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Prediction of shear viscosity of a zinc oxide suspension with colloidal aggregation
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We deal with scaling relations based on fractal theory and rheological properties of a colloidal suspension
to determine a structure parameter of colloidal aggregates and thereby predict shear viscosity of the col-
loidal suspension using an effective-medium model. The parameter denoted by fis m(3-d;), where m indi-
cates shear rate (D) dependence of aggregate size R, i.e. RcD™, and dy is the fractal dimension for the
aggregate. A scaling relation between yield stress and particle volume fraction ¢ is applied to a set of exper-
imental data for colloidal suspensions consisting of 0.13 um zinc oxide and hydroxyethyl acrylate at ¢ =
0.01-0.055 to determine f. Another scaling relation between intrinsic viscosity and shear rate is used at
lower ¢ than the relation for the yield stress. It is found that the estimations of S from the two relations are
in a good agreement. The parameter £ is utilized in establishing rheological models to predict shear vis-
cosity of aggregated suspension as a function of ¢ and D. An effective-medium (EM) model is employed
to take hydrodynamic interaction between aggregates into account. Particle concentration dependence of the
suspension viscosity which is given in terms of volume fraction of aggregates ¢, instead of ¢ is incorporated
to the EM model. It is found that the EM model combined with Quemada’s equation is quite successful in
predicting shear viscosity of aggregated suspension.

Keywords: colloidal aggregate, fractal dimension, yield stress, effective-medium model, zinc oxide

1. Introduction

Rheological properties of particulate colloidal suspen-
sions have offered useful information to characterize
microstructure of the suspensions. The microstructure, i.e.
spatial distribution of particles in the suspending medium,
is primarily affected by interparticle potential among the
particles which is obtained by superposition of various
particle interactions. The interparticle potential illustrates
whether the particles are attractive or repulsive depending
on gap distance between the particles. Colloidal particles
in Brownian motion diffuse and collide each other in the
suspending medium. The particle collision offers chance
of aggregation due to interparticle attraction correspond-
ing to primary or secondary minima in the interparticle
potential-gap distance curve. The particle aggregation
influences rheological behavior of the colloidal suspen-
sion even at low volume fractions of the particles. Pres-
ence of separate particles itself in suspending fluid
increases suspension viscosity due to flow perturbation by
the particles. Aggregation of particles causes additional
increase of the suspension viscosity as well as non-linear
rheological behavior. Description of particle aggregation
is not simple. Compactness and shape of aggregates vary
with colloidal systems. The state of the particle aggrega-
tion can change with particle volume fraction and time. As
the particle volume fraction increases, the aggregates tend
to cluster to form network structure. This network forma-
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tion is referred to as colloidal gel or percolation. Colloidal
gelation gives steep change in the rheological behavior.

Microstructure of suspension is also affected by exter-
nally imposed force. When shear force is applied or mean
flow is given, hydrodynamic interaction among the aggre-
gates may play major role in determining the microstruc-
ture of the suspension. Many suspensions exhibit shear-
dependent behavior related with size reduction of aggre-
gates. The shear dependence is determined by competition
between shear force and attractive force between particles
in an aggregate.

All these details of the aggregates influence the rheo-
logical behavior. Conversely it can be inferred that rheo-
logical properties of the suspension would be useful in
quantifying the particle aggregation. There have been
numerous investigations to find the theoretical relations
between the macroscopic rheological properties and the
microscopic information of the particulate aggregates
(Buscall et al., 1988; Eggersdorfer et al., 2010; Lee and
Koo, 2016; Mewis and Wagner, 2012; Potanin et al.,
1995; Quemada, 1998; Shih et al., 1990; Wessel and Ball,
1992). The microscopic structure of the aggregates can be
quantitatively described by adapting fractal concept (Jul-
lien and Botet, 1987; Lin et al., 1989; Meakin, 1987) Due
to self-similarity of aggregate structure, colloidal aggre-
gates have been considered as of fractal geometry. The
average aggregate size is expressed in terms of fractal
dimension which is defined in a scaling relation between
mass-radius of an aggregate given by Eq. (1). The fractal
dimension d, is a measure for compactness and shape of
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aggregate. It is also concerned with aggregation rate.

When aggregates are under shear flow, their size
decreases as the applied shear force increases. Previous
studies have shown that aggregate size has power-law
dependence on shear rate (Eggersdorfer ef al., 2010; Pot-
anin, 1993; Sonntag and Russel, 1986). The power-law
dependence is expressed by a scaling relation between
aggregate size R and shear rate D, i.e. RcD™.

These two parameters, dyand m, are necessarily import-
ant in developing scaling theories. Common methods to
determine d, are optical measurement such as static light
scattering and small angle X-ray scattering techniques.
The exponent m was also measured using a light scatter-
ing device specially designed for detecting particles and
aggregates in shear flow (Sonntag and Russel, 1986).
Computer simulation was performed for two typical cases
of aggregation, i.e. so-called rigid and soft aggregation
(Eggersdorfer et al., 2010; Potanin, 1993). Many aggre-
gated colloidal systems lie between the two cases. Gen-
eralized formula, however, has not been suggested from
the simulation. In practice, scaling theory can be a useful
alternative in determining the parameters. In most cases,
m and dy are used in a combined form of m(d-d;), where d
is the Euclidean dimension. Thus, d is 3 in three dimen-
sional space. For convenience, the parameter m(3-d)) is
denoted as .

In present study we first examine scaling relations to
estimate the parameter S. A scaling relation regarding
yield stress is introduced to determine f. It is compared
with that from another scaling relation for intrinsic vis-
cosity. This scaling relation assumes that volume fraction
of aggregates is low so that interaction between the aggre-
gates is negligibly weak. This assumption means that the
scaling relation of intrinsic viscosity is adequate at the
very dilute regime where yield stress is negligible. Esti-
mations by these two scaling relations are compared. For
experimental data we prepare a colloidal suspension con-
sisting of 0.13 um zinc oxide particles and Newtonian
hydroxyethyl acrylate. The particle volume fraction ranges
0.01-0.055. Once the parameter [ is obtained, we shall
consider an effective-medium model for predicting the
suspension viscosity as a function of shear rate and par-
ticle volume fraction. In the model, hydrodynamic inter-
action between the aggregates is considered in an approxi-
mate manner. Particle concentration dependence of the
suspension viscosity is incorporated with the model to pre-
dict shear viscosity for suspension of aggregates. Finally,
these theoretical predictions are compared with experi-
mental results.

2. Experimental Procedure

2.1. Sample preparation
Zinc oxide (ZnO) particles are widely used in industry
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as an ingredient for cosmetics and coloring pigment. We
used the zinc oxide particles manufactured by Sukgyung
AT Co. in Korea. The grade is SG-ZNOO1 with average
size of 0.13 um and density of 5.61. Hydroxyethyl acry-
late (CH,CHCOOCH,CH,O0H, Junsei Chemical Co., Ltd.,
Japan) with density of 1.10 g/cm’ is used as suspending
medium. It is a Newtonian fluid with viscosity of 4.37 cP
at 25°C. Particle volume fraction of this colloidal suspen-
sion ranges from 1 to 5.5%.

Preparation of the colloidal suspension starts with wet-
ting zinc oxide particles with hydroxyethyl acrylate. The
zinc oxide particles are wetted with 10-20 mL of the acry-
late using spatula for about 5 min. Then the remaining
acrylate is added to the wetted particles. The mixture is
vigorously dispersed by a mechanical homogenizer (Model
HG-150, WiseTIS Corporation). This operation lasts for 3
min at 3000 RPM at a time and yields a slurry state of the
mixture after three times repetition. The slurry is treated
with an ultrasonic treater (SD-100H, Seongdong Co.,
Korea). The ultrasonic dispersion is performed for 30 min
at 280 Watts and 60 Hz. After the operation we obtain a
colloidal suspension of the zinc oxide particles.

2.2. Measurement

Shear viscosity of the colloidal suspension is measured.
For the measurement a cone-and-plate Brookfield viscom-
eter (Model LVDV-II, AMETEK Brookfield Inc., USA) is
used, which is implemented with a cone sensor (Model
CPA-527) at tilting angle of 4° from a plate plane. The
colloidal suspension is pre-sheared at 10 sec” for 1 min.
Then the shear viscosity is measured at the shear rates
ranging from 10 sec™' to 100 sec™'. The temperature is
kept at 25°C (£0.1°C) by the water circulator with tem-
perature control unit.

Sedimentation behavior is also checked. For the sedi-
mentation test, we use cylindrical tubes of 15 mm diam-
eter and 150 mm height immersed vertically in a water
bath maintained at 25°C (+0.1°C). The tube is filled with
20 mL of colloidal suspension. In the sedimentation pro-
cess, if the aggregated particles begin to settle down leav-
ing clear fluid zone at the top of the suspension in the
tube, an interface between clear liquid and settling sedi-
ment appears. Evolution of the interface position is mea-
sured with time. A circulator with temperature control unit
is connected to the water bath to keep the temperature
during the sedimentation.

3. Results and Discussion

A scaling relation between yield stress z, and particle
volume fraction ¢ is considered to estimate the parameter
B which is m(3-d;). Let us suppose N particles with radii
a forming an aggregate with a radius of gyration R and
mass M. Then the aggregate follows mass-radius relation
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NocMoc(%)df (1)

where d; is the fractal dimension of the aggregate. When
the suspension is under shear flow, the shear dependence
of aggregate is expressed by (Buscall e al., 1988; Eggers-
dorfer et al., 2010; Potanin, 1993)

R —m

e D )
where D is the shear rate and the exponent m indicates
shear dependence of aggregate size. It is assumed that all
the particles in the suspension reside in equal-sized aggre-
gates. Each aggregate is considered as a sphere with radius
R and it contains N particles and suspending medium
within a spherical volume of radius R. Then the effective
volume fraction of aggregates in the suspension denoted
by ¢, can be written as

- 4(Ry (E)Hf
g=L(2)<g(2) 7. 3)
Just near yield stress point, 7,D = 7, where 7, is the vis-
cosity of suspending medium, i.e., fluid. Since the yield
stress is considered as onset of gelation in the colloidal
suspension, the whole suspension can be approximated as

an aggregate. The ¢, becomes unity for the state of col-
loidal gel. Then, from Egs. (2) and (3) we obtain

gocg”. )

This is consistent with previous work (Buscall et al.,
1988; Lee and Koo, 2014; Snabre and Mills, 1996).

To extract § from Eq. (4), yield stress data at each ¢ are
required. We apply Casson’s equation (Casson, 1959), i.e.,
Eq. (5), to shear stress-shear rate data at ¢ = 0.01-0.055 in
Fig. 1.
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Fig. 1. Shear stress (7) - shear rate (D) data at various particle
volume fractions (¢).
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Fig. 2. Casson plot between shear stress”’(7'?) and shear
rate'%(D'™).

Tl/2 — T;/Z + (ﬂwD)l/z (5)

where 7is the shear stress at the shear rate D and 7, is the
suspension viscosity at infinite shear rate. The Casson plot
for the yield stress is given in Fig. 2. It is interpreted that
the yield stress indicates solid-like behavior and hence it
is directly related with onset of colloidal gelation. It is
seen that the yield stress begins to appear at ¢ > 0.01
although the magnitude is quite small and rapid increase
of the yield stress takes place near ¢ = 0.04. It is, however,
somewhat ambiguous to determine gelation threshold by
only the appearance of yield stress regardless of its mag-
nitude. To ensure the gelation threshold we check sedi-
mentation behavior. Figure 3 shows the sedimentation
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Fig. 3. Evolution of relative sediment height (H/H,) with time at
various ¢. Here, H, is the initial sediment height (100 mm) and
H is the sediment height at time ¢.
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Fig. 4. Yield stress (7,) vs. particle volume fraction (¢) at
#=0.04-0.055.

behavior. When sedimentation takes place, the suspension
is divided into settling sediment and clear fluid in the
upper zone. Height of interface between the sediment and
clear fluid in test tube form sedimentation is monitored
with time. Ratio of the height H at time 7 to initial height
H, is plotted with time at ¢ = 0.015-0.05. It is seen that
sedimentation does not occur near ¢ = 0.05. In Fig. 2 the
yield stress begins to increase steeply at ¢ = 0.04. Con-
sidering both results it is proper to take ¢ > 0.04 for yield
stress data. Plot of yield stress data with ¢ in Fig. 4 gives
B =0.26. It has been previously reported that the param-
eter m ranges 0.2-0.5 and d, is 1.6-2.5 in most colloidal
suspensions (Meakin 1987; Lin et al., 1989; Mewis and
Wagner, 2012). Then Susually lies in the range of 0.1-0.7.
Our value for £ is within this range.

It is also possible to determine S below gelation thresh-
old. The well-known Einstein’s equation (Einstein, 1906)
is used to give a useful relation for intrinsic viscosity.
When interaction between aggregates is negligible, the
intrinsic viscosity [77] for an aggregated suspension is
given by

[7]=2.5/8,, 6)

where ¢, is the particle volume fraction in an aggregate
and thus ¢,, = @@, (Smith and Bruce, 1979). The intrinsic
viscosity can be estimated from Krieger-Dougherty’s equa-
tion (Krieger and Dougherty, 1959) given by

(. _ﬁ ~[n14,,
o (1 ¢m) @
where 77 is the suspension viscosity and ¢, is the maxi-
mum random packing density of particles. Generally, ¢, is
taken to be 0.63 for hard spheres (Russel and Sperry,
1994).

Using Eq. (7), the relative viscosity 7/7, is plotted as a
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function of ¢ at each shear rate in Fig. 5. The slope of each
fitting line corresponds to the intrinsic viscosity at each
shear rate. As the shear rate increases, it is evident that
two separate fitting for the experimental data is more suit-
able near ¢ between 0.035 and 0.04. One fitting line is for
¢=0.01-0.035 and the other is for ¢ > 0.04. It seems that
there’s remarkable change near ¢ = 0.04 in the colloidal
suspension. This is consistent with rapid increase of yield
stress at ¢ > 0.04. It is confirmed that gelation among the
aggregates seems to take place at ¢ > 0.04. Since Eq. (6)
assumes dilute suspensions where interaction among aggre-
gates is negligible, the data for ¢=0.01-0.035 in Fig. 5 are
used for the intrinsic viscosity.

Incorporating Egs. (2) and (3) into Eq. (6), we obtain a
scaling relation for the intrinsic viscosity in terms of S

(7D, (8)

This relation is used to determine the exponent . It is
illustrated in Fig. 6 and £ is found to be about 0.24. This
value is in reasonable agreement with that from yield
stress data. This agreement between two scaling relations
has been reported previously for colloidal suspensions of
inorganic nanoparticles (Lee and Koo, 2014; Cho and
Koo, 2015). This result exhibits that S is constant whether
the aggregates form network or not. Hence it is interpreted
that the parameters, m and d;, maintain constant across the
gelation threshold.

The parameter S is quite useful in predicting shear vis-
cosity of suspension with fractal aggregates. Commonly
used is effective volume concept for the aggregates. The
aggregates are considered as spheres. It is assumed that
particles exist in each aggregate of radius R and R depends
on shear rate D, as mentioned earlier. Fractal dimension
and spherical shape of aggregates are also assumed invari-
ant. According to these assumptions, particle concentra-
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Fig. 6. Intrinsic viscosity ([77]) vs. shear rate (D).

tion dependence of suspension viscosity is written in terms
of ¢@,, volume fraction of aggregates, not ¢. We make use
of a viscosity-particle concentration relation proposed by
Quemada (1977)

)
2 fa) 9

Note that ¢ is replaced by ¢,. Instead of Eq. (9), we may
choose another viscosity equation such as Batchelor’s
equation given below for semi-dilute regime (Batchelor
and Green, 1972)

L =11254,+524. (10)
o

Incorporating Eqs. (2) and (3) into ¢, in either of the
Egs. (9) and (10), we obtain shear viscosity equation as
functions of ¢ and D for given £ and material constant o;,.
This scheme, however, does not include hydrodynamic
interaction among the aggregates in the relation between
aggregate size and shear stress. According to Eq. (2), the
aggregate size inversely scales with shear stress, i.e. the
product of shear rate and fluid velocity, to the power of the
exponent m. One way to consider the hydrodynamic inter-
action in the shear dependence of aggregate size, is to take
the shear stress term as the product of shear rate and sus-
pension viscosity, not the fluid viscosity. This change in
shear stress term can be well explained by employing an
effective-medium model (Quemada, 1998; Patel and Rus-
sel, 1988; Potanin, 1992). Figure 7 shows schematic dia-
gram for suspension (a) and effective-medium model (b).
In this model, it is supposed that suspension consist of test
aggregate at origin and the surrounding effective-medium
with suspension viscosity 7. The effective medium reflects
hydrodynamic interaction due to presence of many aggre-
gates except test aggregate in an approximate manner.
According to this model, Eq. (2) should be written in
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Fig. 7. Schematic diagram for (a) suspension of aggregates and
(b) effective-medium (EM) model.

terms of 7 and D

§=C(;770F)7m, r=%) (11)

where C is the numerical constant, I" is the dimensionless
shear rate, and o, is the material constant related with
attractive force between particles. Specifically, the param-
eter o, directly related with attractive force f. between
particles is given by

on =Lz, g-du2 (12)
7a 12h

where Ay is the Hamaker constant and /4 is the gap dis-
tance between particles (Potanin, 1992). The Hamaker
constant Ay equals (A;'"*-A4;p"?)* where 4, and Ay, are
the Hamaker constants for particles and fluid, respectively.
Since Ay, and A are not available in the literature, we need
another approximation for g, It is to make use of yield
stress data at the maximum particle volume fraction ¢,,. It
was found that rough estimation of o;, with Ay = Ay, and
h = 0.4 nm as typical value is on the same order of mag-
nitude as the yield stress at ¢,
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It is also necessary to write Eq. (3) in a closed form

_ SRy
=23 (13)

This is obtained from the relation that as d, goes to 3
then ¢ becomes ¢, and ¢, equals unity. Substituting Egs.

(11) and (13) into Eq. (9), we obtain

)’ 1\’
=] +2 —| -1=0 14
(2) +20(2) (14
where the parameter y is given by
_ (Y
14 2¢fn(r) ) (1)

Here, C* equals C"". The parameter y contains all the
variables including ¢ and D to determine the suspension
viscosity. The numerical constant C is 2.5™ for so-called
rigid aggregates to which applied stress is fully transmit-
ted. Hence the C" is 0.4 for rigid aggregates. The C is
expected to be larger than 0.4 for soft aggregates which
partially transmit imposed stress and corresponds to sec-
ondary energy minimum in interparticle potential curve. It
can be inferred that C* for many colloidal suspensions lie
between rigid and soft aggregates. In our analysis C~ is
properly chosen to make comparison with experiment.
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Fig. 8. Relative viscosity (7/7,) vs. shear rate (D) at ¢=0.01,
0.03, 0.055. Marks indicate experimental result. Solid lines cor-
respond to the EM model with Quemada’s equation (Eq. (9)).
Dashed lines are for the EM model with Batchelor’s equation
(Eq. (10)). Dotted lines indicate the model without hydrody-
namic interaction between aggregates (the line at ¢ = 0.055 is not
shown here) Lower lines for each model correspond to lower ¢.
The letters Q and B in the parenthesis of legend stand for Que-
mada’s and Batchelor’s equations, respectively.
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Instead of Eq. (9) we may choose Eq. (10). From Egs.
(11), (13), and (10), we obtain

28 B -1
24¢iw2(%)) +5¢m¢/(l77°) + 17(%)) -0. (16)
These formulas, i.e., Egs. (14) and (16), are used to cal-
culate the suspension viscosity. Figure 8 shows the rela-
tive viscosity of aggregated suspension estimated from the
model based on Egs. (14) and (16) as a function of D at
¢=0.01, 0.03, and 0.055. In Fig. 9, the relative viscosity
is plotted as a function of ¢ at D = 10-100 sec™'. These are
compared with experimental data. A simple model with-
out considering hydrodynamic interaction is also included
for comparison. In this model, viscosity ratio term in Eq.
(11) is not necessary and thus the equation becomes

R_ —m
“-crm, (17)

Then the suspension viscosity based on Eq. (9) reduces
to

%’_(1—2@2:0. (18)

In Eq. (18) the inverse of relative viscosity becomes
zero when = 0.5, which means that the suspension vis-
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Fig. 9. Relative viscosity (77/7,) vs. volume fraction (¢) at
D = 10, 50, 100 sec '. Marks indicate experimental result. Dotted
lines indicate the model without hydrodynamic interaction
between aggregates. Solid lines correspond to the EM model
with Quemada’s equation (Eq. (9)). Dashed lines are for the EM
model with Batchelor’s equation (Eq. (10)). Lower lines for each
model correspond to higher D. The letters Q and B in the paren-
thesis of legend stand for Quemada’s and Batchelor’s equations,
respectively.
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cosity goes to infinity. To avoid w of 0.5, the numerical
constant C” can be adjusted. Then the suspension viscosity
estimated by this model becomes unreasonably higher
than the experimental results. Otherwise, due to limitation
of y; we are not able to get finite value of the suspension
viscosity beyond ¢ = 0.03. Figure 8 shows the relative vis-
cosity by this model at ¢=0.01 and 0.03 only although
variation of i is still restricted. It is confirmed more
clearly in Fig. 9. This result explains importance of con-
sidering hydrodynamic interaction.

The effective-medium (EM) model which takes hydro-
dynamic interaction into account is coupled with a vis-
cosity equation such as either Quemada’s equation, i.e.
Eq. (9), or Batchelor’s equation, i.e. Eq. (10), to estimate
viscosity of aggregated suspension. It is found that the EM
model with Eq. (9) is in a good agreement with the exper-
imental results. On the other hand, the EM model with Eq.
(10) shows agreement with the experiment only at ¢ <
0.02. It is shown that the EM-model with Batchelor’s
equation gives considerable discrepancy from the experi-
mental data as ¢ increases. Although ¢ range for the
experiment is 0.01-0.055 at which Batchelor’s equation
may be suitable as dilute concentration, the discrepancy is
attributed to the fact that Eq. (10) is based on ¢, which is
basically larger than ¢. For this reason, the EM model
with Eq. (10) gives limited agreement with experiment for
lower ¢ than Eq. (10) for non-aggregated suspension.
Conclusively it is found that the EM model coupled with
Quemada’s equation is suitable for predicting shear vis-
cosity of aggregated suspension as functions of shear rate
and particle volume fraction.

4. Conclusion

We determined the structure parameter S for colloidal
aggregates using scaling relations regarding rheological
properties of a colloidal suspension consisting of 0.13 pm
zinc oxide and hydroxyethyl acrylate. The particle volume
fraction ¢ is in the range of 0.01-0.055. The parameter S
is given by m(3-dy), where m indicates shear dependence
of aggregate size and d, is the fractal dimension for the
aggregate. Two scaling relations were used to determine /.
One is to make use of yield stress as a function of ¢,
which is available in the regime that aggregates form net-
work structure. The other is intrinsic viscosity as a func-
tion of shear rate D, which is valid for dilute regime where
interaction between the aggregates is negligible. Experi-
mental data for ¢ > 0.04 was used for the scaling relation
of the yield stress. The scaling relation for the intrinsic
viscosity was used for data at ¢ = 0.01-0.035. The param-
eter Fis 0.24 with the yield stress and 0.26 from the intrin-
sic viscosity. It is found that estimations of S with the two
scaling relations are in good agreement. This implies that
shear dependence of aggregate size and fractal dimension
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keep constant regardless of gelation.

Next, we examined rheological models to predict shear
viscosity of aggregated suspension as a function of ¢ and
D. In the models it is assumed that the colloidal aggre-
gates are considered as spheres of radii R depending on D
and d,is invariant. Each sphere includes particles and fluid
inside. Then viscosity equation can be written in terms of
volume fraction of the spheres, ¢,. An effective-medium
(EM) model was used to take hydrodynamic interaction
between the spheres into account. Simple model without
hydrodynamic interaction was also compared. The effec-
tive-medium model incorporated with Quemada’s equa-
tion (Eq. (9)) was shown to reconcile well with experimental
results. No solution was found beyond ¢ > 0.03 for the
case of no hydrodynamic interaction. Besides Quemada’s
equation, Batchelor’s equation (Eq. (10)) was adapted. It
is found that Batchelor’s equation combined with EM
model agrees with experimental results at ¢ = 0.01 but as
¢ increases, it shows large discrepancy from the experi-
mental results. This is attributed to that Batchelor’s equa-
tion is given in terms of ¢, instead of ¢ and ¢, is always
larger than ¢ for aggregated suspensions. In conclusion, it
is found that the EM model with Quemada’s equation is
the most suitable to estimate shear viscosity of colloidal
suspension with aggregates as a function of ¢ and D.
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