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In plastics processing, the single most important rheological property is the steady shear viscosity curve: the
logarithm of the steady shear viscosity versus the logarithm of the shear rate. This curve governs the vol-
umetric flowrate through any straight channel flow, and thus governs the production rate of extruded plas-
tics. If the shear rate is made dimensionless with a characteristic time for the fluid (called the Weissenberg
number, Wi), then we can readily identify the end of the Newtonian plateau of a viscosity curve with the
value Wi~ 1. Of far greater importance, however, is the slope at the point where the viscosity curve inflects,
(n—1), where n is called the shear power-law index. This paper explores the physics of this point and related
inflections, in the first and second normal stress coefficients. We also discuss the first and second inflection
pairing times, A}, and Aj. First, we examine the generalized Newtonian fluid (Carreau model). Then, we
analyze the more versatile model, the corotational Oldroyd 8-constant model, which reduces to many sim-
pler models, for instance, the corotational Maxwell and Jeffreys models. We also include worked examples
to illustrate the procedure for calculating inflection points and power-law coefficients for all three visco-
metric functions, 7(y), ¥,(») and ¥,(y).
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differences

1. Introduction

In plastics processing, the single most important rheo-
logical property is the steady shear viscosity curve: the
logarithm of the steady shear viscosity versus the loga-
rithm of the shear rate. This curve governs, for instance,
the volumetric flowrate through any straight channel flow,
and thus determines the production rate of extruded plas-
tics. If the shear rate is made dimensionless with a char-
acteristic time for the fluid, we call the result the Weissenberg
number, Wi. We can readily, and generally, identify the
end of the Newtonian plateau of a viscosity curve with the
value Wi=1. In other words, we associate a characteristic
time, A, with the “roll-off” value of the Weissenberg num-
ber, Wiy=Ayy~1 (where yy is the roll-off steady shear
rate). For example, for the Carreau model, A is the recip-
rocal of the roll-off shear rate. Of far greater commercial
importance, however, is the slope where the viscosity
curve inflects, (n—1), where n is called the shear power-
law index, and about which, little is written. In this con-
nection, we know of no textbook treatment of viscosity
curve inflection. Clearly, with the viscosity inflection at
Wi, we identify an inflection characteristic time, 4;. We
thus call A the roll-off characteristic time of the fluid. This
paper explores the physics of this and two related inflec-
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tions which are the first and second normal stress coeffi-
cients, by deriving expressions for this slope from two
constitutive equations: one generalized Newtonian (Car-
reau) and one corotational viscoelastic (Oldroyd 8-con-
stant) which can be reduced to many simpler models [see
Eq. (36) ff in Saengow et al. (2015a and b); Table 8.1-1
in Bird et al. (1977); Table 7.3-2 in Bird et al. (1987)] in
Subsection 3.1 and 3.2.

Of course, where the viscosity curve approaches the sec-
ond Newtonian plateau at the second Weissenberg number,
Wi, , we identify the second characteristic time, 1.,
which lies beyond the scope of our reflections on inflec-
tions. For fluids with a first normal stress coefficient,
Y, (»), we identify an additional set of three characteristic
times, A, 1} and A,, which we, of course, expect to
relate to A, A; and A, . For fluids with a second normal
stress coefficient, W,(»), we identify an additional set of
three characteristic times, A", A and A2, which we again
expect to relate to A, 4; and 4, . By now, the reader will
have noticed that, in this paper, we use primes for quan-
tities related to W,(y), and double primes for those related
to W,(p). In this work, we define every symbol, dimen-
sional in Table 1, and dimensionless, in Table 2.

With each inflection, we associate a tangent [Eq. (5.2-
53) in Bird et al. (1977)]:

n() =my"" (1)
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Table 1. Dimensional variables.

Name Unit Symbol Eq.
Any coordinates, i-th L X;
Carreau characteristic time, first normal t Al @)
Carreau characteristic time, second normal t Al ®
Carreau characteristic time, shear t Ae ©6)
Coefficient in Eq. (115) t a (115)
Coefficient in Eq. (116) t y/j (116)
Coefficient in Eq. (139) t A (139)
Coefficient in Eq. (140) t B (140)
Corotational derivative ! ::r (12)
Extra stress tensor* MIL? 1 )
First normal stress coefficient ML ¥ =—(r, -7.)/7
First normal stress coefficient, infinite shear rate ML ¥, = :,l.i'_'f,“*’u
First normal stress coefficient, inflection MIL Y
First normal stress coefficient, A-th spectrum ML Yoy (205)
First normal stress coefficient, zero shear rate ML ¥y =lim'¥,
Inflection characteristic time, first normal t A
Inflection characteristic time, second normal t A
Inflection characteristic time, shear t A
Oldroyd coefficient t 7 )]
Oldroyd coefficient t 7 ®
Oldroyd coefficient t 1b )
Oldroyd coefficient t Vi )
Oldroyd coefficient t v )
Oldroyd coefficient, relaxation time t A &)
Oldroyd coefficient, relaxation time, k-th spectrum t Ak (181)
Oldroyd coefficient, retardation time t A &)
Oldroyd coefficient, retardation time, k-th spectrum t Aok (182)
Oldroyd shear thickening constant £ oy (16)
Oldroyd shear thickening constant, #-th specturm £ O3,
Oldroyd shear thinning constant t2 o (15)
Oldroyd shear thinning constant, n-th spectrum t2 Oin 92)
Pairing time, first inflection t Ay “)
Pairing time, second inflection t Ay ®))
Power-law coefficient, first normal MILE™ m' (44)
Power-law coefficient, second normal ML m" (45)
Power-law coefficient, shear MILE™" m (43)
Rate-of-deformation tensor ! y=Vv+(Wy) (11)
Roll-off characteristic time, first normal t A
Roll-off characteristic time, second normal t A"
Roll-off characteristic time, shear t A
Second characteristic time, first normal stress coefficient t Al
Second characteristic time, second normal stress t Al
Second characteristic time, steady shear viscosity t A,
Second normal stress coefficient ML ¥, = (1 —1)/7
Second normal stress coefficient, infinite shear rate ML Yy, = _Ei'}] ¥,
Second normal stress coefficient, inflection MIL WY,
Second normal stress coefficient, zero shear rate MIL Yy = _'_,.i']},‘*’:
Shear rate, yx-component, steady ! 3
Shear rate, yx-component, steady, inflection ! 7
Shear rate, yx-component, roll-off ! n

268 Korea-Australia Rheology J., 27(4), 2015



Reflections on inflections

Table 1. Continued.

Name Unit Symbol Eq.
Steady shear viscosity MLt n (14)
Steady shear viscosity, infinite shear rate MLt 7.
Steady shear viscosity, inflection MLt m; (90)
Steady shear viscosity, k-th spectrum MLt e (180)
Steady shear viscosity, zero shear rate MLt o C)]
Total stress tensor MILY T=T+ ph (10)
Time t t (165)
Time, polymer processing characteristic t t, (165)
Vorticity tensor I ®=Vv- (W) (13)

Legend: M = mass; L = length; ¢ = time; T = temperature

*Where 7; is the force exerted in the jth direction on a unit area of fluid surface of constant x; by fluid in the region lesser x; on fluid
in the region greater x; [see “Note on the Sign Convention for the Stress Tensor” on pp. 19-20 of Bird et al. (2007), or pp. 24-25 of

Bird et al. (2015)].

Table 2. Dimensionless variables and groups.

Name Symbol Eq.
Carreau first normal stress coefficient, infinite shear rate N, ="¥../¥ (60)
Carreau index, first normal ng. @)
Carreau index, second normal n ®
Carreau index, shear ne ©)
Carreau second normal stress coefficient, infinite shear rate N,.=Y,. /¥y (73)
Carreau viscosity, infinite shear rate H,.=n./1 47)
Carreau Weissenberg number, first normal Wig = Ay (61)
Carreau Weissenberg number, first notmal, inflection Wiy, =A%y, 67)
Carreau Weissenberg number, second normal WiZ= Ay (74)
Carreau Weissenberg number, second normal, inflection WiZ =A%, (80)
Carreau Weissenberg number, shear Wi, = Ay (48)
Carreau Weissenberg number, shear, inflection Wig, = 4.7, (54)
Coefficient in Eq. (199) 2R (199)
Coefficient in Egs. (181) and (182) a (181), (182)
Coefficient in Eq. (192) o (192)
Coefficient in Eq. (193) Ay (193)
Coefficient in Eq. (195) @ (195)
Coefficient in Eq. (196) A (196)
Exponent in Eq. (57) ) (58)
Exponent in Eq. (70) o' (71)
Exponent in Eq. (83) o" (84)
Leider number Ld=na'/t, (165)
Oldroyd constant ratio o=o,/o,=n,[n (19), (20)
Oldroyd constant ratio, n-th spectrum o, =0,/0, 94)
Power-law index, first normal n' 41
Power-law index, second normal n" (42)
Power-law index, shear n (40)
Riemann zeta function ()= % (184)
Weissenberg number, shear Wi zl.&!)i
Weissenberg number, shear, inflection Wi, = 4y,

Korea-Australia Rheology J., 27(4), 2015

269



C. Saengow, A.J. Giacomin, P.H. Gilbert and C. Kolitawong

W, (7) =m'7 )
¥, (7)=-m"7" 3)

each of which, thus, has a slope (n—1, n'-2 and n"-2) and
an intercept (In m, In m' and In m"). In the event that either
n(y), ¥Y,(») or ¥,(») do not inflect, when any of these
functions approach asymptotes as y— o0, we can identify
the tangents given by Eqs. (1)-(3) with these asymptotes.
We call these tangents power-laws, and the parameters #,
n' and n", power-law indexes, and the factors m, m' and
m", power-law coefficients.

With the pairing of Egs. (1) and (2), we uncover the first
inflection pairing time [Eq. (5.2-54) of Bird et al. (1977)
or Eq. (4.2-68) of Bird et al. (1987); Eq. (2) of Leider
(1974) or Eq. (20) of Leider and Bird (1974)]:

. (%)1/014) @)

and with Egs. (1) and (3), the second inflection pairing time:
n\ 1/(n"—n)
2 =( ) 5)

2m

which we will explore in Subsection 3.2 for the Oldroyd
8-constant model. A} arises in quasi-steady state solutions
to squeezing flow problems [see EXAMPLE 5.2-6 of Bird
et al. (1977)].

Whereas log-log plots of viscosity versus shear rate will
inflect at Wi;, the linear-linear plot of viscosity versus
shear rate will, of course, inflect at Weissenberg number
well below Wi;. These linear-linear inflections are not to
be confused with inflections of log-log plots of viscosity
versus shear rate. Linear-linear inflections are beyond the
scope of this paper.

1.1. Carreau model

In this paper, we shall first deepen our understanding of
the inflection of the viscosity curve using the Carreau
model [see Eq. 5.1-13 in Bird et al. (1977)]:

5 (=12

Ll - 1+ ()] (6)

0 £
where three of the parameters have clear physical signif-
icance: 7, is the zero-shear viscosity, 7, is the infinite
shear rate viscosity and A. is the characteristic time for
the Carreau fluid. By inspection, we see that n: governs
the rate of descent for the case of shear-thinning, where
7> 1., . Further, the lower the value of nc, the lower the
value of A.y at which the viscosity approaches its lower
limit, 7,.If nc>1, Eq. (6) gives lim, 7 =+o, which is
why Eq. (6) cannot adequately describe shear-thickening.
In this paper, we will derive an expression for the slope of
the steady shear viscosity curve at its inflection, (n—1), to
discover how n, shear power-law index, is related to the
parameters in Eq. (6): 7y, 7., Ac or nc. In this connec-
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tion, we observe that viscosity curves predicted by Eq. (6)
are not two-fold symmetric about the inflection. Specifi-
cally, the roll-off to the straight region is always more
rapid than the approach to the lower limit, 7, .

Of course, though never done, Eq. (6) can be re-pro-
posed easily for the first normal stress coefficient:

V-, s 2 e-2)/2
L B =R b Y (P 7
l']"'I(]i"[““l:»r. |: +( "Lr/] :| ( )
and also, for the second:
[ 3 (ng-2)/2
—27 2% _|y4(A2 8
e NGOl (8)

We will use Egs. (6) and (7) in Subsection 3.1.

1.2. Oldroyd 8-constant model

Of course, in steady shear flow, the curves for the first
normal stress coefficient, ¥(#), and for the second nor-
mal stress coefficient, ¥,(y), also inflect. To deepen our
understanding of these inflections, and of their relations to
viscosity inflections, we consider the more general con-
stitutive equation, the Oldroyd 8-constant model:

, T
T+ 4
Cat

3 ()Y = Ty vty (Ty)d

I( ,r-/) . . . .
=—fr..LY+f1: T—;f:lv-v}%la(_v:v}ﬁ] Q)

7/ §

which reduces to many important models as special cases.
In Eq. (9), the total stress tensor is given by:

=T+ pd (10)
and the rate-of-deformation tensor, by:

7=Vv+(Vv) (11)
and the corotational derivative, by:

22 e

where the vorticity tensor is defined by:
®=Vv—(Vv) (13)

In Eq. (10), 8 is the kronecker delta. The Oldroyd 8-con-
stant model can be remarkably useful in polymer process-
ing when it leads to analytical solutions, as it does for wire
coating [Case III in Jones (1964)], and to a corrugated
wire coated through a corrugated die [see Section 3. of
Jones and Jones (1966); Section 2. of Jones (1967)], and
in plastic pipe extrusion for elliptical pipe [see Jones
(1965); Camileri and Jones (1966)], and also to extrusion
from an eccentric annular pipe die [Case II in Jones
(1964); Saengow et al. (2015 a and b)].

For steady shear flow, Eq. (9) yields [Eq. (8) of Jones (1964)]:

??[?}):I+U:?}: (14)
'F}[I l+o-|}:'2
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where:
o = 40+ (=3 )= (1= v) (15)
oy = AL+ (1 —32v,)— 1 (1, -vy) (16)
Introducing the Weissenberg number:
Wi= o,y (17)
into Eq. (14) gives:
where:
o=0,/0, (19)

From Eq. (17), we identify the first characteristic time of
the fluid as = /o, . Taking the limit as strain rate, 7, goes
to infinity yields:

n./m =0 (20)

which assigns clear physical significance to o. The Old-
royd 8-constant model thus predicts viscosity curve shapes
with just three parameters: o3, 77, and o (one less than the
Carreau model). From Eq. (18) we learn that, for the shear
stress to increase monotonically with shear rate, we need:

o=1/9 1)

From Eq. (18), we see that o governs the rate of descent
for the case of shear-thinning, where #, >#.., and the rate
of ascent where 7, <7.. Thus, Eq. (18) is as useful for
describing shear-thickening (o >1) as it is for shear-thin-
ning (o <1) [see Fig. 1]. Whereas, for the Carreau model,
the viscosity begins its descent toward the straight region
at Ay=~1, for the Oldroyd 8-constant model, these

0.6

0.4}

0.2}

In H/??n

-0.2F

047

-0.6f

-0.8
2 -1 0 1 2

In Wi
Fig. 1. Dimensionless viscosity curves for shear thinning (o= % R
%), Newtonian (o= 1) and shear thickening (o= f;, %) behav-
iors. Blue dots indicate inflections given by Eq. (90) [Oldroyd 8-
constant].
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approaches begin at Ay ~1/10 (for all values of o). Further,
the viscosity approaches its limit, 7,, at Ay =10 (for all
values of o). In this paper, we will derive an expression
for the slope of the steady shear viscosity curve at its
inflection, (n— 1), to discover how 7 is related to the
parameters in Eq. (18): a;, i, or o. In this connection, we
observe that viscosity curves predicted by Eq. (18) are not
two-fold symmetric about the inflection. Specifically, the
approach to the straight region is always more rapid than
the approach to the limit, 7, (for all values of o).

For the normal stress difference coefficients, for the
Oldroyd 8-constant model, in steady shear flow, we get
[Eq. (12) of Oldroyd (1958)]:

A n(7)
V(7)) _ A m, (22)

10 10" 10
Wi

Fig. 2. Dimensionless first normal stress difference coefficient

curves for shear thinning (o= %, f;), Newtonian (o=1) and

shear thickening (o= % 5 % ) behaviors [Eq. (22)], for every curve,

A, =10s and 4, = 4s. Blue dots indicate inflections given by Eq.

(118) [Oldroyd 8-constant].

and:
V() (hmwm)  n() (Amm) 23)
Yo o (A-Ammtm) ny (A-A-pmt)
where 7(7)/n, is given by Eq. (14), and where:
W, =21,(4-4) (24)
and:
Voo =10 (A=A =+ 41, (25)
Hence:
: A= Ao~y
e P @
271
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!{}: - - - ------“ - - P
10 10 10

Wi
Fig. 3. Dimensionless first normal stress difference coefficient
curves for shear thinning (o= %, %), Newtonian (o=1) and
shear thickening (o= 3, %) behaviors [Eq. (23) with Eq. (18)],
for every curve, 4, =10s and A, = 4s. Blue dots indicate inflec-
tions given by Eq. (144) [with Egs. (139) and (140)]. The lowest
curve does not inflect [Oldroyd 8-constant].

10" 10’ 10
Wi

Fig. 4. Ratio of second to first normal stress difference coeffi-

cient curves for shear thinning (o= %, %), Newtonian (o= 1)

and shear thickening (o= i, %) behaviors [Eq. (26) with Egs.

(24) and (25)] [Oldroyd 8-constant].

Substituting Eq. (18) into Eq. (22) then taking the limit as
Ay —>« of Egs. (22) and (23) gives:

Yo o fim 2P) _A-do 27
Wy, o W A=A

and
WAE lim WE(y)z{)ﬂ_lﬁ)O’—[}@—;g) 28)

\Pm A LP:U (;[1 —H )_(A‘l _‘5"2)

the ordinates of the first and second normal stress coeffi-
cients. We will use Egs. (14), (22) and (23) to evaluate our
inflections below.

In Section 5, we provide worked examples for both the

272

Carreau (Subsection 5.1) and the Oldroyd 8-constant mod-
els (Subsection 5.2). These examples illustrate how to cal-
culate the inflections in all three viscometric functions,
n(7), ¥\(7) and W¥,(7).

2. Differentiating Viscometric Fuctions

In this section, we prepare the expressions that we will
use to find inflections. Since:

dinn = La’r) (29)
n
and:
R
diny = ;d}’ (30)

for the viscosity curve slope, we get:

dinr - d
S (31)
diny ndy

which is why the slope of a viscosity curve is always
dimensionless. We can also nondimensionalize the vari-

ables in Eq. (31) as:

din(n/ny) _dinyg _ 2y d(n/n) (32)
din(Z7) diny n/ny d(Ay)

For the second derivative of a viscosity curve we have:

(33)

d*Iny _d (;&dr;\
d(iny)y dinylndy,
and again using Eq. (30):

iy d[iﬂ]:i[q_};d_’?]ﬂJrﬁ@ (34)

5=V . N 5 )
d(inyp)* “dy\ndy) n’ dy)dy  n dj?

which is thus also dimensionless, and whose variables can
also be nondimensionalized as:

d* In{;_:_:;;") d*In n

d(inipy  d(np)

Ay d(n/n,) d(“f."?o} (f:?}z d? {’?:.’ft]}
. (:;_.r;ﬂ_}: (r/ma)=47 d(27) } d(47) ! /10 d{/‘._‘})g (35)
which we will use in the next Section to find inflections.
Whereas locating the end of the Newtonian plateau of a
viscosity curve is somewhat arbitrary, locating its inflec-
tion point is less so.

Similarly, for the first normal stress coefficient, replac-
ing n with ¥, and 7, with ¥, in Eqs. (32) and (35) gives:

d In(‘{““"l\‘l"m) _ dIn “P] _ /“‘.}’ d["]"]_,-"“‘l’m] (36)
din(Ay) diny  W,/¥,, d(27)
d’In(¥\/¥y) Ay w25 900/ Fi0) |4 (1 /¥10)
d(ln;{;ff}g {‘Pl.-’""m):( 1/Who)-47 da(77) d(37)
. (//]2 "'J("Pl.-"\':]u} (37)
/Mo d(ay)
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and, for the second normal stress coefficient, we get:

din(¥y/¥p) 2y  d(¥2/¥x) (38)
d |n(/1:/) “PQ_,-"“PEG {f(/{?]
d* In(¥,/'¥,) _ Ay |' v,y - .vd(q.v}..-\]im] d(W¥,/¥a)
d(In ”'*-‘}]'2 (¥2/¥ }2 L{ ¥} d(47) d(47)
; (47)" d*(¥2/¥) (39)

Wy /¥y d(/l}")g
We will use Egs. (32) and (35)-(39) to find the inflection
tangents, for the viscosity curve [Eq. (1)] for the first nor-
mal stress coefficient curve [Eq. (2)] and for the second
normal stress coefficient [Eq. (3)] in steady shear flow.

3. Finding Inflections

We define the slope of the tangent where the viscosity
curve inflects as (n—1), where n is called the shear
power-law index:

dn(n/ny )| _dng| (40)

n—1 - = -
(n-1) din(2y) |Wii dl"?’|w1i

where the first normal stress coefficient curve inflects as
(n'-2), where n' is called the first normal power-law index:

dln(q’1.-""q‘1rj)|

_dinv,|
din(Ay) |wi-

diny |Wii

(n'-2) (41)

and where the second normal stress coefficient curve

inflects as (n"-2), where »n” is called the second normal
power-law index:

(1-2)

With each of these inflection tangents, through Egs. (1)-
(3), we associate a dimensional coefficient:

dIn (Wz.-"'\pzu)l
dn(Ay)

_ dln ‘Pz | (42)
|Wii dlny |Wii

m= -T—l (43)
Yi
m=—ti (44)
i
m" = % (45)
Vi .

where (7;.7), (¥y.7) and (¥.7) are the inflection
points. Mindful of Table 1, we see that the single prime
and double prime denote the quantities associated with the
first and second normal stress differences. We will need
Eqgs. (40)-(45) to evaluate Ay and Aj for the Oldroyd 8-
constant model in Subsection 3.2.

3.1. Carreau model

For the steady shear viscosity, we first calculate the
inflection tangent slope for the Carreau model defined in
Eq. (6) which we rewrite as:

Korea-Australia Rheology J., 27(4), 2015

L= (1-H,,)[ 1+ Wid ]{”" 2 m, (46)

o
where we call n¢ the shear Carreau index, and where:
N
H'r. = 47
o “7)
is the dimensionless infinite shear rate viscosity, and where
the shear Carreau Weissenberg number is given by:
Wic = ic7 (48)
where A¢ is the shear Carreau characteristic time.
For the special case of 7., = 0, we see that Eq. (46) approaches:

5 ne-1)/2
2 Trewiz [ (49)
Mo

asymptotically. Eq. (46) intercepts the ordinate at:
L/ (50)
o

as it must. We can thus only identify the shear Carreau
index, n¢, with the shear power-law index, #, for the spe-
cial case of 7,=0 [see after Eq. (57)].

Differentiating Eq. (46) once gives:

W) e ywic(ewid) > 6D
or twice:
d’ (17/m0)
L) _(1-m, ) (ne -1
d Wil ( e =)

x {{u{- ~3) Wi [1+ ij‘)nlz_5 +(1 + wig,)"(é_ﬂ (52)

Substituting Egs. (46), (51) and (52) into Eq. (35) then
simplifying gives:

d*In (17/n0)

(1-H,,)(nc -1) Wig

d(In Wi )’ -1 ?
‘ {{I—HI,L)[HWiE-) 2 +[—JI,J
- WIE 2 {2
2(1-H,)[1- 1+ WiZ
| (e G
—3) Wi nc=3
o, | 2 LW | i) (53)
1+ WiZ

Setting Eq. (53) to zero gives the transcendental function
for the shear Carreau inflection Weissenberg number,
Wig, = j-(:" 0.

(1-H,.)(nc —1) Wig;

n = - 2
He—l -
(1-H, )1+ Wig; ) 2 +1Hl_,]
[ . WIE L =2
2(1-H, )| 1-——Ci |(1+ Wi,
{ ”')[ I+Wi(2-i]( #wit)
* a
(nc =3) Wi; 2\
H,|2 G |1+ widy) 2
| ’ [ ’ 1+ Wig; [ Ic ] | (54)
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01 02 03 04 05 06 07 08 09

Fig. 5. Weissenberg number at inflection point versus shear Car-
reau index () with curves of constant ]I-]Ix=10'l, 107,107, 107,
107 [Eq. (54)].

which is implicit in Wig. Fig. 5 plots Wig versus nc
parametrized with H,. It can thus be used to find Wig;
graphically, and this can then be inserted into:

o (1-H,, )[l N Wif_-i :|ln(...l),.-2 +H, (55)
o

to get the ordinate value of the inflection, In7;, on the
steady shear viscosity curve. Substituting Egs. (46) and
(51) into Eq. (32), then evaluating at Wic = Wig;, gives the
tangent inflection slope defined by Eq. (40):

(nc ~1) Wig; [1 + Wi, }[”" 32

(n-1)= (56)

[1+ Wi, ]["" V2 H,0-H,)
then substituting the result into Eq. (43) [with 7 = Wi¢; /A¢]
gives:

. &
=,[“’_] (57)
where:
(1-nc) Wigy [ 1+ Wig; ](”‘“_3]-":2

. (58)
4 H, /(1-H,)

[1+ Wif..l](""_']-

Eq. (56) shows why, in general, where 7,.>0, n differs
from n¢, and thus cannot be identified with #c.

Next, for the first normal stress coefficient, we calculate
the inflection tangent slope for the Carreau model defined
in Eq. (7) which we rewrite as:

"IN, (59)

o

Lpi]'ﬂ =(1-Ny )1+ Wi'@fg

where we call n(. the first normal Carreau index, and where:
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Ny, =l

R (60)

is the dimensionless infinite shear rate Carreau first nor-
mal stress coefficient, and where the first normal Carreau
Weissenberg number is defined by:

Wic =4cy (61)

where A. is the first normal Carreau relaxation time.
For the special case of ¥,,=0, we see that Eq. (59)
approaches:
u ) ng- —I
i:[] +WiETJ 2 (62)

10
asymptotically. Eq. (59) intercepts the ordinate at:

o= (63)

as it must. We can thus identify the first normal Carreau
index, nl, with the first normal power-law index, »’, for
the special case of ¥,,=0.

Differentiating Eq. (59) once gives:

ne

a(® \P ! o 42\ -2
(cflwi.i’(-m)z(l_Nl'f-){”C ‘2]WIC(]+W|(7] 2 (64)
or twice:
dl{‘Pl,-"‘{Jw) ‘ ‘
—————=(1-Ny, )(nc -2
awiz 07N (e =2)

x[{;;E.—4}w1'ﬁ3(|+wr3]2_3+(|+Wi’€]3_2 (65)
Substituting Egs. (59), (64) and (65) into Eq. (37) then
simplifying gives:

(1-N,,, ) (nf- -2) Wi

d(mnwipy [ e 2
(1-Ni )1+ Wig )2 4Ny,

2(1-N,, )[1 __Wig_ J[| swig)e?

2
1+ Wig

- —4)Wi? 5 e _y
+N,,{2+%][I+Wi;-‘]3 (66)

Setting this to zero gives the transcendental function for
the first normal Carreau inflection Weissenberg number,

Wi:'i Ej‘t"};i:
(1-Np, ) (e ~2) Wigh

0=

2

e

(1N )1 wig) N}

[ Wil =
2(1-N, )| 1-——S |1+ Wi
(=N, )[ 1+Wi'(?-l]( é)

=4 W'2 i_z
Ny, | 24 L= Wic (1+ Wig )2 (67)
1+ Wid
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01 02 03 04 05 06 07 08 09
’ ”
ng,ng
Fig. 6. Weissenberg number at inflection point versus first (n()

and second (n{) normal Carreau index with curves of constant
N, =N, =107, 107 107, 107, 10 [Egs. (67) and (80)].

which is implicit in Wig,;. Fig. 6 plots Wig; versus n¢
parametrized with N, . It can thus be used to find Wi,
graphically, and this can then be inserted into:

-

(1-N,, )[1 + Wiﬂ 2

Py _
o
to get the ordinate value of the inflection, In¥W,;, on the
first normal stress coefficient curve. Substituting Egs. (59)
and (64) into Eq. (36) then evaluating at Wi.. = Wi/, gives

the tangent slope defined by Eq. (41):

+N,. (68)

."‘E'._g
(1= Ny ) (e = 2) Wiy 1+ Wi ) 2
ne-

(1-Np, )|i' + Wid; }IEI_I + Ny

(n'-2) = Wi (69)

then substituting the result into Eq. (44) [with 7 = Wi, /¢
gives:

o=y (70)

2—n- W %i 1+W h‘-i i
d'= { ¢ ) 1 flt_‘?(] 2 - ) (71)
|j1+WIE_2I]{ ¢ h”“‘-+N]'1.‘."':I(I_N|‘1.‘)

Lastly, for the second normal stress coefficient, we cal-
culate the inflection tangent slope for the Carreau model
defined in Eq. (8) which we rewrite as:

¥, e _

1
w—;o:(l_mzx)[umg?} +Ny,, (72)

where we call nf. the second normal Carreau index, and
where:

Korea-Australia Rheology J., 27(4), 2015

Ny, =222 (73)
- l'[JE(]
is the dimensionless infinite shear rate Carreau second
normal stress coefficient, and where the second normal
Carreau Weissenberg number is defined by:

Wig =47 (74)

where A is the second normal Carreau relaxation time.
For the special case of ¥, =0, we see that Eq. (72)
approaches:
) e 1
¥, :[1+Wi;r] 2 (75)
Y20

asymptotically. Eq. (72) intercepts the ordinate at:

¥ (76)

as it must. We can thus identify the second normal Car-
reau index, n(., with the second normal power-law index,
n", for the special case of ¥,, =0.

Differentiating Eq. (72) once gives:

ne-

d(¥,/¥) P " o2
L A R C A
or twice:
d* (¥5/¥a) ]
T — I-N‘,T =2

dWi? (1=-Ny,, )(ne: - 2)

- e

x {{u{- ) Wi (1+ Wi;?ﬁ_3 +(1+wig? )Tﬂ (78)

Substituting Egs. (72), (77) and (78) into Eq. (39) then
simplifying gives:

(1-Ny, )(ng —E}WiE?
d(nwig) | i,
(1-Np, (14 Wig) 2 41Ny,

wie? 2\ -3
2(1-MN,,)| 1- € |l1+wig?
( "}[ 1+Wi[-']( ¢)

5

-

+N,, [2+7(”"‘_4Jw"? ](Hw]{?] 2 (79)

jin2
1+ Wig

Setting Eq. (79) to zero gives the transcendental function
for the second normal Carreau inflection Weissenberg
number, Wif, = A%y,

(1-N,,. )(ng —2) Wig5

0=— ! _
ey -
(I—NE.L](HWiﬁ)? +N21]
wirZ 2|13
2(1-Nyy )| 1-—S |1+ Wi
( 2 ][ I+Wi{%]( ()
®
" _ 4\ Wir2 ne_,
+N,, 2+M (1+wig2) 2 (80)
1+W|d
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which is implicit in Wif,. Fig. 6 plots Wi¢; versus nf
parametrized with N, . It can thus be used to find Wig;
graphically, and this can then be inserted into:

ne

Ya(1my )[iewig]> o, @)

Voo

to get the ordinate value of the inflection, In'W,, on the
second normal stress coefficient curve. Substituting Eqgs.
(72) and (77) into Eq. (38) then evaluating at Wi/ = Wi,
gives the tangent slope defined by Eq. (42):

e

(1= Ny, ) (e ~2) Wity 14+ Wigf ) 2

(n"=2)=Wig;

(82)

e

(1-Ny, ) 1+ Wi{%]?' +N,,,

then substituting the result into Eq. (45) [with 7 = Wig; /4]
gives:

Lp[“’_c} (83)
)1(\

(2-ng) Wi ( L+ Wit2 ][_:;(‘_4;_.,.-_

o=

= (84)
[1+Wig}] e

We use Egs. (54), (55), (67), (68), (80) and (81) with
Egs. (56), (57), (69), (70), (82) and (83) to get the shear
power-law constants, » and m, the first normal power-law
constants, »' and m’, and the second normal power-law
constants, n” and m” , that are consistent with the inflec-
tion tangent of a Carreau fluid. We illustrate the procedure
to obtain these three sets of power-law constants in Sec-
tion 5.1. We provide the discussions for the special case of
7,=0, ¥,,=0 and ¥,,=0 above, after Egs. (48), (60)
and (75).

.'J
Ny, [(1-Ny,)

3.2. Oldroyd 8-constant model

We now turn our attention to a more general constitutive
equation (see Eq. (9) in Subsection 1.2), one that predicts
not only the viscosity, but also the first and second normal
stress coefficients in steady shear flow. This Oldroyd 8-
constant model, we will see, allows us to examine inflec-
tions in all three curves, 7(7), y (7) and w, (7).

For the Oldroyd 8-constant model, the steady shear vis-
cosity curve has the form of Eq. (18). Differentiating it
once gives:

d(n/ny) 2Wi(o-1)
—== 5 85
dWi [] + Wil ]- (85)
or twice:
d* (n/m) _ 2(o- I}{l _3Wiz] (86)

d Wi?

[1+Wi2T
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Substituting Eqgs. (18), (85) and (86) into Eq. (35) gives:

d*In(n/n,) 4 Wi’ (o -1)(1-o Wi')

2 2 3 87)
d(ImnWi)" (14 Wit} (140 Wi?)
Setting Eq. (87) to zero then solving for Wi; gives:
. 1
WII E\/OT[}’i =% (88)
to which the corresponding inflection viscosity is:
ﬂE’?(Wii}:JE (89)
o Mo
and thus, the steady shear viscosity will inflect at the point:
.1 _ 1 90
wi Jo|o] —.
[ l"f;h.] [#/E \/;} 0

For multiple relaxation times, using the same procedure
to obtain Eq. (87), we get:

4”'" Wi (o, —1)[1 -

0—2”0—” -4
s J
i o1

2

d*In (n/10) i
2
d{ln WI) n=l []+{)'|” Wil ] [1+‘gln n Wit ]

g gy
where the n-th Oldroyd shear thinning constant is given by:
O1 = Ay +ﬂo(.ﬂ| -3 )—M (=) 92)
and n-th Oldroyd shear thickening constant, by:
Oon = Aty + Hy (ﬂz —%Vz]—ﬂl (1 =v3) (93)
and thus, the n-th Oldroyd constant ratio, by:
0yt b (12 =3 V2 )= (112 =72)

)
Fin Ay + o (,“l =3 Vl) (11 —n)

94)

and finally, where the longest relaxation time is given by:

"|)7ﬂ“l(ﬂ“|*y|) 95)
Setting Eq. (91) to zero gives:

) 4“’1" wi?(a, -1)[1 - TinZa Wii“}
> =0 (%)

2 p
n=l [I o—lu Wi ] [|+ T1nTn Wii:]
| )

which defines the inflection Weissenberg number, Wi,
implicitly.

Substituting Egs. (18) and (85) into Eq. (32) gives the
slope of the steady shear viscosity curve:

o,=0=4 + oty (4~ %

i Wi 2Wi(g—12) o7
1+o Wi {l+w]2)

dln (};_,-"')}{])
dIn Wi

and, Eq. (88) into Eq. (97) gives the inflection tangent slope:
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—2(1—JE]

(J?—I):i
1+Jo

where 7 is the shear power-law index. Eq. (98) thus

allows us to deduce the shear power-law index from the
Oldroyd 8-constant model parameters:

(98)

1-Jo
1+Jo ©%

which is a main result of this paper. Substituting Eq. (99)
and the expression for the inflection point, Eq. (90), into
Eq. (43) gives the expression for the shear power-law
coefficient:

n=1-2

-V
m=no[oo] (100)
Taking the limit as Wi—w of Eq. (18) gives:
Mo _ i A1
Pl Pl (1on)

Thus, for the special case o=0, Eq. (18) approaches:

n 1
7, 1+ Wi*

(102)

asymptotically. For the special case of corotational Jef-
freys, Eq. (101) reduces to:

. 4

. _ %A 103

A (103)
and, for its special case, corotational Maxwell, to:

LES (104)

My

For the special case =0, that is, where 7,=0, Eq.
(18) predicts a double-valued z,,, and it approaches:

n_ 1 1

0 WEof (199

asymptotically. Since r, =77, substituting Eq. (105) into
7. =17 and differentiating gives:

dt —
day oy’ (106)
whence, we learn that, for the special case o=0, for the
Oldroyd 8-constant model, we identify the umphysical
shear power-law index, n, with —1. By unphysical, we
mean that, since we require that dz,, /dy >0, n cannot be
negative.

For the special case of the corotational Jeffreys model
[see Eq. 7.3-3 of Bird et al. (1977); see also Eq. (1) of
Subsection 14.423 of Jeffreys (1924 or 1929)], Egs. (99),
(100) reduce to:

n:1—27ﬁ_\/z“
e

(107)

and:
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1 \"’Z‘ \'I'E

m= '?u\/%(iﬁ;q) 24 +fa

and for its special case, the corotational Maxwell model, to:

(108)

n=-1 (109)
and
m=% (110)
/1.|_

as it should.

For the Oldroyd 8-constant model, the first normal stress
coefficient curve has the form of Eq. (22). Differentiating
it once gives:

d(¥,/¥,) _ -2 Wi[{—g)ﬂq i
dWi (14 Wit) (4 -4,)
or twice:
d*(¥,/¥.) _ 24, (-1+3Wi*)(1-0) a12)

d Wi’ (1+Wit) (4 -4)

Substituting Egs. (22), (111) and (112) into Eq. (37) gives:
P (W, ¥y) HA+ Ao Wit -2 Wit)(1-0) 4 Wi?

= > — (113)
(2 + Ao Wit-25 -2 W2 ) 1+ Wi2)

d(In Wi)’

Setting Eq. (113) to zero, then solving for Wi; gives:

Wi, = Jars, {2 (114)
where:

a=ho—7 (115)
and:

B=h—2A (116)

to which the corresponding inflection first normal stress
coefficient is:

W, ‘*l",(Wii) _ e
l})ln - LPHF - ﬁ

and thus, the first normal stress coefficient will inflect at
the point:

BB

For multiple relaxation times, using the same procedure
to obtain Eq. (113), we get:

(117)

(118)

d*In(¥,/¥,)

d(Inwi)’

2
) 4[—).,N+&q+{&1,r0'”—)/,}Eli’—Wi“‘}(]—a,,]i',,g‘-i’—wiz
X - - 6.

— =— (119)
i [)'In - )’2 +()'Iuo—u _’J"E }O-]" Wiz] [I + Tin “31-2}

g} 0y
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where the n-th Oldroyd shear thinning, shear thickening
constants and the n-th Oldroyd constant ratio, o,, 03,
and o, are given by Egs. (92)-(94). Setting Eq. (119) to
Zero gives:

o 4[_)‘111' + ’12 + (’i'hro—:r - )‘?.) O-];r Wii4J(| ) ])‘]N i \;‘ﬁi2
> % 2 =0(120)

3
n=1

[;.,,,—;,2+(;.,,,c,, ~2,)%n WifJ [1+%Wif]
F gy
which defines the inflection Weissenberg number, Wi;,
implicitly.
Substituting Egs. (22) and (111) into Eq. (36) gives the
slope of the first normal stress coefficient curve:

dn (/)
dIn Wi

 2Wit(1-0) 4
_(ﬁ+aWi3)(]+Wi2) (121

and, Eq. (114) into Eq. (121) gives the inflection tangent
slope:
(”! _2) - _2(1 _O—)/‘l"l

(Ve +JB)

where »' is the first normal power-law index. Eq. (122)
thus allows us to deduce the first normal power-law index
from the Oldroyd 8-constant model constants:

(1-0)4
(Ve +B
which is another main result of this paper. Substituting Eq.
(123) and the expression for the inflection point, Eq.

(118), into Eq. (44) gives the expression for the first nor-
mal power-law coefficient:

(122)

W=2-2 (123)

Al1-o)

m' = \Pm\/%[é}{ Ja+JB)
1

Substituting Eq. (18) into Eq. (22) then simplifying gives:

(124)

i= (’1‘1 _/1".‘)-*—(;'1(’—_/1'1)\Vi2 (125)
¥, (4 —4)(1+Wi)
which, in the limit Wi— o, gives:
lplr — i: ’J“la—_’tz
¥y Wi ¥, A4A-4 (126)
Thus, for the special case:
/1_120,:;*1"?+ﬂu(a“:_.:Vz)_ﬂl(ﬂ:_"’z) (127)
4 ’J~1~+)“tr(‘“l_%V1}_‘“|(-u|_V|)
¥,,.=0. Eq. (125) approaches:
LI (128)

v Wi

10

asymptotically. For the special case of corotational Jef-
freys, Eq. (126) reduces to:
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¥,

v (129)

and also the same for its special case, the corotational
Maxwell model.

Substituting Egs. (24), (99), (100), (123) and (124) into
Eq. (4) gives the first inflection pairing time for the Old-
royd 8-constant model:

(e \,"fi}:[l + \-'Io}
Afi-ar)

( .- N e p—
. 292 3o f(VaB) —201-a)i(1+e
t Fa_ﬁ{_f:}m-:-m- [ona]™ ] ' "130)
(=2

acy

For the corotational Jeffreys model, Eqs. (122), (124)
and (130) reduce to:

(n'-2)=-2 (131)
' =F10 (132)
;b1-
_ A
ol Vol
Ag = i.j)vz {Aﬁ\/g} (133)
AN

and for its special case, the corotational Maxwell model,
to:

(n'=2)=-2 (134)
m’ij—lzn (135)
Ay = A (136)

The product of the first inflection pairing time and the
shear power-law index, nij, has been used to scale the
time for squeeze flow measurements [see Fig. 5.2-5 of
EXAMPLE 5.2-6 of Bird et al. (1977)]. Specifically, at
times falling below niy, quasi-steady state solutions fail.
By quasi-steady state, we mean locally, instantaneously
steady flow [see Paragraph a. in EXAMPLE 5.2-6 of Bird
et al. (1977)]. This is why Eq. (130) is also a main result
of this work.

For the Oldroyd 8-constant model, the second normal
stress coefficient curve has the form of Eq. (23). Differ-
entiating it once gives:

d(¥,/¥,) -24(1-0)Wi

27 = 5 (137)
d Wi (A-B)(1+Wi*)
or twice:
d* (W, /¥,) —24(1-0)(1-3Wi%)
AW (4-B)(1+Wi) (138)
where:
A=h-n (139)

and:
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B=7,-m (140)
Substituting Egs. (23), (137) and (138) into Eq. (39) gives:

P () Py) —4A(1-0)[A-B-(do-B) Wit |wi?

'n) _ i —(141)
d(In Wi)” [4-B+(40-B)Wi* | 1+ Wi?)

Setting Eq. (141) to zero then solving for Wi; gives:

. . A-B

Wi = Y =H

= o= {2

to which the corresponding inflection of the second nor-
mal stress coefficient is:

Wy _Wa(Wi))  [do-B
\qu lP:o A-B

and thus, the second normal stress coefficient will inflect
at the point:

Al
wi Yo [4-B ‘ [40-B
¥, Ac-B'\ A-B
For multiple relaxation times, using the same procedure
to obtain Eq. (141), we get:

(142)

(143)

(144)

d’In(\¥,/¥)

2

d(In Wi)
2
44,1 —o'”}{/fn - B~(4,0,-B)% wﬁ} Tin 2
> LT (145)
" [A,, -B+(4,0,-B)% WF} [1 4+ T 2 J
) 9
where:
A=A, — 1 (146)

and where the n-th Oldroyd shear thinning, shear thick-
ening constants and the n-th Oldroyd constant ratio, o,,,
0,, and o, are given by Egs. (92)-(94). Setting Eq. (145)
to zero gives:

_4’4!: (1 — 0y ][An - B_(Ano—n - B)G—QWI?}ﬂWI?
" T,
A L0 (147)

2 2
{4“ ~B+(4,0, —B)C;” Wif] [1+‘2" Wif}
1 1

M

n=1

which defines the inflection Weissenberg number, Wi,
implicitly.

Substituting Egs. (23) and (137) into Eq. (38) gives the
slope of the second normal stress coefficient curve:

din(¥,/¥y) 24(1-0) Wi’

din(27) " (1+Wi)[ 4-B+(do - B)Wi | (148)

and, Eq. (142) into Eq. (148) gives the inflection tangent slope:
-2(1-0)4
(Va-B +JAJ—B)2

and where »” is the second normal power-law index. Eq.

(n"-2)=

(149)
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(149) thus allows us to deduce the second normal power-
law index from the Oldroyd 8-constant model constants:

., 2(1-0)4
n=2- R (150)
(\,'"A—B+\,'"A(T—B)_

which is another main result of this paper. Substituting Eq.
(150) and the expression for the inflection point Eq. (144)
into Eq. (45) gives the expression for the second normal
power-law coefficient:

(1-er)A

}m (151)

" [Ac-B| 4-B
*N"4-B | (4o-B)o?

Substituting Eq. (18) into Eq. (23) then simplifying gives:

W, (A A s+ u) (Ao~ A - o+ ) Wit

= - 152
Yy [)v]—/?q_—,b‘,+,£¢‘:][|+Wi'} ( )
which, in the limit Wi—>o, gives:
.Y, Ao-A-uo+u
—2o = | L2 -2 153
wlil_]:"" L[Jm 21 - A‘: —H T ( )
Thus, for the special case:
G =2 = o+ p1, =0 (154)
¥,,=0. Eq. (152) approaches:
¥, 1 (155)

v, Wi

asymptotically. For the special case of corotational Jef-
freys, Eq. (153) reduces to:

¥ae g (156)

and also the same for its special case, the corotational
Maxwell model.

Substituting Egs. (25), (99), (100), (150) and (151) into
Eq. (5) gives:

w\I/(n"=n)
A= [ m J ©))

2m

where:

- (1+Vo)(VA-B +Vio—B)

—= 3 (157)
" (3-Vo)(Va-B+Vao-B) -2(1-0)(1+Vo ) 4
and:
__(1-o)4
m' 1 |(4-B)(40-B)| A-B  |oVa-B+Vio-B)
2m 2 o oy’ (4o - B)
x[g,\/g]""g (158)

For the corotational Jeffreys model, Eqs. (149), (151)
and (5) [with Egs. (157) and (158)] reduce to:
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(n"-2)=-2 (159)
m" =1, A _.,)LE ) (160)
)V'l‘-
I Va2
v;~ JA-34
A = %)4—3)4[ .f)qs),q] (161)
A4
and for its special case, the corotational Maxwell model, to:
(n"-2)=-2 (162)
w_Mo 163
m p (163)
a=h (164)
2

Whereas A is known as the characteristic time for the
quasi-periodicity, no one has ever measured or calculated
Ay Its usefulness is unexplored.

4. Conclusion

Even though the inflection slope of the steady shear vis-
cosity can govern polymer extrusion productivity, we find
no articles on inflection per se. We have thus explored
inflections in the viscometric functions, and specifically,
inflection in the log-log curves versus shear rate. For this
exploration, we chose the Carreau and the Oldroyd 8-con-
stant models. For these viscometric functions we included
the viscosity curve and both curves on normal stress dif-
ference coefficient.

In Section 2, we derived expressions for both first and
second derivatives on logarithm scale for all three visco-
metric functions: (1) steady shear viscosity, 7, (2) steady
shear first normal stress coefficient, ¥, and (3) steady
shear second normal stress coefficient, ¥,. We then used
these results in Section 3 to determine the inflection tan-
gents, and from these, the corresponding power-law
indexes and power-law coefficients, for both the Carreau
and the Oldroyd 8-constant models.

From the Carreau viscosity model, in Egs. (7) and (8),
we propose expressions of the same form, for the first and
second normal stress coefficients. We then find that the
inflection Weissenberg number, Wi;, for all three viscom-
etric functions to be implicit [see Egs. (54), (67) and (80)].
In Subsection 3.1, we discuss the special cases, 7,=0,
¥,,=0 and ¥,,=0.

For the Oldroyd 8-constant model, we calculate expres-
sions for the inflection points in Egs. (90), (118) and
(144). We use these points to find inflection tangents, and
the corresponding power-law indexes, n, n' and »” [see
Egs. (99), (123) and (150)], the main results of this paper.
We also provide expressions for the power-law coeffi-
cients, m, m’ and m” [see Egs. (100), (124) and (151)].
As consistency checks, we reduce our answers for the
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Oldroyd 8-constant model to two simpler special cases,
the corotational Jeffreys and corotational Maxwell mod-
els. We end with a discussion of the first and second
inflection pairing times, Ay and 3z, with which the Leider
number is defined. The Leider number, Ld, is used to
determine the applicability of the quasi-steady state solu-
tions [Eq. (2) of Leider (1974) or Eq. (20) of Leider and
Bird (1974)].

We find no experimental data for all three viscometric
functions, »(7), ¥,(7) and ¥,(), on the same material.
In the Worked Example 5.1, for the Carreau fluid, we fit
the models [Egs. (46) and (59)] to 7(7) and ¥ ,(;) mea-
surements on a polyisobutylene solution. For the corota-
tional Jeffreys model (special case of Oldroyd 8-constant),
we use a spectrum of relaxation times employing the
Spriggs relations [Egs. (180) and (181)] and our own cor-
responding spectral relation for the retardation time [Eq.
(182)] to get a good fit for n(7). We close with Worked
Examples that illustrate how to calculate n, n', m, m’'
and ,;, for both the Carreau and corotational Jeffreys, and
then how to use the Leider number.

Whereas log-log plots of viscosity versus shear rate will
inflect at Wi, the linear-linear plot of viscosity versus
shear rate will, of course, inflect at Weissenberg number
well below Wi, We close by noting that reflections on
these linear-linear inflections, though beyond the scope of
this paper, might be equally interesting.

5. Worked Examples: Finding Inflections

A factory processes a polyisobutylene solution, 2.0% by
weight, in Primol™ white oil. An engineer is using her
quasi-steady state solution to predict throughput. The
characteristic flow time for her polymer processing prob-
lem is roughly #,~100s. She wonders if her quasi-steady
state solution will apply.

To address this question, she must calculate the Leider
number:

~nd

r;,

Ld

(165)

If Ld>1, then she can expect her quasi-steady state solu-
tion to work [see EXAMPLE 5.2-6 of Bird et al. (1977);
Section 10.2.2., Example 10.4 and 10.5 of Baird and Col-
lias (1998 and 2014)]. She first extracts the data from Fig.
4.3-3 of Bird et al. (1977) for the steady shear viscosity,
and from Fig. 4.3-6 of Bird et al. (1977) for the first nor-
mal stress coefficient. She calculates the tangent slope for
both the steady shear viscosity, (n—1), and the first nor-
mal stress coefficient, (n'—2). She does this for both the
Carreau and the Oldroyd 8-constant models.

5.1. Carreau model
The engineer fits Eq. (46) to the 36 steady shear vis-
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Fig. 7. Best fit of Carreau model (Black curve) [Eq. (46)] with
7, =1.10x10° Pass, 7, =2.00 Pa's, A =150.s and n. =0.250
to data from Fig. 4.3-3 of Bird et al. (1977) for 2.0% by weight
polyisobutylene solution in Primol™ white oil (Blue circles).

cosity measurements from Fig. 4.3-3 of Bird et al. (1977),
and gets 7,=1.10x10° Pa‘s, 7,=2.00 Pas, A.=150.s
and n. =0.250 (see Fig. 7). To calculate the tangent slope
of the steady shear viscosity, (n—1), she substitutes these
best-fit parameters into Eq. (47) to get:
__200Pa-s 1
“1.10x10° Pa-s  550.
Using her best-fit shear Carreau index, n, together with
Eq. (166), she then interpolates using Fig. 5 to get:

Wig = 142

(166)

(167)
Substituting n., Egs. (166) and (167) into Eq. (55) gives:

5(0.250-1)/2
7, =1.10x10° Pa-s {I—L}[Hm.z-}( L
550. 550,

the ordinate value corresponding to the inflection Weis-
senberg number. Substituting Eqs. (167) and (168) into
Eq. (56) gives:

0.250-3
(1—5;0 J((].ZS()—I}I4,2(1+I4,23] 2
(n-1)=142 5 — T ] =-0.737(169)
[1—$50 ][1+|4.2 ] oo
thus:
n=0.264 (170)

Substituting Egs. (167) and (168) into Eq. (57) gives:

~(-0.737)
m=152. Pa-s[ 142 J =26.8Pa-s"

171
150.s ( )

To match the characteristic times for Egs. (46) and (59),
she forces the fit of Eq. (59) through 4/ =4.=150.s. For
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Fig. 8. Forced through A{ = Ac = 150.s, the best fit of the Car-
reau model [Eq. (46)] (Black curve) [Eq. (59)] with ¥, = 1.00x 10°

Pas®, W¥,, =3.00 Pa's’and nl = 0.667 to data from Fig. 4.3-6 of
Bird et al. (1977) for 2.0% by weight polyisobutylene solution in
Primol™ white oil (Blue circles).

this fit of Eq. (59) to the 32 first normal stress coefficient
measurements, she gets ¥,,=1.00x 10° Pa-sz, Y., =3.00
Pa's* and n/=0.667 (see Fig. 8). To calculate the tangent
slope of the first normal stress coefficient, (n'-2), she
substitutes these best-fit parameters into Eq. (60) to get:

3.00 Pa-s?
1.00x10° Pa-s?

I =
leo =

=3.00x107° (172)

Using her best-fit first normal Carreau index, n¢, together
with Eq. (172), she then interpolates using Fig. 6 to get:

Wity =25.7 (173)
Substituting »¢, Egs. (172) and (173) into Eq. (68) gives:

¥ = 1.00x10° Pa-s
0667

"{[l—&mxlo‘s}[nzs.?g} 2

=1320Pa-s’

+3.00x10"
174)

the ordinate value corresponding to the inflection Weis-
senberg number. Substituting Eqs. (173) and (174) into
Eq. (69) gives:

) 0667

(1+3.00x107%)(0.667-2)25.7(1+25.77) 2

(n'-2)=257 3 0.667
273 . -5
[1—105][|+25.? } +3.00x10
=133 (175)
thus:

" =0.672 (176)

Substituting Eqs. (173) and (174) into Eq. (70) gives:

(-133)
25.7

m' =1320 Pa-s> [1 < =127.Pa-s" (177)

.8
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She then calculate the Leider number, Ld. Substituting A/,
= 150.s, 1,100s and Eq. (170) into Eq. (165) gives:
Ld~ M =039 <1
100.s

thus, she can expect her quasi-steady state solution to apply.

(178)

5.2. Corotational Jeffreys model, multiple 4, and 4,

She first simplifies the Oldroyd 8-constant model to the
corotational Jeffreys model (u, = =, =v,=v,=0) and
then generalized with the discrete Jeffreys spectrum fol-
lowing Egs. (180)-(182). She then examines the steady
shear viscosity curve for the corotational Jeffreys model.
The steady shear viscosity for multiple relaxation times is
given by:

A

; 1+A;:(’iu-?}]_ (179)
N
k=1 l+()..m}"}_

where 7, is given by the first Spriggs relation [Eq. (6.1-
14) in Bird er al. (1977)]:

_ Mo s

DI

and where the 4,, is given by the second Spriggs relation
[Eq. (6.1-15) in Bird et al. (1977)]:

(180)

A, = A (181)
Jo
and also, we propose, where:
A, =k£ (182)

where A, and 4, are the longest relaxation and longest
retardation times. We call (7, 4,4, Aox) the discrete Jeffreys
spectrum, and Eqs. (180)-(182) the Spriggs relations for the
discrete Jeffreys spectrum. From Egs. (181) and (182), we
learn that «, governs the separation of the relaxation and
retardation times. Substituting Eq. (181) into Eq. (180) gives:
I.'.J?l] }? 0
= =

s 1 k(e
;{-Z*_F C(a,)

(183)

where the Riemann zeta function is defined by [see Eq.
23.2.1 in Abramowitz and Stegun (1970)]:

=1
¢(a)=27m
Substituting Eqs. (181)-(183) into Eq. (179) gives:

(184)

A \2
K+ 2 (27)
: /1.1" h

n= "?U A“ (185)
C(e) = K +(ap)
where
A,
“ (A7)
. p 186
]i.n-l = My _|i_|'|"| z . Z|k - =1, ( )
Fre) é’(a;)"”? N = +{’J‘1?)"
282

as it must, and where:

A .\2
k% + -2 (2
7y . o + /T.IJ{(“r ( "I},) A«.«

limnp=n, = lim — =1, ==
F .u.!} 1« C(a,]"-? w.; J e +()‘1?)- To /1|

which matches the result for a single 1, corotational Jef-
freys fluid.
Adimensionalizing Eq. (185):

(187)

e -\2
€, ik 2 ) K
n_ | k +j1kﬂ, ( “]/) (188)
U ‘;(ar)k i Sl +(,I1J,')2
and differentiating once gives:
d(n/n) 20k ~4) %K (47)
) , 189
(f(/l]}’) A]é’(ar) ;[&2«, +(/1.1}.']2J_ ( )
or twice:
& (n/m) _2(%=4) &K (K7 -3(27)') (190)

d{)ﬁ;})z )ﬂg’(ai) P (klu. +()‘1},’)3].~

The engineer fits Eq. (188) to the 36 steady shear vis-
cosity measurements from Fig. 4.3-3 of Bird er al. (1977)
[see also Huppler et al. (1967)]. Fig. 9 illustrates this best
fit of the Oldroyd 8-constant model: 7,=1.10x10" Pa:s,
a,=2.70, A,=100.s and A,=0.100s. Substituting Egs.
(188)-(190) into Eq. (35) gives:

d>In(n/m)

d(In47)
. L mgm)Egm k (k ~3(47) ) (191)
(A7) {I—c’i(w}' } —+ 7
E"\E El’\f k=1 A
where:
_lOU
10"
n
r’U
107
10‘ 2 1 Iﬂ 1 2 3 4
10° 10 10 10 10 100 10

Wi
Fig. 9. Best fit of Oldroyd 8-constant model (Black curve) [Eq.
(188)] with 77, = 1.10x10° Pa's, @=2.70, A, = 100.s and 1,=0.100s
to data from Fig. 4.3-6 of Bird et al. (1977) for 2.0% by weight
polyisobutylene solution in Primol™ white oil (Blue circles).
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4e 2(fa-4)
r k“a+il”;‘—3m{;:l;'«)3 (192)
and:
Ay =k (A7) (193)

Setting Eq. (191) to zero gives the inflection Weissenberg
number, Wi; =47

o 1 | 2 g = k% (K% -3Wi? 1
0=wiZ| {1-¢ Wi 3K "‘? +Z¥ (194)
PEEIVEY gy i
and where:
@ E%
L Kt T Wi;® (195)
. Py
A 1
Ig k=% + Wi,
Ak‘i Ekza'r +WIE (196)

Substituting her best-fit parameters into Eq. (194), and
then solving by trial gives:

and the corresponding value of 7/7, is:
m 1) 13 (198)
o o
Substituting Eqs. (188) and (189) into Eq. (32) yields:
S T
dinfi/n) o 2w e [;(zm1+ Wii:}h
dln(;"lrv) Wi /1‘1 Je % +A’—J 1 i2
i i ’J‘-I K%
o K% Wi
-2[2- JWiizR (199)
’{l
Substituting Eq. (199) into Eq. (43) gives:
(200)

m=1—"-

o

where Eq. (199) defines X . Substituting Egs. (197), (198)
and her best-fit parameters into Eq. (199) gives:

’?. [&J—z[ ;"I -1 J}“”ii Z“

4

(n—1)=-0.629 (201)
thus, the shear power-law index:
n=0.371 (202)

Substituting Egs. (197), (198) and her best-fit parameters

into Eq. (200) gives:
m=551 Pa-s” (203)

The first normal stress coefficient for multiple relaxation
time is given by:
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- 1
k=1 |+(.r].,”‘}")J

where, similarly to Eq. (180), we propose:

N
_ Tt (205)

Z.{ Z’Jk
and where 2,, is defined by Eq. (181). Substituting Eq.
(181) into Eq. (205) gives:
4 4

= = n 206)
a I (
k Z& a ((a,)

¥ =

Y, (204)

W

10

v

1k

where the Riemann zeta function is defined by Eq. (184).
Substituting Eqs. (181) and (206) into Eq. (204) gives:

b4 - k™
\_I_; — 10 <
L@ B Gy 207
where:
W z k“
lim ¥, =—"— lim -=Y, 208
P 1 é—(a{ ] /-_I?_,:;; kﬁr(, +(/J.1;V}_ 0 ( )
as it must, and where:
lim ¥, = P lim i K =0 (209)

$(a) > 13k + (A7)

which implies that the curve does not inflect as it also must.
Adimensionalizing Eq. (207):
b4 | S K

“P_luzé(rz,);k“‘- +(A7Y (210)

and differentiating once gives:

d( k[JI.-"III\PllJ ) -2 ()‘1?}) - ke
N ; 211
{{(/1‘1:/) C[Q’I) ;(k2:1,+(j‘1};)2)‘ ( )
or twice:
d* (¥, o e k(K =3(27))

212)

k]

m] -
AT N (i)

Unlike the Carreau model, the first normal stress coef-
ficient, W¥,(7), shares the same parameters with steady
shear viscosity, 7. She thus then inserts the parameters
from Fig. 9 into Eq. (210), and then, in Fig. 10, compares
Eq. (210) with the 32 first normal stress coefficient
measurements from Fig. 4.3-6 of Bird er al (1977).
Fig. 10 illustrates this fit of the Oldroyd 8-constant
model with 7,=1100 Pas, «=2.7, A,=100s and
A=0.1s [¥,p= 274 —-4)=22x10" Pas’]. From Fig.
10, we discover that the corotational Jeffreys model with
multiple 4, and A, (with parameters fitted in Fig. 9
[W,o=27m(4—4)= 22x10° Pas’]) and the data have
different slopes. Substituting Egs. (210)-(212) into Eq.
(37) gives:
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10° 10 10" 1 1wt 1wt 10
Wi
Fig. 10. Oldroyd 8-constant model (Black curve) [Eq. (210)]
with parameters fitted in Fig. 9 [W¥,=27(A4—4,) =2.2x10°
Pa-s’] versus data from Fig. 4.3-6 of Bird et al. (1977) for 2.0%
by weight polyisobutylene solution in Primol™ white oil (Blue
circles). The slopes differ.

el S (/1_/] . 4
+"(/|f] Z s k |("_!a. (47 :3)3
net) el B ) | |
r."{ln/:,;?): o ” r
%*f“- a4y )13
o K% (K24 -3(47)’) (213)
z \
A
2[/4;]
;A a +{’|/J

Setting Eq. (213) to zero gives the inflection Weissenberg
number, Wi; = A47:

o krgl
; K Wil i 4

= . Gy . 5 w f k:u_. _3 12
+2Wi‘zz k* K |(.&J”' -Wif]_ [ “’1' )

k l[kl"-' +Wii3]" ' ot (k.‘.u, +Wi‘3]" (214)

0= 5 +
= gm ) T
(5] I,

Substituting her best-fit parameters into Eq. (214), and
then solving by trial gives:

Wi, = 47, =12.6 (215)
and the corresponding value of ¥,;/\V,, is:
Fy W) oy (216)

o Yoo
Substituting Egs. (210) and (211) into Eq. (36) gives:

e AL
)) 3

) —1(12a 2\
“"n("ﬂ:"q’ln):_2Wi2fh ](k +(47) ) (217)
din(47) Z Xz
j K2 +(ﬂi?’]2
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Taking the limit as A4y —« gives the asymptote slope of
the curve:
dIn(¥,/¥y0)
din(47)

which matches the result for single relaxation time, Eq.
(218). Substituting Eq. (131) into Eq. (44) gives:

i [ Wi
e 2 (0]

ol A4

=(n'-2)=-2 (218)

(219)

Substituting ¥,,=2.2x10” Pa-s>, Egs. (215) and (216) into
Eq. (219) gives:
m' =387. Pa-s” (220)

She then calculates the first inflection pairing time, Aj.
Substituting »' =0, Egs. (202), (203) and (220) into Eq. (4)
gives:

387 =1/0.370
A= —— =16.9s
2(551.)

She finally calculates the Leider number, Ld. Substituting
t,=100s, Egs. (202) and (221) into Eq. (165) gives:

(221)

N U.37[[]6.95)

T 100s
thus, she can expect her quasi-steady state solution to
apply. This conclusion for the Oldroyd 8-constant model
matches the conclusion from Worked Example 5.1 for the
Carreau model.

~0.063<1 (222)
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