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Abstract Turaev introduced the notions of group coalgebras, Hopf group coalgebras and quasitriangular Hopf
group coalgebras. Virelizier studied algebraic properties of Hopf w-coalgebras. In this paper, we give the def-
initions of a (crossed) left H-m-modules over a (crossed) Hopf -coalgebra H, and show that the categories
of (crossed) left H-m-modules are both monoidal categories. Finally, we show that a family R = {Ry g €
Hy ® Hglo,per of elements is a quasitriangular structure of a crossed Hopf 7 -coalgebra H if and only if the
category of crossed left H-m-modules over H is a braided monoidal category with braiding defined by R.
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1 Introduction

The notion of a quasitriangular Hopf algebra was introduced by Drinfeld [1] when he studied the Yang—Baxter
equation. Recently, Turaev [9] introduced Hopf w-coalgebra, which generalizes the notion of Hopf algebra.
Hopf m-coalgebras are used by Virelizier [11] to construct Hennings-like (see [2,4]) and Kuperberg-like (see
[5]) invariants of principal 7 -bundles over link complements and over three-manifolds. Virelizier also studied
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algebraic properties of Hopf group coalgebras and generalized the main properties of quasitriangular Hopf
algebras to the setting of quasitriangular Hopf 7 -coalgebras in [10].

In this paper, we first give the definitions of left H-w-modules and crossed left H-m-modules over a
Hopf m-coalgebra H. Then, we show that the category of left H-w-modules is a monoidal category and
so is the category of crossed left H-m-modules. Finally, for a Hopf m-coalgebra H, we show that a family
R = {Rup € Hy ® Hglo ger of elements is a quasitriangular structure of H if and only if the category of
crossed left H-m-modules is a braided monoidal category with braiding defined by R.

2 Basic Definitions

Throughout the paper, we let  be a discrete group (with neutral element 1) and k be a fixed field. We
set k* = k\{0}. All algebras and coalgebras, 7 -coalgebras and Hopf m-coalgebras are defined over k. The
definitions and properties of algebra, coalgebra, Hopf algebra and category can be seen in [3,6,7]. We use the
standard Sweedler notation for comultiplication. The tensor product ® = ®y is always assumed to be over k.
If U and V are k-spaces, 1,y : U ® V — V ® U will denote the twist map defined by ty, v (t Q@ v) = v u.
The following definitions and notations in this section can be found in [8—10].

Definition 2.1 A m-coalgebra (over k) is a family C = {Cqy},c, Of k-spaces endowed with a family A =
{Ag,p 1 Cap = Cou ® Cgly gey Of k-linear maps (the comultiplication) and a k-linear map ¢ : C; — k (the
counit) such that A is coassociative in the sense that for any «, 8, y € 7,

(Ag,p ®idc,)Agp,y = (idc, ® Ap.y)Ag gy,

(idc, ® &)Ay,1 =idc, = (¢ ®idc,) Al .

Note that (Cy, Aq 1, €) is a coalgebra in the usual sense.
Sweedler’s notation We extend the Sweedler notation for a comultiplication in the following way: for any
o, B € mand c € Cog, We write Ay g(c) = D C(1,a) ® c2,8) € Co ® Cg, or shortly, we write Ay g(c) =
¢(1,a) ® c(2,p)- The coassociativity axiom gives that for any o, 8, y € 7 and ¢ € Cqypy,

Cap)(1,0) @ C1ap)(2,8) @ C2,y) = C(1,a) ® C2,Ly)(1,8) @ C2,67)2,y)s

this element of C, ® Cg ® C, is written as c(1,4) ® ¢(2,8) ® ¢(3,y). By iterating the procedure, we define
inductively ¢(1,¢,) ® €(2,a0) ® *** ® C(n,q,) fOrany ¢ € Cy qs...a, -

Definition 2.2 A Hopf m-coalgebra is a w-coalgebra H = ({Hy}, A, €) endowed with a family S = {Sy :
Hy — H,-1}qer of k-linear maps (the antipode) such that each H,, is an algebra with multiplication m, and
neutral element 1, € Hy, e : Hy — kand Ay g : Hyg — Hy ® Hg are algebra homomorphisms for all
o, B € m, and such that for any @ € 7,

My (Sy-1 ®1dp,)Ay-1 4 = elg = my(idp, ® Su-1)Ay 41
We remark that (Hq, m1, 11, A1.1, €, S1) is a usual Hopf algebra.

Definition 2.3 A Hopf w-coalgebra H = ({Hy}, A, €, S) is said to be crossed provided it is endowed with a
family ¢ = {¢p : Hy — Hg,g-1 }a,per of k-linear maps (the crossing) such that the following conditions are
satisfied

1. each gp : Hy — Hpg,p-1 is an algebra isomorphism,
2. each gg preserves the comultiplication, i.e., forall o, B, y € 7,

(s ® 9p) Doy = Dpop-1 pyp-198>

3. each gg preserves the counit, i.e., epg = €,
4. ¢ is multiplicative in the sense that g = @gog forall g, ' € 7.

Definition 2.4 A quasitriangular Hopf w-coalgebra is a crossed Hopf w-coalgebra H = ({H,}, A, €, S, ¢)
endowed with a family R = {Ry,p € Hy ® Hgly ger of invertible elements (the R-matrix) such that the
following conditions are satisfied
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Ry g+ Ao p(x) = 1p.0(0y-1 ®idy, ) Aypy—1 4(x) - Ry g,

. (dp, @ Apy)(Ra,gy) = (Ruy)1p3 - (Ra,p) 12y,

- (Aa,p ®1dp,) (Rap,y) = [(idH, ® ¢g-1)(Ry g, p-1)]1183 - (Rp,y)a23s
- (0 @ ) (Ra,y) = Rgop-1 gyp-1>

BN =

where o, B,y € m,x € Hyg, 18, denotes the twist map Hg ® Hy, — Hy ® Hg. For k-spaces P, QO and
r=%pi®qj € PR Q,wesetrip, =r®1, € POQOQQH,,ry3 =1,0r € H, ® P ® Q, and
rpgs=2Xp;®lg®q;j € PR Hg® 0.

Note that Ry ; is a (classical) R-matrix for the Hopf algebra H.

3 The Category of Left H-n-Modules

Definition 3.1 Let H = ({Hy}yers A, €, S) be a Hopf w-coalgebra. A left H-w-module over H is a family
M = {My}yex of k-spaces such that My, is a left Hy-module for any o € . We denote the structure maps of
left Hy-module M, and left H-7-module M by I'y, : Hy ® My — My and I'yy = {T" 1, }yer > TESpECtively.

Definition 3.2 Let M = {My}yecn, N = {Ny}aer be left H-w-modules. A left H-7-module morphism is a
family f = {fy : My — Ng}yer Of k-linear maps such that f, is an H,-module morphism for any o € 7.

Let H = ({Hy}yers A, €, S) be a Hopf m-coalgebra. We denote by i M the category of all left H-m-mod-
ules, whose morphisms are left H-m-module morphisms.

Suppose that M = {My}ye, and N = {Ny }y e, are left H-m-modules. Then, Mg ® N, is aleft Hg @ H, -
module for any B, y € m. Because Ag, : Hg, — Hg ® H, is an algebra morphism, Mg ® N, is a left
Hpg,-module with the action given by i - (m @ n) = Ag,(h)(im ® n),h € Hg,,m € Mg,n € Ny,. So
(M®N)y := @ py=aMpg ® N, is aleft Hy-module. Thus, M @ N = {(M ® N)q}aer is aleft H-m-module,
where the structure maps I'yon = {I"(m@n), Jaer are given by

Fen), = ﬁ@ (Tmy ® Ty, )(dy, ® T, My ®idy,)(Ap,, ®idy, ®idy,).
y=a

Suppose that P = {Py},c 1s also a left H-mw-module. Then, we have two left H-7-modules (M ® N) ® P
and M ® (N ® P). By definition, for any o € 7, we have

(MON)® Pla= P (M&N)s® P,
By=a

=P P MNP

By=a 0o=p

= P MN,)®P,.
foy=a

and

(M & (N®P)a= P My ® (N® Py
0B=u

=P Ma (P W, @ P)

Of=a oy=p

= P My® (N, @ P,).
foy=a

Let 0, 0, y € m. Because A is coassociative, one knows that

a9,a,y:(M9®Na)®Py_>M9®(N0®Py)
mMAn)Qpr>me[nQp)
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is an isomorphism of Hyy,-module. Hence, for any o € 7, e = @y, ,—y 6,0,y s an isomorphism of left
Hy-module from (M @ N) ® P)g to (M @ (N ® P))oy. Anda = {ag}yer : MON)QP - M Q (N Q P)
is a left H-m-module isomorphism. Obviously, it is a family of natural isomorphisms.

Because Hj is a usual Hopf algebra, k is a left Hj-module with the action given by h - A = g(h)A, h €
Hi, ) € k. Hence, K = {Ky},er 1s a left H-m-module, where K1 = k, Ky, = 0,V 1 # o € . For any left
H-m-module M, wehave (K @ M)y = K1 My =k Q@ My and (M Q K)oy = M, @ K| =My, Qk,x € 7.
So we have natural isomorphisms /3y : K @ M — M andry; : M @ K — M defined by

(ZM)a3k®Ma—>Ma,)»®WH—>)»m,
rmla: My @k — My, m @ A +— Am.

That is, {Iy;} and {rp;} are two families of natural isomorphisms of left H-7-modules.
We summarize the above discussion as follows.

Theorem 3.3 (y M, ®, K, a, [, r) is a monoidal category, where K is the unit object.

Example 3.4 The category mw-Vect; of m-graded vector spaces becomes the category of left H-m-modules
over the trivial Hopf w-coalgebra H = {Hy }ye, defined by H, = k.

4 The Category of Crossed Left H-7-Modules

Definition 4.1 Let H be a crossed Hopf 7 -coalgebra. A left H-mw-module M is called crossed if there exists a
family oy = {om,p : Moy — M Bap-! }a,ex Of k-linear maps such that the following conditions are satisfied

1. eachpy g : My — Mpg,p-1 is a vector space isomorphism,
2. each gy g preserves the action, i.e., forall o, B € m, h € Hy,m € My, oy g(h - m) = @g(h) - ppr,p(m).
3. each ¢y is multiplicative in the sense that g gor, g = @ pp forall B, B’ € m.

Remark 4.2 The regular left H-m-module H is always crossed if we set oy = {¢g}ger-

Definition 4.3 Let M = {My}oer, N = {Ny}aer be two crossed left H-w-modules. A crossed left H-m-
module morphism is a left H-7-module morphism f = {fo}aer : M — N suchthat oy g fo = fpap-19Mm.8
forany o, B € 7.

Let H = ({Hy}aer, A, €, S, ) be a crossed Hopf w-coalgebra. We denote by g M rossed, the category of
crossed left H-m-modules and crossed left H-m-module morphisms.
Let M, N be any crossed left H-w-modules. We have already proved that M ® N is also a left H-m-

module. Define pen,; 1 (M @ N)g —> (M Q@ N) 4.1 bY omen IMgeN, = ¢m.zIMs @ ¢n z|N,, Where
o, B, v,z € r with By = «. Since

(M®N)o= P Mz N,
By=a
and

M ® N)zotz’l = @ Mzﬁz*' ® Nzyz’l

Byz \=zaz!

= @ Mzﬂz—l ®Nzyz"’
By=a

¢MeN .z 1s a well defined k-linear isomorphism from (M @ N)y to (M @ N)
forany h € Hy,m € Mg and n € N,, we have

waz-1 forany o, z € . Moreover,

omen,z(h-(m@n)) = (ppm,; @ N ) (ha,p -mhwo,y) - n)
= om,:(h,p-m) on (ha,y) -n)
= @, (h,p) - om,:(m) @ ¢ (h2,y)) - oN 7 ().
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and

@z (h) - omeN, :(m @ n) = ¢ (h) - (pm (M) @ pn (1))
= Aygr-1 gyt (p:(h)) - (pm,z(m) ® pn z(n)).

Since @, preserves the comultiplication, we have

Apt o1 (02 () = (902 ® ) Ay (h) = D~ 0:(h(1.) ® 9z(h2,y))-

Hence gppyon.;(h - (m @ n)) = ¢ (h) - ppyen,.(m @ n). It is easy to see that pyeN. ;. PMeN.2 = PMON 2>
i.e., pyen 1s multiplicative. Thus, M ® N is a crossed left H-m-module.

Now let M, N and P be crossed left H-7-module. Then, one can easily check that oy gNgP) ;00 =
Q-1 P(M@N)@P,z for any a,z € m, and hencea : (M @ N) @ P - M ® (N ® P) is a crossed left
H-m-module morphism.

Note that K, = Kﬂaﬂq =kifa=1,and K, = Kﬂaﬂq =0ifa # 1. Since ¢; =id : Hy — H, is the
identity map, the unit object K = {Ky}yer is a crossed left H-m-module if we set ox g =id : Ko — Kgyg-1.
Then, one can easily check that the left and right unit constraints [ = {l3;} and r = {rys} are crossed left H-
r-module morphisms. Thus, we have the following theorem.

Theorem 4.4 (g M. rossed, ®, K, a, [, r) is a monoidal category, where K is the unit object.

Remark 4.5 There exists a natural monoidal functor F from (g Mrogsed, ®, K, a, [, r)to (gM, ®, K, a,l,r)
defined by forgetting the crossing.

Example 4.6 Let H = {Hy}qer be the trivial Hopf m-coalgebra defined by H, = k as in Example 3.4. Then,
H is a crossed Hopf 7-coalgebra with the unique crossing ¢ = {¢g = id : Hy — Hgyp-1}a,per- A left
H-m-module is a w-graded vector space V = {Vy}yer. Now assume that V is a crossed left H-w-module
with a crossing v = {gv,g : Vo — Vgep-ila, B € m}. Then, dimVy, = dimVyyg-1 forall o, B € 7. Let
K (7r) denote the set of conjugate classes of 7 and assume m¢ := dimV, < oo forany o € C € K(x). For
any o € 7, let us fix a basis of V,. Then, a k-linear isomorphism ¢y g : Vo — Vjg,g-1 is determined by an
invertible matrix Xy g in G Ly, (k), where o € C € K(ir) and B8 € . Thus, a crossing of V is determined by
a map

QT XT — U GLy (k)

CeK(m)

with (o, B) € GLy (k) wheno € C € K(r), satisfying (p(ﬂaﬁ’l, y)o(a, B) = ¢(a, yB) foralla, B, yem.

5 The Braided Monoidal Category

Throughout the following, assume that H = ({Hy }qer, A, €, S, ) is a crossed Hopf w-coalgebra, and let
R ={Rp,, € Hg ® Hy}p ycr be a family of elements. Let M and N be any crossed left H-m-modules. For
any B, y € m, define

CMg,N, * Mg ® Ny — Nﬂyﬂ” ® M,g
by
cMg,N, (m @n) = (¢pn,p @ 1dpmy) T8,y (Rp,y - (M @ 1)) (1)
where m € Mg and n € N, . For any a € 7, define
(CM,N)Ot : (M®N)ot = @ Mﬂ ®Ny — (N®M)a = @ Nﬂylg—l ®M/3
By=a By=a

by (cu.N)a = @ﬂy:a cMpg, N, - Then it is obvious that (cp n)a is a k-linear isomorphism for any o € 7 if
and only if sois ¢y, N, forany B,y € 7.

Lemma 5.1 With the above notations, we have

@ Springer



1068 Arab J Sci Eng (2011) 36:1063-1070

1. (cm.N)a is a k-linear isomorphism for any crossed left H-m-modules M and N, and o € m if and only if
R is a family of invertible elements.

2. cyN M QN — N Q®M is aleft H--module morphism for any crossed left H-m-module M and N if
and only if

Rpy - Apy(h) =7y glpg-1 @ idmy) Ag,g-1 g(h) - Rp,y
forall B,y € m and h € Hpg,,.

Proof 1. Assumethat R = {Rg, € Hg® Hy }g,yex 1s afamily of invertible elements. Then obviously, ¢y, v,
is a k-linear isomorphism for any 8, y € m since sois ¢y g. Conversely,let M = N = H.Because @g 1s an
isomorphism, from the hypothesis one knows that the map Hg @ H, — Hg @ H,,x @ y = Rg,(x ® y)
is a k-linear isomorphism for all B8, y € m. It follows that Rg , is an invertible element in the algebra
Hg ® H,.

2. From [10] we know that gg@g-1 = ¢1 = id. Let M and N be crossed left H-m-modules. Then it is clear
that (cm,N)e is an Hy-module morphism for any « € 7 if and only if cp, v, is an Hp, -module morphism
forany 8,y € w.Letm € Mg,n € N, and h € Hg, with B, y € m. Then, we have

cMg,N, (h - (m @ n)) = cug N, (Ap,y (h)(m @ n))
= (¢n,p @ idmg)Tp,y (Rpy (Apy (h)(m @ n)))
= (¢n,p ® idmy)Tp,y (R, Mgy (1) (m ® n))

and

h-cmy N, (m @ n)
= Agyp-1.p(h) - Cmp.n, (M @ 1)
= ((pp ® 1dny) (91 @ idmy) Ag, -1 g(h)) - (on,p @ 1dp,) (T, (Rp,, (M @ n)))
= (pp ®idu,)(pg-1 @ idpHy) Ag,p-1 g(h)) - (pN,p ® idy,) (T8, (Rp,y (M @ 1))
= (¢n, ® 1dy,) (g1 ® 1dHy) Agy -1 g(h)) - T,y (Rp,y (m @ n)))
= (¢N,p ® 1dpy)(T8,y (Ty,p((9p-1 ®idH,) Agyp-1 g(h))) - T8y (Rp,y - (M Q n)))
= (pn,p @ 1dpy) T,y (Ty,p((Pp-1 @ 1dHy)Ag,g-1 g(h)) - Rp,y - (m @ n))

Because gy g isanisomorphism, ¢y N, (h-(m®n)) = h-cpy N, (m@n) ifandonly if (Rg , Ap,y (h))(m®n) =
‘Cy”g(((pﬂfl®idHﬂ)AI3w3717ﬂ(h))-ng,y~(m®n).ThuS, ifRg,-Apy(h) = ‘L'y,lg((pﬂfl®idHﬂ)Aﬂyﬁ71’ﬁ(h)~Rﬂ,y
forall h € Hg,,,then CMg,N, is an isomorphism of left Hg, -modules. Conversely,let M = N = H,m = 1g €
Hgandn =1, € H,. Then, from (Rg,, Ag, (h))(m®n) = 7y, p((@g-1 ®idHﬁ)Aﬂyﬂ_1’ﬂ(h))-R,3,y -(m®n),
one gets Rgy, - Ay (h) = 7y p((pp-1 ® idHy)Ag,g-1 g(h)) - Rp,y. |

Lemma 5.2 The following two statements are equivalent:
1. oneM.z(cM,N)a = (CM,N) az-1PMeN,; for any crossed left H-m-modules M and N, and o, z € 7.

2. (p; ® 0)(Rpy) = RZﬁZ—IJVZ—I forany B,y,z € m.

Proof Let M and N be crossed left H-7-modules. For any 8,y,z € m,m € Mg andn € N,,, we have

oNeM.z(cm . N)py(m @ n)
= (¢N,z ® ¥m.z)(Cmy N, ) (M @ n)
= (¢N.: ® Pm.2) (9N p ® idmy) Ty (Rp.y - (M @ 1))
= (oN,z0N. @ oM. (T, (Rp,y) - (n @ m))
= (N2 ® om.2)(tp.y (Rp ) - (n @ m))
= ((pN,Z,Bz*l ® iszﬂf] WonN,z ® om.)(T8,y (Rp,y) - (n @ m))
= (‘PN,zﬂz’l ® idMZﬂZ,l ) (¢ ® (pz)(fﬁ,y(Rﬁ,y)) (N, (1) ® pum,z(m)))
= (@N,2p1 @1y, ) (Type-t 11 (02 ® ) (Rp.y)) - (9.2 (1) @ P ()
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and

(CM,N) gy~ 19M@N,z (M & n)
=My 1N, (Pm (M) ® g 2 (1))

= ((pN,zﬁz_l ® idMZﬁZ—l )Tzﬁz—l,zyz—l (Rzﬁz—',zyz—' (oM z(m) @ pn (n)))
= (QDN’ZﬂZ*l ® iszﬁz’I )(Tzﬂzfl,zyzfl (Rzﬁzfl’zyzfl) : (¢N,Z(n) ® (pM,Z(m)))

It follows that Part (2) implies Part (1). Now assume that Part (1) is satisfied. Let M = N = H, m = 1g and
n = 1,. Then from pngum.c(cp.N) gy (M @ n) = (cM.N) g, .~ 1¢MaN. (M & n), one gets

((pzﬁzfl ® ideﬁz’I )(‘Czﬁzfl,zyzfl (((/)Z ® ‘/’Z)(R/S,y)))
= (‘pzﬂz_l ® idﬂzﬂz—l )(Tzﬂz",zyz‘l (Rzﬂz_l,zyz_' ).

Since ¢_g.-1 and Tg,-1 ., -1 are isomorphisms, it follows that (¢; ® ¢z)(Rgy) = R g -1

»ZVZ ZYZ

Lemma 5.3 The following two statements hold:

. cu.nop = (Ady @ cy,p)(cm Ny ® 1dp) for all crossed left H-m-modules M, N and P, if and only if for
alla, B,y € m,

(idg, ® Ag,y)(Ra,py) = (Ra,p)183 - (R, )12y -

2. cmen.p = (cu,p ®1dy)(Ady ® cn, p) for all crossed left H-m-modules M, N and P, if and only if for
alla, B,y € m,

(Aa,p @ 1dH, ) (Rap,y) = [(idH, @ ¢g-1)(Ry g,p-1)]183 - (Rp,y)a23-

Proof We only prove Part (2). The proof of Part (1) is similar.
Let M, N and P be crossed left H-m-modules. For any m € My,n € Ngand p € P, withe, B,y € 7,
we have

((em,p ®@idy)(idy @ cn,P))apy(m @ n ® p)
= (M, Py, ®1dN,)(idy, @ g, p, )M @1 © p)
= (cM,.P, st idng) ((dpm, ® ¢p.p ® idn,)(idp, @ T8,y)((Rp.y)e23 - (M @ n & p)))
= (¢pro ®idy, ®idny) (T4 gy p-1 ® idn,)
X((Ry, gyp-112p - ((idy, @ ¢p,p @ idn,)(idy, ® 18,,)((Rp,y)a23 - (In @1 Q p))))
= (¢r,o @ idy, ®idn,)(Ty gyp-1 ®idng)((1dH, ® ¢p @ idpy) ([(dH, ® ¢g-1)(Ry gyp-1)]128) -
x((idp, ® ¢p,p @ idny)(idy, ® T8,5)((Rp,y)a23 - (M @1 Q p))))
= (‘pP,a ® idM[, ® idNﬂ)(Ta,ﬁyﬂ—l ® idNﬁ)(idMa Qppp® idNﬁ)
x([(dp, ® pg-1)(Ry gyp-1)]12p - ((dm, ® T8,y)(Rp,y)a23 - (M @1 ® p))))
= (pp,a ®idy, ®idyg)(pp p @ idy, @ idn,)(Te,y ® idny)
x(idpm, ® 78,)([(1dH, ® ¢g-1)(Ry gyp-1)]1p3 - (Rp,y)a23 - (M @ n @ p)))
= (¢r.ap ® 1dm,@N) (Ta,y ® 1dn,)(iduy, @ T8,y)
X (([(dH, @ ¢g-1)(Ry gy p-1)]1183(RB 1 )a23) - (M QN ® p))

and

(cMeN,Papy(m @ n & p)
= (‘pP,otﬁ X idMg@Nﬁ)TD(ﬂ,)/(ROl,B,V (m®n) ® p))
= (¢P.ap ® 1dm,eN,) (Ta.y ®i1dn,)(idy, ® 15,)(Agp ®idp,)(Repy) - (M @ n @ p)).
Thus, if (A, p®idu, ) (Rep,y) = [(idH, ®pg-1)(Ry g, p-1)]1183-(Rp,y a2z foralle, B,y € m,thencyen,p =
(cm,p ®1idy)(idy ® cy, p) for all crossed left H-w-modules M, N and P. Conversely, let M = N = P =
H,m = 14,n = lgand p = 1. Then from (cyuen, P)apy (m@n® p) = ((cp,p®idn) (idy @cn,P))apy (M®

n® p), one gets (Agp ® i) (Ropy) = Lidr, ® 05-1) (R 51153 - (Rpy a3 SINCE @p. o Ty and
7, are isomorphisms.
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Theorem 5.4 Let H = ({Hy}aern, A, &, S, @) be a crossed Hopf mw-coalgebra, and let R = {Ry.p € Hy ®
Hglo pex be a family of elements. Then, the monoidal category (g Merossed, ®, K, a, 1, r) of crossed left H-
w-modules is a braided monoidal category with the braiding c if and only if H = ({Hy}aer, A, €, S, @, R) is
a quasitriangular Hopf w-coalgebra, where c is defined by R as in (1).

Proof 1f ¢ is a braiding of the monoidal category (5 Mcrossed> ®, K, a, [, r), then it follows from Lemmas 5.1,
5.2 and 5.3 that R is a quasitriangular structure. Conversely, assume that R is a quasitriangular structure. Then
by Lemmas 5.1, 5.2 and 5.3, it is enough to show that ¢ = {c n} is natural.

Let f : M — M'and g : N — N’ be two crossed morphisms of crossed left H-mw-modules. For any
m € My andn € Ng, where o, B € m, we have

(& ® Hem N ap(m @ n) = (8upat ® fa)Crty iy (m @ 1)
= (Supa—t @ o) (@N.o @ iy, ) Twp(Rerp - (m @ )
= (Gapat ® f)(@N.0 @ idy,) (T (Rap) - (n @ m))
= Bupat ® fu) (90 ® idp,) 70 (Ra,p)) - (9,0 (n) © m))
= ($o ®idg) T s (Rap)) - (apat ® fo) (on,a(n) @ m))
— ($o ®id) T s (Rap)) - (Supo 19N, (1) ® fo M)
= (¢u ®idp) T s (Rap)) - (0.8 () ® furlm)

and
(erm N/ (f ®8)ap(m @n) = cpyy ny, (fo ® gp)(m @ n)

= Cm;,.Nj (fa(m) ® gg(n))
= (¢on'.a @ 1dy ) Ta,p(Rap - (fa(m) ® gp(n)))
= (¢n'.a @ 1dp ) (T, g(Ra,p) - (88(n) @ fo(m)))
= (g« ® 1dH,)Ta,8(Ra,p)) - (N7 0 ® 1dpy) (g8 (1) ® fo(m)))
= ((pa ® idHa)‘CDl,,B(ROl,,B)) : ((pN’,txg,B(n) ® fulm)).

Hence (g ® f)em,n = e v (f @ g). This completes the proof. O

Acknowledgments This work is supported by NSF of China, No. 10771182 and No. 10771183, and supported by Doctorate
foundation, No. 200811170001, Ministry of Education of China.

References

1. Drinfeld, V.G.: Quantum groups. In: Proceedings of ICM, 1986, vol. 1, pp. 798-820, American Mathematical Society,
Providence (1987)

2. Hennings, M.A.: Invariants of links and 3-manifolds obtained from Hopf algebras. J. Lond. Math. Soc. 54(2), 594-624
(1996)

3. Kassel, C.: Quantum Groups. Springer, New York (1995)

4. Kauffman, L.H.; Radford, D.E.: Invariants of 3-manifolds derived from finite dimensional Hopf algebras. J. Knot Theory
Ramif. 4, 131-162 (1995)

5. Kuperberg, G.: Involutory Hopf algebras and 3-manifold invariants. Internat. J. Math. 2(1), 41-66 (1991)
6. Montgomery, S.: Hopf Algebras and Their Actions on Rings. CBMS Series in Mathematics, vol. 82, American Mathematical
Society, Providence (1993)
7. Sweedler, M.E.: Hopf Algebras. Benjamin, New York (1969)
8. Turaev, V.G.: Crossed Group-Categories. AJSE 33, 483-504 (2008)
9. Turaev, V.G.: Homotopy field theory in dimension 3 and crossed group-categories. Preprint GT/0005291
10. Virelizier, A.: Hopf group-coalgebras. J. Pure Appl. Algebra 171(1), 75-122 (2002)
11. Virelizier, A.: Crossed Hopf group-coalgebras and invariants of links and 3-manifolds. in preparation

@ Springer



	Quasitriangular Hopf Group Coalgebras and Braided Monoidal Categories
	Abstract
	1 Introduction
	2 Basic Definitions
	3 The Category of Left H-π-Modules
	4 The Category of Crossed Left H-π-Modules
	5 The Braided Monoidal Category
	Acknowledgments
	References


