Beitr Algebra Geom (2023) 64:95-105
https://doi.org/10.1007/s13366-022-00622-6

ORIGINAL PAPER

®

Check for
updates

On power series Armendariz modules

Mounir El Ouarrachi’

Received: 9 September 2021 / Accepted: 10 January 2022 / Published online: 30 January 2022
© The Managing Editors 2022

Abstract

All rings are commutative with identity, and all modules are unital. Let R be a
ring, an R-module M is called Power Series Armendariz Module if f(x)m(x) = 0
implies that a;m; = 0, for all i and j, where f(x) = Z?io a;x' € R[[x]] and
m(x) = Z?‘;O m jxj € M][[x]].The purpose of this paper is to investigate power
series Armendariz property for some class of Modules, homomorphic image and direct
product of modules. The article includes a brief discussion of the scope and precision
of our results.

Keywords Power series Armendariz modules - Power series Armendariz ring - Von
Neumann regular ring - Reduced module - Prime submodule - Maximal submodule

Mathematics Subject Classification Primary: 13C13 - 13C99

1 Introduction

Throughout this paper, all rings are commutative with identity, and all modules are
unital. Let R be a ring, M an R-module and N a submodule of M. We denote by
(N :g M) the set of all r € R such that rM C N. The annihilator of M denoted
by anng(M) is (0 :g M). An R-module M is called faithful if anng(M) = 0.
R[x], M[x], R[[x]], M[[x]] denotes respectively, the polynomial ring over the ring
R, the polynomial module over the module M, the formal power series ring over the
ring R, the formal power series module over the module M. An R-module M is called
a multiplication module if every submodule N of M has the form I M for some ideal
of R. A submodule N of M is idempotent if (N :g M)N = N. Also, N is prime
whenever rm € N, forsomer € R andm € M implies thatm € N orr € (N :g M).
In this case P = (N :g M) is a prime ideal of R and N is called a it P-prime
submodule of M.

B4 Mounir El Ouarrachi
m.elouarrachi @gmail.com

Laboratory Analysis, Modeling and Simulation LAMS, Faculty of Sciences Ben M’Sik, Hassan II
University of Casablanca, Casablanca, Morocco

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s13366-022-00622-6&domain=pdf
http://orcid.org/0000-0003-0275-7421

96 Beitr Algebra Geom (2023) 64:95-105

We recall that an ideal I of R is nilpotent if I¥ = 0 for some positive integer k, and
we denote by Nil(R) the set of all nilpotent element of R. According to Ali (2008), a
submodule N of M is called nilpotent if (N :g M)*N = 0 for some positive integer k.
We say that m € M is nilpotent if Rm is a nilpotent submodule of M. Nil(M) denotes
the set of all nilpotent element of M. If M is a faithful multiplication R-module, then
Nil(M) = Nil(R)M = NP, where P runs over all prime submodules of M by Ali
(2008, Theorem 6).

Following (Kasch (1982), p. 105), an R-module M is called a Von Neumann regular
module if and only if every cyclic submodule M is a direct summand in M. Ali (2008)
introduced and studied the concept of faithful multiplication Von Neumann regular
module which generalizes Von Neumann regular rings. A ring R is Von Neumann
regular ring if every element is Von Neumann regular element, that is, for all r € R,

there exists @ € R such that r = ar?.
Armendariz (1974) proved that alb = 0 for all i, j whenever polynomials
f = YiZpaix" and g = Z o bix' over a reduced ring satisfy fg = 0. Rege

and Chhawchharla (1997) called such a ring (not necessarily reduced) Armendariz.
Armendariz rings are thus a generalization of reduced rings. It is easy to see that sub-
rings of Armendariz rings are Armendariz. Also, Anderson and Camillo (1998) show
that a commutative ring R is Gaussian if and only if every homomorphic image of R
is Armendariz. See for instance (Anderson and Camillo 1998; Armendariz 1974; Lee
and Wong 2003; Rege and Chhawchharia 1997).

Kim et al. (2006) define power serieswise Armendariz rings as rings such that for
every f(x) = Y Xoa;ix" and g(x) = Y ;o bix' € R[[x]] such that fg = 0, then
a;bj = Oforeveryi and j. Power serieswise Armendariz rings are clearly Armendariz
rings, but the converse is false by Antoine (2010, Example 2). Recall that areduced ring
is power serieswise Armendariz. It is easy to see that a subring of power serieswise
Armendariz is also power serieswise Armendariz. See for instance (Antoine 2008,
2010; Hizem 2010; Kim et al. 2006)

An R-module M is called Power Series Armendariz Module if f(x)m(x) = 0
implies thata;m; = 0, foralli and j, where f(x) = Z?io a;x' € R[[x]]and m(x) =
Z?io m jxj € M|[[x]].Itis clear that a submodule of power series Armendariz module
is also power series Armendariz.

This paper aims at studying the property of power serieswise Armendariz mod-
ules. It contains in addition to the introduction three sections. The first one deals with
the study of power series Armendariz property for some class of modules. The sec-
ond and third sections investigate the transfer of the pre-mentioned property to the
homomorphic image and direct product.

It is worth mentioning that some parts of proofs are very similar.

2 Power series Armendariz property in some class of modules

We start this section by the following definitions and a lemma which characterizes
when a module is reduced.
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Definition 2.1 Let R be a ring. An R-module M is called Power Series Armendariz
Module if f(x)m(x) = O implies that a;m; = 0, for all i and j, where f(x) =
Y 2oaix' € R[[x]] and m(x) = Z?‘;o mjx) € M[[x]].

Definition 2.2 (Lee and Zhou 2004, Definition 1.1) A module M is called a-reduced
if, forany m € M and any a € R

1 ma = 0 impliesmR N Ma = 0;
2 ma = 0 if and only if ma(a) = 0. The module M is called reduced if M is
I-reduced.

Lemma 2.3 (Lee and Zhou 2004, Lemma 1.2) The following are equivalent for a
module MR:

1 Mg is a-reduced.
2 The following three conditions: For anym € M and a € R,

(a) ma = 0 implies mRa = mRa(a) = 0.
(b) maa(a) = 0 implies ma = 0.
(c) ma’ =0 implies ma = 0.

Now, we study the Power Series Armendariz property for some class of modules,
in particular reduced Modules.

Theorem 2.4 Let R be a ring. Then every reduced R-module is Power Series Armen-
dariz Module.

Proof Let f(x) = >-"2gaix' € R[[x]]and m(x) = 332 m;x/ € M([[x]] such that
f(x)m(x) = 0. Then Zi+/:k a;b; = 0 for all k. Thus

agmg = 0 (1)
aymgy +aom =0 2)

agmo~+---+aompy =0 (k+ 1)

We will show that a;m ; = 0 by induction on i + j.

Ifi 4+ j =0, then apmgo = 0.

Now suppose that k is a positive integer such that a;m; = 0 wheni + j < k. We
will show that a;m; = 0 wheni + j = k.

Multiplying the equations (2), (3), (4), ... above by ay, a(z), ag, ... (respectively),

we get agmo = 0, agmy = 0,...,af " 'my = 0.... Which implies that agmo = 0,
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aom; =0, ..., apm; = 0 Since M is reduced 2.3. Thus we have

aymg =0
aymg +aym; =0

agmo + - +aymp—1 =0
Similarly, we show that ajmg =0, aym; =0, --- ,aymy—1 =0
Continuing this procedure, we show that ¢;m; = 0 when i + j = k. Hence

ajm; = 0 for all i and j. Consequently M is power series Armendariz module. O
Example 2.5 1 Every reduced ring is power series Armendariz ring.

2 Let p be a prime number and n > 1. Then p"~'Z pn 1s power series Armendariz
since it is reduced.

Corollary 2.6 Let R be a ring and M a finitely generated faithful multiplication R-
module. Then M /nil(M) is power series Armendariz as R /nil(R) module.

Proof M /nil(M) is reduced R/nil(R)-module. O

Theorem 2.7 Let R be aring, and M an R-module such thatforallm € M, A/Ann(m)
is reduced ring. Then M is power series Armendariz module.

Proof Let f(x) = Y oqa;ix' € R[[x]] and m(x) = Z;?‘;Om,xf € M[[x]] such that
f(x)m(x) = 0. Then Ziﬂ-:k a;bj = 0 for all k. Thus

aopmgp = 0 (1)
aymg +aom; =0 2)

agmo + - +aomp =0 (k+1)

We will show that a;m ; = 0 by induction on i + j.

Ifi + j = 0, then agmg = 0.

Now suppose that k is a positive integer such that a;m; = 0 wheni + j < k. We
will show that a;m; = 0 wheni + j = k.

Multiplying the equations (2), (3), (4), . . . above by ay, a%, a8 , .. .(respectively), we

getagmo = 0, a%ml =0, ...,aé“mk = 0.... Which implies that a’é“ € Ann(my),
hence aé“ = aoft! = 0in A/Ann(my), which implies that @ = 0 in A/Ann(my)

since A/Ann(my) is reduced. Hence ay € Ann(my) and thus agmy = 0. Also ag €
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Ann(m;) forallt € {0, ..., k — 1}, thus we have

aymg =0
armo+aym; =0

armo~+ ---+aymp_; =0

Similarly, we show that ajmy_; = 0. Continuing this procedure, we show that
aimj =0 wheni+ j = k.Hence g;m; = 0 foralli and j. Consequently M is power
series Armendariz module. O

Theorem 2.8 Let R be a ring and M a torsion-free R-module, then M is power series
module.

Proof Let f(x) = Y °qaix' € R[[x]] and m(x) = Z;’iomjxf € M[[x]] such that
f(x)m(x) = 0. Then Zi+j:k ajb; = 0 for all k. Thus

aomg =0
aymg + agm1 =0

armo + - - +aomy =0

Suppose that ag # 0 , if not we set f(x) = g(x)x! and g(x)m(x) = 0. From the
equation (1) we get my = 0 since M is torsion free. The same fact implies thatm; = 0,
my =0,.... Thus m; = O for all j. Hence a;m; = 0 for all i and j. Consequently M
is power series Armendariz module. O

Example 2.9 1 Every flat module is power series Armendariz.
2 Every projective module is power series Armendariz.
3 Every vector space is power series Armendariz.

Proof Flat, projective and vector space are torsion free modules. O
Theorem 2.10 Let R be a Von Neumann regular ring and M an R-module, then M is

power series Armendariz module.
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Proof Let f(x) = Y ioqa;ix’ € R[[x]] and m(x) = Zﬁomjxf € M[[x]] such that
f(x)m(x) =0. Then Ziﬂ-:k a;bj = 0 for all k. Thus

aopmgp = 0 (1)
aymo + apmp =0 ()

agmo + ---+aomp =0 (k+1)

We will show that a;m ; = 0 by induction on i + j.

Ifi 4+ j = 0, then agmgo = 0.

Now suppose that k is a positive integer such that a;m; = 0 wheni + j < k. We
will show that a;m; = 0 wheni + j = k.

Multiplying the equations (2), (3), (4),...,(k + 1) above by ag,a}. a3, ...
(respectively), we get apmg = 0, a%ml =0,..., a'é“mk = 0. Let I = (ap) and
N = (myg, ...,mg). R is Von Neumann regular ring implies that agp = oca(z) for some
o € R. It is easy to show that I is an idempotent ideal of R, that is, I> = I, hence
¥+ = [ Thus IN = I**'N = 0 hence agmo = 0, apm; = 0,...,apmi = 0. Thus

aymg =0
aymg+aym; =0

agmo + - +aymp—1 =

Similarly, we show thatajmg = 0,aym; =0, ..., aymg—1 = 0by taking I = (a;)
and N = (mg, ..., mr—_1).

Continuing this procedure, we show a;m; = 0 for all i, j such that i + j = k.
By induction we have a;m; = 0 for all i, j which implies that M is power series
Armendariz.

3 Power series Armendariz property and homomorphic image of
modules

This section deals with the transfer of the power series Armendariz property into
homomorphic image of modules.

Theorem 3.1 Let R be a ring, M an R-module and N is a submodule of M such that
Nil(M) NN = (0). If M/ N is power series Armendariz, then so is M.

Proof Let f(x) = >_"2ga;ix' € R[[x]]and m(x) = )72 m;x/ € M[[x]] such that
f(x)m(x) = 0. Then Zi+j:k aimj = 0 for all k. Thus
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apmyo =0 (1)
aymgy + apmq =0 )

armo + - --+aompy =0 (k+ 1)

f(x)m(x) = 0implies that f(x)m(x) = 0, where m(x) € M /N [[x]]. Which implies
that a;m; = aymj = 0 since M /N is power series Armendariz, hence a;m j € N for
all i and j. We will show that a;m ; = 0 by induction on i + j.

i+ j =0, then agmgo = 0.

Now suppose that k is a positive integer such that a;m; = 0 wheni + j < k. We
will show that a;m; = 0 wheni + j = k.

Multiplying the equations (2), (3), (4), ... above by ao, aé, ag, .. .(respectively),
we get apmo = 0, agml =0, ...,a’é“mk =0....

Forallt € {1,...,k}, aé“mt = 0 implies that [Raom; : M]' Ragm, = 0. Thus,
aom; is nilpotent in M. Hence agm; € Nil(M)NN = (0) forallz € {1, ..., k}. Thus
we have

aiymo =0
aymq + aymq =0
agmo + -+ +aymg—1 =0

Similarly, by multiplying the equations by ay, a%, a%, .. .(respectively) and the same

fact as above, we show that aymg =0, aym; =0, ...,aymi_1 = 0.
Continuing this procedure, yields that a;m; = 0 when i + j = k. Hence ajm; = 0
for all i and j. Consequently M is power series Armendariz module. O

In the case of rings, Nil(R) NI = (0) itis equivalent to 7 is a reduced ideal, where
I is an ideal of a ring R.

Corollary 3.2 (El Ouarrachi and Mahdou 2017, Theorem 2.10) Let I be a reduced
ideal of a ring R such that R/I is power series Armendariz. Then R is power series
Armendariz.

Theorem 3.3 Let R be a ring, M an R-module and N is a torsion free submodule of
M. If M/N is power series Armendariz, then so is M.

Proof Let f(x) = Y_7gaix" € R[[x]]and m(x) = Y32 m;x/ € M[[x]] such that
f()m(x) =0.Then }7; ;_, aim; = 0 for all k. Thus

apm =0 (D
aymgy + agmq =0 2)

agmo +---+aomp =0 (k+ 1)
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Suppose that ag # 0, if not we set f(x) = g(x)x! and g(x)m(x) = 0.

f(x)m(x) = 0implies that f(x)m(x) = 0, where m(x) € M/N[[x]]. Which implies
that a;m; = aymj = 0 since M /N is power series Armendariz, hence a;m j € N for
all 7 and j. We will show that a;m ; = 0 by induction on i + j.

Ifi + j = 0, then agmg = 0.

Now suppose that & is a positive integer such that a;m ; = 0 when i + j < k. We will
show that a;m; = 0 wheni + j = k.

***Multiplying the equations (2), (3), (4), ... above by ag, a%, ag, .. .(respectively),

we get apmg = 0, a(z)ml =0,..., aé“mk = 0.... Which implies that agmg = 0,
aomy; =0,...,aomr =0...Since N is torsion free and ag # 0. Thus we have
aymg =0
axmg + ajm; =0
agmo + - +aymg—1 =0
If a1 # 0. Similarly as above, we show that aymy = 0,aymy =0, ...,aymi_; = 0.
If a1 = 0, it is obvious that aymy = 0, aym =0, ..., aymr_1 = 0.
Continuing this procedure, yields that a;m; = 0 when i + j = k. Hence ajm; = 0
for all i and j. Consequently M is power series Armendariz module. O

Theorem 3.4 Let R be a ring, M an R-module and N is a submodule of M. If N is
prime submodule, then M /N is power series Armendariz.

Proof Let f(x) = > igaix’ € R[[x]] and m(x) = Z;?‘;Om—jxf € M/N[[x]] such
that f(x)m(x) = 0. Then }_;, ;_; ajm; € N for all k.
Thus

apmo eN

aymo + apm| eN

agmgo + - - - +aomyg € N

apmg € N and N prime submodule implies that ag € [N : M] ormg € N.

1) ap € [N : M]land mg ¢ N
aop € [N : M] implies that apm| € N. But aymg + apm; € N, then aymg € N
which implies that a; € [N : M] since mg ¢ N.
a; € [N : M]implies thata;m; € N.We have apmy € N, thenaymg € N.Hence
ar» € [N : M].
Continuing this procedure, we geta; € [N : M]foralli. Consequently,a;m; € N
foralli, j and a;m; = 0.

2) ap ¢ [N : M]andmg € N
mo € N implies that aymo € N. But aymg + apm| € N, then apm| € N which
implies that m; € N since ag ¢ [N : M].
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mi € N implies that aym; € N. We have aymg € N, then apm, € N. Hence
my € N.
Continuing this procedure, we getm; € N for all j. Consequently, a;m; € N for
alli, jand g;m; = 0.

3) ap € [N : M]and mg € N
It suffice to repeat the procedure above for ajm; € N.
This complete the proof.

]

Example 3.5 Let pZ[x] be the submodule of the Z-module Z[x], then (Z/pZ)[x] is
power series Armendariz Z-module.

Proof pZ|x] is prime ideal of Z[x], hence pZ[x] is prime submodule of Z[x].
Consequently, Z[x]/ pZ[x] =~ (Z] pZ)[x] is power series Armendariz. O

Corollary 3.6 Let R be a ring, M an R-module and N is a submodule of M. If N is a
maximal submodule, then M /N is power series Armendariz.

Proof Every maximal submodule is a prime submodule. O

Remark 3.7 1 Every Noetherian R-module M contains a maximal submodule N,
then M /N is power series Armendariz.
2 Every finitely generated R-module M contains a maximal submodule N, then
M /N is power series Armendariz.

4 Direct product of power series Armendariz modules

In this section, we investigate the transfer of the power series Armendariz property
into direct product.

Theorem 4.1 Let R be a ring, I = {1,2,...,n} where n is a positive integer and
{M;}icr a family of R-modules. Then the direct sum M = EM; is power series
iel

Armendariz module if and only if M; is, for alli € I.

Proof 1t suffice to show that M = M| €D M, is power series Armendariz if and only
if My and M, are both power series Armendariz modules.

Suppose that M; and M, are power series Armendariz modules . Let f(x) =
Yo arx® € R[[x]] and m(x) = Zj’;o mjxj € M][[x]] such that f(x)m(x) = 0.
We can assume thatm j = (mji)ic(1,2) € M = M1 @ M>. Setm’(x) = Z?io mjjx?,
i €{1,2}. Itisclear that f(x)m(x) = O implies that f(x)m'(x) = Oforalli € {1, 2}.
Since each M; is power series Armendariz, agm;; = 0 for all k, j and all i € {1, 2}
, which implies that agm; = O for all k, j. Hence M is power series Armendariz
module.

Conversely, Let f(x) = > 70 axx* € R[[x]] and m(x) = Z?io myjx) € Mi[[x]]
such that f(x)mi(x) = 0. Set m(x) = Z?io(mljv 0)x/ € M[[x]]. Then we have
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f(x)m(x) = 0. Since M is power series Armendariz, we have axm1; = 0 forall j, k.

Hence M is power series Armendariz.

Similarly, we show that M» is power series Armendariz. and this complete the proof.
O

Corollary 4.2 Let R be a power series Armendariz ring and let M be a free module of
finite rank. Then M is power series Armendariz module.

Proof M ~ R" for some positive integer n. O

Example 4.3 1 Every finitely generated free abelian group G is power series Armen-
dariz.
2 Let Oy be the ring of integers of algebraic number field Q[+/d], where d € N.
Then Oy is power series Armendariz.

Proof 1 G is a free Z-module of finite rank and 7Z is power series Armendariz ring.
2 Oy is a free Z-module of rank 2 and Z is power series Armendariz ring.
O

Theorem 4.4 Let R be a ring containing an idempotent e, and M an R-module. Then
M is power series Armendariz module if and only if so is eM and (1 — e)M.

Proof Assume that M is power series Armendariz. Since every submodule of a power
series Armendariz module is power series Armendariz, then eM and (1 — e)M are
power series Armendariz modules.

Conversely, suppose that eM and (1 — e)M are power series Armendariz modules.
Note that M = eM (1 — e)M.

Let f(x) = > 2 a;x' € R[[x]] and m(x) = Z?‘;Omjxj € M][[x]] such that
fx)m(x) = 0. Set mi(x) = em(x) € eM[[x]] and ma(x) = (1 — e)m(x) €
(1 —e)yM[[x]].
f(x)m(x) = 0 implies that f(x)mi(x) = f(x)em(x) = 0 and f(x)ma(x) =
f(x)(1—e)m(x) = 0. Since eM and (1 — e) M are power series Armendariz modules,
ajemj = a;(1 —e)ym; = 0 forall i, j. Hence ajm; = ajem; + a;(1 —e)ym; = 0.
Thus M is power series Armendariz. O

Corollary 4.5 Let M be an R-module. Then the following statements are equivalent:

1) M is power series Armendariz;

2) eM and (1 — e)M are power series Armendariz R- modules for every idempotent
element e of R;

3) eM and (1 — e)M are power series Armendariz R- modules for some idempotent
element e of R;

Proof (1) = (2) is obvious since eM and (1 — e) M are submodules of M.

(2) = (3) Straightforward.

(3) = () Let f(x) = Y72gaix’ € Rl[x]] and m(x) = Y 52ym;x/ € M[[x]]
such that f(x)m(x) = 0. For some ez = ¢ € R, set mi(x) = em(x) € eM[[x]] and
ma(x) = (1 —e)m(x) € (1 —e)M[[x]].
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f(x)m(x) = 0 implies that f(x)mi(x) = f(x)em(x) = 0 and f(x)ma(x) =
f(x)(1—e)m(x) = 0. Since eM and (1 — e) M are power series Armendariz modules,
thena;em; = a;(1—e)m; = Oforalli, j. Hence ajm; = ajem;+a;(1 —e)ym; = 0.
Thus M is power series Armendariz. O
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