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Abstract

We study the relation between some successive and mean radii of a convex body and
its Steiner, Schwarz, and Minkowski symmetral. In particular, we are interested in the
mean radii. Based on the convexity of some of the radii of a (particular) parallel chord
movement of convex bodies, we prove that the Steiner symmetral does not increase
the mean outer radii. Results of the same type hold for the Schwarz and Minkowski
symmetrals.
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1 Introduction

Let K" be the set of convex bodies in the n-dimensional Euclidean space R”, i.e.,
compact and convex sets in R”. Let (-, -) and | - | be the standard inner product and the
Euclidean norm in R”, respectively.

We denote by B, the n-dimensional unit ball and by S"~! its boundary, the unit
sphere. The volume of a measurable set M C R”, i.e., its n-dimensional Lebesgue
measure, is denoted by vol(M), or vol, (M) if the distinction of the dimension is
needed. In particular, we write «x;,, = vol(By,).
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The set of all i-dimensional linear subspaces of R" is denoted by £ and by Lt e
L?_; we designate the orthogonal complement of L € L. Inthe case i =n — 1, we
denote L € L' by L = ut, for some u € S"1.

Moreover, if K € K" and L € LY, we denote the orthogonal projection of K onto
L by K|L. We denote by v, ; the unique Haar probability measure on L, which is
rotation invariant.

The mean inner and mean outer radii of a convex body K, introduced in Abardia-
Evéquoz et al. (2018), are geometrical extensions of the classical circumradius and
inradius, R(K) and r(K), which are well-known notions associated to a convex body.
We use the notation r(K ; A) to denote that the calculation of the inradius of K is made
with respect to an affine subspace A, which contains K.

Definition 1.1 For K € K" andi = 1, ..., n, the i-th mean projection outer and inner
radii of K are defined as

ﬁf([{):/ R(K|L)dv, (L), ’f'f(K):/ r(K|L; Lydv,;(L). (1.1)
y cy

In the same manner we define the mean inner and outer radii with respect to sections.

Definition 1.2 For K € K" andi = 1, ..., n, the i-th mean section outer and inner
radii of K are defined as

RO(K)= [ max R(K N (x + L))dv,;(L),
ﬁl’.' xeLt
(K) = max r(K N (x + L); x + L)dv, ;(L). (1.2)
Lr xelLtl

From Definitions 1.1 and 1.2 follows that R” (K) = R?(K) = R(K) and 7" (K) =
T2 (K) = r(K), and thus, we can see the mean radii as generalizations of the classical
inradius and circumradius. Indeed, they belong to a larger family containing inradius
and circumradius called successive radii. Let K € K", andi € {1, ..., n}, then the
following eight families of successive radii can be found in the literature.

R;(K) = min R(K|L), 17 (K) = max r(K|L; L); (1.3)
LeLl} LeLl!

and

RL(K) = min max R(K N (x + L)), r?(K) = max max r(K N (x +L); x + L).
o (K) o ( ( ) 7 (K) Leﬁj?xeLl( ( ) )

(1.4)

When replacing the min-condition over £ by a max-condition in the definition of R
and Rf,, and the max-condition over /.Z? by a min-condition in the definition of rf and
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rl‘.’, one obtains four more series of successive outer and inner radii:

Rf(K) = max R(K|L), rj,(K) = min r(K|L; L); (1.5)
LeLl} LeLl}

and

R?(K) = max max R(KN(x + L)), r (K)= min max r(K N (x4 L); x + L).
7 (K) X R(K NG +1). 1K) Leq,xeLL( (x+L) )

LeLll xe
(1.6)
Again, directly from the definition follows that
RI(K)=RJ(K) =R} (K) =R)(K) =R(K), and
(K) =1, (K) =1(K) =1(K) = r(K). 1.7)

We observe that the mean radii are natural extensions of the above introduced
radii. Indeed, considering the functions L +— R(K|L), L — r(K|L;L), L +—
max, ;. R(K N (x + L)), and L + max, ;1 1(K N (x + L); x + L), defined
on L7, the i-th successive radii are defined by taking the maximum and the minimum
over L? of those. From this point of view, the mean radii are a natural average over
L.

IWe refer to Alonso Gutiérrez et al. (2014); Betke and Henk (1992, 1993); Bran-
denberg and Konig (2011); Gonzélez Merino (2013a,b, 2014); Gonzalez Merino and
Hernandez Cifre (2012, 2014); Gonzalez et al. (2015); Gritzmann and Klee (1992);
Henk (1992); Henk and Hernandez Cifre (2008); Pukhov (1979) and the references
inside for more informations and applications on the topic, including generalizations
of the classical Jung’s and Steinhagen’s inequalities; their interplay with different
sums of convex bodies; inequalities relating them to other geometrical magnitudes,
like the intrinsic volumes; connections to the theory of random polytopes; or, beyond
geometry, their connection to finite dimensional Banach space theory and approxima-
tion theory via the Gelfand and Kolmogorov numbers; their connection to dimension
reduction for “big data”; and computational complexity, within the realm of computer
science and linear programming.

The main purpose of this paper is to analyse certain geometrical behaviour of the
mean radii, and some successive radii, especially with respect to symmetrizations
and, as a necessary byproduct, to parallel chord movement. In particular, we will
consider Steiner, Schwarz and Minkowski symmetrizations, along with parallel chord
movement. Although we put a special focus on mean radii, our target lies on the
interplay of radii and various geometrical issues.

In Sect.4 we prove the following result.

Theorem A (Theorem 4.8) Let Kjo,11 := {K(t) : t € [0, 1]} C K" be a family of
convex bodies.

(i) If Kio,17 is a convex family of convex bodies, then t +— ﬁf(K(t)) and t +—
RT (K (1)) are convex functions for t € [0, 1].
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(1) If Ko.1) is a concave family ofconvex bodies, then t — T7 (K (1)), t = 17 (K (1))
and t — 1L (K(t)) and t — 1. (K (1)) are concave functions fort € [0, 1].

The main goal of Sect.5 is to understand different aspects of the relation between
the radii and geometric symmetrizations. First, we establish the following result in
relation to Steiner symmetrization.

Theorem B (Theorem 5.6) Let K € K", u € S", and let 1 < i < n. We denote by
S, (K) the Steiner symmetrization of K in the direction u. Then,

(i) R (8, (K)) < RF(K),
(i) R (S,+(K)) = R (K),
with equality for euclidean balls.

For the Minkowski symmetral, we prove the following.

Theorem C (Theorem 5.9) Let K € K", 1 <k <n, and let L € ﬁ’,:. If we denote by
M| (K) the Minkowski symmetrization of K with respect to the subspace L, then for
all 1 <i < n, we have

RF (ML(K) <RF(K), T (K) T (ML(K)),
and
T (K) <1 (ML(K)),
with equality for euclidean balls.

The paper is organized as follows. In Sect.2 we state some basic notions, mostly
within Convex Geometry. In Sect. 3 we collect some known results on successive and
mean radii. Sections4 and 5 are devoted to our main results, containing, in particular,
the proofs of Theorems A, B and C.

2 Preliminaries

The support function of a convex body K € K" in the direction u € $"~! is defined
as h(K,u) = max{(x,u) : x € K} (see Schneider 2014 [Sect. 1.7]). The width of
K in the direction u € S"~! is the sum of the support function of K in the directions
uand —u,ie., w(K,u) = h(K,u) + h(K, —u). If we denote by D(K) the diameter
of K, then the maximum of the widths of K coincides with the diameter itself, i.e,
D(K) = max, cgn—1 w(K, u), and the minimal width of K, denoted by w(K), is given
by w(K) = min, g1 w(K, u). By considering the widths of K in all directions, the
so-called mean width is introduced:

1 2
/ o(K,u)du = / h(K,u)du,
nKy Jsn-1 nKy Jsn-1

b(K) =
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where du stands for the usual Lebesgue measure on the sphere S"~!, and n«, is the
surface area of the sphere. The radial function of a convex body K containing the
origin is defined as

o(K,u) =max{L >0: iu € K}.

Then, the average length of chords (see e.g. Bonnesen and Fenchel (1987)) of a convex
body K (containing the origin) through the origin is given by

2
/ p(K,u)du.
nKk, Jsn—1

The Minkowski sum of K, L € K" isdefinedas K+ L :={x+y : x € K,y €
L} € K", and the difference body of K € K" is defined as K — K := K + (—K),
where —K = {—x : x € K} is the reflection of K on the origin.

For K € K", its dimension is the dimension of its affine hull, i.e., dim K =
dim aff (K'). We will denote by K], the set of all convex bodies with dimension n,
which we will refer to as full-dimensional convex bodies.

The space of convex bodies K" is endowed with the Hausdorff metric Schnei-
der (2014) [Sect. 1.8], which makes it a complete metric space. From now on, any
topological notion in K" is implicitly considered with respect to the Hausdorff metric.

As stated in the introduction, the mean inner and mean outer radii of a convex
body K, given by (1.1), and (1.2), happen to be geometrical extensions of the classical
circumradius and inradius, R(K) and r(K), i.e.,

(K) =

R(K):=inf{R>0: 3x € R" with K C x + RB,,}
and
r(K) :=sup{r >0: 3x € R" with x +rB, € K}.

From the definition of inradius follows that r(K) > 0 if and only if K is full-
dimensional. This justifies the advantage of the notation r(K; A) we have introduced
for an affine subspace A containing K. Indeed, if L € £}, 1 <i <n,and x € Lt
is such that A = x + L, then r(K; x + L) is the inradius of K relative to the affine
subspace x + L, i.e.,

r(K;x+ L) :=sup{r >0: dy € L with y+x+rBr; C K},

where By, ; denotes the unit ball in L, that is B ; = B, N L. Since the classical
circumradius does not depend on the space where the body is embedded, we do not
need to use the notation depending on a subspace for R(K).

As an immediate consequence of the definitions of inradius and circumradius, we
have that r and R are (positively) 1-homogeneous, i.e., r(AK) = Ar(K) and R(AK) =
AR(K), for every K € K" and A > 0. Indeed, it follows from the latter that all
successive and mean radii are 1-homogeneous. Moreover, as the inradius and the
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circumradius are also invariant with respect to translations, so are all the successive
and mean radii too.

In the following, for completeness, we recall very briefly some aspects of the Haar
(probability) measure, as it is an essential part in the definition of the mean radii. We
refer to Hug and Weil (2020) [Section 5.1], and the references therein, for a detailed
study.

For0 <i < n € N, there is a natural measure on the space of L7, of i-dimensional
linear subspaces of R”, endowed with a suitable topology via the operation of the
topological group SO (n).

Let v be the unique Haar probability measure, invariant with respect to translation, in
§0(n) Hug and Weil (2020) [Lemma 5.1]. If Lo € L7 is ani-dimensional subspace of
R",usingthemap f; : SO(n) —> L, p > pLo,thespace L becomes a topological
space, which happens to be compact, and the operation SO (n) x L} — L7, (p, L)
pL is continuous and transitive. Although there is a general construction, we have the
following in L. Let G € SO(n), we denote by 1: SO(n) — {0, 1} the indicator
function of the set G.

Proposition 2.1 Hug and Weil (2020) [Corollary 5.1] Leti € {0, ..., n}and Lo € L.
Then

Vi (+) ;:/ Lipes0m): pLoe) V(dp)
SO (n)

is the uniquely determined S O (n)-invariant Haar probability measure on L. In par-
ticular, the definition is independent of the choice of the subspace Lo € L7.

In the following, we will consider some subsets of £ having measure zero, mostly

to deal with lower dimensional convex bodies, i.e., not full-dimensional ones. In order
to do so, we will introduce the following notion.

Definition 2.2 Schneider (2014) [Sect. 4.4] Two linear subspaces L, L, € R" are
said to be in Special Position (S. P.) if

lin(LiULy) =L+ Ly #R"
and
LN Ly #{0}.

We observe that two linear subspaces L and L, are not in S. P. if and only if either the
linear hull of the union of L and L, is R”,i.e., lin(L{ULj) = R"*, or L{ N Ly = {0}.

Lemma 2.3 Schneider (2014) [Lemma 4.4.1] Let v be the unique Haar measure on
SO(n), and let L1, Ly € R" be linear subspaces. Then,

v({ge SOn): gLy, Lyarein S. P.}) =0.
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Remark2.4 Letn >2,1 <i<j<n-—1,andletL; e E’;.Then,
voi({L € L} : L, LjareinS. P.}) =0.

We observe that the latter remark is a direct consequence of Lemma 2.3. Indeed, for
L;je [,;'. and L € L}, v,;({L € L} : L, LjareinS.P}) = v({g € SO(n) :
g(L), LjareinS.P.}) =0holds. If {0} # L C L;,withL,L; € E;'., then L and L
are in S. P, i.e., in Special Position. Thus, we have

vi{LeL!: LSL;})<v,;{LeL!: L, LjareinS.P})=0.

Thus, the following remark follows.

Remark2.5 Letn >2,1<i < j<n-—1.LetL; e £’}.Then vni({L e L} : L C
L;})=0.

We continue this section with the definition of the Schwarz and Steiner sym-
metrizations. We define first the Schwarz symmetrization, and introduce the Steiner
symmetrization as a particular case of the latter. Indeed, the Steiner symmetrization is
also a particular case of the so-called shadow system of convex bodies. The shadow
system plays a crucial role in our proof of Theorem B, and will be treated in Sect. 5.

Next, we recall the definition of Schwarz symmetrization and collect several prop-
erties of the Schwarz symmetral of a convex body.

Definition 2.6 Gruber (2007) [Sect. 9.3] (Schwarz symmetrization). Let K € K",
]l <k<n-—1,and L € LZ. For any y € K|L, let By(y,rx) S vy + L1 be the
k-dimensional ball centered at y with radius r such that

vol, k(B (y, 1)) = vol,—x (K N (y + L1)).

Then, the Schwarz symmetral of K, with respect to L, is defined as

SLK)y= " Bi(y, o).

yeK|L+

Lemma 2.7 Bianchietal. (2017)LetK, K, K> € K", L € LZ, andletl <k <n-—1.
Then,

(1) SL(K) is a convex body.
(ii) If K1 € K, then S (K1) € SL(K2).
(iii) K|L € S;(K).

The following basic remark is necessary to introduce the Steiner symmetrization.

Remark 2.8 Let K € K" and u € S"~!. There exist two functions fx, gx: Klu't —
R, fx concave, and gx convex, such that

K={x+iu:xeKut, gk(x)<i< fg(x))}. (2.1

@ Springer



422 Beitr Algebra Geom (2024) 65:415-440

The defining functions fx and gx can be explicitly provided via the section K N (x +
1
u—-).

From now on, we refer to fx, gx as the defining functions associated to a convex
body K in the direction u.

Definition 2.9 Schneider (2014)Let K € K", u € S"~! and let fx, 8k : K|uL — R,
be the defining functions associated to K, namely, K = {x+Au | x € K|u™, gg(x) <
A < fk(x)}. Then, the Steiner symmetrization S, (K) of K, or Steiner symmetral of
K, in the direction u, is defined as follows:

<A<

SML(K)z{x—FAu: x€K|uJ‘, —M M} 2.2)

We observe that

S = [x 480 —fk@ Mu}

2 2
xeK|ut

and thus, S,1 (K) = S.(K) for L = ut, u e S, ie., the Schwarz symmetrization
coincides with the Steiner symmetrization when L is a hyperplane.

IfM C K eK", andu € S"!, it follows from Lemma 2.7 (ii), and the previous
observation, that S, (M) € S,1 (K). Further, Lemma 2.7 (i) ensures that the Steiner
symmetral of K € K" in any direction u € S"~! is again a convex body (see also
Gruber (2007)), i.e., S,1 (K) € K", and direct application of Fubini’s theorem yields
vol, (K) = vol,, (S, (K)).

Indeed, the connection between the Schwarz and Steiner symmetrization goes
beyond the above mentioned observation. Refining the argument that led to the
“Sphericity Theorem of Gross”, see Gruber (2007) [Corollary 9.1], i.e., for every
K € K" there is a sequence of iterations of Steiner symmetrals converging to a ball,
shows that we can extrapolate a sequence of Steiner symmetrals that converges to the
Schwarz symmetral of the body.

Theorem 2.10 Bianchi et al. (2017); Gruber (2007) Let K € K", 1 <k <n — 1,
L € L}, and let S; (K) be the Schwarz symmetral of K with respect to L. Then, there
exists a sequence (uj)jen < slng of directions in L, such that the sequence
Su/# G- (SMIL (K))) converges to Sp.(K), as j — 00, with respect to Hausdorf{f metric,

i.e., S (K) is the limit of a sequence of Steiner symmetrizations of K.

Since our aim is to understand the relation between the successive and mean radii
of a convex body and its Steiner and Schwarz symmetrals, we first address known
results about the behaviour of the mean width, diameter, inradius and circumradius
with respect to them.

Lemma 2.11 Gruber (2007) [Chapter 9] Let K € K", u € S* ', 1 <k <n—1, and
let L € L}. Then,

() b(S,1(K)) < b(K) and b(SL(K)) < b(K).
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(i) D(S,1(K)) < D(K) and D(SL(K)) < D(K).
(iii) 1(K) <1(S,.(K)) and r(K) < 1(S(K)).
(iv) R(S,1(K)) < R(K), and R(SL(K)) < R(K).

For the minimal width, we also remark that it is known that the minimal width of a
set can be both increased and reduced after performing a Steiner symmetrization on
it, see Eggleston (1958) [p. 90-92].

Next we recall the definition and basic properties of the Minkowski symmetrization
(see e.g. Bianchi et al. 2017; Blaschke 1956). We need to deal first with some issues
about reflections of convex bodies on k-planes. Following Schneider (2014) [Sect.
10.3] for the case k = n — 1, we denote by o (K) the reflection of K € K" on L,
that is the image of K under the linear map x — 2(x|L) — x, where now L € L},
1 <k <n.Fork =0, wehave L = {0} and then o (K) = —K.

The following remark includes some straightforward properties of the reflection
body of a convex body K € K" with respect to L € L}, 0 < k < n. We denote
indistinctly by o, the map from R” on itself, and its natural extension to subsets of
R".

Remark2.12 Let K € K", 0 <k <n,L € L}, L; € L} for]1 <i <n—1, and
X € Lf-. Then,
(i) or(K)ILi = or(Kl|or (L)),
(i) o (K)N(x + Lij) =or(K Nop(x + Lj)).
We observe now that the invariance of balls under reflections implies that the inra-

dius and circumradius of a convex body and its reflection onto a subspace coincide.
More precisely, we have

R(oL(K)) =R(K), r(op(K))=1(K), R(oL(K)IL;) =R(op(Kl|oL(L))),
r(oL(K)|L;; Li) = r(oL(KloL(Li)); Li),

R(op(K)N(x+ L)) =R (oL(K Nop(x + L)),

r(op(K)N(x+Li);x+ L) =r(o(KNop(x + Lj)); x+ Li),

The Minkowski symmetrization of a convex body K € K" is, up to a constant, the
Minkowski sum of K and its reflection onto a linear subspace.

Definition 2.13 Let K € K", 0 < k < n, and let L € L]. The Minkoswki symmetral
of K, with respect to L, is defined as

1
Mp(K) = E(K +0.(K)).

From the definition follows directly that M (K) is a convex body, which is symmetric
with respect to L, and it satisfies K|L C My (K). Further, if &k = 0, i.e., when
L = {0}, the Minkowski symmetral of K is, up to 1/2, the difference body of K,
as My (K) = %(K + (—K)) = %(K — K).Ifk =n — 1, then L = u™, for some
u € $" ! and in this case, we remark that the Minkowski symmetral contains the
Steiner symmetral, i.e.,
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S, (K) S M,.(K). (2.3)

For the interplay between the inradius and circumradius and the Minkowski symmetral
we refer to Sects. 4 and 5, where we will deal with the behaviour of the radii with
respect to the Minkowski sum.

3 Known results for successive and mean radii

In this section we collect some known results about successive and mean radii. Further,
we aim to settle some open cases for the successive radii and/or establish them for
some of the mean radii. We start recalling the cases i = n and i = 1 for all inner and
outer succesive and mean radii Abardia-Evéquoz et al. (2018) [Lemma 2.1], namely:

R7(K) = R} (K) = R} (K) =R} (K) = R} (K) = R} (K) =R(K),
(K) =1, (K)=1(K) =12(K) =T, (K) =T (K) = 1(K),
R’lr(K) = rf(K) = ?(K) = r‘f(K) =D(K)/2,
Ry (K) =rh(K) = RL(K) = 1}(K) = 0(K)/2,
~ 1 ~ 1
T(K) = Eb(K) =17 (K) and R{(K) = Z((K — K) =T1{ (K).
For the latter, note thatr (K |L; L) = R(K|L) for any one-dimensional linear subspace

L e L7. The following result establishes the equality of the maximum outer radii, both
section and projection.

Theorem 3.1 Brandenberg and Konig (2011) [Theorem 2.9] The maximal outer pro-
Jjection and the maximal outer section radii are equal for any i = 1, ..., n, and any
convex body K € K"

R7(K) = R{ (K). 3.1)
We consider now the monotonicity of the radii in the index i, 1 <i < n.

Proposition 3.2 Abardia-Evéquoz et al. (2018); Gonzalez Merino (2013a) Let K €
K. Then, all the introduced families of outer radii are increasing in 1 < i < n,
whereas the inner radii are decreasing, in 1 < i < n. In particular,

r(K) =T (K) < --- <T(K) = %b(K) =RT(K) <--- <RT(K) =R(K),

| _ _ (3.2)
r(K) =T (K) < T (K) = 2K = K) =R{(K) < --- < RT(K) = R(K).
Furthermore,

R (K) < RY(K) <R (K) =R} (K), and ri(K) <t (K) <T7(K) <17 (K).
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We observe also the straightforward relations R. (K) < RL(K) < RF(K) <
RY(K) = R (K), and their analog for the inner radii rf, (K) <T7(K) <1{(K) <
17 (K), which directly enlarge the above chains of inequalities due to monotonicity.

Thus, all types of considered radii are monotonic with respect to the parameter i,
1 <i < n.Theinner radii are decreasing in i, meanwhile the outer ones are increasing,
and this is independent of whether their definition is given by projection or section,
maximum or minimum.

Now we focus on the continuity of the successive radii with respect to the Hausdorff
metric.

Proposition 3.3 Gonzilez Merino (2013a) All the successive radii are continuous in
ICr. Moreover, they are all continuous in K" except for?, forall2 <i <n — 1. The
convergence is with respect to the Hausdor{f metric in the appropriate space.

The proof of the continuity of all the successive radii in K/} can be found in Gonzalez
Merino (2013a) [Proposition 1.2.1], as a consequence of the monotonicity of the
inradius and circumradius and their 1-homogeneity. The continuity of all the successive
radii, exceptforr{, in K" can be found in Gonzédlez Merino (2013a) [Proposition 1.2.2].
In Gonzalez Merino (2013a) [Remark 4.3.3], the author established a counterexample
for the continuity of r{ in K".

The next result provides us with inequalities relating the radii of a convex body K,
and its difference body.

Lemma 3.4 Abardia-Evéquoz et al. (2018); Gonzalez Merino (2013a) Let K € K"
and 1 <i <n. Then

\/mRﬁ,m <R (K~ K) <2R;(K) and
l

29 (K) <17 (K — K) < 2(i + Dr? (K) (3.3)
N 20 + Dﬁ;f(K) <RF(K — K) <2R*(K) and

l
%7 (K) <7 (K — K) < c(DF (K) (3.4)

where

24D e
11§ even.
vz I

, {2ﬁ, ifi is odd,
c(i) =

Before we deal with the behaviour of some of the radii of convex bodies without
interior points, we observe that for any K € K", dim(K) > 1,and 1 <i < n, we
have

RT(K) = RT(K) =T (K) = @ >0,
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hence, ﬁl” is strictly positive for any i. The next proposition, which follows directly
from the definitions, provides us with the fact that several inner radii vanish for lower
dimensional convex bodies.

Proposition 3.5 Let K € K" be a convex body such that dim(K) = j < n. Then, for
every j <i <n, wehaver, (K) =77 (K) =17 (K) =0andr{(K) = 0.

We remark that by r{ (K) = 0 follows also?f’(l() = rfT(K) = 0 for a convex body
K € K" such that dim(K) = j < n.

Using (3.2) we can establish the same statement for all 1 < i < n, in the case of
the mean section inner radii, and the minimum section inner radii.

Proposition 3.6 Let K € K" be a convex body such that dim(K) = j < n. Then, for
everyi € {l,...,n}

T7(K) =1 (K) = 0.

Proof Let K € K" be a convex body such that dim(K) = j < n. Then, there exists
Lje E;'., sothat K — K C L;j e E;'., and thus, dim(K — K) = j. By (3.2), we have

i =

??’(K)<?‘1’(K)=%£(K—K)= /Sn_lp(K—K,u)du.

2nky,

Hence, we have

1
- UK —-K)= f p(K — K,u)du = / p(K — K,u)du =0.
4 Sn—l Sn—]mLJ,

2nky, 2nky

m}

A similar result is established for ﬁ;’, as follows.

Proposition 3.7 Let K € K™ with1 <dim(K) = j < n. Let 1| <i < j be such that
i+ j < n. Then R7(K)=0.

Proof Let K € K" with 1 < dim(K) = j <n,andletl <i < jwithi + j < n.
W.Lo.g. we assume that K C L; for some L; € E;?. By Remark 2.4, we obtain

RI(K) = / max R(K N (x + L))dv,;(L).
xeLt
{LeL!: L,L; arenotin S.P)

Letnow L € L be such that L N L; = {0}. Then, dim((L + x) N L;) = 0, for all
x € L*. Hence, max, ;1 R(K N (x 4+ L)) =0, and we have

R (K) = / max ROK 1 (x + L))o (L)
(LEL?: L+Lj:]R". 1§dim(LﬂLj)§i}
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If{Lel!: L+L;=R"and 1 <dim(L N L;) <i}isnot the empty set, then
n=dim(L + L;) =dim(L) +dim(L;) —dim(L N L;) =i+ j —dim(L N L}),

and thus, 1 < i+ j —n < i. This implies that n + 1 < i + j, which yields a
contradiction, providing us with {L € Ll L+ L =R"1 <dim(LNLj) <i}=0
and, finally, with R;’ (K)=0. O

We finish this section with the following remark on convex bodies of lower dimension.

Remark 3.8 Let K € K" such that 1 < dim(K) = j <n. I_;et 1 <i < j be such that
i + j < n. From Proposition 3.7, together with R (K) < R;’ (K), we directly obtain
that R (K) = 0.

4 Minkowski sums, continuity and convexity & concavity issues
of radii

In this section we will analyse the behaviour of the inner and outer radii with respect
to the Minkowski sum, and address different aspects of the continuity, and concavity
and convexity of those.

We start recalling the following classical inequalities for the inradius, the circum-
radius, the minimal width and the diameter of two convex bodies K, M € K":

(K + M) = r(K) +1(M), R(K + M) < R(K) +R(M),

o(K+M)>wK)+wM), DK+ M)<D(K)+D(M). @1

We remark that from (4.1) the behaviour of the inradius, circumradius, minimal width
and diameter with respect to the Minkowski symmetrizations follows immediately,
more precisely 1(K) < r(Mp(K)), RIML(K)) < R(K), w(K) < o(M(K)), and
D(ML(K)) = D(K).

Moroever, the linear nature of the Minkowski symmetrization and the mean width
with respect to the Minkowski addition yield

b(ML(K)) = b(K), (4.2)

which also provides us immediately, together with inequality (2.3), with a proof of the
inequality b(S,1 (K)) < b(K).

In the next, we address the analogous relations for some of the other radii. We
beginn with known results.

Proposition 4.1 Abardia-Evéquozetal. (2018); Gonzéalez Merino (2013a) Let K, M €
K" be convex bodies. Then,

(1) T7(K) +T7 (M) <T7(K + M) if2 <i < n. Fori = 1 this is an equality.
(ii) \/Lz(r;’(l() +17(M)) <17 (K + M). The inequality is best possible.
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(iii) @ (R¥(K) +RF(M)) < RF(K + M) < RT(K) +RF (M), if2 < i < n. For
i = 1, inequality in the right hand-side is an equality.

(iv) REL(K) +RL(M) < V2RL(K + M), if2 < i <n. Fori = 1 we have RL(K +
M) = RL(K) + RL(M).

The inequalities (i) and (iii) come from Abardia-Evéquoz et al. (2018) [Proposi-
tion4.3]. We would like to remark, that the upper bound for 7 (K + M) stated in
Abardia-Evéquoz et al. (2018) is clearly not true (it is an erratum). The inequalities
in (ii) and (iv) can be found in Gonzédlez Merino (2013a) [Theorems 4.2.1 and 4.1.1].
Notice that wheni = 1, as 2R7]Z (K) = w(K), the last inequality follows from (4.1).

In the spirit of the result just stated, we analyse the behavior of further radii with
respect to the Minkowski sum.

Proposition 4.2 Let K, M € K" be convex bodies, and 1 < i < n. Then,
() r(K)+r1 (M) <t (K + M).
(i) 5 (7 (K) +17 (M) <17 (K + M).
(iii) T2 (K) +T7 (M) <T7 (K + M).
(iv) 15 (K) + 15 (M) < 1(K + M).
V) 575 RT(K) +RT(M)) < RT(K + M) < RT(K) + RT (M).
Proof (i) Let L € L, then (K + M)|L = K|L + M|L. Hence,
r((K+M)|L; L) =v(K|L+ M|L; L) > r(K|L; L) + t(M|L; L).
This yields
min r((K + M)|L; L) > min (r(K|L; L) +r(M|L; L)) > min r(K|L; L)+ min r(M|L; L),
LeLl? LeLly LeLl? LeLly
as (i) states.
(i) Let Ly, Ly € L} be such that 17 (K) = r(K|Ly; L1) and 1] (M) = r(M|L2; Ly).
Then, (4.1) yields

r(K|Ly; Ly) +1(M|Ly; Lp) <rt(K|Ly; L) +r(M|Ly; Ly) +r(K|Lp; L) +1(M|Lp; Lp)
<r((K+ M)|Ly; L1) +1((K + M)|L2; Lp)
<27 (K + M).

(iii) Let1 <i <mn,andlet L € El'.’. Let x; and x, € L' be such that

max (KN (x+L);x+L)=r(KN(x;+L);x1+ L)

xeLt

and

maxr(MNx+L);x+L)y=r(MN x4+ L);xo+L).

xeLt
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Then, we have

r(KN(xy+L);x1+L)+r(M N (xp+L); x2+ L)
Sr((KNxp+ L)+ MN(x2+ L); x1 +x2+ L)
<r(K+M)N(x;+x+L);x1+x2+ L)
S;I;aLlﬁr((K+M)ﬂ(x+L);x+L).

Thus, for every L € E?,

maxr(K N(x +L); x + L)+ ma)ir(M Nx+L);x+ L)
xeL

xelLt

<maxr(K+M)N(x+L);x+L). (4.3)

xelLt

From this, it is enough to integrate on L in (4.3) to obtain the result.

(iv) We follow the steps in (iii) up to (4.3). Now, we can apply the minimum over E?
in (4.3) to obtain (iv).

(v) We observe first that, following Gonzalez Merino (2013a) [p. 49], we have

1
R((K + M)|L) > —(R(K|L) + R(M|L)).
((+)|)Z¢§((|)+(|))

Let L;,Ly € LI be such that RF(K) = R(K|Ly;Ly) and RF(M) =
R(M|L»; Ly). Then,

R7(K) +RT (M) = R(K|Ly) + R(M|Ly)
< R(K|L1) +R(M|L1) +R(M|L2) +R(K|L2)
< V2(R((K + M)IL1) +R((K + M)|L2))
< 2V2R7 (K + M).

In order to prove the right-hand side inequality, we just need to apply (4.1). We
consider L; € L, so that RT (K + M) = R((K + M)|L;). Then,

RY (K + M) = R((K + M)|L;) < R(K|L;) +R(M|Lj)
<RI (K) + R (M).

]

We observe that euclidean balls provide us with equality in Proposition 4.2 (1), (iii),
(iv), and the right-hand-side of (v). Recalling that r] (K') = D(K)/2, taking (4.1) into
account, we have rf (K + M) < 17 (K) + r] (M), which is the reverse inequality of
(ii), hence, in general, an improvement of inequality (ii) can not hold.

It is natural to ask, whether there is a constant, such that some of the lower bounds
for the radii of the Minkowski sum, as in Proposition 4.2(i)—(iv), can become upper
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bounds. The following result in that spirit was established in Gonzalez Merino (2013a).

Proposition 4.3 Gonzilez Mt_arino (2013a) [Prqposition 4_.1.1] Let 1 < i < n. Then,
there is no ¢ > 0 such that R\, (K + M) < c(RL(K) +RL (M)).

With the same ideas of the proof of the latter result in Gonzalez Merino (2013a),
we can prove the following proposition.

Proposition4.4 Letn > 3.

(1) Let 1 <i < n be such that n + 1 < 2i. There is no constant ¢ > 0 such that any
of the following inequalities holds for all K, M € K":

(@) t(K + M) < et (K) + 1l (M)).
(b) T (K + M) < c(TT(K) + T (M)).
(©) T (K + M) < c(t] (K) + 17 (M)).

(ii) For every 1 < i < n, there is no constant ¢ > 0 such that any of the following
inequalities holds for all K, M € K":

(@) L (K + M) < et (K) 41 (M),
(b) T7(K + M) < c(i7 (K) +T7 (M)),
(©) 19(K + M) < c(t?(K) + 17 (M)).

(iii) Let 1 < i < |5]. There is no constant ¢ > 0 such that any of the following
inequalities holds for all K, M € K":

@ RY(K + M) < cR? (K) + R (M)).
(b) R (K + M) < (R} (K) + Rl (M)).

Proof The idea of the proof for all inequalities has the same underlying construction,
which follows the ideas in Gonzélez Merino (2013a)[Theorem 1.1 and Proposition
1.1]. The construction consists on finding two approppriate coordinate cubes and
then, use the properties of the radii applied to bodies of lower dimensions.

In the first case (i), we consider

i—1 n
K = Z[_gka gk]’ M = Z[_ekﬂ ek]’
k=1 k=i
where {¢;, 1 < i < n}, denote the vectors of the standard orthonormal basis of R”.

Then, from Proposition 3.5 follows that 1 (K) = r (M) = 0, sincen —i + 1 < i.
On the other hand, it is clear that

n
K+M=) [—e. el
k=1

and thus, rf, (K + M) > 0.
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For (ii), we take into consideration K = Zizl[—ek, exl,and M =3 i [—ex, exl.
Then, Proposition 3.6 provides us with 77 (K) =7 (M) = 0, whilst

n
K + M = Z[_eka ek]v
k=1

and thus, ré (K+ M) > 0.

For the last part (iii), we take the cubes K = Z,{:l[—ek,ek] and M =
ZZ:]-H[—ek,ek], withi < j < [5]. It iiclear thati—i— j<nandi+n-—j <n.
Hence, using Proposition 3.7 we obtain RY (K) = R (M) = 0. In this case it is
K+M=)Y7_,[—ek ex] and soRL(K + M) > 0. m]

We consider in the following the continuity of the radii. By Proposition 3.3 we know
that R, RT = R, RY, 17, rf, 1l are all continuous in K, for every 1 < i < n,
meanwhile 1 is continous only on k7!, see Gonzalez Merino (2013a) [Remark 4.3.3].

We observe that with the same technique as in Gonzalez Merino (2013a) [Proposi-
tion 1.2.1] it is possible to prove that also the mean section and projection, inner and
outer radii ones, are continuous in the space of convex bodies with non-empty interior.
Next, we prove that the mean projection inner and outer radii are indeed continuous

on the whole K".

Proposition 4.5 Let 1 <i < n. Then, the radii ﬁf and 'ff are continuous on K" with
respect to the Hausdorff metric.

Proof Letl <i < n,andlet(K;);cn, K; € K" forall j € N, be asequence of convex
bodies converging to the convex body K € K". For every L € L}, the convergence
K;|L — K|L holds, as orthogonal projections are linear maps, thus, continuous.
Indeed, also the following inequalities hold:

r(K;|L; L) < max r(K|L; L) =17 (K), R(K;|L) < max R(K|L; L) =R (K).
LeLl? LeLl?
Now, since r and R are also continuous on K", the sequences (r(K;|L; L)) jen, and
(R(K|L)) jen converge in R, and further,
r(Kj|L; L) — r(K|L; L), R(K;|L) — R(KIL).
Thus, r(K;|L; L) and R(K ;| L) are bounded sequences. Finally, the bounded conver-

gence Theorem on (E:?; vp.i) (see e.g. Bowers and Kalton (2014)[Corollary A.18])
provides us with the convergence:

/ r(K;|L; L)Ydv,; —> / r(K|L; L)dv, ; and
Ly cr

f R(K;|L)dvy,; —>/ R(K|L)dvy,,;.

Ly y

O
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For the case of section inner radii, we obtain:

Proposition 4.6 Let | < i < n. Then, with respect to the Hausdorff metric, the i-th
mean section inner radii’T{ is continous on K" and R{ is continuous on the subspace
of convex bodies origin-symmetric.

Proof The continuity of 77 in K" follows from the same steps of the proof of Gonzilez
Merino (2013a) [Proposition 1.2.2].

To prove the continuity of ﬁl‘.’ in the subspace of convex bodies origin-symmetric,
let K be an origin-symmetric convex body, and let (K ;) jen be a sequence of origin-
symmetric convex bodies converging to K. Let L € L. Since K and K ; are origin-
symmetric

max R(K N (x+ L)) =R(KNL)

xeLt

and

max R(K; N (x + L)) =R(K,; N L).

xeLt

Using that K; — K, we have K; N L — K N L (see Schneider (2014) [Theorem
1.8.10]) and R(K; N L) — R(K N L). The continuity of the circumradius provides us
with the fact that (R(K;NL)) jen is abounded sequence. Thefore, again by the bounded
convergence Theorem on (E;’; Vu.i), see e.g. Bowers and Kalton (2014) [Corollary
A.18], we have the required convergence for the continuity. O

We will focus now on concavity and convexity properties of successive radii on
approppriate families of convex bodies. We first recall the notions of a convex and a
concave family of convex bodies Hadwiger (1955) [Sect. 23].

Definition 4.7 Let 0 < ¢ < 1, and let Kjo,1] := {K(¢) : t € [0, 1]} C K". If for all
t1,t €[0,1],and A € [0, 1],

(i) K ((1 =Mt +At2) C (1 =A)K(t1) + AK (t2), then the family Ko, 17 is said to be
a convex family.

(i) (1=A)K (1) +AK(r2) C K ((1 — A)t1 + Atp), then the family KCjo, 1 is said to be
a concave family.

Next we deal with concavity and convexity aspects of radii. Whenever we deal with
convexity or concavity issues of any radii f here, we refer to convexity or concavity
of the real valued function f (K (¢)). We prove now that the radii ﬁf ,RT and ﬁf’ are
convex functions when applied on a convex family of convex bodies. On the other
hand, ??’, ?‘f, ré and rﬁ, are, in the same sense, concave, when applied on a concave
family of convex bodies. This corresponds to Theorem A in the Introduction.

Theorem 4.8 [Theorem A] Let Ko,17 := {K(t) : t € [0,1]} C K" be a family of
convex bodies.

(i) IfKjo,17 is a convex family of convex bodies, then the three functions t +— ﬁf (K (1))
and t +— Rf(K(t)) = RY (K (t)) are convex functions fort € [0, 1].
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(i) IfKio,17 is a concave family of convex bodies, then the four functionst — T (K (1)),
t — ??(K(t)), t — rf, (K(t)) and t — rfT (K (t)) are concave functions for
t €[0,1].

Proof (Proof of Theorem 4.8) Let {K(¢t) : t € [0, 1]} C K" be a convex family of
convex bodies, lett1, 1 € (0, 1), A € [0, 1], and let7 = (1 — A)#; + Atp. The convexity
of the family K () yields
K(t) € (1 =M)K(t) + 1K (12).
Let further L € £}. From
K@®IL € (1 —=0K ()L +AK()|L,
the 1-homogeneity of the circumradius and (4.1) follows

R(K(®IL) =R((1 =K @DIL + 2K (1)|L) = (1 = MR(K (t1)|L) + AR(K (12)|L).

To show the convexity of Rf ,itis enough to take the maximum over E?, then we have

R (K (1)) max R(K(DIL) = inégg((l — MR(K(1)[L) + AR(K (12)|L))

LeL;
< (1 —A) max R(K(t;)|L) + A max R(K (p)|L)
LeLl! LeLl!

= (1 = MR (K (1)) + AR (K (12)).

Analogously, passing to the integral over L7, the convexity of ﬁl” is obtained. As an
immediate consequence of Theorem 3.1, i.e., R (K ()) = RT (K (1)), the convexity
of R? is obtained for every i and ¢.

To prove (ii), let again K(¢), t € [0, 1], be a concave family of convex bodies,
11,12 € (0,1),A € [0, 1], and7 = (1—A)11+At2. Then, (1-1)K (11)+AK (12) € K (7).

The concavity of T and ri. follows from the same argument as above, where now
the inequality (reverse to the previous case) arises from the super-additivity of the
inradius, (4.1), namely,

r(K(IL); L) = r((1 = MK (t1); L) +1(AK (12); L)
= =Mr(K@)IL; L) + Ar(K(2)|L; L),

forall L € L. Thus, just as above, passing to the integral over L7 yields the concavity

of T7, while taking the minimum over £} provides us with the concavity of r7 .
Finally, the concavity of T/ and rf, are consequences of their super-additivity, i.e.,

of Proposition 4.2, (iii) and (iv). O

With essentially the same proof as in the previous theorem, the following result is
also obtained.
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Proposition 4.9 Let Kpo,11 = {K(t) : t € [0, 1]} C K" be a concave family of convex
bodies. Letti, t» € (0,1), A € [0, 1], and let t = (1 — A\)t; + Aty, then we have
@ ﬁRQ({f(f)) > (1 = MRL (K (11)) + ARE (K (2)),

(i) 27 (K@) = (1 = M7 (K (1) + AT (K (1)),

(iii) v2r7 (K (1) = (1 = )r? (K (11)) + Arf (K (12)).

In the next section we will apply Theorem 4.8 (i) to the special convex family of
parallel chord movement. The latter will be further applied to obtain results relating
(Steiner) symmetrization and radii.

5 Interplay of radii and symmetrizations

First, we consider briefly the reflection of a convex body with respect to a k-plane,
as it will be useful when dealing with the Steiner symmetrization. Next, we deal with
the shadow system and the Steiner symmetrization. Subsequently, we deal with the
Schwarz symmetrization, and at last, with the Minkowski symmetrization.

Remark 5.1 Let0 <k <n,L € L}, K € K",andlet | <i < n. Then:
(i) R7 (01.(K)) = RT(K), R? (01.(K)) = RY (K), 77 (01.(K)) =77 (K) and
T (01 (K)) =77 (K).
(i) RE(or(K)) = RE(K), R] (6.(K)) = R (K), 1] (o.(K)) = r] (K) and
vl (01 (K)) = 1% (K).
(iii) R} (01(K)) = RE(K), RY (01.(K)) = RY (K), 1 (o.(K)) =17 (K) and
rl (01.(K)) =1t (K).

The proofs follow directly from the relation between the inradius and circumradius
of a convex body and its reflection onto a subspace and the invariance of the euclidean
ball under reflection.

We recall now the notion of shadow systems, introduced in Rogers and Shephard
(1958). After that, we will concentrate on parallel chord movements of convex bodies,
which happen to be particular cases of shadow systems Schneider (2014) [Sect. 10.4]
(see also Campi et al. (1999) and the references therein).

Definition 5.2 For a compact set A C R”, a unit vector u € S"~! and a bounded
function @ : A —> R, the one parameter family of convex bodies

K (t) = conv{x + a(x)tu : x € A}, t €[0,1], 5.1

is called a shadow system -along the direction u.

This definition is equivalent, by a result of Shephard (1964) (see also Bianchini
and Colesanti (2008)), to the existence of another convex body K C R+ such that
every convex body K (t), t € [0, 1], of the shadow system is the projection of K onto
ej;_ | along the direction e, 11 — t u.

Thus, a shadow system can be viewed as a continuous transformation depending
on the parameter 7, which is obtained by providing to every chord in the direction u,
at ¢, the value o (x)z.
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The analysis of the relations between radii and parallel chord movement is one of
the main purposes of this paper, for which we introduce the latter.

In the particular case in which a shadow system K (¢) is defined by the continuous
function B: K|ut — R, such that a(x) = B(x|u") forall x € K, and

K@) = {x + Bx|ub)tu: x € K}, t €0, 1], 5.2)

the family K (¢) is known as parallel chord movement. If K(t) is a parallel chord
movement, then it is clear that K (t)|u™ = K |u™ forall t € [0, 1].

It is proven in Rogers and Shephard (1958) that the volume of a shadow system is
a convex function of the parameter ¢ € [0, 1]. Moreover, in Shephard (1964) it was
also proven that other magnitudes, like the diameter or the mean width do also share
this convexity.

The following remark provides us with a direct connection between shadow systems
and symmetrizations, which has been our main motivation to use shadow systems in
this context.

Remark 5.3 Schneider (2014) [Sect. 10.4] Let K € K", and u € S"~L. Further, let
fx,gx: K |uL — R be the defining functions associated to K, that is, fx is concave,
gk 1s convex, and the convex body K is given by K = {x + Au| x € Klut, ggx) <
A < fk(x)}, as in Remark 2.8. Then,

K@) ={x+iu: xeKlut, (1 —1)gxx) —1fg(x)
A< -0fkx)—tgg)}, t€[0,1], (5.3)

is aparallel chord movement of K given by the continuous function 8(x) = —(fx (x)+
gk (x)) for x € K|ut. We observe that K (0) = K.

In the next theorem we gather some aspects of the just introduced parallel chord
movement, given by the defining functions associated to a convex body, which will be
called K defining parallel chord movement, and its connection to the symmetrization
procedures. We refer the reader to Rogers and Shephard (1958); Schneider (2014);
Shephard (1964), and the references therein.

Theorem 5.4 Shephard (1964) Let K € K", andlet K (t),0 < t < 1, be the K defining
parallel chord movement in the direction u € S"~!. Then,

(1) K (¢) is a convex body for every t € [0, 1].

(i) K@) = Usegpe X+ (1 =g (x) — tfx ()u, x + (1 = 1) fx (x) — 18
Kk (x))ul.

(iii) Thelengthofthe segment[x + (1 — t)gx (x) — tfx (xX)Du, x + (1 — 1) fx (x) — tg
k (x))u] does not depend on t, for t € [0, 1]. Indeed, it coincides with fx(x) —
gk (x) > 0.

(iv) K(3) = S,.(K),

v) K(1) =0,1(K).

The items (iv) and (v) in the previous proposition do provide us with the main motiva-
tion to work with shadow systems, as they establish a connection of those with Steiner
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and (implicitly) Minkowski symmetrization. Further, Definition 2.9, and Definition
2.6 allow us to see a connection between the Schwarz symmetrization and shadow
systems via Theorem 5.4 (ii).

The following result will be crucial for our purposes. It establishes the convexity on
the defining parameter of the family of parallel chord movement for any K € K" and
u € S, in the spirit of the convexity results in Shephard (1964) for the diameter, or
the mean width.

Proposition5.5 Let K € K", u € S" and let K(1), 0 <t < 1, be the K defining
parallel chord movement in the direction u. Then, K (t) is convexint € [0, 1].

Proof Let K € K", u € S"~!, and let K(t),0 <t < 1, be the K defining parallel
chord movement in the direction u. Further, let #;,#, € [0, 1] and A € [0, 1], and
denote by 7 = (1 — A)t; + Afr. We prove that

K@) < (1 =MK(1) + 1K (12).

Let fx, gk denote the defining functions associated to K, and let z € K (7). Then,
there exist x € K |u™ and y = pu, so that z = x + y, and

(I —=Dgg(x) =1 fk(x) = p = (1 —1) fx (x) — 18k (x).

We construct z; € K(;),i € {1, 2}, such that z = (1 — X)z1 + Az, by means of
finding x1, x2 € Klul, and y; = uiu, y» = uou, such that

(I—t)gx () —tifx(x) <A < (1 —1) fx(x) — tigx (x),

fori =1,2,andx +y = (1 — A)(x1 + y1) + A(x2 + ).

Let x; = xp = x, andetd = (1 —7) fx(x) — fgx(x) — u > 0. Furthermore,
fori = 1,2 let u; = (1 — ;) fx(x) — tigg (x) — d. Then, as d > 0, we have
wi < (1—1) fxk (x)—t;gg (x). Moreover, since & > (1 —1)gg (x) —1 fk (x), we have

wi =0 —1)fx(x) —tigg(x) — (1 =1) fx(x) + 18k (x) + 1 >
=0 —1)frx) —tigg(x) — (1 =D fx(x) +1gx(x) + (1 = gr (x) — 1 fx (x)
= —=t)fxx) —tigk(x) + gr(x) — fx(x) = (1 —ti)gr (x) — t; fx (x).

Thus, we have proven that u; € [(1 —#;)gx (x) —t; fx (x), (1 — ;) fx (x) — tigx (x)]
and therefore, we obtain z; = x 4+ pju € K(t;).
It remains to prove, that u = (1 — Ay + Aup:

(I =p1 + rpz
=1 =)A=t fxx) = A =Mtgr(x) — (1 =2)d + 11 — 1) fx (x) — Aagg (x) — Ad
=1 =M =t)fxkGx) = A =Dtigr(x) + 21 — 1) fx (x) — A2gg (x) —d
= k)1 =)0 —1) + A1 — 1)) — gg (x)((1 = M)ty + At2)
— (=) fxx) +1gr(x) +p
= fk)(A =)0 =) + Al —12)) — gx (x)((1 = M)t1 + At2)
— (A== =) fx(x) + (1 =)t +An)gr (x) + = p
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Thus, z =x 4+ y € (1 — A)K(#1) + LK (t2) and the statement follows. O

As a consequence of the latter result we can prove Theorem 5.6, i.e., that the Steiner
symmetrization does not increase the mean projection outer radii.

Theorem 5.6 [Theorem B] Let K € K, u € "1 and let | < i < n. Then, we have

(i) R7(S,1(K)) < R*(K);
(i) RY (S, (K)) =R (S, (K)) <RI (K) =R7(K);

and equality holds in all of the inequalities for euclidean balls.

Proof Let K € K", and u € S"~!. We consider the one-parameter family of chord
movement of K in the direction u € "1, K(t),t € [0, 1]. By Proposition 5.5, the
family K (¢) is convex in ¢ € [0, 1], hence, applying Theorem 4.8, ﬁf (K(t)) and
Rf(K(t)) are convex in ¢t € [0, 1]. Thus, recalling that K (0) = K, K(%) = S,.(K)
and K (1) = 0,1 (K), Remark 5.1 yields

RT(S,1(K)) <RT(K)
and
R (8,1 (K)) < R (K).

By Theorem 3.1, the same inequality for R holds also for R{.

Finally, equality holds in all three inequalities with euclidean balls, since the Steiner
symmetrization does not change balls, up to a translation, and thus, all the involved
radii equal the radius of the ball. O

Remark 5.7 We point out, that as R! (K) = rl (K) = RL(K) =L (K) = w(K)/2,
and as it is known that the minimal width of a set can be both increased and reduced
after performing a Steiner symmetrization on it, see Eggleston (1958) [p. 90], the

analog of Theorem 5.6 for RZ , ., R., i can not hold, in general.

Now we can use Theorem 5.6 to prove that the Schwarz symmetrization does not
increase the mean projection outer radii.

Theorem5.8 Let K € K", 1 <k <n—1,and L € L}, and 1 <i < n. Then, we
have

(i) R7(S.(K)) < RT(K);
(i) R7(SL(K)) = R7(SL.(K)) < RT(K) = R?(K)

and equality holds in all of the inequalities for euclidean balls.

Proof Let K € K", 1 < k < n—1,and L € Lj. The fundamental step in the
proof is Theorem 2.10, i.e., the existence of a sequence of Steiner symmetrizations
of K converging to Sz (K). Then, Theorem 5.6 proves the result. More precisely,
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let u; € S"1' N L be the sequence of directions from Theorem 2.10, so that
S, (SMIL(K))) — Sp(K),andletK; := S, (- (Suf_(K))). Theorem 5.6 yields
J J

RT(K;) <RF(K;_1) <--- < RF(K)) < RF(K).

By the continuity of the mean projection outer radii proven in Proposition 4.5, we
have

RT(SL(K)) =RT (Alim K,-) = lim RT(K;) <R7(K).
j——+o0 Jj—+00

By Proposition 3.3 and Theorem 3.1, we have also that RY (S (K)) = R (SL(K)) <
Rf (K) = RY (K) holds. Equality holds in all three inequalities for the euclidean ball,
for the same reason as in Theorem 5.6. O

To finish, we address the Minkowski symmetrization and its relation to the successive
and mean radii. We observe first, that (4.2) does already provide us with a first relation,
as ﬁ’f (K) = 1b(K), and thus, ﬁ’f (K) = ﬁ? (M (K)). Now, we can extend this result
to some mean radii.

Theorem 5.9 [Theorem C]LetK € K",0 <k <n,andletL € L. Foralll <i <n,
we have

RT(ML(K)) <RF(K), T (K)<T (Mp(K))
and
T(K) <T7(Mp(K)),

and equality holds for euclidean balls.
Fori =1, we have RT (M (K)) = RT(K), and 7] (M (K)) = 1] (K), that is,
there is equality in the inequalities involving the projection mean radii, when i = 1.

Proof The two first inequalities involving projection radii, namely, ﬁf (ML (K)) <
R7(K), and T (K) <17 (M (K)) are consequences of Proposition 4.1 (i) and (iii),
while the last inequality, 77 (K) < T7 (M (K)), follows from the super-additivity
property of the mean section inner radii in Proposition 4.2 (iii).
Equality holds in all three inequalities for euclidean balls as the Minkowski sym-
metral of a euclidean ball K is again a euclidean ball having the same radius as K.
For i = 1, the equalities follow from (4.2), and the equality ?T(K) = %b(l(),

together with the fact that the mean width is linear with respect to the Minkowski sum,
provides us with the result:

~ ~ 1
RT(Mp(K)) = f(K):zb(K):?’f(K):?f(ML(K)),
forall L e £},1 <k <nand K € K". O
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With essentially the same proof as in the previous theorem, the following result is also
obtained.

Proposition 5.10 Let K € K", 0 <k <n, andlet L € L}. Forall 1 <i < n, we
have

(i) RO (ML (K)) =RF (M. (K)) <RF(K) =R (K);
(i) RL(K) < /2RL (ML (K));
(iii) 17 (K) < 2t7 (M (K)) and 19 (K) < /217 (M1 (K));
(iv) o (K) <t (M(K)) and tl(K) <1l (M(K)).

We observe that euclidean balls provide us with equality in Proposition 5.10 (i)
and the left-hand-side of (iv). We point out, that recalling the proof of Proposition 4.4
(iii), it is possible to find two convex bodies K and M, not full-dimensional, such that
R" (K) = R" (M) =0, but R‘ (K + M) > 0. Hence, under some suitable conditions
onn,l <i <nand 1 < k < n, it is possible to consider M = o (K), for a
suitable L € L7, and this allows us to establish that there is no ¢ € R, such that
R7(ML(K)) < cR?(K) and R, (M (K)) < cR. (K), forall K € K.

Remark 5.11 We remark, that unlike Theorem 5.9, there can not be equality for the
case i = | in Proposition 5.10, since

r0="0 = 2T ),

o
and the diameter and the minimal width are not linear with respect to the Minkowski
sum.

We observe that Propositions 4.1 (iii) and 4.2 (v) yield also the inequalities

o ﬁNn T 1 T
R (ML(K)) > TRi (K), R{(ML(K)) > —=R{(K),

232

which provide us with a lower and upper bound for the mean projection outer and the
maximal projection outer radii.
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