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Abstract
Let �(0,0) =

(
A ANB

BMA B

)
be a Morita ring such that the bimodule homomorphisms

are zero. In this paper, we give sufficient conditions for a �(0,0)-module (X ,Y , f , g)
to be strongly Gorenstein-projective. Moreover, we describe all strongly Gorenstein-
projective modules over the 2 × 2 matrix algebra M2(A) over A.
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1 Introduction

Auslander and Bridger (1969) generalized finitely generated projective modules to
modules of Gorenstein dimension zero over two-sided Noetherian rings. After two
decades, Enochs and Jenda (1995) generalized it to an arbitrary ring and called it
Gorenstein-projective modules. Bennis andMahdou introduced the notion of strongly
Gorenstein-projective modules and showed that a module is Gorenstein-projective if
and only if it is a direct summand of a strongly Gorenstein-projective module (Bennis
and Mahdou (2007), Theorem 2.7).

Projective modules are strongly Gorenstein-projective modules (the converse is
not true in general). Over an algebra of finite global dimension, Gorenstein-projective
modules are projective (Enochs and Jenda (2000), Proposition 10.2.3). Gao and Zhang
determined all finitely generated strongly Gorenstein-projective modules over upper
triangular matrix artin algebras in Gao and Zhang (2009). Mao (2020) explicitly
described the structures of strongly Gorenstein-projective, injective and flat modules
over formal triangular matrix rings.
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Morita rings have been introduced by Bass (1962). This class of rings contains a lot
of good examples of algebra. Gao et al. (2021) studied the monomorphism category
and epimorphism category of Morita rings with bimodule morphisms being zero,
and characterized the Ringel–Schmidmeier–Simson equivalence between them. Guo
(2022) constructed an example of Gorenstein-projective modules over a special class
of Morita context rings. Asefa (2022b) gave sufficient conditions for a �(0,0)-module
(X ,Y , f , g) to be Gorenstein-projective. Asefa (2022a) described all the complete
projective resolutions and all finitely generated Gorenstein-projective modules over a
Morita ring�(0,0)(A, B, M, N ), by giving the corresponding sufficient and necessary
conditions. Gao and Psaroudakis (2017) constructed Gorenstein-projective modules
over Morita rings. Green and Psaroudakis (2014) described all Gorenstein-projective
modules over aMorita ring�(φ,φ) = (

A A
A A

)
, where A is Gorenstein algebra. However,

strongly Gorenstein-projective modules over aMorita ring have not yet been explicitly
described. Therefore, our aim is to explicitly describe strongly Gorenstein-projective
modules over a Morita ring. This generalizes strongly Gorenstein-projective modules
over formal triangular matrix rings.

2 Preliminaries

In this section, we recall some basic definitions and facts that will be used throughout
the paper.

Throughout the paper, A-Mod denotes the category of left A-modules, for a ring
A. pd(M) and fd(M) denote the projective and flat dimensions of an A-module
M respectively. Following Enochs and Jenda (2000), an A-module M is said to be
Gorenstein-projective in A-Mod if there is an exact sequence of projective modules:

P• := · · · −→ P−1 −→ P0 d0−→ P1 −→ · · ·

with HomA(P•, Q) exact for any projective A-module Q such that M ∼= Ker d0. A
complexP• is called a complete projective resolution in A-Mod, ifP• is of the form

· · · f−→ P
f−→ P

f−→ P
f−→ · · ·

then M is said to be a strongly Gorenstein-projective module, SG-projective for short,
and P• is called a strongly complete projective resolution. Denote by SGProjA the
full subcategory of SG-projective A-modules.

Let A and B be two rings, ANB an A-B-bimodule, BMA a B-A-bimodule, and
φ : M ⊗A N −→ B a B-B-bimodule homomorphism, and ψ : N ⊗B M −→ A an
A-A-bimodule homomorphism. Define

�(φ,ψ)(A, B, M, N ) :=
(

A ANB
BMA B

)
= {( a n

m b

) | a ∈ A, b ∈ B, m ∈ M, n ∈ N }.
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Consider the addition of �(φ,ψ)(A, B, M, N ) as the addition of matrices, and the
multiplication is given by

( a n
m b

)
.
(

a′ n′
m′ b′

)
=

(
aa′+ψ(n⊗m′) an′+nb′

ma′+bm′ bb′+φ(m⊗n′)

)
.

This multiplication of �(φ,ψ)(A, B, M, N ) has associativity if and only if

φ(m ⊗ n)m′ = mψ(n ⊗ m′), nφ(m ⊗ n′) = ψ(n ⊗ m)n′

for allm,m′ ∈ M and all n, n′ ∈ N . In this case,�(φ,ψ)(A, B, M, N ) is a ring, which
is called the Morita ring.

For example, if B = A = M = N , then we have ψ = φ : A ⊗ A −→ A. By the
associativity condition, ψ = φ if and only if ψ(1 ⊗ 1) = φ(1 ⊗ 1). We denote the
corresponding Morita ring by �(φ,φ)(A) := (

A A
A A

)
.

Note that φ(1 ⊗ 1) = a if and only if a is in the center of A. There are two kinds
of important cases, namely, φ(1 ⊗ 1) = 1 and φ(1 ⊗ 1) = 0.

If φ(1 ⊗ 1) = 1, then the corresponding Morita ring �(φ,φ)(A) is just the 2 × 2
matrix algebra M2(A).

Ifφ(1⊗1) = 0, then the correspondingMorita ringwill be denoted by�(0,0)(A) :=(
A A
A A

)
. Thus, the multiplication of �(0,0)(A) is given by

(
a b
c d

)
.
(
a′ b′
c′ d ′

)
=

(
aa′ ab′+bd ′

ca′+dc′ dd ′
)

.

This is, in fact, a new ring in some sense.
The modules over a Morita ring �(φ,ψ) were described in Green (1982). Let

M(�(φ,ψ)) be the category whose objects are tuples (X ,Y , f , g), where X ∈ A-Mod,
Y ∈ B-Mod, and

f ∈ HomB(M ⊗A X ,Y ), g ∈ HomA(N ⊗B Y , X)

such that the following diagrams commute:

N ⊗B M ⊗A X
IdN⊗ f ��

ψ⊗IdX
��

N ⊗B Y

g

��
A ⊗A X

∼= �� X

(2.1)

M ⊗A N ⊗B Y
IdM⊗g ��

φ⊗IdY
��

M ⊗A X

f
��

B ⊗B Y
∼= �� Y

(2.2)
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Amorphism (X , Y , f , g) −→ (X ′,Y ′, f ′, g′) inM(�(φ,ψ)) is a pair (a, b), where
a : X −→ X ′ is an A-homomorphism and b : Y −→ Y ′ is a B-homomorphism, such
that the following diagrams commute:

M ⊗A X
f ��

IdM⊗a
��

Y

b
��

M ⊗A X ′ f ′
�� Y ′

(2.3)

N ⊗B Y
g ��

IdN⊗b
��

X

a

��
N ⊗B Y ′ g′

�� X ′

(2.4)

The relationship between �(φ,ψ)-Mod and M(�) is given via the functor F :
M(�) −→ �(φ,ψ)-Modwhich is defined on objects (X ,Y , f , g) ofM(�) as follows:
F(X ,Y , f , g) = X ⊕ Y as abelian groups, with a �(φ,ψ)-module structure given by

( a n
m b

)
(x, y) = (ax + g(n ⊗ y), by + f (m ⊗ x))

for all a ∈ A, b ∈ B, n ∈ N , m ∈ M , x ∈ X , and y ∈ Y . If (a, b) : (X ,Y , f , g) →
(X ′,Y ′, f ′, g′) is a morphism in M(�) then F(a, b) = ( a 0

0 b ) : X ⊕ Y → X ′ ⊕ Y ′.
Then the functor F turns out to be an equivalence of categories, (see (Green 1982,
Theorem 1.5)). From now on we identify the modules over �(φ,ψ) with the objects of
M(�).

Let �(φ,ψ) =
(

A ANB
BMA B

)
be a Morita ring. Then we have the following facts (see

for e.g. Gao and Psaroudakis (2017)).

Lemma 1 (i) Let (a, b) : (X ,Y , f , g) −→ (X ′,Y ′, f ′, g′) be a morphism in
�(φ,ψ)-Mod, c : Ker a ↪→ X and d : Ker b ↪→ Y the canonical embedding. Then the
kernel of (a, b) is the object (Ker a,Ker b, h, j), where h is induced by the following
commutative diagram:

M ⊗A Ker a
IdM⊗c ��

h
���
�
� M ⊗A X

IdM⊗a ��

f
��

M ⊗A X ′

f ′
��

Ker b �
� d �� Y

b �� Y ′

and j is induced by the following commutative diagram:

N ⊗B Ker b
IdN⊗d ��

j
���
�
� N ⊗B Y

IdN⊗b ��

g

��

N ⊗B Y ′

g′
��

Ker a �
� c �� X

a �� X ′
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Similarly, one can derive a description for the Cokernel of the morphism (a, b).
(ii) A sequence of �(φ,ψ)-homomorphisms

0 −→ (X1,Y1, f1, g1)
(a,b)−→ (X2,Y2, f2, g2)

(a′,b′)−→ (X3,Y3, f3, g3) −→ 0

is exact if and only if the sequence of A-homomorphisms

0 −→ X1
a−→ X2

a′−→ X3 −→ 0

is exact in A-Mod, and the sequence of B-homomorphisms

0 −→ Y1
b−→ Y2

b′−→ Y3 −→ 0

is exact in B-Mod.

We denote by ψX the following composition:

N ⊗B M ⊗A X
ψ⊗IdX ��

ψX

��
A ⊗A X

∼= �� X

i.e., ψX := cX (ψ ⊗ IdX ) : N ⊗B M ⊗A X −→ X , where cX : A⊗A X −→ X is the
canonical A-isomorphism.

We denote by φY the following composition:

M ⊗A N ⊗B Y
φ⊗IdY ��

φY

��
B ⊗B Y

∼= �� Y

i.e., φY := cY (φ ⊗ IdY ) : M ⊗A N ⊗B Y −→ Y , where cY : B ⊗B Y −→ Y is the
canonical B-isomorphism.

We now recall the functors given in Green and Psaroudakis (2014).

1. The functor TA : A-Mod −→ �(φ,ψ)-Mod is given by TA(X) := (X , M ⊗A

X , IdM⊗AX , ψX ) for any object X in A-Mod.
2. The functor TB : B-Mod −→ �(φ,ψ)-Mod is given by TB(Y ) := (N ⊗B

Y ,Y , φY , IdN⊗BY ) for any object Y in B-Mod.
3. The functor UA : �(φ,ψ)-Mod −→ A-Mod is given by UA(X ,Y , f , g) := X for

any object (X ,Y , f , g) in �(φ,ψ)-Mod.
4. The functor UB : �(φ,ψ)-Mod −→ B-Mod is given by UB(X ,Y , f , g) := Y for

any object (X ,Y , f , g) in �(φ,ψ)-Mod.
5. Let X be any object in A-Mod, then we denote by εX : N ⊗B HomA(N , X) −→

X the map A-module given by involution. The functor HA : A-Mod −→
�(φ,ψ)-Mod is given by HA(X) := (X , HomA(N , X), HomA(N , ψX ) ◦
δ′
M⊗AX

, εX ) for any object X in A-Mod.
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6. Let Y be any object in B-Mod, then we denote by εY : M⊗AHomB(M,Y ) −→ Y
the map B-module given by involution. The functor HB : B-Mod −→ �(φ,ψ)-
Mod is given by HB(Y ) := (HomB(M,Y ), Y , εY , HomB(M, φY ) ◦ δN⊗BY ) for
any object Y in B-Mod.

7. The functor ZA : A-Mod −→ �(φ,ψ)-Mod is defied by ZA(X) := (X , 0, 0, 0)
for any object X in A-Mod. The functor ZB : B-Mod −→ �(φ,ψ)-Mod can be
similarly defined.

For �(φ,φ)(A) = (
A A
A A

)
, we will use special notations for the functors TA and TB .

The functor T1 : A-Mod −→ �(φ,φ)-Mod is given by T1(X) := (X , A ⊗A

X , IdA⊗AX , φX ) for any object X ∈ A-Mod, and for an A-homomorphism a :
X −→ X ′, T1(a) := (a, a).

The functor T2 : A-Mod −→ �(φ,φ)-Mod is given by

T2(X) := (A ⊗A X , X , φX , IdA⊗AX )

for any object X ∈ A-Mod, and for an A-homomorphism b : X −→ X ′, T2(b) :=
(b, b).

The following result gives more information about the above functors.

Proposition 2 ((Green and Psaroudakis 2014, Prop. 2.4)) Let �(φ,ψ) =
(

A ANB
BMA B

)

be a Morita ring. Then
(i) The functors TA, TB, HA, and HB are fully faithful.
(ii) The four pairs (TA,UA), (TB,UB), (UA,HA), and (UB,HB) are adjoint pairs
of functors.
(iii) The functors UA and UB are exact.

Lemma 3 Let �(0,0) be Morita ring.

1. (Krylov and Tuganbaev 2010, Theorem 7.3) A left �(0,0)-module (P, Q, f , g) is
projective if and only if (P, Q, f , g) = TA(X) ⊕TB(Y ) = (X , M ⊗A X , 1, 0) ⊕
(Y , N ⊗B Y ,Y , 0, 1) for some projective left A-module X and projective left B-
module Y .

2. (Müller 1987, Corollary 2.2) A left �(0,0)-module (I , J , f , g) is injective if
and only if (I , J , f , g) = HA(X) ⊕ HB(Y ) = (X ,HomA(N , X), 0, εX ) ⊕
(HomB(M,Y ),Y , εY , 0) for some injective left A-module X and injective left
B-module Y .

3 Strongly Gorenstein-projectivemodules

The aim of this section is to explicitly describe stronglyGorenstein-projectivemodules

over a Morita ring �(0,0)(A, B, M, N ) =
(

A ANB
BMA B

)
.

The following lemmas are required in order to prove the main theorem of the paper.

Lemma 4 Let A be a ring and M a B-A-bimodule with a finite flat dimension. If a
complex of flat A-modules F • is exact, then the sequence M ⊗A F • is also exact.
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Lemma 5 Let �(0,0) be a Morita ring with zero bimodule homomorphisms. Then

1. (Gao and Psaroudakis 2017, Lemma 3.8) For each X ∈ A-Mod and each Y ∈
B-Mod, we have the following exact sequences in �(0,0)-Mod:

0 −→ ZB(M ⊗A X) −→ TA(X) −→ ZA(X) −→ 0

and

0 −→ ZA(N ⊗B Y ) −→ TB(Y ) −→ ZB(Y ) −→ 0.

2. (Gao and Psaroudakis 2017, Lemma 3.9) For all X , X ′ ∈ A-Mod and Y ,Y ′ ∈
B-Mod, we have the following isomorphisms:

Hom�(0,0) (TA(X) ⊕ TB(Y ),ZA(X ′)) ∼= HomA(X , X ′)

and

Hom�(0,0) (TA(X) ⊕ TB(Y ),ZB(Y ′)) ∼= HomB(Y ,Y ′).

The following result provides sufficient conditions for the functors TA :
A-Mod −→ �(0,0)-Mod and TB : B-Mod −→ �(0,0)-Mod to preserve strongly
Gorenstein-projective modules.

Proposition 6 (1) Assume that MA has a finite flat dimension and that AN has a finite
projective dimension. If X is a strongly Gorenstein-projective A-module, then TA(X)

is a strongly Gorenstein-projective �(0,0)-module.
(2) Assume that NB has a finite flat dimension and that BM has a finite projective
dimension. If Y is a strongly Gorenstein-projective B-module, then TB(Y ) is a strongly
Gorenstein-projective �(0,0)-module.

Proof We only prove (1). The assertion (2) can be similarly proved. Since X is a
strongly Gorenstein-projective, there is an exact sequence of projective A-modules:

P• : · · · d−→ P
d−→ P

d−→ P
d−→ · · ·

such that X ∼= Ker d, and HomA(P•, Q) exact for any projective A-module Q. Since
MA has a finite flat dimension, by Lemma 4, the sequence M ⊗A P• is exact. Hence,
we get the exact sequence of projective �(0,0)-modules:

TA(P•) : · · · (d,1⊗d)−→ TA(P)
(d,1⊗d)−→ TA(P)

(d,1⊗d)−→ TA(P)
(d,1⊗d)−→ · · ·

such that TA(X) ∼= Ker(d, 1⊗d). It is now left to show that Hom�(0,0) (TA(P•), (X ′,
Y ′, f ′, g′)) is exact for any projective �(0,0)-module (X ′,Y ′, f ′, g′). From Lemma
3, we see that it suffices to show the exactness of Hom�(0,0) (TA(P•),TA(P))

and Hom�(0,0) (TA(P•),TB(Q)) for any projective A-module P , and any pro-
jective B-module Q. By Proposition 2, the functor TA is fully faithful. Thus,
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Hom�(0,0) (TA(P•),TA(P)) ∼= HomA(P•, P). Hence Hom�(0,0) (TA(P•),TA(P))

is exact because HomA(P•, P) is exact. Since (TA,UA) are adjoint pairs, we have

Hom�(0,0) (TA(P•),TB(Q)) ∼= HomA(P•, N ⊗B Q).

A module N ⊗B Q has a finite projective dimension because it is isomor-
phic to a direct summand of direct sums of copies of N . Since P• is a
strongly complete A-projective resolution, the complex HomA(P•, N ⊗B Q) is
exact(see (Holm 2004, Proposition 2.3)). Thus, Hom�(0,0) (TA(P•),TB(Q)) is
exact. Hence, Hom�(0,0) (TA(P•), (X ′,Y ′, f ′, g′)) is exact for any projective �(0,0)-
module (X ′,Y ′, f ′, g′). Therefore, TA(X) is a strongly Gorenstein-projective �(0,0)-
module. 	


In the following result, we give sufficient conditions for a �(0,0)-module
(X ,Y , f , g) to be strongly Gorenstein-projective.

Theorem 7 Assume that fd(MA) < ∞, fd(NB) < ∞, pd(AM) < ∞ and pd(AN ) <

∞. Let (X ,Y , f , g) be a �(0,0)-module such that M ⊗A Cokerg ∼= Im f and N ⊗B

Coker f ∼= Img. Then (X ,Y , f , g) is a strongly Gorenstein-projective �(0,0)-module
if the following conditions hold:

1. Cokerg is a strongly Gorenstein-projective left A-module, i.e., there exists a

strongly complete projective resolution · · · k−→ P
k−→ P

k−→ P
k−→ · · ·

with Cokerg ∼= Kerk.
2. Coker f is a strongly Gorenstein-projective left B-module, i.e., there exists a

strongly complete projective resolution · · · h−→ Q
h−→ Q

h−→ Q
h−→ · · ·

with Coker f ∼= Kerh.
3. There exist ρ : X −→ N ⊗B Q and ν : P −→ X such that ρi1 = IdN ⊗ i ,

π1ν = δ and Ker
( k 0

ρν IdN⊗h

) = Im
( k 0

ρν IdN⊗h

)
, where i : Coker f −→ Q and

i1 : N ⊗B Coker f −→ X are monomorphisms, δ : P −→ Cokerg and π1 :
X −→ Cokerg are epimorphisms and Ker

( k 0
ρν IdN⊗h

) ∈ End(P ⊕ N ⊗B Q).
4. There exist ε : Y −→ M ⊗A P and θ : Q −→ Y such that εi2 = IdM ⊗ γ ,

π2θ = ω and Ker
( rmIdM⊗k εθ

0 h

) = Im
( IdM⊗k εθ

0 h

)
, where γ : Cokerg −→ P

and i2 : M ⊗A Cokerg −→ Y are monomorphisms, ω : Q −→ Coker f and
π2 : Y −→ Coker f are epimorphisms and

( IdM⊗k εθ
0 h

) ∈ End(M ⊗A P ⊕ Q).

Proof By (1), there is a strongly complete projective resolution in A-Mod:

P• : · · · k−→ P
k−→ P

k−→ P
k−→ · · · (3.1)

with Kerk ∼= Cokerg. Write γ : Cokerg −→ P to be the obvious monomorphism and
δ : P −→ Cokerg the obvious epimorphism such that γ δ = k. Since fd(MA) < ∞,
the sequence

· · · IdM⊗k−→ M ⊗A P
IdM⊗k−→ M ⊗A P

IdM⊗k−→ M ⊗A P
IdM⊗k−→ · · · (3.2)

is exact.
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By (2), there is a strongly complete projective resolution in B-Mod:

Q• : · · · h−→ Q
h−→ Q

h−→ Q
h−→ · · · (3.3)

with Kerh ∼= Coker f . Write i : Coker f −→ Q to be the obvious monomorphism and
ω : Q −→ Coker f the obvious epimorphism such that iω = h. Since fd(NB) < ∞,
the sequence

· · · IdN⊗h−→ N ⊗B Q
IdN⊗h−→ N ⊗B Q

IdN⊗h−→ N ⊗B Q
IdN⊗h−→ · · · (3.4)

is exact.
Let π1 : X −→ Cokerg and π2 : Y −→ Coker f . Consider the following commu-

tative diagram of A-modules:

N ⊗B M ⊗A X
IdN⊗ f ��

ψ⊗IdX
��

N ⊗B Y

g

��

IdN⊗π2�� N ⊗B Coker f ��

i1

��� � � � � � �
0

A ⊗A X
∼= �� X

Since ψ = 0, by the above diagram, there exists a unique A-map i1 : N ⊗B

Coker f −→ X such that g = i1 ◦ (IdN ⊗π2). From Img ∼= N ⊗B Coker f , it follows
that i1 is an injective A-map. Thus, we get the exact sequence

0 −→ N ⊗B Coker f
i1−→ X

π1−→ Cokerg −→ 0. (3.5)

Similarly, there exists an exact sequence

0 −→ M ⊗A Cokerg
i2−→ Y

π2−→ Coker f −→ 0 (3.6)

such that f = i2 ◦ (IdM ⊗ π1).
By (3), there exist ρ : X −→ N ⊗B Q and ν : P −→ X such that ρi1 = IdN ⊗ i ,

π1ν = δ and Ker
( k 0

ρν IdN⊗h

) = Im
( k 0

ρν IdN⊗h

)
.

Define τ : P ⊕ N ⊗B Q −→ X by

τ(x, y) = ν(x) + i1(IdN ⊗ ω)(y), x ∈ P, y ∈ N ⊗B Q

and define η : X −→ P ⊕ N ⊗B Q by

η(z) = (γ π1(z), ρ(z)), z ∈ X .

123



52 Beitr Algebra Geom (2024) 65:43–57

Then we get the following commutative diagram with exact rows:

0 �� N ⊗B Q
λ1 ��

IdN⊗ω

��

P ⊕ N ⊗B Q
ρ1 ��

τ

��

P ��

δ

��

0

0 �� N ⊗B Coker f
i1 ��

IdN⊗i
��

X
π1 ��

η

��

Cokerg ��

γ

��

0

0 �� N ⊗B Q
λ1 �� P ⊕ N ⊗B Q

ρ1 �� P �� 0

By (3.2), the first column of the above diagram is exact. Thus, IdN ⊗ ω is an
epimorphism. Since δ is also epimorphism, τ is an epimorphism. Similarly, since
IdN ⊗ i and γ are monomorphism, η is a monomorphism.

For any x ∈ P and y ∈ N ⊗B Q, we have

ητ(x, y) = (γ π1(ν(x) + i1(IdN ⊗ ω)(y)), ρ(ν(x) + i1(IdN ⊗ ω)(y)))

= (γ π1ν(x) + γπ1i1(IdN ⊗ ω)(y), ρν(x) + ρi1(IdN ⊗ ω)(y))

= (γ δ(x) + 0, ρν(x) + (IdN ⊗ i)(IdN ⊗ ω)(y))

= (γ δ(x), ρν(x) + (IdN ⊗ iω)(y))

= (k(x), ρν(x) + (IdN ⊗ h)(y))

= ( k 0
ρν IdN⊗h

) ( x
y
)

Then ητ = ( k 0
ρν IdN⊗h

)
. Hence Ker(ητ) = Im(ητ). Thus, we get the following exact

sequence in A-Mod:

W• : · · · ητ−→ P ⊕ N ⊗B Q
ητ−→ P ⊕ N ⊗B Q

ητ−→ P ⊕ N ⊗B Q
ητ−→ · · · .

(3.7)

By (4), there exist ε : Y −→ M ⊗A P and θ : Q −→ Y such that εi2 = IdM ⊗ γ ,
π2θ = ω and Ker

( IdM⊗k εθ
0 h

) = Im
( IdM⊗k εθ

0 h

)
.

Define α : M ⊗A p ⊕ Q −→ Y by

α(x, y) = i2(IdM ⊗ δ)(x) + θ(y), x ∈ M ⊗A P, y ∈ Q

and define β : Y −→ M ⊗A P ⊕ Q by

β(z) = (ε(z), iπ2(z)), z ∈ Y .
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Then we get the following commutative diagram with exact rows:

0 �� M ⊗A P
λ2 ��

IdM⊗δ

��

M ⊗A P ⊕ Q
ρ2 ��

α

��

Q ��

ω

��

0

0 �� M ⊗A Cokerg
i2 ��

IdM⊗γ

��

Y
π2 ��

β

��

Coker f ��

i
��

0

0 �� M ⊗A p
λ2 �� M ⊗A P ⊕ Q

ρ2 �� Q �� 0

By (3.4), the first column of the above diagram is exact. Thus, IdM ⊗ δ is an
epimorphism. Since ω is also epimorphism, α is an epimorphism. Similarly, since
IdM ⊗ γ and i are monomorphisms, β is a monomorphism.

For any x ∈ M ⊗A P and y ∈ Q, we have

βα(x, y) = (ε(i2(IdM ⊗ δ)(x) + θ(y)), iπ2(i2(IdM ⊗ δ)(x) + θ(y)))

= (εi2(IdM ⊗ δ)(x) + εθ(y), iπ2i2(IdM ⊗ δ)(x) + iπ2θ(y))

= ((IdM ⊗ γ )(IdM ⊗ δ)(x) + εθ(y), 0 + iω(y))

= ((IdM ⊗ γ δ)(x) + εθ(y), 0 + iω(y))

= ((IdM ⊗ k) + εθ(y), h(y))

= ( IdM⊗k εθ
0 h

) ( x
y
)

Then βα = ( IdM⊗k εθ
0 h

)
. Hence Ker(βα) = Im(βα). Thus, we get the following exact

sequence in B-Mod:

U• : · · · βα−→ M ⊗A P ⊕ Q
βα−→ M ⊗A P ⊕ Q

βα−→ M ⊗A P ⊕ Q
βα−→ · · · .

(3.8)

By Lemma 1(ii), we obtain the following exact sequence in �(0,0)-Mod from (3.7)
and (3.8):

T • : · · · (ητ βα)−→ TA(P) ⊕ TB(Q)
(ητ βα)−→ TA(P) ⊕ TB(Q)

(ητ βα)−→ · · · (3.9)

with Ker(ητ βα) = (X ,Y , f , g).
Now we are left to show that Hom�(0,0) (T

•, (X ′,Y ′, f ′, g′)) is exact for each
projective �(0,0)-module (X ′,Y ′, f ′, g′). From Lemma 3, we can infer that it suffices
to show that Hom�(0,0) (T

•,TA(P)) and Hom�(0,0) (T
•,TB(Q)) are exact for each

projective A-module P and for each projective B-module Q. By Lemma 5(1), the
sequence 0 −→ ZB(M ⊗A P) −→ TA(P) −→ ZA(P) −→ 0 is exact. Since each
term in the complex T • is a projective �(0,0)-module, the sequence

0 −→ Hom�(0,0) (T
•,ZB(M ⊗A P)) −→ Hom�(0,0) (T

•,TA(P)) −→
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Hom�(0,0) (T
•,ZA(P)) −→ 0 (3.10)

is exact. By Lemma 5(2), we have

Hom�(0,0) (T
•,ZA(P)) ∼= HomA(P•, P).

The complex HomA(P•, P) is exact becauseP• is a complete projective resolution.
The complex Hom�(0,0) (T

•,ZA(P)) is, therefore, exact. Lemma 5(2) also gives us

Hom�(0,0) (T
•,ZB(M ⊗A P)) ∼= HomB(Q•, M ⊗A P).

To show the exactness of HomB(Q•, M⊗A P), we know that a B-moduleM⊗A P has
a finite projective dimension since M ⊗A P is isomorphic to the direct summand of a
direct sum of copies ofM . Thus, HomB(Q•, M⊗A P) is exact by (Holm 2004, Propo-
sition 2.3),which impliesHom�(0,0) (T

•,ZB(M⊗A P)) is exact.Hence, from the exact
sequence of complexes in (3.10), it follows that the complex Hom�(0,0) (T

•,TA(P))

is exact. Similarly, the complex

Hom�(0,0) (T
•,TB(Q))

is exact. Thus, Hom�(0,0) (T
•, (X ′,Y ′, f ′, g′)) is exact for each projective �(0,0)-

module (X ′,Y ′, f ′, g′). Therefore, a �(0,0)-module (X ,Y , f , g) is a strongly
Gorenstein-projective. 	


4 The case of 1(�,�)(A) = M2(A)with �(1 ⊗ 1) = 1

In this section, we consider the Morita ring �(φ,φ)(A) = (
A A
A A

)
with φ(1 ⊗ 1) = 1.

As a result, �(φ,φ)(A) = M2(A), the 2 × 2 matrix algebra over A. We will describe
all strongly Gorenstein-projective M2(A)-modules.

From (2.1) and (2.2), it follows that any M2(A)-module is
(X
Y

)
( f ,g), where f :

X −→ Y and g : Y −→ X are A-maps, such that g f = IdX = f g. Thus, we prefer
to write any M2(A)-module as

(X
X

)
f , where f : X −→ X is an A-isomorphism. The

action is given by

( a n
m b

) ( x
y
) =

(
ax+ f −1(ny)
f (mx)+by

)
.

By (2.3) and (2.4), it follows that any M2(A)-map is of the form

( a
b

) : (
X
X

)
f −→

(
X ′
X ′

)
f ′ ,

where a : X −→ X ′ and b : X −→ X ′ are A-maps such that b = f ′a f −1. Thus, for
any M2(A)-module

(X
X

)
f , we have M2(A)-isomorphism

(
IdX
f −1

)
: (

X
X

)
f −→ (

X
X

)
IdX
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Thus, any M2(A)-module will be simply written as
(X
X

)
, and the action is given just

by the usual multiplication of the matrices. Furthermore, every M2(A)-map has the
form

(
a
a
) : (

X
X

) −→
(

X ′
X ′

)

where a : X −→ X ′ is an A-map.
In particular, the projective M2(A)-modules are exactly

T1(P) = (P, P, IdP , φP ) or T2(Q) = (Q, Q, φQ, IdQ)

where P and Q run over projective A-modules. Of course, T2(P) = T1(P). That
is, the projective M2(A)-modules are exactly T1(P) = (

P
P

)
with the action given

by the matrix multiplication, where P ranges over projective A-modules. Thus any
M2(A)-map f : (

P
P

) −→ (
P
P

)
is of the form

f := ( α
α ) : (

P
P

) −→ (
P
P

)

where α : P −→ P ranges over A-maps.
We now explicitly describe strongly Gorenstein-projective modules over M2(A).

Proposition 8 The M2(A)-module
(K
K

)
is a strongly Gorenstein-projective M2(A)-

module with the strongly complete M2(A)-projective resolution

X • = · · · ( α
α )−→ (

P
P

) ( α
α )−→ (

P
P

) ( α
α )−→ · · ·

if and only if K is a strongly Gorenstein-projective A-module with the strongly com-
plete A-projective resolution

P• = · · · α−→ P
α−→ P

α−→ · · ·

Moreover, any strongly complete M2(A)-projective resolution and any strongly
Gorenstein-projective M2(A)-module is obtained in the above way.

Proof Suppose that
(K
K

)
is a strongly Gorenstein-projective M2(A)-module with the

strongly complete M2(A)-projective resolution

X • = · · ·
(

α−1

α−1

)

−→
(

P0

P0

) (
α0

α0

)

−→
(

P1

P1

) (
α1

α1

)

−→ · · · .

Then we get the exact sequence

P• = · · · α−1−→ P0 α0−→ P1 α1−→ · · · .
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Since

HomM2(A)(X
•,

(
A
A

)
) ∼= HomM2(A)(T1(P

•),T1(A)) ∼= HomA(P•, A)

it follows from the exactness of HomM2(A)(X
•,

(A
A

)
) that

P• = · · · α−1−→ P0 α0−→ P1 α1−→ · · ·

is a complete A-projective resolution. Thus, K is a Gorenstein-projective A-module
with the complete A-projective resolution

P• = · · · α−1−→ P0 α0−→ P1 α1−→ · · · .

If P• is a complete A-projective resolution, then by the same argument X • is a
complete M2(A)-projective resolution. 	
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