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Abstract

We study rotational surfaces with constant Minkowski Gaussian curvature and rota-
tional surfaces with constant Minkowski mean curvature in a 3-dimensional normed
space with rotationally symmetric norm. We have a generalization of the catenoid,
pseudo-sphere and Delaunay surfaces.
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1 Introduction

It is interesting to generalize differential geometry of curves and surfaces in Euclidean
spaces to that in normed spaces, or generally, in gauge spaces (cf. Balestro et al.
2019a,b, 2020a,b,c,d, 2021; Busemann 1950; Guggenheimer 1965), where how to
compensate for the lack of the notion of angle is the problem, and the notion of Birkhoff
orthogonality plays an important role. For surfaces in 3-dimensional normed spaces,
the notions of Birkhoff-Gauss map, Minkowski Gaussian curvature and Minkowski
mean curvature are particularly important (cf. Balestro et al. 2019b, 2020c, d, 2021).

In this paper, we study rotational surfaces in a 3-dimensional normed space
with rotationally symmetric norm, in particular, rotational surfaces with constant
Minkowski Gaussian curvature and rotational surfaces with constant Minkowski mean
curvature.

This paper is organized as follows. In Sect. 2, following Balestro et al. (2020c), we
recall some basic facts on surfaces in 3-dimensional normed spaces. In Sect. 3, we
give a basic computation for rotational surfaces in a 3-dimensional normed space with
rotationally symmetric norm. In Sect. 4, we consider rotational minimal surfaces in the
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3-dimensional normed space. In Sect. 5, we discuss rotational surfaces with non-zero
constant Minkowski Gaussian curvature in the 3-dimensional normed space. In Sect. 6,
we study rotational surfaces with non-zero constant Minkowski mean curvature in the
3-dimensional normed space, which can be seen as a generalization of the Delaunay
surfaces (Delaunay 1841).

The author wishes to thank the referee for useful suggestion.

2 Preliminaries

In this section, following Balestro et al. (2020c), we recall some basic facts on surfaces
in 3-dimensional normed spaces.

Let (R3, || - ||) be a 3-dimensional normed space whose unit ball B and unit sphere
S are defined by

B={xeR¥ x| <1}, S={xecR|x|=1).

In the following, we assume that S is smooth and strictly convex, that is, S is a smooth
surface and S contains no line segment.

Remark. We do not assume that S has positive Euclidean Gaussian curvature as
in Balestro et al. (2020c), because we treat the case where S has points with zero
Euclidean Gaussian curvature.

Let v be a non-zero vector in R? and IT be a plane in R3. We say that v is Birkhoff
orthogonal to IT (denoted by v —p IT) if the tangent plane of S at v/|v]| is II.

Let M be a surface immersed in (R, || - ||). Let T, M be the tangent plane of M
at p € M. There exists a vector n(p) € § such that n(p) -p T, M, which gives a
local smoothmap n : U C M — S called the Birkhoff-Gauss map. It can be global if
and only if M is orientable. We define the Minkowski Gaussian curvature K and the
Minkowski mean curvature H of M at p by

K = det (dnp), H = %trace (dnp).

We say that M is flat if K = 0 identically, and minimal if H = 0 identically.

A surface which is homothetic to the unit sphere S is called a Minkowski sphere. A
Minkowski sphere has positive constant Minkowski Gaussian curvature and non-zero
constant Minkowski mean curvature.

3 Rotational surfaces

Let

m
s={er x5 e R (F+3)" + 3" =1
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where m is a positive integer. It is given by rotating xlzm + x%m = 1 around x3-axis.
Then there exists a norm || - || on R3 whose unit sphere is the above S. Set

m
D (x1, x2, x3) 1= (xlz —i—x%) +x32m.

Throughout this paper, we consider this 3-dimensional normed space (R3, |- ID. The
case where m = 1 is the Euclidean case. We assume that m > 2 in the following.

Let M be a surface in (R>, || - ||) which is rotational around x3-axis, and is
parametrized by

f(u,v) = (a(u)cosv, a(u) sinv, B(u))
where @ > 0, o’ # 0 and B’ # 0. Then
fu=('cosv,a'sinv, ), f, = (—asinv, acosv,0).
The Birkhoff-Gauss map n = n(u, v) is characterized by the condition

0P P

0D
(grad(®)),; = (8_)q(n)’ a—xz(ﬂ), E(’?)) = fu X fo,

where 1 is a positive function and x denotes the standard cross product in R?. Then
we can get

1 1 1 1
n=A"% (—(ﬂ/)m cos v, —(B) T sin v, (a’)m)

where

We can compute that

1 m m— m—
=g AT @) ) B @ - G
m—1
and
| S B B
Ny = —&A i (B1) =T f,,. (3.2)
Thus we have
1 m 1 —. m—
K=————A"" () 31 (8) 3 (@B —a"B) (3.3)
2m — N
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and
1 2m+1 2m—2
S —— e R .1 W )
22m — Do ()
2m—2
x {a(a’)—m(a’ﬁ” — ")+ 2m — l)A,B’} . (3.4)
Letting 8(u#) = u, we have
2m+1
=y (@) +1) 7 @By, (3.5)
u 2m _ 1 us .
, 2m T 2m
=== ((a )7+ 1) Fo. (3.6)
m+1
P— @) +1) " @)y B 3.7)
2m — Do '
and
2m+1
H 1 ( /)22ml-"_1 T 2m
= o m—
22m — Na
m— 2m
x {a(a’)—im—?a” —@m—1) ((a’) Ty 1)} (3.8)
By (3.7), we see that K = 0 if and only if «” = 0. So we have the following.
Proposition 3.1 A rotational surface in (R3, || - ||) parametrized by
f(u,v) = (a(u) cosv, a(u)sinv, u)
where a > 0, &’ # 0 is flat if and only if it is a circular cone.
4 Rotational minimal surfaces
Let (R3, || - ||) be the 3-dimensional normed space as in Sect. 3. Let M be a rotational
surface in (R, || - ||) parametrized by
f(u,v) = (a(u) cosv, a(u)sin v, u)
where @ > 0 and o’ # 0.
By (3.8), the rotational surface M is minimal if and only if
=22y, N g2
a(@) " mTa” — Q2m —1) ((a )T+ 1) =0. @.1)
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From the Eq. (4.1), we have

2m—1 o

- 2m—=2 *
o (a/)Z + (a/)ﬂfl

Multiplying by 2a” we have

/ N2/
202m — 1)a_ — L)zwzv
o (a/)z + (Ol/)m
and
N2\
22m — 1) loga = / %du.
(@)? + (/)21
Letting

N —-
(a')zmn=T =: Z

for the right-hand side, we have

Zm—l 1
— — m
ZIOga_/Zm—_}_le_,;log(Z +1)+C1

1 , 2m
— Zlog ((a )IT 4 1) te
m

for a constant ¢;. Then

for a positive constant c3, and

2m—1

o
C
u(er) = j:/ ———2————dp+c3
) (p2m _ C%m) 2m

for a constant c¢3, where o > ¢,. Here we note that since

2m — 1
0< <1,
2m
the above integral converges and
2m—1
o C2

lim _
=2 Jo, (pzm _ C%m)izm
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Then we have the following.
Theorem 4.1 A rotational surface in (R3, || - ||) given by
f(a, v) = (acosv, asinv, u(w))

where o > 0 is minimal if and only if

o Cmel
M(Ol)::t/ ﬁdﬂ"‘é‘?,
c ( p2m _ sz) 2m

for constants co > 0 and c3, where o > ¢;.

Now, let us set

o szil
u+(a) := :t/ 2—Mdp +c3
) (pZm _ C%HI)W

for constants ¢; > 0 and c¢3, where o > ¢, and we consider the behavior of the graph
of us(a). Since m > 2,

lim
o—> 00 2 =
(&) (pZm _ czm) 2m

for some positive value dj. So we have
lim ug(@) =c3, lim us(e) =c3+d;, lim u_(a)=c3—d.
a—co oa—>00 a—>00

The function u (o) is an increasing function and

. /
ali)ng u, (a) = oo.
2

Similarly, u_ («) is a decreasing function and

lim u’ (o) = —o0.
a—cy

Let o4 (1) be the inverse function of u4 («). Itis an increasing function on (c3, c3+d)
and

uli_)ncl oy (u) = cy, lim ot (u) =00, lim ocfi_(u) =0.
3 u—c3+d; u—c3
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Let o_ (u) be the inverse function of #_ («). It is a decreasing function on (c3 —dj, ¢3)
and

lim a_(u) = ca, lim «o_(u) =00, lim o« (u) =0.
u—c3 u—c3—dj u—c3

We define a function &(u) on (c3 — dy, ¢3 + dy) by
ar(u), ca<u<cy+d
aw) =3 a_(u), c3—dy <u <cj3.
U= 3
Then &(u) is a C!-function on (c3 — d, ¢3 + d;) such that
o (u), c3 <u <c3+d
dw)y=3a W), c3—d <u<cs.

0,u = c3

For u € (c3 —dy, ¢3) U (c3, ¢3 + d1), &(u) satisfies the Eq. (4.1). Then, noting that
m > 2, we can see that

2m — 1
e

. N _2m=2 . 1
lim (&' ()" 27T (u) =
u—>c3
and

lim &"(u) = 0.
u—c3

Thus the function & () is a C2-function on (c3 — dj, ¢3 +d;). Also by (3.5) and (3.6),
we find that the Birkhoff-Gauss map can be C Lextended for u € (¢c3 —di, c3 + dy).
Therefore, we have the following.

Theorem 4.2 Under the notation above, the rotational surface in (R3] - |)
parametrized by

fu,v) = @) cosv, &(u)sinv, u), (u,v) € (c3 —dy, c3 +dy) x [0, 27]
is minimal.

Remark. The above surface can be seen as a generalization of the catenoid in the
Euclidean 3-space. But we should note that the range of u is bounded.
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5 Non-zero constant Gaussian curvature

Let (R3, || - ||) be the 3-dimensional normed space as in Sect. 3. Let M be a rotational

surface in (R, || - ||) parametrized by
f(u,v) = (a(u) cosv, a(u)sinv, u)

where @ > 0 and o’ # 0.
By (3.7), if K is a non-zero constant, then

_ m+l

Multiplying by 2a we have

m+1

2 _2m__ o
_ ((o/) =T 4 1) (@) Ta" = K@)

2m — 1

Integrating it we have

((a’)z'%’rrll—i—l) "= Ka?+e (>0

for a constant c¢;. Then

2m—
2m

do B :l:{l — (K()l2 —i—cl)m}
du (Kot2 + Cl)#
and we get the following.

Theorem 5.1 A rotational surface in (R3, || - ||) given by

f(a, v) = (@cosv, asinv, u(x))

1 2m m m—
((C(/) 2m—1 + 1) (a/)_%a” = Ko.

6D

where a > 0 has non-zero constant Minkowski Gaussian curvature K if and only if

2m—1
2

K 2
u(a) = :i:/ (Ko™ +c1) s—do
{1-(Ka?+cp)m} >
for a constant c.
Now, let us set
2 2m—1
(Ka®+c1) 2
da

Ui () := j:/ S
{1—-(Ka?+cp)m} >
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for a constant ¢y, and we discuss the behavior of the graph of u4 («). It suffices to
consider the case where K = 1 or K = —1.
(i) The case K = 1. We have ¢; < 1 and

(a2—|—c )ZMT_I
us(a) = j:/ A
{1—(0(24—6'1)’"}%

(i-1) The case ¢; = 0. In this case we have

a2m71

ur(a) = ﬂ:/ —M_Ida =F( - a2m)ﬁ +
(1 — aZm) 2m

for a constant c¢,. It satisfies
o + (us(@) — )™ = 1.

So the resulting surface can be smoothly extended to a Minkowski sphere, which is a
parallel translation of the unit sphere S.

(i-2) The case 0 < ¢; < 1. In this case, we have 0 < o < /1 — ¢] and we can
write

2m—1

. (P’ +e) T
ui(a) = :t/ 2m—1 dp + 3
J1=cy {1 _ (;02 +C1)m} 2m

for a constant c3. Since

2m — 1
0< e <1,
2m
the above integral converges. Set
a 2 4 o) 25
dy == — lim ) T 4y =0
a—=>0J) T—¢ {1 _ (p2 +C1)m} 2m

Then

lim uy (@) =c3 —dy, limu_(x) =c3+dj, Iim uy(a) =c3.

a—0 a—0 a—+/1—cy

The function u () is an increasing function and

. /
lim  u, (@) = co.
a—+/1—c
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The function u_ («) is a decreasing function and

lim u (x) = —o0.
a—+/1—cy

Let oy (1) be the inverse function of u (). Itis an increasing function on (c3 —dj, ¢3)
and

lim  op(u) =0, lim aym)=+1-cy, lim & (u)=0.
u—c3 u—c3

u—c3—dj

Let o (u) be the inverse function of u_ (). It is a decreasing function on (c3, c¢3 +d)
and

lim «o_(u)=0, lima_(u) =+1—-c;, lim o (u)=0.
u—>c3 u—cj

u—c3+d;
We define a function &(u) on (c3 — dy, ¢3 + dy) by

ar(u), c3—di<u<c3

aw)=1{ a_(u), c3<u<c3+d;.
V1 —c, u=c3

Then &(u) is a C!-function on (¢c3 — d, ¢3 + d;) such that
o (u), c3—dy <u<c3
dw)y=13a ), c3<u<cy+d.

0, u=c3

For u € (¢35 —dy, ¢3) U (c3, c3 + dy), &(u) satisfies the Eq. (5.1) for K = 1. Then,
noting that m > 2, we can see that

lim (& (1)~ 718" () = —2m — D/1 — ¢
u—cj
and

lim &”(u) = 0.
u—c3

Thus the function @ (u) is a C2-function on (¢3 — dj, c3 + dy). Also by (3.5) and (3.6),
we find that the Birkhoff-Gauss map can be Cl-extended foru € (¢c3 — dy, c3 + dy).
On the other hand, we have

lim a(u) =0, lim a(u) =0
u—c3—dj u—c3+d;
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and
2m—1 2m—1
. o (1 —cf")2m . n (1 —cf") 2
lim &) = ————, lim &'(u) = ———5——
u—c3—dy = u—c3+dy =
¢ ¢

So the surface has singularities at (0, 0, c3 — d;) and (0, 0, c3 + dy).
(i-3) The case ¢1 < 0. In this case, we have /—c1 < @ < /1 — ¢ and

2m—

m {l — (p2+C1)m} 2m

a 2 2m—1
+c 2
ui(O{)Z:I:/ (0 D ~dp+cy

for a constant c4. As in the case (i-2), we can see that the graphs of u4 () and u_ («)
are connected smoothly at « = /1 — c;. But the surface has singularities at points

where o = \/—cj.

(i1) The case K = —1. We have ¢; > 0 and

(Cl . a2)2m271
wtw) == [ _da.
{1 — (e _aZ)m} 2m

(ii-1) The case 0 < ¢ < 1. In this case, we have 0 < o < ,/c7 and

“© (a-p)
us(e) = i/ —rdp + s
Jer {1 —(c —,02)’”} 2m

for a constant ¢s. Then

lim ui(x)=cs, lim u/ (a¢) =0.

a—/c1 a—/c1
(ii-1-1) When ¢; = 1, since

2m — 1

<2,
we have
Iim vy (o) = Foo.
a—0

The corresponding surface has singularities at points where « = 1, and it can be seen
as a generalization of the pseudo-sphere in the Euclidean 3-space.
(ii-1-2) When 0 < ¢; < 1, we have

lim u4 (o) =c5 Fdy
a—0

@ Springer



34 Beitr Algebra Geom (2024) 65:23-41

where

© (-,
dy = — limO 2"17_151,0 (>0,
a— Jﬁ{l_(cl_pZ)m} 2m

and

2m—1
2
2!

2m—1 *

lim /(o) = £—————
a—0 (1 —CT)W

So the surface has singularities at points where « = /c1 and o = 0.
(i1i-2) The case c¢; > 1. In this case, we have /c1 — 1 < @ < /¢ and

2m—1
* (c; —p?) 72
ut(a) = i/ s—dp + ¢
Jer—1 {1 —(c] — p2)m} 2m

for a constant cg. By the discussion as before, the graphs of u and u_ can be C2-
connected at « = +/c1 — 1. But the surface has singularities at points where @ = ,/c7.

6 Non-zero constant mean curvature

Let (R3, || - ||) be the 3-dimensional normed space as in Sect. 3. Let M be a rotational
surface in (R3, || - ||) parametrized by

fu,v) = (a(u)cosv, a(u)sinv, u)
where @ > 0 and o’ # 0.
By (3.8), if H is a non-zero constant, then
_2m+1 1

1 / 2m 2m So_2m=2 , 2m T 2m
o ((C( )Zm—l + 1> (a) 2m=T " — ((a )2/71—1 + 1)

2m — 1
=2Ha. 6.1)

Multiplying by —a’ we have

2m+1

1 /27'" T N 1 / /2i _ﬁ AN
(a)Zm—l +1 (@) T1a" + (a)2'"—1 +1 =—H()".

C2m— 105

Integrating it we can get

2m

1
o
o ((a’) =T 4 1) =c; — Ha?> (> 0)
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for a constant ¢;. Then

2m=1

da {a2m —(c1 — Hoaz)zm}zzm

du (c] — Ha2)2m=1

)

and we get the following.

Theorem 6.1 A rotational surface in (R>, || - ||) given by
f(oz, v) = (@cosv, asinv, u(x))

where a > 0 has non-zero constant Minkowski mean curvature H if and only if

_ 2\2m—1
u(w) = :I:/ (1 = Ho') da
{

2m—1

a2m _ (Cl _ Ha2)2m} 2m

for a constant c.

Set

_ Ho2)2m—1
i) = :t/ (c1 = Ho') —da.
{a2m _ (Cl _ HaZ)Zm}W

To study the behavior of the graph of u4 (), it suffices to consider the case where
H = *1.Thesignature of H changes if the orientation of the parametrization changes.
So we treat the both cases H = 1 and H = —1.

(i) The case H = 1. In this case, we have ¢; > 0,

V1 +4c; — 1
by ::4_#61 <a <./
and
o 2\2m—1
(c1 —p?)
Mi(a) = :t'/ 2m—1 d,O +C§t

Jer {p2m —(c1 — p2)2m}W

for a constant czi. This integral converges as « tends to ,/cy, and since 0 < (2m —
1)/2m < 1, it converges also as « tends to b;. Set

o _ A2\2m—1
dy ;= — lim (c1=¢7) s—rdp (> 0).
a=b1 J /et {pZm — (¢ — p2)2m}W
Then
Iim u ot=c+—d, Iim u_(a) =c¢, +di, lim ui(a) =ct.
a—by +( ) 2 1 wby (@) 2 1 oy +(a) 2
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The function u4 () is an increasing function and

ali_)n;l u'y (o) = o0, ag%u;(a) =0.

The function u_ («) is a decreasing function and

lim u’ (@) = —o0, lim u’ (@) =0.
a—by a—./c1

(i1) The case H = —1. We have

2\2m—1
ut(a) = i/ (G +e) 2m—1
{O[2m — (3 + a2)2m}W

da

for a constant ¢3. Here we use c3 instead of ¢; because we will later choose c3 different
from c;.
(ii-1) The case ¢z = 0. Then

2m—1
o 2my 5o
ui(a) = :b\/ —Mda = :F(l — o )2m =+ Ccy4
(1 —a?m)=om
for a constant cy4. It satisfies
o 4 (us(a) —c)?" = 1.

So the surface can be smoothly extended to a Minkowski sphere, which is a parallel
translation of the unit sphere S.
(ii-2) The case ¢3 > 0. In this case, we have 0 < ¢3 < 1/4,

1 -1 —4c 141 —4c3
R S — < " =

by = > <a 2 1 b3

and

o 2\2m—1
(c3+p7)
(o) = i/ —rdp + cs
1223 {p2m —(c3+ p2)2m} 2m

for a constant cs. This integral converges as « tends to b, and b3. Set

o 2\2m—1
&= lim (c3+ p%)

2m—1
a—b3 Jp, {pZm —(C3+,02)2m} 2m

dp.

Then

lim ug(a) =cs, lim uy(e)=c5+dz, lim u_(a)=cs—d>.
a—by a—>bs a—>b3
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The function u4 () is an increasing function and
lim u/ (¢) =00, lim u () = o0.
a—by +( ) a—b3 +( )

The function u_ («) is a decreasing function and

lim u' (@) = —oc0, lim u' (a) = —o0.
a—b; a—>b3

Let oy (1) be the inverse function of u4 (o). It is increasing on (cs, ¢5 + d2) and

lim o, () = by, lim  oy(u) =b3, lim &, (u) = lim o (u) =0.
u—>cs u—cs+ds u—cs u—cs+da
Let o— (u) be the inverse function of u_ (). It is decreasing on (c¢5 — d3, ¢5) and

lim a_(u) = by, lim o_(u) =b3, limo ()= lim o (u)=0.
u—>cs u—cs—da Uu—cs u—cs—dy

We define a function &(u) on [c5 — da, ¢5 + da] by
ay(u),cs <u<cs+dp
o_(u), cs —dy <u < cs

b, u=cs

b3, u=csxd
Then it is a C!-function on [c5 — da, ¢5 + da] such that
o (u), cs <u<cs+da
Aw)={a (), cs—dr <u<cs.
0, u=cs, cstdp

For u € (¢s5 — dy, ¢s5) U (cs, ¢s + da), & (u) satisfies the Eq. (6.1) for H = —1. Then,
noting that m > 2, we can see that

2m

lim @ ()~ 3 g ) = Z = DU = 202)

u—cs by

- 2m — 1)(1 - 2b
lim (@ ) B = S DU =20
u—cstds b3

’

and

lim @’ (u) = 1lim &"(u) =0.
U—cs u—cstds
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So the function & () is a C2-function on [¢5 — da, ¢5 + da]. By (3.5) and (3.6), the
Birkhoff-Gauss map can be C!-extended for u € [c5 — da, c5 + do].

We note that &(u) has the same derivatives at the end points u = ¢5 — dp and
u = cs +dj. Thus we can extend & (u) periodically as a C 2_function on R as follows:

o (u +2kdr) == au), ue€lecs—drycs+dl, kel

and we get the following.

Theorem 6.2 Under the notation above, the rotational surface in (R3] - |)
parametrized by

f*(u,v) = (@™ (u) cosv, a*(u) sinv, u), (u,v) €R x [0,27]
has constant Minkowski mean curvature —1.

Remark. The surface in Theorem 6.2 can be seen as a generalization of the unduloid
(Delaunay 1841).
(i1-3) The case ¢3 < 0. In this case we have

1+/1—-4
/—_c3<a<¥=:b4
and
o 2\2m—1
(c3 + p7)
ut(a) = ﬂ:/ s—dp + ¢
b

4 {p2m _ (C3 + p2)2m}W

for a constant c¢. This integral converges as « tends to \/—c3 and b4. Set

o 2\2m—1
dy:=— lim GHPVT 4y > 0).
a—>+/—c3 Jby {p2m —(c3 + p2)2m}W
Then
lim wuy(o) =ce—d3, Iim wu_(@) =ce+dz, lim usr(a)=cs.
a—/—c3 a—./—c3 a—by

The function u 4 («) is an increasing function and

lim  u' () =0, lim u/ (o) = o0.
a—>/—c3 a—>by

The function u_ («) is a decreasing function and

lim ' (@) =0, lim u’ ()= —o00.
a—/—c3 a—>by
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In the following, we will connect the curves in the cases (i) and (ii-3). For distin-
guishment, we denote u () in the case (i) by u1+ (), and u 4 («) in the case (ii-3)
by w2+ (@).

We take the graph G of u14(«) for by < a < /c1. Next, choosing ¢3 := —c1 and
C6 = c;“ — dz, we take the graph G; of u;_ («) for

1+J/1+4
/_—632«/a<01<b4=¥.

Then G; and G are C!-connected at («, u) = (et c;).

Next we take the graph G3 of uzy () for \/c1 < @ < bs. Then G, and G3 are
C'-connected at (o, u) = (bg, c;' —d3).

Finally, letting ¢, := c; —2d3, we take the graph G4 of uj_ (o) for by < o < Jc1.
Then G3 and G4 are C!-connected at (a, u) = ((/c1, c2+ — 2d3). Thus we get a cl-
curve I which is constructed by connecting G, G, G3 and Gg4.

With respect to the parameter u, H = 1 for the G| and G4 parts, and H = —1 for
the G2 and G3 parts. On the other hand, with respect to the parameter «, H = 1 for
the G| and G, parts, and H = —1 for the G3 and G4 parts. Then, with respect to a
parametrization of I in the order of G, G, G3 and G4, we have H = 1 for all parts.

The C2-connectedness of G, and G5 is shown by the discussion as before. Similarly
we can see that G; and G4 are CZ at o = b.

Let us prove the C 2_connectedness of G| and G». We define a function i () on

(b1, bs) by
(o), by <a < /e
() = { us—(a), \Je1 <a < by.
c;, o =./c1
Then it is a C!-function on (b1, bs) such that
U (@), by <a < Je1
W' () =3 uh_ (@), \Jer <a <by.
0, o =.,/c1

For o € (b1, \/c1) U ({/c1, bs), ii(x) satisfies the Eq. (3.4) for "H = 1", where « is
the parameter and 8 = i («). Then, noting that m > 2, we can see that

lim (#'(@) 3T 2" (@) = —22m — 1)
a—J/c1
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and

lim #"(x) =0.

a—./cr

So the function () is a C2-function on (b1, by). By (3.1) and (3.2), the Birkhoff-
Gauss map can be C L_extended for o € (b1, bg). Thus the C 2_connectedness of Gq
and G, is proved. The C2-connectedness of G3 and G4 is proved similarly.

Now we have obtained a C2-curve I which is constructed by connecting G, G2,
G3 and G4. The curve I' has the same derivatives at the end points. Then, as in the
case (ii-2), we can extend it periodically as a C2-curve I'*, which can be parametrized
as (a*(¢), B*(@)) fort € R.

Theorem 6.3 Under the notation above, the rotational surface in (R3] - |)
parametrized by

fH(@,v) = (™ () cosv, a*(t) sinv, B*(¢)), (t,v) € R x [0, 27]

has constant Minkowski mean curvature 1.

Remark. (i) The surface in Theorem 6.3 can be seen as a generalization of the
nodoid (Delaunay 1841).

(i1) By "Mathematica" we know that: (a) Whenc; = —c3 =2 andm = 2,d; =
0.34459... and d3 = 0.65540..., (b) Whenc; = —c3 = 2and m = 3, d; = 0.33886...
and d3 = 0.66113..., and (c) When ¢y = —¢c3 = 6and m = 2, d; = 0.40710... and
d; = 0.59289.... Thus the curve I is not closed in those cases.
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