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Abstract

We identify a family of torus representations such that the corresponding singular
symplectic quotients at the O-level of the moment map are graded regularly symplec-
tomorphic to symplectic quotients associated to representations of the circle. For a
subfamily of these torus representations, we give an explicit description of each sym-
plectic quotient as a Poisson differential space with global chart as well as a complete
classification of the graded regular diffeomorphism and symplectomorphism classes.
Finally, we give explicit examples to indicate that symplectic quotients in this class
may have graded isomorphic algebras of real regular functions and graded Poisson
isomorphic complex symplectic quotients yet not be graded regularly diffeomorphic
nor graded regularly symplectomorphic.
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1 Introduction

Let G be a compact Lie group and G — U(V) a finite dimensional unitary representa-
tion of G. Here U(V') stands for the unitary group of V, i.e., the group of automorphisms
preserving the hermitian inner product (-, -). To describe the orbit space V /G, i.e.,
the space of G-orbits in V, invariant theory is employed as follows. There exists a
system of fundamental real homogeneous polynomial invariants @1, @2, ..., @n; We
refer to the system ¢1, ¢, ..., ¢, as a Hilbert basis. This means that any real invari-
ant polynomial f € R[V]% can be written as a polynomial in the ¢’s, i.e., there
exists a polynomial g € R[xy, x2, ..., x,] such that f = g(¢1, 2, ..., ¢n). More
generally, by a theorem of Schwarz (1975), for any smooth function f € C® (V)¢
there exists g € C*°(R™) such that f = g(¢1, 2, ..., ¢m). The vector-valued map
¢ = (¢1, 92, ..., Py) gives rise to an embedding ¢ of V /G into euclidean space R™,
which is called the Hilbert embedding. We denote its image by X := ¢(V). It turns
out that ¢ is actually a diffeomorphism onto X, i.e., the pullback ¢* via @ induces an
isomorphism of algebras C*°(X) := {g: X — R | 3G € C*(R"): g = G\x}
and C®(V/G) = C®(V)Y. Moreover, the restriction of @* to the subalgebra
R[X] == {g: X — R | 3G € R[x1,x2,...,x,]: g = G|x} isomorphically
to R[V/G] := R[V]Y preserving the grading. Here we use the natural grading
deg(x;) := deg(y;). We say that 9™ is a graded regular diffeomorphism. The algebra
R[X] can be understood as the quotient of R[xy, x3, ..., x,,] by the kernel of the
restriction map, which we refer to as the ideal of off-shell relations. Its generators are
assumed to be homogeneous in the natural grading. The real variety underlying R[X]
is the Zariski closure X of X inside R™. The space X itself is not a real variety but
a semialgebraic set, meaning that it is defined by polynomial equations as well as
inequalities (Bochnak et al. 1998). How the inequalities cutting out X inside X are
obtained has been explained in Procesi and Schwarz (1985).

The hermitian vector space V is equipped with the symplectic form @ = Im(-, -).
Moreover, the action of G on V is Hamiltonian and admits a unique homogeneous
quadratic moment map J: V — g* where g* denotes the dual of the Lie algebra g of
G. The zero fiber Z := J~1(0) of J is referred to as the shell. It is a real subvariety
of V that is often singular, in which case it has a conical singularity at the origin. As
the moment map J is equivariant with respect to the coadjoint action of G on g*, the
group G acts on Z. The space My := Z/G of G-orbits in Z is called the (linear)
symplectic quotient. By the work (Sjamaar and Lerman 1991) the smooth structure
C%°(My) is given by the quotient C*° (V)¢ /Ig where Zg is the invariant part of the
vanishing ideal Zz := {f € C®°(V) | fjz = 0}. Note that C*°(Mp) is in a canonical
way a Poisson algebra containing the Poisson subalgebra R[My] := R[V]C /1 g
where I¢ := T NR[V]°. The image ¥ := ¢(Z) of Z under the Hilbert map is a
semialgebraic subset of X. Its Zariski closure Y is described by the generators of the
kernel in R[xy, x2, . .., x;n] of the algebra morphism x; — ¢;|7 € C%°(My). We refer
to it as the ideal of on-shell relations. The inequalities that cut out ¥ from Y are the
same as those cutting out X from X.

Let us now assume that we have two symplectic quotients Mo and M|, constructed
from the representations G — U(V) and G’ — U(V"), respectively. By a symplecto-
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morphism between My and M{ we mean a homeomorphism F: Mo — M such that
the pullback F* is an isomorphism of Poisson algebras F*: C°°(M(’)) — C®(My).
We say that F is regular if F*(R[M;]) € R[Mo]. A regular symplectomorphism is
called graded regular if the map (F*) AR R[M(’)] — R[My] preserves the grading.
By the Lifting Theorem of Farsi et al. (2013), an isomorphism f: R[M(’)] — R[Mp]
of Poisson algebras gives rise to a unique symplectomorphism if it is compatible with
the inequalities.

When G = T is a torus, a representation V of complex dimension n can be
described in terms of a weight matrix A € Z**"; we use My(A) to denote the sym-
plectic quotient associated to the representation with weight matrix A. In Farsi et al.
(2013, Theorem 7), it is demonstrated that for a weight matrix of the form A = (D|C)
where D is an £ x £ diagonal matrix with strictly negative entries on the diagonal and C
is an £ x 1 matrix with strictly positive entries, the corresponding symplectic quotient
by T* is graded regularly symplectomorphic to the symplectic orbifold C/ Zy where
n = n(A) is a quantity determined by the entries of A; see Definition 3. However,
based on the explicit description of the ring R[C]%" of real regular functions on the
orbifold C/Z, given in the proof of (Farsi et al. 2013, Theorem 7), it is easy to see
that R[(C]Z’H and R[(C]an are isomorphic as algebras over R if and only if n; = n,.
Hence, an immediate corollary of Farsi et al. (2013, Theorem 7) is the following.

Corollary 1 Fori = 1,2, let A; = (D;|C;) where each D; is an {; x £; diagonal
matrix with strictly negative entries on the diagonal and each C; is an £; x 1 matrix
with strictly positive entries. Then the symplectic quotients My(A1) and My(A3) are
regularly diffeomorphic if and only if n(A1) = n(Az), in which case they are graded
regularly symplectomorphic.

More recently, it was shown in Herbig et al. (2015, Theorem 1.1) that for general
symplectic quotients, symplectomorphisms with symplectic orbifolds are rare, even
if the graded regular requirements are dropped; see also Herbig and Seaton (2015).
Hence, one cannot use isomorphisms with quotients by finite groups to approach a
more general classification of higher-dimensional symplectic quotients by tori.

In this paper, we give a generalization of Corollary 1 as a step towards a general
classification of linear symplectic quotients by tori into (graded) regular symplecto-
morphism classes. While Corollary 1 addresses a class of symplectic quotients by tori
that can be reduced to quotients by finite groups, we consider here a class of symplectic
quotients by tori that are graded regularly symplectomorphic to symplectic quotients
by the circle T'. To state our main result, we say that a weight matrix A € Z**+h jg
Type 11 if it can be expressed in the form A = (D, c1n, ..., cgn) with D a diagonal
matrix with strictly negative diagonal entries, n a column matrix with strictly positive
entries, and each ¢, > 1. Our main result is that the symplectic quotient associated to
a Type II; matrix of any size is graded regularly symplectomorphic to a symplectic
quotient by T'. Specifically, we have the following; see Definition 3 for the definitions
of « and B.

Theorem 1 Let A € ZY*“H0 be the Type Il matrix corresponding to a faithful
T¢-representation V of dimension n = £ + k. Then the symplectic quotient Mo(A)
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is graded regularly symplectomorphic to the T'-symplectic quotient My(B) where
B = (—a(A), c1f(A), ..., ckB(A)) € D,

Theorem 1 can be thought of as a dimension reduction formula, allowing one
to describe symplectic quotients by T¢ associated to Type II; weight matrices in
terms of much simpler quotients by T'. In particular, it extends results concerning
T!-symplectic quotients to this family of quotients by tori, e.g., the Hilbert series
computations of Herbig and Seaton (2014) or the representability results of Watts
(2016). The graded regular symplectomorphism given by Theorem 1 preserves sev-
eral structures, and hence can be thought of as a symplectomorphism of symplectic
stratified spaces, a graded isomorphism of the corresponding real algebraic varieties,
etc., and it induces a graded Poisson isomorphism of the corresponding complex sym-
plectic quotients, the complexifications treated as complex algebraic varieties with
symplectic singularities; see Herbig et al. (2020)

The proof of Theorem 1 is given in Sect. 3 by indicating a Seshadri section for
the action of the torus on the zero fiber of the moment map after complexifying and
applying a result of Popov (1992); see Definition 2 and Theorem 5. The first proof
we obtained of Theorem 1, however, was constructive for a smaller class of weight
matrices, so-called Type I (see Definition 3), and used explicit descriptions of the
corresponding symplectic quotients and algebras of real regular functions. Because
this description has proven useful and may be of independent interest, we give this
description and outline the constructive approach in Appendix A.

In the case of symplectic quotients of (real) dimension 2 considered in Corollary 1
(corresponding to Type I; weight matrices), the graded regular symplectomorphism
class of My(A) depends only on the constant n(A), which is given by the sum «(A) +
B(A) (see Definition 3). In the case of Type Iy weight matrices with k > 1, this is
no longer the case; we show in Sect. 4 that the graded regular symplectomorphism
classes of Type I symplectic quotients are classified by k, ®(A), and B(A). For Type
II; weight matrices, though the graded regular symplectomorphism class of My(A)
is certainly not determined by k and n(A), the situation is more subtle, and such a
classification would require very different techniques. In Sect. 5, we indicate this with
examples of symplectic quotients associated to Type II; weight matrices that fail to
be graded regularly symplectomorphic, though the corresponding complex algebraic
varieties are graded Poisson isomorphic, and hence the Hilbert series of real regular
functions coincide.

2 Background on torus representations

In this section, we give a brief overview of the structures associated to (real linear) sym-
plectic quotients by tori, specializing the constructions described in the Introduction.
We refer the reader to Farsi et al. (2013), Herbig et al. (2009) for more details.

Let G = T¢ and let V be a unitary G-module with dim¢c V = n. Choosing a basis
with respect to which the action of G is diagonal and letting z = (z1,...,2,) € C?
denote coordinates for V' with respect to this basis, the action of G is given by
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tz = (e Lz P P, " )
where t = (t1,t,...,1¢) € G and A = (a;j) € ZE*" is the weight matrix of

the representation. Given a matrix A € 75" we let V4 denote the n-dimensional
representation of T¢ whose weight matrix equals A and the corresponding basis for
V4. We let (-, -) denote the standard hermitian scalar product on V4 corresponding to
this basis.

Letting a ; denote the jth column of A so that A = (a; . .. a,), it will be convenient
to set

aj . 95 e
tY =107,

so that the action is given by
tz = (t"21,t%2, ... t%z,).

Row-reducing A over Z corresponds to changing coordinates (1, ..., #;) for G, so
we may assume that A is in reduced echelon form over Z. Similarly, permuting the
columns of A corresponds to reordering the basis for V4.

With respect to the symplectic form given by w(z, z’) = Im(z, z’), the action of
G on V4 is Hamiltonian and admits a unique homogeneous quadratic moment map
Ja: Va4 — g we will write /] = J4 when there is no potential for confusion.
Identifying the Lie algebra ¢ of T with R¢ using a basis for ¢ corresponding to the
coordinates (71, . .., t;) for T¢ and the dual basis for (t)*, J = (J1,..., J¢) can be
expressed in terms of the component functions

] n

Ji:Va — R, Ji(z) :=§;aijzjz—,-, j=1,...,¢ (1)
As the action of T¢ on t¢ is trivial, each component J; is T¢-invariant. Then the shell
Z = Z4 = J71(0) is the T*-invariant real algebraic variety in V4 corresponding to
this family of quadratics. The (real) symplectic quotient is Mo = Mo(A) := Z,/T*.
The algebra of smooth functions C*°(My) is defined by C*(My) := C“(V)G/Ig
where 77 is the vanishing ideal of Z in C*° (V) and Ig :=T7NC>®(V)S. The algebra
C®°(My) inherits a Poisson structure from C°°(V'), where the Poisson bracket is given
on coordinates by {z;,z;} = —2/—16; j» see Arms et al. (1990). Equipped with the
algebra C°°(My) and its Poisson structure, My is a Poisson differential space, see Farsi
et al. (2013, Definition 5).

The algebra of real regular functions R[My] on My is defined in terms of the
real polynomial invariants R[V]C. Specifically, R[Mp] := R[V]¢ /1 ZG where [ ZG =
Ig NR[V]¢. Theideal g is homogeneous with respect to the grading of R[V ] by total
degree so that R[M] is a graded algebray; it is as well a Poisson subalgebra of C*° (M).
We refer to elements of R[V 1€ as off-shell invariants and the corresponding classes in
R[My] as on-shell invariants. Note that fori = 1, ..., n, the real polynomials z;Z; are
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always invariant. We will take advantage of the complex coordinate system on V for
convenience, often expressing R[V € in terms of polynomials in the z; and Z;. By this,
we mean that the real and imaginary parts of these polynomials are elements of R[V 1€ .
Note that the real invariants R[V]¢ can be computed in terms of the complexification
V ®r C of V by Schwarz (1980, Proposition 5.8(1)), and V ®p C is isomorphic as a
T¢-module to V @ V*.

Let G¢ = ((Cx)e denote the complexification of G, and then the action of G on V
extends to an action of G¢. The categorical quotient V /G ¢ = Spec ((C[V]G‘C ), which
parameterizes the closed orbits in V, is an affine variety that is stratified by conju-
gacy classes of G¢-isotropy groups (Luna 1973) and contains a unique open stratum
(V/Gc)pr- Let w: V — V [Gc denote the orbit map and V) = P ((V//Gc)pr).
We recall the following from Schwarz (1995, (0.3), (7.3), (9.5), and (9.6)(3))

Definition 1 The G¢-module V is stable if V contains an open dense subset of closed
orbits and has finite principal isotropy groups (FPIG) if the isotropy groups of points
in V} with closed orbits are finite.

Assume V has FPIG and let k > 0. We say V is k-principal if V. V,; has complex
codimension at least k in V. Letting V|, denote the set of points in V with G¢ isotropy
group of complex dimension r, V is k-modular if forr =1, 2, ..., dimc Gc¢, V() has
codimension at least 7 +k in V. We say V is k-large if V is k-principal and k-modular.

Note that references differ about whether FPIG is assumed in the definitions of
k-principal or k-modular, though it is always assumed in the definition of k-large.
However, in the case considered here, stable implies FPIG.

Theorem 2 (Herbig et al. 2013, Theorem 3.2) If G = T% is a torus and V is a faithful
Gc-module, then V is stable if and only if it is 1-large.

Let V¢ = V ®g C denote the complexification of the underlying real vector space
of V, and then the G¢-action extends to an action of V¢; as a Ge-module, Ve is
isomorphicto Ve V*. Letu = ua = JOrC: Ve — g denote the complexification
of the moment map, where gc is the complexification of g and gf. its dual, and let
(u) be the ideal in C[ V] generated by the components of u with respect to a choice
of basis for gi.. Let N = N, denote the subscheme of V¢ corresponding to (),
called the complex shell. We recall the following, which holds for a general complex
reductive group H.

Theorem 3 (Herbig et al. 2013, Theorem 2.2(3)) If V is 1-large as an H-module, then
the complex shell N is reduced and irreducible.

Recall that a scheme is reduced if its local rings contain no nonzero nilpotent
elements and irreducible if it is not the union of two proper Zariski closed subsets.
Hence, Theorem 3 equivalently states that if V is 1-large, then (u) is a prime ideal.

We will also make use of the following; see also Bulois (2018, Theorem 2.2).
A reduced and irreducible scheme is normal if its local rings are integrally closed
domains.

Theorem 4 (Herbig et al., Lemma 5.2) Suppose G = T' is a torus. If V is a stable
and faithful Gc-module, then both N and N ) G¢ are normal.
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The categorical quotient N /G¢ in Theorem 4 is sometimes defined to be the com-
plex symplectic quotient. In the case of small representations, however, it may fail to be
the complexification of the real quotient and exhibit certain pathologies; see (Herbig
et al. Section 2) for a discussion and an alternate definition of the complex symplectic
quotient. In the case of 1-large representations, these technicalities can be avoided by
the following, which holds for an arbitrary compact Lie group H and is proven in
Herbig et al. with milder hypotheses.

Lemma 1 (Herbig et al., Lemma 2.8]) Let H be a compact Lie group and V a unitary
H-module. If V is 1-large as an Hc-module, then

R[Mp] ®g C =~ C[N]"c.

The following definition and result, which holds for an arbitrary connected algebraic
group H, will play an important role in the proof of Theorem 1 in Sect. 3.

Definition 2 (Popov and Vinberg 1994, Section 3.8) Let H be a connected algebraic
group and let X be an irreducible H-variety. For Y C X, define Ny(Y) = {g € H |
gY = Y}, the normalizer of Y. A subvariety Y C X is a Seshadri section if HYy = X
for each irreducible component Yy of Y and Hy N Y = Ny (Y)y forany y € Y.

Theorem 5 (Popov 1992, Corollary, page 169; Popov and Vinberg 1994, Theo-
rem 3.14) Let H be a connected algebraic group and let X be an irreducible normal
H-variety. Suppose Y is a Seshadri section for the action of H on X such that
codimy (X\HY) > 2. Then Y is a Chevalley section, i.e., restriction of functions
to Y defines an isomorphism C[X1" — crypNe®™,

In this paper, we are primarily interested in the symplectic quotients My (A) associ-
ated to a class of matrices that generalize the orbifold cases treated in Farsi et al. (2013,
Theorem 7) and Corollary 1 and constitute a next step in the classification problem. To
simplify the descriptions of these matrices, we introduce the following (non-standard)
notation.

Definition 3 We say that an ¢ x (£ + k) weight matrix A is of Type I} if it is of the
k

form A = (D,n,...,n) where D = diag(—aj, —ay, ..., —ay) with each ¢; > 0
and n = (n1,n2,...,ny)" with each n; > 0. We will say that A is Type II; if
A = (D,cin, ..., cn)with D and n as above and each ¢, > 1. For a Type II; weight
matrix, we define

nia(A)

a(A) :=Iem(ay, ..., ae), m;(A) :=T for i=1,...,¢,
1

l
B(A) =) mi(A),  and  n(A):=a(A)+B(A).

i=1

We will often abbreviate «(A), m; (A), B(A),and n(A) as o, m;, B, and n, respectively,
when A is clear from the context.
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For a weight matrix A of full rank, the representation V4 being faithful is equivalent
to the nonzero ¢ x ¢ minors of A having no common factor, see Farsi et al. (2013). If
A is Type 1l then these minors are of the formay ...agoray ...a;_1cnjajpy .. .ae
for some r = 1,...,k, i.e., the product of the a; or the same product with one a;
replaced with ¢,n ;. The following is an immediate consequence.

Lemma 2 Let A be a Type Il weight matrixand € > 1. Then V4 is afaithful T-module
if and only if gcd(a;, aj) = 1 foreach 1 <i < j < n, and foreach j =1, ... ¢,
there is anr < k such that gcd(a;j, cynj) = 1.

For a Type II; weight matrix A, it is clear from the description of the moment map
in Eq. (1) that the shell J~!(0) contains points with all nonzero coordinates. Hence by
Herbig and Seaton (2015, Lemma 3 and Remark 2), if the G¢c-module V4 is faithful,
then it is stable. It is easy to see that V4 is faithful as a G-module if and only if it
is faithful as a G¢-module. Combining this observation with Theorems 2, 3, and 4
yields the following.

Corollary 2 Suppose A is a Type Il weight matrix such that V4 is faithful as a T¢-
module. Then Vy is stable and 1-large as a Gc-module, and the complex shell N 4 is
reduced, irreducible, and normal.

If the hypotheses of Corollary 2 are satisfied, then by Herbig et al. (2013, Corollary
4.3), the ideal Iz is generated by the components J; of the moment map. Because the
J; are G-invariant in the case under consideration, we have

R[Mol = R[VI®/(1, ..., Jo).

In particular, given Eq. (1), the quotient map R[V]¢ — R[Mjy] can be understood as
defining the invariants z;z; fori = 1, ..., £interms of the z;z; fori = ¢+1, ..., {+k.
By Lemma 1, an analogous statement holds for C[N]¢¢.

3 Proof of Theorem 1

In this section, we give the proof of our main result, Theorem 1, which is divided into
several auxiliary results. Throughout this section, we consider a Type II; weight matrix
A= (D,cin, ..., cn) € Z2H0 such that V4 is a faithful T*-module of dimension
n = £+ k. In addition, we let B = (— a(A), ciB(A), ..., ckB(A)) € Z**FD see
Definition 3. We assume throughout this section that £ > 1; when £ = 1, A = B so
that Theorem 1 is trivial. Note that «(A) = «(B) and S(A) = B(B) so that we may
simply use o and 8 with no risk of confusion.
Our first result demonstrates that the T!-representation Vj is faithful.

Lemma3 Let A= (D, cin,...,cyn) € ZEX R pe g Type Il weight matrix. If Vo
is a faithful T -module, then ged(a, 1B, ..., ckp) = 1.

Proof Suppose V4 is faithful, and let p be a prime that divides « and each ¢, for
contradiction. As p divides «, it divides some a;; assume p | a; without loss of

@ Springer



Beitr Algebra Geom (2020) 61:581-604 589

generality. By Lemma 2, it is not possible that p | ¢, for all r, so it must be that p | .
Similarly, p 1 a; for each i # 1. Then p | m; = n;a/a; fori > 1, so the fact that
p | B =2 m;implies that p | m;. Butas p does not divide any a; except a;, we have
gcd(p,a/ar) = 1. Hence p | n1. As p | a1 and p | ny, p divides the first row of A,
contradicting the fact that V4 is a faithful T*-module. O

To explain the relationship between the representations V4 and Vg, let (u1, ..., u,)
denote coordinates for V4 and define the homomorphism v : C* — (C*)¢ by

Y(t) = @/, L, )
As ged(a/ay, ..., a/ap) = 1 by construction, ¥ is injective and defines an action
¢
. . . /—)— .
of C* on V4 with weight matrix (—c, ..., —a, c1B, ..., ckB). Hence, with respect

to the action of ¥ (C*), any (complex) (k + 1)-dimensional subspace of V4 defined
by imposing linear constraints on the first £ coordinates is isomorphic to Vp as a
C*-module.

We now indicate how to symplectically embed Vp as such a subspace of V4 while

mapping the shell Zp into the shell Z4. A point (uy, ..., u,) € V4 isin the shell Z4
if and only if (Ju; |2, e, |u,,|2) € IR’;O is in the null space of the matrix A, see Eq. (1).
Using coordinates (z1, ..., zx+1) for Vg, define the linear map ¢: Vg — V4 by

O (Z1se.es Zhsl) > (J%m,,/%m,..., /%m,zz,@,...,z;m), 3)

and then the image of ¢ is defined by the constraints

[m; .
up=_|—uy, i=2,...,¢ 4)
mi

We claim that ¢ preserves the symplectic forms, and the corresponding function
R];'Bl — R, given by

2 2 mi 2 me, 2 2 2
(Iz115, .- oy |2kt [9) ¥— <—|le e —lzl% 122l 7 o zke ] > (5)

B B
maps the null space of B onto the null space of A.

Lemma4 The function ¢: Vp — V4 in Eq. (3) is a symplectic embedding that maps
the shell Zp = ng (0) into the shell Z, = JA_I(O).

Proof We compute
14 k+1 k+1

n

mi

¢* > du; A dii; = Z?'dzl AT+ Y dzi AdZT =Y dzi AdT
i=1 i=1 i=2 i=1
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so that ¢ is a symplectic embedding. Let F denote the matrix of the linear exten-
sion RF*! — R” of the map defined in Eq. (5), and then F has upper-left £ x 1
block (m]/,B,...,WI(/,B)T, the £k x k identity in the lower-right block, and is
zero elsewhere. Using the expression for the m; in Definition 3 and recalling that
B =(—a(A),c1B(A),...,cp(A)) € Z>**+D one checks that

1
AF = —nB.
B
Hence, the null space of B is contained in the null space of A F'. It follows that ¢ maps
Zpinto Z4. ]

Moreover, using the homomorphism i defined in Eq. (2), we have the following.

Lemma5 The normalizer of ¢ (V) is given by N ¢y (¢(V3)) = Y (C*), and hence
Ny (6(Vp)) = ¢ (T

Proof Lett = (11,1, ..., 1) € (C*)¢, and then ¢ preserves the constraints (4) if and
only if /! = £ fori =2, ..., £. Choosing t € C* such that t*/%! = #; and recalling
that ged(a/ay, ..., a/ag) = 1, it follows that £ is of the form (t"‘/“l, e, t“/‘”). O

Complexifying the underlying real spaces, we consider the z; and w; := z; as
independent complex coordinates for Vg ®g C and u; and v; := u; as independent
complex coordinates for V4 ®g C. Recall that Ny = (J4 ®r C)~1(0) € V4 ®r C
and Ng = (Jg ®r C)~'(0) C Vz ®r C denotes the corresponding complex shells,
with N4 defined by

k

—a;ujv; +n; ZCjbtg.;,.jvg_H =0 for i=1,...,4. (6)
j=1
and Np by
k
—a21w1+ﬂch2j+1wj+1=0. @)

j=1

We now demonstrate that the image of Np under ¢c = ¢ ®pr C is a Seshadri
section for the action of (C*)* on Ny, see Definition 2, satisfying the hypotheses of
Theorem 5.

Lemma 6 The image S := ¢c(Np) of the complex shell Ny is a Seshadri section for
the action of (C*)¢ on the complex shell Ny C V4 ®@g C. Moreover, the (complex)
codimension of No~(C*)tS in N4 is 2.

Proof First observe that in the coordinates (z, w) for Vg ®r C, ¢c(z, w) =
(¢> (2), ¢ (w)). By Lemma 3 and Corollary 2, both N4 and Np are reduced, irreducible,
and normal.
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Fix a point (u, v) € Ny, i.e., satisfying Eq. (6), and assume that each u; # 0 for

i <l Fori=2,...,¢, choose t; such that
4 m; u
= =L 8)
mi uj
Letting t = (1, 12, ..., 1) € (C¥)¢, we claim that #(u, v) € S. To see this, define

k
Vmip
21 = ury/B/my, wy = > cjues e,
j=1

ouq

n —cin .
Zi+1 = tCI Uite, Wi+1 =t i Vi4¢, 1= 17 .. '5k7

and then direct substitution of (z, w) into Eq. (7) demonstrates that (z, w) € Np. By
Eq. (6), each v; withi =1, ..., £ is given by

k k

n; n;
Vi=—— ) Cjlet+jVetj = — E CjUut+jVl+j-
aju; = odu; =l

Using this fact, a simple computation confirms that

tu,v) = (¢(2). p(w)) € S.
If (u, v) € N4 such that each v; # 0 for i < £, then choosing ¢ such that

. m; v

a i .

= =, i=2,...,¢
mi v;

a similar computation demonstrates that £ (u, v) € S as well.
Taking the closure to account for points with some u; = O and v; = Ofori, j < ¢,
we have

(C*)ES = Ny.

In particular, note that N4~ (C* )¢S consists of those points in N4 where some u; = 0
andsome v; = Ofori, j < ¢;in particular Na (cx )KS is closed and has codimension
2in NA.

Now, the proof of Lemma 5 demonstrates that N(cxye(S) = ¥(C*), where ¢
is defined in Eq. 2. Indeed, for ¢c(z, w) € S, t¢c(z, w) € S if and only if ¢t €
¥ (CX) is clear whenever z; # 0 or w; # 0. Hence, it remains only to show that
(CH e (z, w)NS = Ncxye (S)¢c(z, w) forapointpc(z, w) € Swithz; = w; = 0.
In this case, for arbitrary ¢ € (C*)¢, we choose an s € C* such that s# = " and
compute
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Y($)pc(z, w) = (0, ..., 0, s 2/ Aizy gk imie/aiy

0.....0,s7 Yinia/a; S Yoinia/a; wk+1)
=(0,...,0, s Pz, 5P gy,
0,...,0,s YPwy, ..., s % Pupy) = toc(z, w).
Hence for such a point, ((CX)Zgb(c(z, w) = N(CX)e(S)qb(c(z, w). ]

Combining Lemma 6 with Theorem 5 yields the following.

Corollary 3 The restriction of functions on N to S defines an isomorphism
CINA1C)" - s @,

As § is isomorphic to the shell Np via the embedding ¢c, which is equivariant
with respect to the actions of C* and Ncx¢(S) identified via 1, it follows that ¢
induces an isomorphism ¢ : (C[S]N“CX)‘ ® C[NgIC". As ¢c is a linear map, ¢
preserves the grading. As the representations of (C*)¢ and C* corresponding to A and
B, respectively, are 1-large by Corollary 2, we have by Lemma 1 that R[Z A]Tl R
C ~ C[NA](CX)[ and ]R[ZB]TFI ®r C ~ C[Ng]®". That is, ¢™* induces a graded
isomorphism of the algebras of real regular functions R[My(A)] — R[My(B)]. By
Lemma 4, this isomorphism is Poisson.

Summarizing, we have the following.

Corollary 4 The restriction of functions to S and pulling back via ¢c are both graded
isomorphisms

cvsIS 5 crsNesr® s ov €,

and the composition of these maps induces a graded Poisson isomorphism of the real
algebras

¥ R[Mo(A)] — R[Mo(B)].

By Lemmas 4 and 6 and Corollary 4, it follows that ¢ induces an isomorphism
between the Zariski closures of the real algebraic varieties defined by R[Z A]Tl and

1 . .
R[Z5]T". To complete the proof of Theorem 1, it remains only to show that the
semialgebraic conditions are preserved, i.e., the map ¢ induces a homeomorphism
between the symplectic quotients.

Lemma7 The map ¢ induces a homeomorphism My(B) = Zg/T! — My(A) =
Za/T¢.

Proof It is clear from Lemma 5 that ¢ maps T'-orbits into T¢-orbits injectively; in

particular, the only point in Zp with z; = 0 is the origin. As ¢(Zp) C (Z4) by
Lemma 4, it is sufficient to show that each element of Z 4 is in the orbit of an element
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of (Zp). Soletu = (uy,...,u,) € Za, and then fori = 1, ..., £, the fact that
Ji(u) = 0 and the expression for J; in Eq. (1) imply

ajn; n;
luil = [ ——uil = [ —u1l.
aing ni

With this, each ; fori = 2, ..., £ defined as in Eq. (8) is an element of T!. Hence, we
may follow the proof of Lemma 6, defining ¢ € T¢ and z € Vp in the same way, and
then the same computations verify that tu = ¢ (z) and z € Zp. It follows that each
T¢-orbit in Z4 intersects ¢ (Zp).

We leave it to the reader to show that the inverse homeomorphism is induced by

the linear map
B
(W1, uz, ..., Ugype) > UL UL U ) a
1

We illustrate Theorem 1 with the following.

Example 1 The weight matrix

-30 01233
A=10 -403699
0 0 =52466

is Type Iy witha = 60,n1 = 1,np =3,n3 =2,c;1 = l,cp =2,and c3 = ¢4 = 3.
Hence,m| = 20,my = 45, m3 = 24, and B = 89, and the symplectic quotient My(A)
is graded regularly symplectomorphic to that associated to (—60, 89, 178, 267, 267).

4 Classification for Type I, matrices

Inthe case k = 1, Corollary 1 implies that two weight matrices A and A yield graded
regularly symplectomorphic symplectic quotients if and only if n(A1) = n(Az), i.e., if
andonly if ¢ (A1) + B(A1) = «(A2) + B(A2). For k > 1, this is no longer the case, as
we demonstrate with the following. Recall that the Krull dimension of a commutative
ring R is the supremum of the lengths of ascending chains of prime ideals in R.

k K

e ———
Lemma8 Let A = (—oc,,B,...,,B) and B = (—a’,ﬂ/,...,ﬂ’) such that V4 and
Vg are faithful T'-modules. If k > 2 and the symplectic quotients Mo(A) and Mo(B)
are graded regularly diffeomorphic, thenk = k', o = o’ and B = B'.

Proof First note that as V4 and Vj are faithful, ged(er, 8) = ged(a/, B/) = 1. The
existence of a graded regular diffeomorphism implies that R[My(A)] is graded iso-
morphic to R[My(B)]. As the Krull dimensions of R[My(A)] and R[M(B)] are given
by 2k and 2k’, respectively, it follows that k = &’.
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Let Q(A) denote the subalgebra of R[My(A)] that is generated by the quadratic
monomials of the form z;7; + IZGA fori = 1...,k+1and zi4;214; + IgA for
1 <i,j < k, and define Q(B) identically as a subalgebra of R[My(B)]. Note that
Q(A) and Q(B) are obviously graded isomorphic. The lowest-degree element of
R[M((A)] thatis not an element of Q(A) has degree «+ 8, and similarly for R[Mq(B)],
so we can conclude that « + B = o’ + B’. Finally, the number of monomials in

R[My(A)] of degree o + B that are not elements of Q(A) is (“Zfl_l), and hence

(N = () e (@ 4+ k= DY/al = @ + k — D!/t Ask > 1, it follows
that « = o/, and hence B = 8'. O

Corollary 5 The graded regular symplectomorphism classes of symplectic quotients
associated to Type Iy weight matrices with k > 1 are classified by the triple
(k, a(A), B(A)). Moreover, these graded regular symplectomorphism classes coin-
cide with the graded regular diffeomorphism classes.

It is not clear whether an analog to Lemma 8 is true for Type II; matrices, but
a proof using only the grading of R[Mj] as in Lemma 8 is not possible. First note
that such a generalization would require restricting to specific representatives, e.g.,
requiring that gcd(cy, ..., cx) = 1. Otherwise, it is possible that a 1 x (k + 1) Type
II; matrix could be written in terms of «, 8, and the ¢; in more than one way, e.g.,
(—1,4,12) could correspond to o = 1, 8 = 2,¢c1 = 2,andc; = 6ortoa = 1,
B =4,c; =1, and c» = 3. However, even with such a restriction, it is possible that
R[My(A)] and R[M(B)] have the same Hilbert series yet fail to be graded regularly
symplectomorphic. We will illustrate this in the next section.

5 The Hilbert series does not classify symplectic quotients by tori

If R = ®°R; is alocally finite-dimensional N-graded algebra over the field K, recall
that the Hilbert series of R is the generating function of the dimensions of the R; as
K-vector spaces,

o0
Hilbg(t) = Z ¢ dimg R;.
i=0

If R is finitely generated, then Hilbg (¢) is the Taylor series of a rational function that
converges for |f| < 1.

The graded regular symplectomorphisms given by Theorem 1 were initially discov-
ered by computing Hilbert series of the algebras of regular functions on symplectic
quotients associated to large classes of weight matrices and looking for cases that
coincide. While the Hilbert series has been a valuable heuristic to indicate potential
graded regular symplectomorphisms and an important tool to distinguish between
non-graded regularly symplectomorphic cases, one would likely guess that there are
cases with the same Hilbert series that are not graded regularly symplectomorphic.
In this section, we give examples to indicate that this is the case: the Hilbert series is
not a fine enough invariant to distinguish graded regular symplectomorphism classes
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of symplectic quotients by tori. These examples further illustrate that two symplec-
tic quotients can have several isomorphic structures yet fail to be graded regularly
symplectomorphic.

Let A = (—2,3,6) and B = (-3, 2, 6). Note that these are both Type II, weight
matrices; A correspondingtoa = 2, 8 = 3,¢; = 1, and ¢ = 2; and B corresponding
toa =3,8 =2,c; = 1,and c; = 3). Because the Hilbert series of symplectic quo-
tients by T' only depends on the absolute value of the weights (see Herbig and Seaton
2014, p. 47), the Hilbert series of R[My(A)] and R[M((B)] coincide. In particular,
they are both given by

1+ 4264+ 05 +18
(1—5)1 =31 =123

The off-shell invariants ]R[VA]Tl are generated by

— — — 2— -2
po = 2121, pP1 = 2222, P2 =123323, PpP3=12333, P4 =12322,

3 —3_— 3.2 —3-2
Ps = 2123, P6 =21°23, P7=121%3, P8 =2122,

and the moment map determines pg via 2pg = 3p; + 6p2. The off-shell invariants
JR[VB]Tl are generated by

— — — 2 R J—
qo = uiuy, g1 = uu2, g2 = UuU3u3, g3z =Uuju3, g4 = Uyl U3,

gs = U3z, g6 =usia>, q7=ujuy, qs=7uruz,
and the shell relation is given by 3qo = 2¢1 + 6¢>.

Proposition 1 For the weight matrices A = (—2,3,6) and B = (-3, 2, 6), the fol-
lowing hold true.

(i.) The algebras R[My(A)] @r C and R[My(B)] @r C are graded Poisson iso-
morphic. Hence, the complex symplectic quotients are isomorphic as Poisson
varieties.

(ii.) The algebras R[My(A)] and R[My(B)] are graded isomorphic. However, no
graded isomorphism R[My(A)] — R[My(B)] preserves the inequalities describ-
ing the semialgebraic sets My(A) and My(B).

An immediate consequence of (ii.) is that the symplectic quotients My(A) and
My(B) are not graded regularly symplectomorphic.

Proof of Proposition 1(i.) As in the proof of Lemma 6, we complexify the underlying
real vector spaces to consider the z;, w; := Z;, u;, and v; := u; as independent complex
variables. Then an easy-to-identify isomorphism over C is induced by the linear map
¢: Vap®r C — Vp ®p C given by

¢: (21, 22,23, Wi, w2, w3) —> (V—=1wa, vV—1wy, z3, /=122, vV —1z1, w3).
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A simple computation demonstrates that ¢ is equivariant with respect to the two C*-
actions, implying that the corresponding map ¢*: C[Vp ®r (C](CX — C[V4AQRr (C]CCX
is an isomorphism. Using coordinates (u1, uz, u3, vy, vz, v3) for Vg ®r C, we have

¢*(duy Advy +dur Advy +duz Advy) = —dws Adzp —dwy Adzy +dzz Adws
=dzi Adwi +dzo ANdwy + dzz A dws

so that ¢ is a symplectic embedding.
Identifying the real and complex invariants via w; = z; and v; = w;, the map ¢*
is given on generators by

$*q0 = —zawy = —pi, ¢*q1 = —z1w1 = —po,
¢*q2 = z3w3 = pa, ¢*q3 = —z3w3 = —p4,
¢ q4 = —Z§w3 = —p3, *qs = —«/—lw%w3 = —\/—_1176,

¢ g6 = —vV/—1z3z3 = —/—1ps,  ¢*q7 = ~/—1wjwi = V/—1ps,
¢*qs = v—1ziz3 = V/—1p7,

so that ¢*Jp = Js. Hence ¢* induces an isomorphism R[My(B)] Qg C —
R[My(A)] ®r C, completing the proof. O

Clearly, the isomorphism ¢* does not restrict to a map R[My(B)] — R[My(A)]
of the real algebras. Hence, to determine an isomorphism over R, we need a more
explicit description of R[My(A)] and R[My(B)].

Proof of Proposition 1(ii.) Using Macaulay? (Grayson and Stillman 2012), we compute
the relations among the generators pp, pa, ..., pg of RIMy(A)] to be

2po —3p1 —6p2,  PiP2— P4P3.  PaP6 — P2P8.  D3Ps — PaD7s
PiPs — P3ps.  Pips— papi.
324p1 p3 +216p3 +27p1 paps + 162p2pap3 — 8pspe.
27p3 p3 + 324p1 p2ps + 216p3 p3 + 162 pa p2 — 8 pe 1,
27p1 pa + 324p1p3 pa + 216p3 ps + 1625 p3 — 8psps,
432p3 — 81p7 paps — 432p1 p2paps — 648p3 paps + 24p1 psps — 16paps pe.
27p3 + 162p7 paps + 324p1 p2paps + 216p3 pap3 — 8p1ps.
324p1 p3 p3pe + 216p3 p3pe — 8pg p7 + 27p1 p3 ps + 1622 p3 ps.
324p1 p3 paps -+ 2163 paps + 27p1 p3 p7 + 162papi p7 — 8p2 ps,
432p3 p3pe + 24p1 pgp7 — 16p2pg p7 — 81ptp3 ps — 432p1 p2p3 ps — 648 p3 p3 ps,
432p3 paps — 81p3 p3 p7 — 432p1 papi p7 — 648p3 p3 p7 + 24p1 p2 ps — 162 p? ps.

Similarly, the relations among the generators g1, q2, . .., g3 of R[My(B)] are given
by

3g0 —2q1 — 6q2,  4qiqr + 249193 + 3643 — 9q3q4,  qaq6 — q24s,
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@395 — a7, 44iq6 + 24919296 + 369396 — 9439s,

4g1qs + 24919245 + 364395 — 99447,

1084193 + 21645 + 9919394 — 54G293q4 — 44546,

aas —qsqs. 4q3 — 4647,

10845 — 9479394 + 184192q3q4 — 27439394 + 4419596 + 16924596,

447 + 244919596 + 36929596 — 99743,

10891939396 + 21643 q3q6 — 4q¢q7 + 9914398 — 54924393

1089193q4qs + 216¢3q4q5 + 9919397 — 54429397 — 442qs,

108439346 + 4q192q7 + 160202q7 — 947 a3as + 1841920395 — 27q343s.
108939495 — 9q7 9347 + 1841920597 — 27934307 + 4q143qs + 164243 s.

Define the map ¥ : R[Mp(A)] — R[My(B)] by

Y(p1) = q1 +3q2, ¥(p2) = —%qz, ¥ (p3) = q4,

27 81
Y(ps) = —g Y (ps) = ge., Y (ps) = 16
Y(p7) = —%QS, Y(ps) = —ECM-

3 64

A tedious though elementary computation demonstrates that ¥ maps the ideal of
relations of the p; into the ideal of relations of the ¢;, and ¥ ~! similarly maps the ideal
of relations of the g; into the ideal of relations of the p ;. Therefore, ¥ : R[Mo(A)] —
R[My(B)] is an isomorphism. Note that p» = z3z3 > 0, while ¥ (p2) = —3¢2/2 <0
so that ¥ does not preserve the inequalities.

To show that any graded isomorphism R[My(A)] — R[My(B)] fails to preserve
the inequalities, suppose for contradiction that @ : R[My(A)] — R[My(B)] is such
a graded isomorphism. Let Q(A) and Q(B) denote the subalgebras of R[My(A)] and
R[M((B)], respectively, that are generated by elements of degree at most four. Then
@ restricts to an isomorphism @|g4): Q(A) — QO(B).

Again using Macaulay2 (Grayson and Stillman 2012), the algebra Q(A) generated
by p1, p2, - .., Ps has relations generated by

Ry = pip2— p3ps.  Ro=27(4p3(3p1 +2p2) + (p1 + 6p2) p3pa) — 8pspe.

Ry = —81p}p3pa — 8(=54p3 + 54p1 pap3 pa + 81p3 p3 pa — 3p1pspe + 2p2 s pe),
Ry = 27p3pa(p3 + 12p1p3 + 8p3 + 6p3pa) — 8pipspe,

and the algebra Q(B) generated by ¢1, q2, . . ., g¢ has relations generated by

R} = 492(q1 + 392)* — 934,
RS = 10843 (q1 + 2¢2) + 9(q1 — 6¢2)q3q4 — 4q56,
Ry = 10845 — 9(¢? — 2192 + 3¢2)q3qa + 4(q1 + 4924546,
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R} = 93 q3q4 — 4(q1 + 392)*q54s.

As @ preserves the grading, it must be of the form

@(p1) =ci1q1 +ci2q2, P(p2) = 2191 +c0q2, P(p3) = 3393 + 3444,
D (p4) = c43q3 + c44qs, P (ps) = ¢s5595 + cs6q6, P (P6) = C6595 + C6696,
D (p7) = c7797 + c18q8, P (pg) = 8797 + C8843. 9)

Using the fact that @ preserves the grading and maps the ideal of relations for the p;
into the ideal of relations for the g;, we must have

@(R)) =kiR), and @(Ry) =kaR) + k3qiR| + kaq2 R,
for some ki, ko, k3, ka € R. Computing the q13, q32, and q12q2 coefficients of each side

of the first equation and the q12q22, qg . q 1q§, 429394, and q1q3q4 coefficients of each
side of the second equation yields the system

P(Ry): qi: ctiean =0,
431 c33ca3 =0,
giqr: c11(eiacar + ciien) = 4k,
PR :  qiqr: 8learcnBeraean + 3ciien + 4deaien) = ko (6ks + ka),
q1g3 :© 9¢3,(9c12c21 + 3ciien + 8c21¢22) = ka(9 + 3k3 + 2ka),
g3 1 3c3(3cin +2022) = k(6 + ka).
919394 : 3(c11 + 6¢21) (3443 + c33¢44) = ko (1 — k3),
42394 3(c12 + 6c22)(c34¢43 + c33¢44) = —ka (6 + ka),

Every solution of this system not corresponding to @ (p;) = 0 for some i satisfies
c11 = —2¢22/3, c12 = —2c¢22, and ¢p1 = 0. Hence, though p; > 0 and p; > 0, either
¢ > 0sothat @(p1) = —2¢22(q1/3 + g2) < 0 for any nonzero g or g2, or 22 < 0
so that @ (p2) = c22¢2 < 0 for any nonzero ¢,. In either case, @ does not preserve
the inequalities describing the semilagebraic sets My(A) and My (B). m]

For another example, consider A’ = (=2, 1,1) and B’ = (—1,2, 1). Both are
weight matrices of type Type Il; the former has @ = 2, 8 = 1, c; = 1 = ¢, while
the latterhasa = 1, 8 = 1,¢; = 2,and ¢; = 1. As above, R[M((A")] and R[My(B’)]
have the same Hilbert series, given by

14262 4483 4+ 2% 4+ 1©
(1 —3)2(1 —12)2

The quadratic off-shell invariants of the action with weight matrix A’ are spanned by
2121, 2222, 2323, 2223, and z3Z3 with relation (2222)(2323) = (2223)(2322), and the
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moment map determines z1z1 in terms of 772, z3z3. For the action with weight matrix
B’, the quadratic off-shell invariants are generated by uuy, usuz, usus, ujuz, and
ujuz with relation (uju3)(ujuz) = (uiuy)(u3u3), and the moment map expresses
uu] = 2uyuy + uzuz. Considering only the Poisson brackets of the quadratics,
computations similar to those above demonstrate that any graded Poisson isomorphism
@: R[My(B')] — R[My(A")] must map u3i3 — cz275 + (¢ — 12373 + /= 1dz322
where ¢ € {0, 1} and d # 0. For each z»,z3 € C, there is a z; € C such that
(z1, 22, 23) € Z 4 sothat 7373 is not bounded by inequalities. As u3u3, 2222, 2323 > 0,
it follows that @ cannot preserve the inequalities.

Finally, we consider a closely related example that is not of Type I nor II; for any

k. Let
s (-1 0 11 s (-1 011
A_<O—111) and B‘<0—101>'

To see that the Hilbert series of R[My(A”)] and R[My(B")] coincide note that the
cotangent-lifted weight matrix corresponding to A”,

-1 011]10-1-1
0 —111]01—-1-1)"
can be transformed into that of B”,
-1 011]10-1-1
0 —-101]01 0 —1
by transposing the column pairs (1, 4), (3,7), (5, 8) and row-reducing over Z. The

common Hilbert series is given by

14262+ 263 +2¢% + ¢°
(1 —13)2(1 — 12)2

The quadratic off-shell invariants associated to A” are 7121, 2222, 2323, 2424, 2324, and
7473, the moment map expresses z1z1 and z»Z7 in terms of 7373 and z474, and we have
the relation (z3z4)(z4z3) = (23723)(z4z4). Similarly, the quadratic off-shell invariants
associated to B” are 7171, 2272, 2323, 2424, 2123, and 7123, the moment map expresses
z1z1 and zp7> in terms of z3z3 and z4Z4, and we have the relation (z1z3)(Z1z3) =
(2272 +2373)(2323). Hence, computations identical to those for A” and B’ demonstrate
that the only Poisson isomorphisms between the algebras R[Mo(A”)] and R[My(B")]
do not satisfy the semialgebraic conditions, and hence do not correspond to a graded
regular symplectomorphism.
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A Constructive approach to Theorem 1

We first obtained a proof of Theorem 1 for Type I; matrices by determining an explicit
description of the symplectic quotient My and algebra R[My] of regular functions.
This description may be of independent interest and illustrates the structure of these
spaces, so we include it here. The proofs of these results are cumbersome computations
and hence only summarized.

k
Proposition2 Let A = (D, n,..., n) e ZPUH0 be g type Iy weight matrix such

that V4 is a faithful T -module. Then a generating set for the algebra R[VA]TZ of
invariants is given by

1. the ¢ quadratic monomials r; := z;z; fori =1,...,4¢,

2. the k* quadratic monomials Di,j = ZeviZerj for1 <i, j <k,

3. the (“T*7') degree n monomials gy = T[li_ 2" [Ti_ 2}, where s =
(s1, ..., Sk) and the s; are any choice of nonnegative integers such that Zf: 1 Si =
o, and

4. the o + k — 1 choose k — 1 degree n monomials g5 for each choice of s.

For a generating set for R[My(A)], the generators in (1) can be omitted using the
on-shell relations.

Proof A simple computation demonstrates that each of the monomials listed in Propo-
sition 2 is invariant. To prove the proposition, one first establishes the result when
k = 1 by induction on ¢; the base case is simple, and the inductive step is accom-
plished by comparing the invariants of A to those corresponding to submatrices formed
by removing a single row and the resulting column of zeros. For general k, consider
the map ¢: Rlzy, ..., Ze4ks 215 ---» 2e+k] = Rlwi, ..., weg1, W, ..., wet1] that
maps z; — w; and z; > w; fori < €, zp4; — we41, and Zg4; > Wesg. [tis easy to
see that ¢ maps A-invariants onto (D, n)-invariants, and then the proof is completed

by considering the preimages of the (D, n)-invariants, a case with k = 1. O
k
Proposition3 Let A = (D, n,..., n) € 7R pe g type I weight matrix such

that V4 is a faithful T*-module. The (off-shell) relations among the r;, Di,j» 4s,» and

gs are generated by the following.

L. pgnpij— Pgjpinforl <g hi,j<kwithg #iandh # j.

2. pg.nds — Pi,ngy where s, = sg + 1, 5{ = 5; — 1, and s} = sj for j # g, i. Note
that we must have s; > 1.

3. Pg.hds — Pg.idy Where sy = s, + 1, 5; = s; — 1, and s} =s;j for j # g.i. Note
that we must have s; > 1.

4. qsqy — qiqy wheres +s' =t +t' ands # t.
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5. Gsqy — Qi Gy wheres +s" =t +t ands # t.

ya m; 7o — .
6. [[i=ir;" Hj:l Pgj.h; — qsqs’ where the vector (g1, ..., §a) contains each value
g exactly sg times and the vector (hy, ..., hy) contains each value h exactly s,
times.

On-shell, the mkonomials additionally satisfy the defining relations of the moment map,
—airi +ni )iy pjjfori=1,..., L

Proof One verifies that each of these relations holds by direct computation using
the definitions of the monomials given in Proposition 2. The proof that all relations
are generated by these is by induction on k. For the case k = 1, there is only one
nontrivial relation, pf ]—[f=1 r’" — q@q@):; a simple yet tedious consideration of
cases demonstrates that this generates all relations. The induction step is demon-
strated by considering the preimages of invariants under the map C[zy, . .., Z¢+k+1] —
Clz1, ..., ze+x] given by (z1, ..., Zek+1) = (@15 -+ s Totk + Zotk+1)- ]

One then verifies the following by direct computation.

k
Proposition4 Let A = (D, n, ..., n) € Z**“*9 be atype Iy weight matrix such that
Va is a faithful T¢-module. The Poisson brackets of the Hilbert basis elements given

in Proposition 2 are as follows. Note that the indices g, h, i, j need not be distinct
unless otherwise noted.

- {rgs rh} = {rgv Ph,i} = {qS7 qs,} = {q_qu_s,} = 0
= (i as) = —F5migs.

~ Ari @) = 5mids.

«/%pi,ha gzjandh;él’
{ Lol — _\/L—Tpg’j’ g#]andh:i’
~Apg.n pij} = ; * =
T (Phh = Pgg) §=jandh=i, andg #h
0, g*jandh#iorg=j=h=i.
- {pgths}z _ﬁsgqs,v Sg>0’
| ’ Sg=0’
wheresg,:sg—l,S;/,=sh+1,ands[{=Sif0rl.#g’h.
P
pen T} = | VT 5> 0,
, 0, 5 = 0,

wheresé:sg—l, sy, =sp+ 1, ands! =s; fori # g, h.

2 "
— g5 gy} = J%qu_s' (Zle r:—” + 21;:1 %), which we note is polynomial as

the ri and pj; divide qgsqy .

The above results give an explicit description of the Poisson algebra of regular
functions. It remains only to determine the semialgebraic description of the symplectic
quotient.
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k
Proposition5 Let A = (D, m) € 7K pe g type I weight matrix associ-
ated such that V is a faithful T -module. Using the real Hilbert basis given by the
real and imaginary parts of the monomials listed in Proposition 2, the image of the
Hilbert embedding is described by the relations given in Proposition 3 as well as the
inequalitiesr; > 0 fori =1,...,8and pj ;> 0forj=1,... k.

Proof From the definition of the monomials, it is easy to see that these inequalities are
satisfied. For the converse, choose values of the r;, p; ;, and gy such that each r; > 0,
each p; ; > 0, and the remaining values are arbitrary elements of C such that the each
pi,j = Pj.i and relations in Proposition 3 are satisfied. It is then easy to see that the
values |r;|, | p;, j| fori # j, and |gs| are determined by the p; ;. Specifically, using the
relations of Proposition 3(1), we have

|pi.jl = /Pi.iPj.js

using the moment map, we have

k
il =253 p
ri| = — »
[ a; ="
j=1

and using the relations of Proposition 3(6), we have

Sim /2

C i K k

qs = 1_[ (a_l> Zpi,i Hpjl,
i=1 Nt j=1 j=1
Similarly, using the relations of Proposition 3(3), one checks that the arguments of the
qs where s has only one nonzero coordinate (which must be equal to «) determine the
arguments of the p; ; and the other g . It follows that one can find a point (z1, .. ., z,)
mapped via the Hilbert embedding to these values of 7;, p;, j, and g by choosing the
modulus of each z¢; to be ,/p; i, the modulus of each z; fori < ¢ to be determined
by the moment map, the argument of each z; for i < £ to be 0, and the argument of
each z¢4; to be the argument of ¢(,....0,«.0,...,0) Where o occurs in the ith position. O

With this explicit description of M(A) and R[My(A)] the following can be verified
by direct computation.

Theorem 6 Let A € Z'*“H0 be a Type Iy matrix such that V4 is a faithful T¢-
module, and let B = ( —a(A), B(A), ..., ,B(A)) e ZIxkth) Using coordinates

(wi, ..., Wkt1) for Vp, define the map @ : (C[VA]TZ — C[Vg] by
i (A
neo WA w 1<is<e,
B(A)
Pij > Wit 1Wit1, 1<i,j<k,
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¢ k
— . A S
ds B(A)~AA) | |mj(A)mJ(A) w/13( ) w;'j-s-p
\ e I.:Il

4 k
g+ [ BA)TFD [ mpym@® w?® [ Twr.
j=1 j=1

Then @ is a well-defined homomorphism @ : (C[VA]W — (C[VB]T1 inducing an
isomorphism R[My(A)] — R[My(B)] and a graded regular symplectomorphism
between My(A) and My(B).
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