

25 1.2 1.2 10.0

Fig. 4 Experimental measurement of displacement response

response analyser (FRA) display software was installed in
the computer. Using the FRA display software, the data
were displayed diagrammatically. The experiments were

Fig. 5 Experimental measurement of frequency response

conducted for each of the 25 samples. Each experiment
was repeated four times to get the average of the measured
values.

The experimental setup of the first natural frequency is
shown in Fig. 5. The measurements of the first natural fre-
quency, within the range of 50Hz–1kHz, were taken to
evaluate the dynamic characteristics of the 2-DOF FBM. A
modal hammer (Model 9722A2000-SN 2116555, Kistler)
was used to apply the excitation to the mechanism, and
the frequency response was measured using an accelerator
(Model 4744892, Kistler. The accelerator was attached to be
opposite the excitation from the modal hammer. A modal
analyser (Model NI USB 9162, National Instruments) was
utilized in the data acquisition and analysis. At the end of the
hammer, a force sensor was attached to measure the applied
force from the hammer. CUTPRO software was installed in
a computer to analyse the data. The experiments were con-
ducted for each of the 25 samples. Each experiment was
repeated five times. The first natural frequencywasmeasured
for the y-axis. The experimental data and signal-to-noise
ratios of the two responses are shown in Table 3.

4.2 Effect of Design Variables on Quality Responses

Prior to an optimization problem, the effects of the control
parameters on the quality characteristics are critically inves-
tigated. A second-order polynomial model was developed
to explain the effects of the parameters on the quality char-
acteristics of the 2-DOF FBM. RSM was used to illustrate
this relationship. After eliminating the insignificant terms
(‘Prob>F’ larger than 0.05) of the parameters, precise math-
ematical models for the displacement and frequency were
achieved.Themathematicalmodelswere developedbasedon
the collected data from the 25 experiments and using Eq. (6).

The mathematical model of the displacement is derived as
follows:
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Table 3 Experimental average results and S/N ratios of two responses

No. trial f1 (mm) S/N of f1 f2 (Hz) S/N of f2

1 0.246 −12.1813 567.892 55.0853

2 0.202 −13.8930 793.312 57.9889

3 0.154 −16.2496 1018.732 60.1612

4 0.114 −18.8619 1244.152 61.8975

5 0.065 −23.7417 1469.572 63.3438

6 0.192 −14.3340 613.848 55.7612

7 0.142 −16.9542 839.268 58.4780

8 0.103 −19.7433 1064.688 60.5444

9 0.052 −25.6799 1290.108 62.2125

10 0.280 −11.0568 1348.828 62.5991

11 0.130 −17.7211 659.804 56.3883

12 0.084 −21.5144 885.224 58.9411

13 0.059 −24.5830 1110.644 60.9115

14 0.266 −11.5024 1259.000 62.0005

15 0.220 −13.1515 1357.000 62.6516

16 0.076 −22.3837 705.760 56.9731

17 0.046 −26.7448 931.180 59.3807

18 0.258 −11.7676 989.900 59.9118

19 0.211 −13.5144 1215.320 61.6938

20 0.162 −15.8097 1440.740 63.1717

21 0.073 −22.7335 751.716 57.5211

22 0.240 −12.3958 810.436 58.1744

23 0.194 −14.2440 1035.856 60.3060

24 0.151 −16.4205 1261.276 62.0162

25 0.107 −19.4123 1486.696 63.4444

f1 = 395.14 − 37.33t1 − 2.68t2 − 36.13b + 20.5t21
+ 21.21t22 + 0.68b2 (24)

The mathematical model of the first natural frequency is
derived as follows:

f2 = 93.72 + 122.34t1 + 1056.21t2 + 2.85b − 37.04t21
− 59t22 + 0.78b2 (25)

Three-dimensional plots (response surface) illustrating the
effects of the design variables on the displacement and first
natural frequency were drawn based on the mathematical
models.

As shown in Fig. 6a, the displacement lowered rapidly
with an increase in thickness t1. The displacement signif-
icantly increased with an increase in thickness t2 (about
0.75mm), and then gradually decreased with a further
increase in thickness t2 (up to 1.2mm). This meant that the
displacement varied with a change in thicknesses t1, t2.

As seen in Fig. 6b, the displacement sharply decreased
with an increase in length b. The displacement varied in pri-

marily a nonlinear manner with an increase in thickness t2.
As a result, these parameters could be optimized tomaximize
the displacement for the 2-DOF FBM.

As depicted in Fig. 6c, the first natural frequency gradually
increased with an increase in thickness t1, and then sharply
increased with an increase in thickness t2. This indicated that
the first natural frequency varied with changes in thicknesses
t1 and t2.

As seen in Fig. 6d, the first natural frequency gradu-
ally increased with an increase in length b, but then rapidly
increased with an increase in thickness t2. This indicated that
the first natural frequency varied with a change in thickness
of t2 and length b.

From the discussion above, the three design variables all
affected the two quality characteristics. However, the maxi-
mumvalue of the displacement conflictedwith themaximum
value of the first natural frequency corresponding to the
design variables. Thus, the aim of this study was to find the
optimal combination of processing parameters in order to
maximize the displacement and first natural frequency simul-
taneously.

4.3 Multi-objective Optimization

After conducting the experiments for the displacement and
the first natural frequency, the experimental data were trans-
ferred into the S/N ratio using Eq. (7); the results are shown
in Table 3. The S/N ratio values were normalized using
Eq. (8), and the results are given in Table 4.

Next, the deviation sequence was determined using
Eq. (9), the grey relational coefficient was calculated using
Eq. (10) and the normalized weight factor of each response
was computed using Eqs. (11–18). The results are shown
in Table 4. By using Eqs. (11–18), the weight factor of
the displacement was determined to be 0.5 and that of
the first natural frequency to be 0.5. The grey relational
grade was then determined using Eqs. (19–20), as shown
in Table 4. From Eqs. 9–21, k in brackets (k) represents var-
ious responses. The displacement response corresponds to
k = 1, while the frequency response corresponds to k = 2.
For example, zi (1) is the normalized S/N of the displace-
ment and zi (2) is the normalized S/N of the frequency.
�oi(1) and �oi (2) are deviation sequences of the displace-
ment and frequency, respectively. γi (1) and γi (2) are the
grey relational coefficients of the deviation sequences of the
displacement and frequency, respectively. In Table 4, �min

is equal to zero (the smallest value of�oi) and�max is equal
to one (the largest value of �oi).

As known, the highest grey relational grade in a sequence
indicates the closest value to the desired value of the quality
response. Therefore, in this study a plotwas drawn of the grey
relational grade value corresponding to each experiment, as
depicted in Fig. 7. As can be clearly observed in Table 4 and
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Fig. 6 Surface plots: a displacement versus t1 and t2; b displacement versus t2 and b; c frequency versus t1 and t2; d frequency versus t2 and b

Fig. 7, the maximum value of GRG was observed at the 10th
experiment, which indicated that the optimal setting of the
parameters was close to that used in the 10th experiment.

Using the theory of the Taguchi method, the average grey
relational grade for each input parameter level was calcu-
lated, as shown in Table 5. The response graph for the average
grey relational grade at each parameter level was plotted, as
in Fig. 8. The results from Table 5 and Fig. 8 indicated the
optimal input parameter level to be A5B5C1 corresponding
to thickness t1 at level 5 (1.2mm), thickness t2 at level 5
(1.2mm) and length b at level 1 (4mm). The results showed
that the maximum displacement was equal to 0.276mm and
the maximum first natural frequency equal to 1261.562Hz.

4.4 ANOVA for Grey Relational Grade

According to Step 13, an ANOVA was computed to identify
the influence of the design parameters on the quality charac-
teristics. As Table 6 shows, factor B (thickness t2) had the
most significant influence on the target characteristics with
a percentage contribution of 63.0313%, followed by factor

C (length b) with a percentage contribution of 35.8364%.
Factor A (thickness t1) had the lowest influence. Therefore,
factor A was pooled into the error.

4.5 Effect of Design Variables on Grey Relational Grade

According to Step 14, a polynomial regression equation for
the grey relational grade (GRG), constructed using Eq. (6),
explained the relationship between the input parameters
and the GRG. After eliminating the insignificant terms
(‘Prob>F’ larger than0.05) of the parameters, thefinalmath-
ematical model for the GRG was precisely achieved. The
mathematical model was developed based on the GRG data
from the 25 experiments. The mathematical model of the
GRG is developed as follows:

GRG=0.806585 − 0.108418t1+0.105496t2−0.0675306b

+ 0.0349643t21 + 0.188976t22 + 0.00192738b2

− 0.0141667t1t2 + 0.00925476t1b (26)
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Table 4 Grey generation data
of each sequence, difference
sequence, grey relational
coefficient, grey relational grade
and rank of grey relational grade

No. zi (1) zi (2) �oi (1) �oi (2) γi (1) γi (2) ψi Rank

1 0.9283 0.0000 0.0717 1.0000 0.8746 0.3333 0.6040 13

2 0.8192 0.3474 0.1808 0.6526 0.7344 0.4338 0.5841 14

3 0.6690 0.6072 0.3310 0.3928 0.6017 0.5601 0.5809 15

4 0.5025 0.8149 0.4975 0.1851 0.5012 0.7299 0.6156 12

5 0.1914 0.9880 0.8086 0.0120 0.3821 0.9765 0.6793 8

6 0.7911 0.0809 0.2089 0.9191 0.7053 0.3523 0.5288 18

7 0.6241 0.4059 0.3759 0.5941 0.5708 0.4570 0.5139 19

8 0.4463 0.6531 0.5537 0.3469 0.4745 0.5904 0.5324 17

9 0.0679 0.8526 0.9321 0.1474 0.3491 0.7724 0.5607 16

10 1.0000 0.8989 0.0000 0.1011 1.0000 0.8318 0.9159 1

11 0.5752 0.1559 0.4248 0.8441 0.5407 0.3720 0.4563 21

12 0.3334 0.4613 0.6666 0.5387 0.4286 0.4814 0.4550 22

13 0.1378 0.6970 0.8622 0.3030 0.3671 0.6227 0.4949 20

14 0.9716 0.8273 0.0284 0.1727 0.9463 0.7432 0.8447 2

15 0.8665 0.9052 0.1335 0.0948 0.7892 0.8406 0.8149 3

16 0.2780 0.2258 0.7220 0.7742 0.4092 0.3924 0.4008 25

17 0.0000 0.5139 1.0000 0.4861 0.3333 0.5070 0.4202 23

18 0.9547 0.5774 0.0453 0.4226 0.9169 0.5419 0.7294 7

19 0.8434 0.7906 0.1566 0.2094 0.7614 0.7048 0.7331 6

20 0.6970 0.9674 0.3030 0.0326 0.6227 0.9387 0.7807 4

21 0.2557 0.2914 0.7443 0.7086 0.4018 0.4137 0.4078 24

22 0.9147 0.3695 0.0853 0.6305 0.8542 0.4423 0.6482 10

23 0.7968 0.6245 0.2032 0.3755 0.7111 0.5711 0.6411 11

24 0.6581 0.8291 0.3419 0.1709 0.5939 0.7453 0.6696 9

25 0.4674 1.0000 0.5326 0.0000 0.4842 1.0000 0.7421 5

Fig. 7 Plot of GRG values for
various experiments

Table 5 Response table for
average GRG for each
parameter level

Factors Mean of GRG for each level of each parameter Max-min Rank

Level 1 Level 2 Level 3 Level 4 Level 5

A 0.613 0.610 0.613 0.613 0.622 −0.0001 2

B 0.480 0.524 0.596 0.685 0.787 −0.1162 3

C 0.748 0.660 0.600 0.549 0.513 0.2359 1

Total mean value of GRG is 0.5185
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Fig. 8 Response graph of grey
relational grade

Table 6 Pooled ANOVA for GRG

Factors DOF SS V SS’ P (%)

A 4 Pooled

B 4 0.3063 0.0766 0.3053 63.0313

C 4 0.1745 0.0436 0.1736 35.8364

Pooled error 12 0.0037 0.0002 0.1498 1.1323

Total 24 100

Significant at 95% confidence level

The two-dimensional contour plots demonstrated the effect
of the control factors on the GRG. The grey relational
grey could be predicted based on the various colours.
As seen in Fig. 9a–c, the GRG was ≤0.4 corresponding
to white colour contours. The GRG gradually increased
to more than 0.9 corresponding to the most bold green
colour areas. The larger the GRG, the better the quality
characteristics.

4.6 Statistical Adequacy of Developed Models

According to Step 15, an ANOVA was used to check the
statistical adequacy of the developed mathematical models
(Eqs. 24–26). The ANOVAwas utilized to determine the sig-
nificance of the coefficients and the fitness of the developed
models. Based on the results of the ANOVA, the F-value
and p value were used to test the adequacy of the developed
mathematical models, including the displacement, frequency
and GRG models. The significance of the model terms is
proved when the computed F-value is higher than the crit-
ical F-value tabulated from the standard table at a 95%

confidence level [38] and the ‘Prob>F’ (p value) is less
than 0.05. The fitness of the model is tested based on the
determination coefficient (R-squared value) and R-squared
(adjusted) [16].

By using the regression method, the insignificant model
terms were eliminated. The ANOVA results for the reduced
quadratic models, given in Tables 7, 8 and 9, illustrate the
significant model terms. These results indicated that the
F-value of the models proved their significance because the
computed F-value of each of the model terms was higher
than the critical F-value tabulated from the standard table at
a 95% confidence level [38]. The results showed the p value
of the source of the regression models and coefficients to be
less than 0.007. The ANOVA results showed the developed
models ( f1, f2, and GRG) to be significant and adequate.
The R-squared value for the three models was close to util-
ity, as shown in Tables 7, 8 and 9, representing the excellent
fit of the experimental data to the developed mathematical
models.

4.7 Prediction Accuracy of Developed Model

According to Step 15, the prediction accuracy of the devel-
oped models was confirmed using the experimental investi-
gation. The parameters t1 of 0.45mm, t2 of 0.55mm and b
of 6.5mm were selected randomly in their ranges (Table 1)
to manufacture the four prototypes. These parameter levels
were substituted into Eqs. (24–26) to achieve the mean pre-
dicted value for each mathematical model. The prototypes
weremanufactured, and each validation experimentwas con-
ducted four times to obtain the mean actual value for each
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Fig. 9 Contour plots: a GRG versus t1 and t2; b GRG versus t1 and b; c GRG versus t2 and b

Table 7 ANOVA result for response surface model of displacement

Source DOF F-value p value Remark

Regression 6 232.37 0.000 Significant

Linear 3 20.17 0.000 Significant

b 1 59.88 0.000 Significant

b × b 1 5.55 0.030 Significant

Residual error 18

Total 24

R-Squared = 98.73%; R-Squared (adjusted) = 98.30%

model. The predicted results were then compared with the
actual results to validate the prediction accuracy of the devel-
oped models. As shown in Table 10, the results indicated that
the deviation errors between the mean predicted results and
the mean actual results were less than 7%, confirming the
predictability of the developed mathematical models to be
reliably accurate.

Table 8 ANOVA result for response surface model of frequency

Source DOF F-value p value Remark

Regression 6 739.30 0.000 Significant

Linear 3 37.58 0.000 Significant

t2 1 111.16 0.005 Significant

Residual error 18

Total 24

R-squared = 99.60%; R-squared (adjusted) = 99.46%

4.8 Predict the Optimal Grey Relational Grade Under
Optimum Parameters

According to Step 16, the optimal grey relational grade was
predicted considering the effect of all control parameters at
the optimal level A5B5C1. The estimated mean of the grey
relational grade was determined using Eq. 22, and then, the
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Table 9 ANOVA result for response surface model of GRG

Source DOF F-value p value Remark

Regression 8 356.05 0.000 Significant

Linear 3 709.61 0.000 Significant

t2 1 1501.87 0.001 Significant

b 1 819.39 0.007 Significant

Square 4 10.99 0.000 Significant

t2 × t2 1 17.74 0.001 Significant

b 1 18.45 0.001 Significant

Residual error 12

Total 24

R-squared = 99.44%; R-squared (adjusted) = 99.46%

Table 10 Comparison between predicted and actual responses

Model Mean predicted value Mean actual value Error (%)

f1 0.182mm 0.185mm 2.6%

f2 721.037Hz 737.995 2.3%

GRG 0.5459 0.5863 6.8%

95% confidence interval (CI) of the confirmation experi-
ments was calculated using Eq. 22.

The expected mean value of the four confirmation experi-
mentswasobtained as follows:μG = 0.5185, F0.05 (1, 12) =
4.7472 (tabulated from standard table in [38]; Ve = 0.0002
(get from Table 7); neff = 25/ (1 + 12) = 1.923, Re = 4; CI
= ±0.027.

0.4915 ≤ μconfirmation ≤ 0.5500 (27)

4.9 Experimental Validation

According to Step 17, by using the optimal combination
A5B5C1, the four experimental validations were performed
to validate the optimal results. And then, the finite-element
method (FEM) in ANSYS was used to validate the optimal
results. Four solid models of the 2-DOF FBM were con-
structed in Solid works. And then, the automatically method
was utilized for meshing the model, and then, each flexure
hinge was refined to achieve the analysis accuracy. The 10-

node tetrahedral structural solid element of SOLID 92 type
was adopted for the meshed model because the SoLID 92
was well suitable for irregular meshes. The Skewness crite-
rion [16] was applied to evaluate the element quality.

As given in Table 11, the GRG value was equal to 0.5185
that was predicted by the proposed hybrid optimization
methodology, it was approximately 0.5334 that was deter-
mined from the actual experiments, and it was about 0.5467
that was calculated via the FEM in ANSYS. These GRG val-
ues fell within 95% of the CI (see in Eq. 27). In addition,
as seen in Table 11, the error between the FEM and the pre-
dicted value is less than 6%.Moreover, the error between the
actual and the predicted value is less than 3%. These errors
were came from the manufacturing and assemble errors.
In summary, these GRG values fell within 95% of the CI
and the errors were relatively low. It could be concluded
that the hybrid optimization methodology is an effectively
robust technique for multi-objective optimization of the 2-
DOF FBM.

Compared with initially desired design (seen in Sect. 2.2),
the optimal displacement (0.284mm)was about 42% greater
than the initial displacement (0.2mm) and the optimal fre-
quency (1293.812Hz) was approximately 7.8% higher than
the initial frequency (1200Hz). It was clearly proved that
the quality characteristics of the 2-DOF FBM are efficiently
improved by using the hybrid optimization methodology.

5 Conclusions

A 2-DOF flexure-based mechanism with a modified double-
lever amplification mechanism was proposed in this study.
Then, this study has attempted to conduct a multi-objective
optimal design of 2-DOF flexure-basedmechanism. The var-
ious thicknesses of flexure hinges and the length of lever
amplification mechanism were the key design variables.
The displacement and first natural frequency were the two
responses of the 2-DOF flexure-based mechanism.

An integrated approach of grey-Taguchi-based response
surface methodology and entropy measurement was adopted
for multi-response optimization to overcome the disad-
vantages of the Taguchi method in the multiple quality
optimization. Response surface methodology was used for

Table 11 Predicted and validation values

Response Optimum
parameters

Predicted value Actual value FEM value Error %

FEM and
predicted values

Actual and
predicted values

Displacement A5B5C1 0.276mm 0.284mm 0.291mm 5.4% 2.8%

Frequency 1261.562Hz 1293.812Hz 1031.254Hz 3.1% 2.5%

GRG 0.5185 0.5334 0.5467 5.4% 2.8%
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modelling the relationship between design parameters, two
responses and grey relational grade. Entropy measurement
technique was applied for calculating the weight factor cor-
responding to each response. ANOVA was performed to
determine the significant parameters affecting the grey rela-
tional analysis. ANOVA and confirmation tests were then
conducted to validate the statistical adequacy and the pre-
diction accuracy of the developed mathematical models,
respectively. The results indicated that the developed mathe-
matic models have a good statistical adequacy and prediction
accuracy.

The optimal combination of design variables was deter-
mined based on the main effect analysis. The optimal
performances of the 2-DOF flexure-based mechanism were
also obtained. The confirmation results indicated that the grey
relational grade falls within 95% of the confidence interval.
The efficiency of proposed hybrid approach has been suc-
cessfully proven by the experiments and simulations. The
proposed methodology is useful for the multi-objective opti-
mal design for related flexure-based mechanisms.
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