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Abstract In this paper, Lattice Boltzmann simulation of
natural convection in a square cavity with a linearly heated
wall which is filled by nanofluid has been investigated. The
fluid in the cavity is a water-based nanofluid containing vari-
ous nanoparticles such as copper (Cu), cupric oxide (CuO) or
alumina (Al2O3). This study has been conducted for Rayleigh
numbers of 103 to 105, while solid volume fraction (ϕ) varied
from 0 to 16 %. The effects of nanopartcles are displayed on
streamlines, isotherms counters, local and average Nusselt
number. Copper nanoparticle enhances heat transfer more
than other nanoparticles, while the lowest heat transfer is
demonstrated by alumina (Al2O3) nanoparticles. In addition,
the increment of Rayleigh number causes the effect of the
nanoparticles to increase.
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List of Symbols

c Lattice speed
ci Discrete particle speeds
cp Specific heat at constant pressure
F External forces
f Density distribution functions
f eq Equilibrium density distribution functions
g Internal energy distribution functions
geq Equilibrium internal energy distribution functions
G Gravity
k Thermal conductivity
L Enclosure height
M Lattice numbers
Ma Mach number
Nu Nusselt number
Pr Prandtl number
R Constant of the gases
Ra Rayleigh number
T Temperature
x, y Cartesian coordinates
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Greek letters
ωi Weighted factor for flow (D2Q9)
β Thermal expansion coefficient
ϕ Volume fraction
τ c Relaxation time for temperature
τ v Relaxation time for flow
ρ Density
μ Dynamic viscosity
ϑ Kinematic viscosity
�x Lattice spacing
�t Time increment
ω′

i Weighted factor for temperature (D2Q4)

Subscripts

avg Average
C Cold
f Fluid
H Hot
nf Nanofluid
s Solid
* Normalized

1 Introduction

For more than two decades, Lattice Boltzmann method
(LBM) has been demonstrated to be a very effective numeri-
cal tool for a broad variety of complex fluid flow phenomena
that are problematic for conventional methods [1–17]. The
kinetic nature of the LBM distinguishes it from other numer-
ical methods mainly in three aspects. First, the convection
operator of the LBM is linear in velocity space, hence com-
putational efforts are greatly reduced as compared to those of
some macroscopic CFD methods such as the Navier–Stokes
equation solvers. Second, the pressure of the LBM can be
directly calculated using an equation of state, unlike the direct
numerical simulation of the incompressible Navier–Stokes
equations, in which the pressure must be obtained from the
Poisson equation. Third, the LBM utilizes a minimal set of
velocities in phase space; therefore, the transformation relat-
ing the microscopic distribution function and macroscopic
quantities is greatly simplified. Analysis of natural convec-
tion heat transfer and fluid flow in enclosures has been exten-
sively made using numerical technique experiments for vari-
ous boundary conditions because of its wide applications and
interest in engineering such as nuclear energy, double pane
windows, heating and cooling of buildings, solar collectors,
electronic cooling, and so on. In this work, this method is
used for natural convection in a square cavity with linearly
heated wall using nanofluid. Several investigations in natural
convection with non-uniformly heated wall have been carried
out. Sarris et al. [18] reported the effect of sinusoidal top wall

temperature variations in a natural convection within a square
cavity where the other walls are insulated. Roy and Basak
[19] investigated the influence of uniform and non-uniform
heating walls on natural convection flows in a square cavity.
Sathiyamoorthy et al. [20] studied natural convection flow
in a closed square cavity when the bottom wall is uniformly
heated and vertical walls are linearly heated as the top wall
is well insulated. An innovative technique to improve heat
transfer is using of nanoparticles in the base fluids that have
low thermal conductivity such as water [21–30]. Fluids with
nanoparticles suspended in them are called nanofluids. Many
investigators have studied the flow and thermal characteris-
tics of nanofluids. Khanafer et al. [31] investigated the heat
transfer enhancement in a two-dimensional enclosure utiliz-
ing nanofluids for various pertinent parameters. They tested
different models for nanofluid density, viscosity, and ther-
mal expansion coefficients. It was found that the suspended
nanoparticles substantially increase the heat transfer rate at
any given Grashof numbers. Putra et al. [32] conducted the
experiment for observation on the natural convective charac-
teristics of water based on alumina (Al2O3). They reported
that natural convective heat transfer in a cavity is decreased
with the increment of the volume fraction of nanoparticles.
Hwang et al. [33] studied thermal characteristics of natural
convection in a rectangular cavity heated from below with
water-based nanofluids containing alumina (Al2O3). They
theoretically investigated with Jang and Choi’s model for
predicting the effective thermal conductivity of nanofluids
and various models for the effective viscosity. They showed
that the ratio of heat transfer coefficient of nanofluids to the
base fluid is decreased as the size of nanoparticles increases,
or the average temperature of nanofluids is decreased. Santra
et al. [34] studied the effect of copper–water nanofluid as
a cooling medium to simulate the behavior of heat transfer
due to laminar natural convection in a differentially heated
square cavity. They obtained that the heat transfer plunged
with the augmentation of volume fraction for a particular
Rayleigh number, while it enhances with Rayleigh number
for a particular volume fraction. Oztop and Abu-Nada [35]
researched heat transfer and fluid flow due to buoyancy forces
in a partially heated enclosure using nanofluids. They found
that both increasing the value of Rayleigh number and heater
size enhances the heat transfer and flow strength, keeping
other parameters fixed. Moreover, they exhibited that heat
transfer rises with enhancement of the value of volume frac-
tion of nanoparticles.

Abu-Nada et al. [36] investigated heat transfer enhance-
ment in horizontal annuli using nanofluids. Jahanshahi et al.
[37] numerically investigated the effects due to uncertainties
in effective thermal conductivity according to experimental
and theoretical formulations of the SiO2–water nanofluid on
laminar natural convection heat transfer in a square enclo-
sure. Recently, scientists have strived to solve nanofluids
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in different shapes and boundary conditions because of its
widespread applications [38–43]. Kefayati et al. [44] utilized
this method (LBM) for simulating natural convection in tall
enclosures using water/ SiO2 nanofluid. They obtained that
the average Nusselt number increases with volume fraction
for the whole range of Rayleigh numbers and aspect ratios
and the effect of nanoparticles on heat transfer augments as
the enclosure aspect ratio increases.

The aim of the present paper is to the study effect of a lin-
early heated wall on flow field and temperature distribution in
nanofluid-filled enclosure. Furthermore, it is demonstrated to
present the ability of LBM for solving problems of nanofluid
in various boundary conditions. The results of the method
are validated with previous numerical investigations. Influ-
ences of all parameters (Rayleigh number, volume fraction,
and different nanoparticles) on flow field and temperature
distribution are considered.

2 Mathematical Formulation

2.1 Problem Statement

The geometry of the present problem is shown in Fig. 1. It
displays a two-dimensional enclosure with the height of L .
The temperature of the enclosure right wall is maintained at
(TC), while the left wall has a constant temperature profile of
(TH(y) = TH − (TH − TC)y/L). The top horizontal wall has
been considered to be adiabatic, while the bottom wall has a
constant temperature (TH). Thermophysical properties of the
nanofluids are assumed to be constant (Table 1). The density
variation in the nanofluids is approximated by the standard
Boussinesq model. The enclosure is filled with a mixture of
water and solid nanoparticles. The nanofluid is assumed to
be Newtonian, incompressible, and laminar. In addition, it
is considered while the liquid and solid nanoparticles are in
thermal equilibrium and equal velocity.

Fig. 1 Geometry of the present study

Table 1 Thermophysical properties of water and nanoparticles

Property Fluid phase Solid phase Solid phase Solid phase
(water) (Cu) (Cuo) (Al2O3)

Cp (J/Kg k) 4,179 383 540 765

ρ (kg/m3) 997.1 8,954 6,500 3,970

k (W/m K) 0.6 400 18 25

β (K−1) 2.1E−4 1.67E−6 8.5E−6 8.5E−6

α (m2/s) 1.44E−7 − − −
μ (kg/ms) 8.9E−4 − − −

2.2 Lattice Boltzmann Method

For the incompressible problems, LBM utilizes two distrib-
ution functions, f and g, for the flow and temperature fields,
respectively [13].

For the flow field:

fi (x + ci�t, t +�t)− fi (x, t)

= − 1

τv

[
fi (x, t)− f eq

i (x, t)
] +�t Fi (1)

For the temperature field:

gi (x + ci�t, t +�t)− gi (x, t)

= − 1

τc

[
gi (x, t)− geq

i (x, t)
]

(2)

where the discrete particle velocity vectors defined ci (Fig. 2),
�t denotes lattice time step which is set to unity. τv and τc

are the relaxation time for the flow and temperature fields,
respectively. f eq

i and geq
i are the local equilibrium distrib-

ution functions that have an appropriately prescribed func-
tional dependence on the local hydrodynamic properties which
are calculated with Eqs. (3) and (4) for flow and temperature
fields, respectively. Also F is an external force term.

Fig. 2 The discrete velocity vectors for D2Q9
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f eq
i (x, t) = ωiρ

[
1 + 3

ci u

c2 + 9

2

(ci u)2

c4 − 3

2

uu

c2

]
(3)

geq
i = ω′

i T
[
1 + 3

ci u

c2

]
(4)

u and ρ are the macroscopic velocity and density, respec-
tively, c is the lattice speed and equals to �x/�t where �x
is lattice space and similar to lattice time step is equal to
unity, ωi is the weighting factor for flow, ω′

i is the weighting
factor for temperature.

D2Q9 model for flow, and D2Q4 model for temperature
are used in this work, thus the weighting factors and the
discrete particle velocity vectors are different for these two
models and they are calculated as follows:

For D2Q9

ωi =
⎧
⎨

⎩

4/9 i = 0
1/9 i = 1 − 4
1/36 i = 5 − 8

(5)

The discrete velocities, ci , for the D2Q9 (Fig. 2) are
defined as follows:

ci =
⎧
⎨

⎩

0 i = 0
c(cos[(i − 1)π/2], sin[(i − 1)π/2]) i = 1 − 4
c
√

2(cos[(i −5)π/2+π/4], sin[(i −5)π/2+π/4]) i = 5 − 8

(6)

For D2Q4
The weighting factor for temperature is equal for each

main four directions which is ω′
i = 0.25.

The discrete velocities, ci , for the D2Q4 are defined as
follows:

ci =
(

cos

(
i − 1

2
π

)
, sin

(
i − 1

2
π

))
c i = 1 − 4 (7)

The kinematic viscosity (v) and the thermal diffusivity (α)
are then related to the relaxation times by:

ϑ =
[
τv − 1

2

]
c2

s�t and α =
[
τc − 1

2

]
c2

s�t (8)

where cs is the lattice speed of sound in media, it is equal to
c/

√
3.

In the simulation, the Boussinessq approximation is
applied to the buoyancy force term; therefore, the force term
is determined by:

F = ρGβ�T (9)

where G is the gravitational vector, �T is the temperature
difference that it is equal to (T − Tm) as Tm = TH+Tc

2 and β
is the thermal expansion coefficient.

The force term added to the collision process in Eq. (1) is
given by [13]:

Fiωi F · ci/c
2
s (10)

Finally, the macroscopic quantities (ρ, u, T ) can be calcu-
lated by the mentioned variables, with the following formula.

Flowdensity: ρ(x, t) =
∑

i

fi (x, t) (11)

Momentum: ρu(x, t) =
∑

i

fi (x, t)ci (12)

Temperature: T =
∑

i

gi (x, t) (13)

Fig. 3 Grid independent test (ϕ = 0.04)

Fig. 4 Comparison of the temperature at the middle of the cavity
between the present results and numerical results by Khanafer et al.
[31] and Jahanshahi et al. [37] (Pr = 6.2, ϕ = 0.1, Gr = 104)
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Fig. 5 Comparison of the
streamlines and isotherms at
Ra = 105 between a the present
results and b numerical results
by Sathiyamoorty et al. [20]

2.3 Boundary Conditions

2.3.1 Flow

Bounce-back boundary conditions were applied on all solid
boundaries, which mean that incoming boundary populations
are equal to out-going populations after the collision [12]. For
instance, for the east boundary, the following conditions are
imposed:

f6,n = f8,n, f7,n = f5,n, f4,n = f2,n (14)

where n is the lattice number on the boundary.

2.3.2 Temperature

Bounce-back boundary condition (adiabatic) is used on the
north of the boundaries. For example, the north boundary,
the following condition is imposed:

g4,n = g2,n

Temperature at the west, east, and bottom walls are known,
in the west wall TH(y) = TH − (TH − TC)y/L . Since we are

Fig. 6 Comparison of the Nusselt number distribution at Ra = 105

between the present results and numerical results by Sathiyamoorthy
et al. [20]

using D2Q4, the unknown is g1 which is evaluated as:

g1 = TH (y)(ω1 + ω3)− g3. (15)
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Fig. 7 Comparison of the
streamlines and isotherms at
ϕ = 0 for various Rayleigh
numbers a Ra = 103, b
Ra = 104, c Ra = 105

2.4 Method of Solution

By fixing Rayleigh number, Prandtl number and Mach num-
ber, the viscosity and thermal diffusivity are calculated from
the definition of these:

ϑ =
√

Ma2 M2Prc2

Ra
(16)

where M is number of lattices in y-direction (parallel to grav-
itational acceleration). Rayleigh and Prandtl numbers are

defined as Ra = βgM3(TH−TC)
ϑα

, and Pr = ϑ
α

, respectively.

Besides, the speed of the lattice is constant
(

c = 1√
3

)
. Mach

number was fixed at Ma = 0.1 in the present study. After
defining the whole parameters of Eq. (16), we can get vis-
cosity and subsequently thermal diffusivity. Finally, Eq. (8)
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Fig. 8 Comparison of the
streamlines and isotherms at
Ra = 103 for different volume
fractions of copper/water
nanofluid a ϕ = 0, b ϕ = 0.04,
c ϕ = 0.08, d ϕ = 0.12, e
ϕ = 0.16

is used to calculate the relaxation times for density and tem-
perature distribution functions.

2.5 Lattice Boltzmann Method for Nanofluid

The major control parameter of the test case is the Rayleigh

number, Ra = βgy H3Pr(TH−TC)

ϑ2 with Pr = μcp
k where the

parameters have altered with the characters of nanofluid. In
fact, the nanofluids were assumed to be similar to a pure fluid
and then nanofluid qualities were obtained from Eqs.17 to 21,
applying in the Rayleigh and Prandtl numbers. The pertinent
thermophysical properties are given in Table 1.

The effective density of a nanofluid is given by [23]:

ρnf = (1 − ϕ)ρf + ϕρs (17)
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Fig. 8 continued (d)

(e)

whereas the heat capacitance of the nanofluid and part of the
Boussinesq term are [25]:

(ρcp)nf = (1 − ϕ)(ρcp)f + ϕ(ρcp)s (18)

(ρβ)nf = (1 − ϕ)(ρβ)f + ϕ(ρβ)s (19)

where ϕ is being the volume fraction of the solid particles,
subscripts f, nf and s stand for base fluid, nanofluid and
solid, respectively. The viscosity of the nanofluid contain-
ing a dilute suspension of small rigid spherical particles is
given by [28]:

μnf = μf

(1 − ϕ)2.5
(20)

The effective thermal conductivity of the nanofluid can be
approximated by the Maxwell-Garnetts (MG) model where
the nanoparticles are assumed to be the same and have spher-
ical shapes [25]:

knf

kf
= ks + 2kf + 2ϕ(k f − ks)

ks + 2kf − ϕ(kf − ks)
(21)

Nusselt number Nu is one of the most important dimen-
sionless parameters in the description of the convective heat
transport. The Nusselt number is used as an indicator of heat

transfer enhancement where an increase in Nusselt number
corresponds to enhancement in heat transfer.

The local Nusselt number and the average value on the
walls are calculated as:

Nuy = − L

�T

∂T

∂x
(22)

Nuavg = 1

L

L∫

0

Nuy dy . (23)

Because of the convenience, a normalized average Nus-
selt number is defined as the ratio of Nusselt number at any
volume fraction of nanoparticles to that of pure water, that is
as follows:

∗Nuavg(ϕ) = Nuavg(ϕ)

Nuavg(ϕ = 0)
(24)

Finally, the stream function is defined in the usual way as:

u = ∂ψ

∂y
v = −∂ψ

∂x
(25)

It is taken that ψ = 0 at all walls of the cavity.
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Fig. 9 Comparison of the
streamlines and isotherms at
Ra = 104 for different volume
fractions of copper/water
nanofluid a ϕ = 0, b ϕ = 0.04,
c ϕ = 0.08, d ϕ = 0.12,
e ϕ = 0.16

3 Code Validation and Grid Independence

This problem was investigated at different Rayleigh num-
bers of 103, 104, and 105, and five different volume fractions
of ϕ = 0.0, 0.04, 0.08, 0.12 and 0.16 for various nanopar-
ticles of Cu, CuO, and Al2O3. LBM scheme was used for
obtaining the numerical simulations in a cavity with a lin-
early heated wall that is filled from nanofluid of water/Cu. An

extensive mesh testing procedure was conducted to guarantee
a grid independent solution. Eight different mesh combina-
tions were explored for the case of ϕ = 0.04. The present
code was tested for grid independence by calculating the
average Nusselt number on the bottom wall. In harmony
with this, it was found that a grid size of 101×101 ensures a
grid independent solution. It was confirmed that the grid size
(101×101) ensures a grid independent solution as portrayed
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Fig. 9 continued

by Fig. 3. The method of solution for nanofluid by LBM was
validated against results of Khanafer et al. [31] and Jahan-
shahi et al. [37] where the middle temperature of the cavity
for nanoparticle of Cu at ϕ = 0.1 was investigated (Fig. 4).
Moreover, in this code was utilized the method of kefayati
et al. [43,44] for nanofluid as they demonstrated the abil-
ity of LBM for simulating of nanofluids in the articles. To
check the accuracy of the present results, the present code
is validated against published work in the literature on a
cavity with a linearly heated wall, while it was filled by
air with Pr = 0.71 and Ra = 105 [20]. The results are
compared in Fig. 5 as the streamlines and isotherms have a
good agreement between both compared methods. Figure 6
demonstrates Nusselt number distribution on the bottom wall
of the cavity at Ra = 105, Pr = 0.7 against the numerical
simulation of Sathiyamoorthy et al. [20].

4 Result and Discussion

4.1 Effect of Rayleigh Number on Streamlines
and Isotherms

Figure 7 displays the stream function and the isotherm con-
tours at Ra = 103, 104 and 105 for pure water. At Ra = 103,

the isotherms move from the left wall linearly and smoothly,
but the isotherms gather at the bottom corner of the cavity
right wall as they near the right wall of the cavity. When
Rayleigh number increases, the isotherms rise up toward the
top wall of the cavity and change intensely. Furthermore,
the isotherms near the bottom wall of the cavity. It causes
the gradient of the isotherms to increase which eventuate to
enhance heat transfer in this region. At Ra = 103, the stream
lines form clockwise inside the cavity where a weak circu-
lation is obtained at the left corner of the cavity upper coun-
terclockwise as Rayleigh number augments. This secondary
circulation is formed due to the improvement of convection
process. Moreover, the values of two circulations enhance
as Rayleigh number rises. At Ra = 105, the stream lines
traverse more distance within the cavity and near the walls
that the phenomena provokes the boundary layer thickness
to plummet and eventually heat transfer increases.

4.2 Effect of Nanoparticle Volume Fraction on Streamlines
and Isotherms

Figure 8 illustrates the stream lines and the isotherm contours
for various volume fractions at Ra = 103. Most changes
in the isotherms are observed from ϕ = 0 to 0.08 where
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Fig. 10 Comparison of the
streamlines and isotherms at
Ra = 105 for different volume
fractions of copper/water
nanofluid a ϕ = 0, b ϕ = 0.04,
c ϕ = 0.08, d ϕ = 0.12,
e ϕ = 0.16

the isotherm of T = 0.3 moves to the upper of the cav-
ity completely and shows that the gradient of the isotherm
on the hot bottom wall enhances which causes heat trans-
fer to increase. We followed a certain value of the stream-
lines for different volume fractions in the streamlines. It is
obvious that the core of the streamline expands when the
volume fractions enhance for the specific values of stream
functions.

Figure 9 exhibits the streamlines and the isotherms at
Ra = 104, as the volume fraction alters from 0 to 0.16.
The isotherm of T = 0.5 moves to the upper of the cavity
and the gradient of the isotherms in the upper section of the
cavity left wall increases. Moreover, the compression of the
isotherms near the bottom wall augments with the growth
of the volume fractions. The weak circulation in the upper
section of the cavity left wall ameliorates and occupies more
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Fig. 10 continued

spaces within the cavity when the volume fraction enhances.
It is clear for a certain value of the streamlines that both
circulations expand with the rise of the volume fractions.

Figure 10 shows the effect of the increment of the volume
fraction on the streamlines and the isotherms. The isotherms
are influenced by the volume fractions marginally and the
most changes can be observed from ϕ = 0 to 0.04, but
the effect of nanoparticles is immensely considerable on the
streamlines where the streamlines shape elliptically. This
new form of the streamlines helps the convection process
improve in the cavity.

4.3 Effect of Rayleigh Number and Various Nanofluids
on Average Nusselt Number

Figure 11 depicts the variation of the normalized Nusselt
number (NU∗

avg) on the hot bottom wall of the cavity toward
the volume fraction of copper nanoparticles for different
Rayleigh numbers. It illustrates that NU∗

avg augments with
the enhancement of the volume fraction for different Rayleigh
numbers. In addition, it demonstrates that NU∗

avg increases
as Rayleigh number enhances. These results demonstrate
the effects of nanoparticles on heat transfer grow with the

Fig. 11 Values of the normalized average Nuseelt number at differ-
ent volume fractions and various Rayleigh numbers for copper/water
nanofluid

augmentation of Rayleigh number as the normalized Nusselt
number has the least value for various volume fractions at
Ra = 103.
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Fig. 12 Values of the average Nusselt numbers at different volume
fractions, nanoparticles and Rayleigh numbers

Figure 12 displays the average Nusselt number on the hot
bottom wall of the cavity at various nanoparticles and the vol-
ume fractions of nanofluid with different Rayleigh numbers.
It shows that the average Nusselt number increases with a
similar trend for various nanoparticles at different Rayleigh
numbers, but the enhancement is different for multifarious
nanoparticles. For instance, at Ra = 105, the average Nus-
selt number augments by 17.56 % for Cu, 12.16 % for CuO
and 8 % for Al2O3. Furthermore, the highest and the low-
est average Nusselt numbers are obtained as Cu and Al2O3

nanoparticles are used, respectively.

5 Conclusions

Natural convection in a cavity with a linearly heated wall
which is filled with water as the base fluid and three different
nanoparticles of Cu, CuO, and Al2O3 have been conducted
numerically by LBM. This study has been carried out for the
pertinent parameters in the following ranges: the Rayleigh
number of base fluid, Ra = 103 − 105, the volume fractions
0–16 % and some conclusions were summarized as follows:

(a) A proper validation with previous numerical investiga-
tions demonstrates that LBM is an appropriate method
for multiphase flow problems with different boundary
conditions.

(b) Generally, the increase in the volume fractions and the
Rayleigh numbers result in the augmentation of heat
transfer.

(c) The effect of nanoparticles on heat transfer augments
as Rayleigh number increases as the growth is marginal
from Ra = 104 to 105.

(d) The nanoparticles of Cu demonstrate the best effect on
heat transfer among other nanoparticles.

(e) The nanoparticles increment causes the streamlines to
expand and the secondary circulation at Ra = 104 and
105 occupies more space within the cavity.
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