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Abstract
The accurate identification of modal parameters is a critical issue in the determination of features of civil structures. In this 
paper, a novel method based on the multisynchrosqueezing transform (MSST) is proposed to identify modal parameters, 
including natural frequencies, damping ratios and mode shapes of civil structures. The MSST consists of multiple operations 
of a synchrosqueezing transform so that the time-frequency representation of an analyzed signal becomes more concentrated, 
which allows more accurate decomposition of the signal. To identify modal parameters based on the MSST, first, the natural 
extraction technique is used to obtain a free vibration response from a measured ambient vibration response. Second, the 
free vibration response is decomposed into several modes by using the MSST, and mode shape vectors can be obtained from 
the decomposed modes for all measurements. Then, instantaneous phases and instantaneous amplitudes of the modes are 
obtained by using the Hilbert transform. Finally, a least-squares curve fitting technique is performed on the instantaneous 
phases and instantaneous amplitudes to extract natural frequencies and damping ratios. Two numerical examples, a 3-degree-
of-freedom free vibration response signal and a four-story frame steel structure subjected to environmental vibration, are used 
to demonstrate the applicability of the MSST-based method. In addition, an experimental validation based on a pedestrian 
overpass, located in Tufts University, United States, is conducted. Case analyses indicate that the MSST-based method can 
easily identify high-quality natural frequencies and damping ratios from measurements of structures.

Keywords Signal decomposition · Modal parameter identification · Multisynchrosqueezing transform · Civil structures

1 Introduction

Civil structures, including tall buildings and long bridges, 
facilitate the daily life of humans. However, structures may 
also be easily damaged or destroyed by violent earthquakes, 
strong winds, fatigue load and so forth. Such damage or 
destruction can cause large economic and human losses. 
Therefore, it is necessary to conduct normal monitoring of 
structures to reduce or avoid economic losses and casualties. 
Modal parameters, such as natural frequencies and damp-
ing ratios, are capable of representing the vibration char-
acteristics of civil structures [23] and are necessary bench-
mark parameters for evaluating the state of structures. The 
accurate identification of modal parameters becomes a vital 
issue for engineers and researchers. Initially, experimental 
modal analysis was developed to identify modal parameters 
by using external excitation devices such as shakers and 
impact hammers. Later, a less expensive and more conveni-
ent modal parameter identification technique was introduced, 
namely, operational modal analysis, which uses ambient 
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vibrations for excitation. However, the measured responses 
in operational modal analysis are low amplitudes with noise, 
making modal parameter identification from these measure-
ments challenging. It is necessary to develop reliable and 
suitable methods to address the challenge.

Among the developed methods for modal parameter 
identification, signal decomposition-based methods have 
received much attention in recent decades. Signal decom-
position-based methods are based on the characteristic that 
signal decomposition techniques can decompose multi-
component signals into several monocomponents. Hence, 
decomposing the vibration responses of structures can yield 
the modal responses of structures, which contain modal 
parameter information for each mode. Huang et al. [26, 27] 
developed a signal decomposition-based method in which 
empirical mode decomposition (EMD) was applied to iden-
tify natural frequencies and damping ratios by combining the 
Hilbert transform (HT) and linear least-squares fitting. He 
et al. [10] used a random decrement technique to obtain free 
vibration responses from decomposed components by EMD. 
This operation expands the EMD-based method in Refs. [26, 
27] to identify modal parameters from ambient vibration 
responses, not just free vibration responses. However, the 
lack of a theoretical mathematical basis leads to a number 
of limitations for EMD, such as (a) the nonstandard sifting 
stopping criterion, (b) the unpredictable or inconsistent num-
ber of decomposed components, (c) the lack of orthogonality 
and mode mixing, and (d) the end effects of the spline curve 
[19]. To address or alleviate these limitations, support vector 
regression machine and the HT have been applied to improve 
EMD; subsequently, the improved EMD was used to identify 
modal parameters of a four-story, steel-frame structure [28]. 
On the other hand, to solve the mode mixing problem, time-
varying filtering-based EMD employed a time-varying filter 
technique in the sifting process of EMD [17]. This method 
was applied to identify modal parameters of structures by 
using a decentralized sensing approach, where only a sin-
gle sensor was available at a particular time [16]. However, 
these improved EMD methods cannot address the limitations 
in EMD completely, which can limit the accuracy of identi-
fied modal parameters by EMD-based methods.

In addition to EMD-based methods, other signal decom-
position methods have been developed and applied to iden-
tify modal parameters of structures. Local mean decompo-
sition was used for modal parameter identification of civil 
structures through free or ambient vibration responses [15]. 
An EMD-like tool, synchrosqueezed wavelet transform [5], 
was introduced to modal parameter identification in com-
bination with the HT and Kalman filters [22]. For the syn-
chrosqueezed wavelet transform-based method, the param-
eters of the Kalman filter depend on the characteristics of 
sensors, which are not practical. Empirical wavelet transform 
(EWT) is an adaptive wavelet filter bank constructed on the 

segmentation of Fourier spectra for signal decomposition 
[9]. With this method, signals with a low signal-to-noise 
ratio and closely spaced modes are hard to decompose by 
EWT [30]. Auto-regressive power spectrum [18, 24] and 
multiple signal classification [1] have been used to improve 
the EWT for modal parameter identification, but the mode 
mixing problem in closely spaced modes for EWT is not 
eliminated [30]. Variational mode decomposition was intro-
duced to decompose signals into a set of distinctive com-
ponents with a center frequency [6]. It was applied to iden-
tify modal parameters of a three-story shear frame and a 
pedestrian bridge with good performance [2]. However, 
variational mode decomposition cannot decompose nonsta-
tionary signals with chirp modes. Short-time narrow-banded 
mode decomposition (STNBMD) was introduced to address 
the issue in variational mode decomposition [19]. STN-
BMD was used to identify time-varying structures with free 
vibration responses, and an improved model was applied to 
estimate modal parameters of linear time-invariant systems 
[30]. Symplectic geometry mode decomposition [21] was 
developed and applied to identify modal parameters of struc-
tures [14]. In Ref. [14], the measured vibration responses 
were decomposed into several symplectic geometric com-
ponents, and modal parameters of time-invariant structures 
and instantaneous frequencies of time-varying structures 
were identified from the decomposed symplectic geometric 
components. Recently, the multisynchrosqueezing transform 
(MSST) was introduced in Ref. [29]. The MSST algorithm 
has an excellent theoretical principle, using an iterative 
reassignment procedure to concentrate the time-frequency 
energy of the analyzed signals. The reassignment procedure 
is only in the frequency direction, and no information is 
missing; hence, in theory, the MSST can decompose signals 
well [29]. Considering the ability and effectiveness of the 
signal decomposition of the MSST, this method is a promis-
ing and reliable tool for modal parameter identification of 
civil structures.

In this work, a method for modal parameter identification 
is proposed. The method is called the MSST-based method 
and is combined with other techniques, Including the natu-
ral excitation technique (NExT) [13], HT and least-squares 
curve fitting. In the MSST-based method, free vibration 
responses are obtained first from measured free vibrations 
or ambient vibration processing by the NExT. The MSST is 
applied to decompose the free vibration responses and deter-
mine the modal response of each mode. Then, the modal 
responses for all measurements are used to obtain mode 
shape vectors. The HT is used to determine the instanta-
neous amplitudes and instantaneous phases of each mode. 
Least-squares curve fitting is applied to estimate damp-
ing ratios and natural frequencies from the instantaneous 
amplitudes and instantaneous phases, respectively. Numeri-
cal studies are conducted to verify the effectiveness of the 
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MSST-based modal parameter identification method for a 
simulated signal and a four-story frame structure. In addi-
tion, an experiment involving a real-life pedestrian bridge 
measured under ambient vibration is conducted to study the 
effectiveness of the MSST-based method.

The remainder of this paper is organized as follows. In 
Sect. 2, the NExT, MSST, HT, least-squares curve fitting 
and identification of mode shapes are briefly reviewed, and 
the proposed method is described. In Sect. 3, two numeri-
cal investigations are presented. In Sect. 4, an experimental 
investigation is conducted. Conclusions and some discussion 
of future works are presented in Sect. 5.

2  Methodology

A flowchart of the proposed method for modal parameter 
identification based on the MSST is shown in Fig. 1, and a 
step-by-step description is provided as follows.

Step 1. Obtain vibration data from the identified struc-
ture, and conduct preprocessing methods, such as filtering 
and resampling.

Step 2. Obtain the free vibration response of the structure 
using the NExT from the vibration data obtained in Step 1.

Step 3. Decompose the free vibration response obtained 
in Step 2 into several modes.

Step 4. Repeat Steps 1–3 for the vibration data from all 
installed accelerometers and obtained modal shape vectors.

Step 5. Obtain instantaneous amplitudes and instantaneous 
phases of the modes by employing the HT.

Step 6. Obtain damping ratios and natural frequencies 
of the structure by employing curve fitting to instantaneous 
amplitudes and instantaneous phases, respectively.

2.1  Free vibration response extraction using 
the NExT

For an ambient vibration structure with n degrees of free-
dom, the motion equation of the structure can be described 
as follows:

where M, K, and C denote the mass, stiffness, and damp-
ing matrices of the structure, respectively. x(t) denotes dis-
placement response vectors of the structure, and (⋅)� denotes 
the derivative of t. F(t) is the excitation force with mapping 
matrix E, which relates the excitation force to the corre-
sponding degrees of freedom. It assumes that the excitation 
force is a broadband signal that acts on ambient vibration 
structures. Hence, Eq. (1) can be rewritten as

where R denotes a vector of a correlation function between 
the vibration response at p and a reference vibration response 
at q, which can be expressed as

where T is the total time of samples and � is the time lag.

2.2  MSST

The short-time Fourier transform of a signal s with respect to 
the even and real window function h, in which s, h ∈ L2(ℝ) , 
is expressed by

where the window function h is compactly supported in [
−Δt,Δt

]
 and i denotes 

√
−1 . Signals can be decomposed 

into several continuous independent modes with time-vari-
ant oscillatory properties, so signal s(t) is expressed as in the 
multicomponent nonstationary signal model:

(1)Mx��(t) + Cx�(t) + Kx(t) = −EF(t),

(2)MRẍpẍq
(𝜏) + CRẋpẋq

(𝜏) + KRxpxq
(𝜏) = 0,

(3)Rxpxq
(�) = lim

T→∞

1

T ∫
T

0

xp(t + �)xq(t)dt,

(4)H(t,�) = ∫
+∞

−∞

h(u − t)s(u)e−i�(u−t)du,

(5)s(t) =

K∑

k=1

Ak(t)e
i�k(t),

Fig. 1  Graphical illustrations of the proposed MSST-based method
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where Ak(t) denotes the instantaneous amplitude of the k-th 
mode and �k(t) is the instantaneous phase of the k-th mode. 
Substituting Eq. (5) into Eq. (4) gives

where ĥ(⋅) denotes the Fourier transform of the window 
function h. The instantaneous frequency �̂�(t,𝜔) can be esti-
mated from the partial derivative of H(t,�) as expressed by

The time-frequency coefficients are squeezed by multiple 
frequency-reassignment operators:

where �(⋅) denotes the Dirac delta function and n denotes the 
number of frequency-reassignment operators. For example, 
when n is equal to 1, the frequency-reassignment operator 
will be applied only one time, so it is the same as the syn-
chrosqueezed wavelet transform; when n is increased, the 
time-frequency representation of analyzed signals becomes 
more concentrated, which might allow perfect reconstruction 
of the signals in theory. Each mode can be reconstructed as

where ds′ is the reconstruction bandwidth of the MSST.

2.3  HT

The HT is applied to the instantaneous damping ratio and 
instantaneous frequency of each mode sk(t) . The HT is 
defined by convoluting sk(t) with the term 1/t as follows 
[12]:

where (̃⋅) denotes the operator of the HT. Coupling both sk(t) 
and its HT, an analytic signal zk(t) is generated as follows:

in which

and

(6)H(t,𝜔) =

K∑

k=1

Ak(t)e
i𝜑k(t)ĥ(𝜔k − 𝜑�

k
(t)),

(7)�̂�(t,𝜔) =
H�(t,𝜔)

iH(t,𝜔)
.

(8)Ts[n](t, 𝜂) = ∫
+∞

−∞

H(t,𝜔)𝛿(𝜂 − �̂�[n](t,𝜔))d𝜔,

(9)sk(t) ≈ (2𝜋h(0))−1 ∫|𝜔−𝜑�
k
(t)|<ds�

Ts[n](t,𝜔)d𝜔,

(10)s̃k(t) = sk(t) ×
1

𝜋t
=

1

𝜋 ∫
+∞

−∞

sk(t)

t − 𝜏
d𝜏,

(11)zk(t) = sk(t) + is̃k(t) = Ak(t)e
i𝜑k(t),

(12)Ak(t) =

√
s2
k
(t) + s̃2

k
(t),

2.4  Curve fitting

Once the instantaneous amplitude Ak(t) and instantaneous 
phase �k(t) are identified using the HT, the natural frequency 
and the damping ratio for each mode can be estimated from 
them. The instantaneous frequency is the derivative of the 
instantaneous phase and can be expressed by

For a time-invariant system, the instantaneous frequency is 
a constant, so the instantaneous phase can be determined by

where �d,k denotes the damped natural frequency of the k-th 
mode and c is a constant. Hence, a least-square curve fitting 
can be used to identify the damped natural frequency. The 
instantaneous amplitude is an exponential decay for under-
damped structures, so the natural logarithm of Ak(t) is a first-
order linear function, which is expressed by

where ak denotes the product of undamped natural frequency 
and damping ratio and b is a constant. Therefore, the damp-
ing ratio is estimated by least-squares curve fitting, and it is 
determined by

where �n,k denotes undamped natural frequency, in which 
�d,k = �n,k

√
1 − �2

k
 . Suppose that �k is relatively small for 

civil structures; hence, �d,k ≈ �n,k . Note that the natural fre-
quency is approximated by the damped natural frequency in 
the MSST-based method.

2.5  Identification of mode shape

To identify mode shapes, the modal responses of a structure 
at all accelerometers are considered. The values of the modal 
response data at a moment ( tm ) from all accelerometers are 
used to obtain the mode shape vector for a specific mode. 
Hence, the k-th mode shape vector can be expressed as

(13)𝜑k(t) = tan−1

[
sk(t)

s̃k(t)

]
.

(14)�k(t) = ��

k
(t).

(15)�k(t) = �d,kt + c,

(16)ln
[
Ak(t)

]
= −akt + b,

(17)
�k =

1
√

1 +

(
�n,k

ak

)2

,

(18)Φk =
{
sk,1

(
tm
)
, sk,2

(
tm
)
,… sk,i

(
tm
)
… sk,N

(
tm
)}T

,
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where sk,i denotes the k-th modal response at the i-th acceler-
ometer, ⋅T is the transpose of a function, and N is the number 
of installed accelerometers.

3  Numerical validation

In this section, the effectiveness of MSST-based modal 
parameter identification is studied by considering two 
numerical cases, including a simulated free vibration 
response of a three-degree-of-freedom system and a bench-
mark four-story frame structure. To evaluate the accuracy 
of the proposed method, the mean absolute percentage error 
(MAPE) is used and can be expressed by

where yn and ŷn are the target parameter and estimated 
parameter, respectively; N is the total number of these 
parameters.

3.1  Analysis of a simulated signal

To study the effectiveness of the MSST-based method for 
identification of damping ratios and natural frequencies, a 
simulated signal, denoted by y1(t) , is applied. The signal is 
a mathematical model to describe the displacement response 
of a time-varying underdamped system under free vibration 
[25]. It can be expressed by

where An is the amplitude, �n is the damping ratio, fn is the 
natural frequency and �n is the phase angle of the n-th mode. 
N is the total number of modes. In this case, the number of 
modes is three for simulating y1(t) . The parameters used for 
generating y1(t) are as follows: three natural frequencies, f1 
= 3, f2 = 0.3t + 5 and f3 = 9.5 Hz; hence, f2 is time-varying. 
Amplitudes are 1, phase angles are 0, and the correlated 
damping ratios are �1 = 1.4%, �2 = 1% and �3 = 0.8%. In 
this simulation, a sampling frequency of 200 Hz is used to 
sample 5 s, as shown in Fig. 2.

As the vibration data y1(t) are obtained, MSST-based 
modal parameter identification is applied. The NExT is not 
used here since y1(t) is a free vibration response. The MSST 
is directly employed to decompose y1(t) , and its decomposi-
tion results are shown in Fig. 3. The black solid line denotes 
the time series of theoretical modes, and the red dashed line 
denotes those of decomposed modes. It can be seen that 
the decomposed modes are close to the theoretical ones. 
However, deviations exist at the end of decomposed modes. 

(19)MAPE =
1

N

N∑

n=1

||yn − ŷn
||

yn
,

(20)y1(t) =

N∑

n=1

Ane
−2��nfnt cos(2�fn

√
1 − �2

n
t + �n),

This phenomenon is called end effects in the following text. 
Then, instantaneous phases and instantaneous amplitudes of 
the decomposed modes are obtained by employing the HT. 
Natural frequencies are estimated based on the instantane-
ous phases. The curve fitting of the instantaneous phases is 
shown in Fig. 4. The fitting results are consistent with the 
original instantaneous phases. Furthermore, damping ratios 
are obtained from the curve fitting of the instantaneous 
amplitudes. The end effects of the decomposed modes are 
magnified in the instantaneous amplitudes; hence, the two 

Fig. 2  Time series of the synthetic signal y
1
(t)

Fig. 3  Comparison of the decomposed modes by the MSST (red dash 
lines) and theoretical modes (black solid lines)



1180 Journal of Civil Structural Health Monitoring (2021) 11:1175–1188

123

end regions are not chosen for curve fitting. The curve fit-
ting of the instantaneous amplitudes is shown in Fig. 5. The 
fitting results are consistent with the original instantaneous 
amplitudes except for the two end regions.

Natural frequencies and damping ratios are estimated 
as shown in Table 1. The estimated natural frequencies are 
nearly the same as the theoretical frequency, and even the 
time-varying frequency is estimated well. The largest MAPE 
of the natural frequencies is 0.5%, which is rather small. In 
addition, the estimated damping ratios are also close to the 
theoretical ratios. The largest MAPE of the damping ratios 
is 0.8%. It is noted that the MSST-based method exhibits a 
high accuracy for estimating modal parameters, including 
natural frequencies and damping ratios.

3.2  Benchmark four‑story 2 × 2 bay frame structure

A benchmark problem (a four-story 2 × 2 bay three-dimen-
sional steel structure) used by Johnson et al. [7] is employed 
to validate the efficiency of the MSST-based method. This 
structure is 2 × 1.25 m in width and 4 × 0.9 m in height, as 
shown in Fig. 6. The simulation of this structure was coded 

in MATLAB, and its code is accessible in DATAHUB1. The 
roof of the simulated structure is exposed to a dynamic load 
with an intensity of 300 parallel to the diagonal. Sixteen 
acceleration sensors (ASs) are embedded in the middle of 
the bilateral bar of the four stories. The vibration responses 
in the simulation are measured with a sampling frequency of 
1000 Hz lasting 400 s for each sensor. It should be evident 
that a period of 400 s is sufficient to obtain an accurate free 
vibration response by means of the NExT. A damping ratio 
of 1% is employed in each mode, and the computation of 

Fig. 4  Instantaneous phases extracted by the MSST-based method 
and their curve fitting results for the simulated signal Fig. 5  Instantaneous amplitudes extracted by the MSST-based 

method and their curve fitting results for the simulated signal

Table 1  Comparison of the theoretical natural frequencies and damp-
ing ratios and those of the estimated results for the simulated signal

Mode Natural frequency (Hz; MAPE %) Damping ratio (%; 
MAPE %)

Theoretical MSST Theoretical MSST

1 3 2.998 (0.1) 1.4 1.411 (0.8)
2 0.3t + 5 0.29t + 5.048 (0.5) 1 1.005 (0.5)
3 9.5 9.505 (0.1) 0.8 0.802 (0.3)

1 https:// datac enter hub. org/ datav iewer/ view/ neesd ataba ses: db/ struc 
tural_ contr ol_ and_ monit oring_ bench mark_ probl ems/.

https://datacenterhub.org/dataviewer/view/neesdatabases:db/structural_control_and_monitoring_benchmark_problems/
https://datacenterhub.org/dataviewer/view/neesdatabases:db/structural_control_and_monitoring_benchmark_problems/
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the damping matrix will be a standard eigenvalue problem 
when the damping ratio is assumed. Moreover, to examine 
the robustness of the proposed method, a 30% root mean 
square amplitude is added to the most massive vibration 
responses as noise.

The measured vibration response from AS 1 in the 
x-direction, as shown in Fig. 7, is first exploited to dem-
onstrate the MSST-based method. The observed vibra-
tion response from AS 1 is transformed to a free vibration 
response by the NExT. In this section, one thousand samples 

are selected for the NExT, corresponding to a duration of 1 
s for the free vibration response. This amount permits the 
acquisition of sufficient samples to extract the free vibra-
tion response of the observed vibration response. AS 15 is 
selected as the location of the reference to fulfill the sugges-
tion that the test channels should be far from each other [4]. 
Then, the MSST algorithm is applied to estimate the modes 
contained in the free vibration response, and the result of 
individual modes is shown in Fig. 8. Only the free vibration 
response in the range of [0.1, 0.9] s is shown because of 
the end effects. In addition, each instantaneous phase and 
instantaneous amplitude of the mode is given in Figs. 9 and 
10, respectively. Finally, curve fitting is applied to these 
four modes. Table 2 summarizes the natural frequencies 
and damping ratios estimated using the MSST-based method 
and finite element analysis (FEA) offered by Caicedo et al. 
[4], where four degrees of freedom in the x-direction are 
obtained. The maximum MAPEs of the natural frequencies 
and damping ratios are 0.1 and 6.3%, respectively. These 
results indicate that the MSST-based method can overcome 
the problem of noisy data measured in the benchmark struc-
ture. Additionally, for comparison with other methods, the 
results estimated in Refs. [1, 22] are presented. The natural 
frequencies and damping ratios extracted in Refs. [1, 22] in 
the x-direction have excellent performance. The maximum 
MAPEs of the natural frequency in Refs. [1, 22] are 0.33 and 
0.4%, respectively. Furthermore, the largest MAPEs of the 
damping ratio in Refs. [1, 22] are 15 and 9%, respectively, 
which are larger than those associated with the MSST-based 
method.

The results estimated by the MSST-based method highly 
resemble those of FEA. Moreover, compared to the MAPEs 
of the natural frequencies reported in Refs. [1, 22], those 
of the MSST-based method are the least. Additionally, the 
damping ratios obtained by the MSST-based method are 
more precise than those in Refs. [1, 22]. The largest MAPEs 
are 15, 9, and 6.3%, illustrating that the damping ratios are 
very close to the corresponding FEA values. In addition, 
a decrease in the MAPEs of the damping ratios exceeding 
58% is observed compared with the results in Ref. [1]. Ref-
erence [22] combined the random decrease technique, syn-
chrosqueezed wavelet transform, HT, and Kalman filter to 
identify the modal parameters of civil structures subjected 
to ambient vibration. Despite the satisfactory performance 
achieved, the technique applied to estimate the free vibra-
tion response, i.e., the random decrease technique, is vulner-
able to noise. Furthermore, the accuracy of the approach 
depends on the appropriate selections of the measurement 
variables and noise for the case, which are established from 
the observed Kalman filter data, requiring prior knowledge. 
Reference [1] combined an improved EWT, NExT, HT, CEA 
[8], and curve fitting for modal parameter identification of 
large smart structures. Compared to the results reported in 

Fig. 6  Diagram of the benchmark four-story 2 × 2 bay frame structure

Fig. 7  Time series of the vibration response measured by AS 1 on the 
benchmark structure
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Ref. [22], the natural frequencies estimated in Ref. [1] are 
similar, but the damping ratios identified are better, with the 
error diminishing by over 40%. However, due to the applica-
tion of multiple signal classification in the improved EWT 
[1], determining the number of estimation modes may not 
be easy when a scholar or engineer has no prior knowledge 
of the vibration responses measured for structures.

4  Experimental validation

In this section, an experimentally measured ambient vibra-
tion response is employed to validate the effectiveness 
and performance of the MSST-based method for modal 
parameter identification. The vibration response from a 

Fig. 8  Modes decomposed by 
the MSST for the benchmark 
structure

Fig. 9  Instantaneous phases 
extracted by the MSST-based 
method and their curve fitting 
results for the benchmark 
structure
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two-span continuous steel truss bridge, i.e., the Dowl-
ing Hall footbridge, is obtained. It is a footbridge with 
a reinforced concrete deck located on the Medford cam-
pus of Tufts University, as shown in Fig. 11a. The full 
length of the footbridge is 44 m, and its width is 3.9 m. A 
monitoring system was embedded on the footbridge run-
ning continuously for 17 weeks, from January 5, 2010, to 
May 2, 2010. It included an array of ten thermocouples, 
eight accelerometers, a remote data acquisition system, 
and a communication system. The eight accelerometers 
are labeled S1, S2, ... , S8, and their locations are shown 
in Fig. 11b. A set of 300 s of data was collected once an 
hour with a sampling frequency of 2084 Hz. These data 
were processed by downsampling from 2084 to 128 Hz to 
improve the computational efficiency. More information 
and details about the experiment can be obtained in Refs. 
[3, 20].

The vibration response measured by S3 at 15:00 on 
April 29, 2010, under environmental ambient vibration 
is used to verify the MSST-based method for structural 
modal parameter identification. It is also filtered by a 

bandpass filter with a cutoff frequency range of 2 and 20 
Hz to limit the considered modes, as shown in Fig. 12.

According to the MSST-based method, the ambient 
vibration response measured by S3 is converted to a free 
vibration response using the NExT. In this example, 8-s 
samples are selected in the NExT, corresponding to 1024 
samples for the free vibration response. This period is suf-
ficient for extracting the free vibration response by using 
the NExT. Then, the MSST is applied to decompose the 
modes contained in the free vibration response, as shown 
in Fig. 13, where six modes are obtained. Because of the 
end effects, only the free vibration response in the range 
of [1.5, 6] s is presented. In addition, the instantaneous 
phases and instantaneous amplitudes of modes are esti-
mated by the HT and are given in Figs. 14 and 15, respec-
tively. After the instantaneous phases and instantaneous 
amplitudes are extracted, curve fitting is employed to 
calculate the natural frequencies and damping ratios of 
the Dowling Hall footbridge. In the curve fitting of the 
instantaneous amplitudes, only the ranges of nearly natu-
ral exponential decay are fitted, namely, the linear ranges 

Fig. 10  Instantaneous ampli-
tudes extracted by the MSST-
based method and their curve 
fitting results for the benchmark 
structure

Table 2  Comparison of the 
theoretical natural frequencies 
and damping ratios and those 
of the estimated results for the 
benchmark structure

Mode Natural frequency (Hz; MAPE %) Damping ratio (%; MAPE %)

FEA Ref. [22] Ref. [1] MSST FEA Ref. [22] Ref. [1] MSST

1 11.79 11.82 (0.20) 11.84 (0.40) 11.78 (0.08) 1.0 0.96 (4) 1.0 (0) 1.042 (4.2)
2 32.01 31.95 (0.20) 32.10 (0.20) 32.02 (0.03) 1.0 0.85 (15) 1.09 (9) 1.004 (0.4)
3 48.44 48.50 (0.10) 48.58 (0.30) 48.45 (0.02) 1.0 1.0 (0) 1.05 (5) 1.063 (6.3)
4 60.15 60.35 (0.33) 60.30 (0.25) 60.17 (0.03) 1.0 1.10 (10) 1.09 (9) 1.009 (0.9)
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of the natural logarithm of instantaneous amplitudes. The 
fitted results are also shown in Figs. 14 and 15.

The MSST-based method is also applied to the other 
seven accelerometers to obtain modal parameters of the 
Dowling Hall footbridge. The natural frequencies and 
damping ratios for the eight accelerometers identified 
by the MSST-based method are listed in Table 3. It can 
be seen that the natural frequencies and damping ratios 

remain the same for different measurements. Hence, the 
results identified by the MSST-based method are consist-
ent and stable for the footbridge.

The means of the results identified by the MSST-based 
method are listed in Table 4. For comparison, a covari-
ance-driven stochastic subspace identification algorithm 
(SSI-cov) is applied [11], which is a powerful tool for 
modal parameter identification with solid mathematical 
theories. The results are also listed in Table 4. In addition 
to the results associated with the MSST-based method and 
SSI-cov, those corresponding to Ref. [30] are provided for 
comparison. It is clear that the natural frequencies identi-
fied by the MSST-based method, SSI-cov and Ref. [30] 
are close. In addition, the damping ratios identified by the 
MSST-based method are nearly the same as those associ-
ated with Ref. [30] and are also close to those associated 
with SSI-cov. These results demonstrate that the MSST-
based method can effectively identify the natural frequen-
cies and damping ratios of a real-life structure, which are 
close to the identified natural frequencies and damping 
ratios in Ref. [30].

Figure 16 shows the six identified mode shapes of this 
footbridge. Modes 1 and 2 are the first and second bend-
ing, modes 3 and 4 are the first and second torsion, and 
modes 5 and 6 are the third and fourth bending. These six 
mode shapes have the same mode as shown in Ref. [3].

Fig. 11  Illustration of the Dowl-
ing Hall footbridge: a overview 
of the bridge [7] and b location 
of the accelerometers

Fig. 12  Time series of the filtered vibration response measured by S3 
on the Dowling Hall footbridge
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Fig. 13  Decomposed modes by 
the MSST for the Dowling Hall 
footbridge

Fig. 14  Instantaneous phases 
extracted by the MSST-based 
method and their curve fitting 
results for the Dowling Hall 
footbridge
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5  Concluding remarks

In this paper, an accurate and efficient MSST-based 
modal parameter identification method is proposed. The 
MSST-based method exploits the benefits provided by the 
MSST algorithm for signal decomposition. Two numerical 

investigations are conducted on a simulating signal and a 
benchmark four-story frame structure to study the perfor-
mance of the MSST-based method. It is shown that the 
MSST-based method can identify modal parameters with 
high accuracy and can also identify modal parameters 
of a time-varying system. In addition, an experimental 
validation is conducted on a two-span continuous steel 

Fig. 15  Instantaneous ampli-
tudes extracted by the MSST-
based method and their curve 
fitting results for the Dowling 
Hall footbridge

Table 3  Identified natural frequencies and damping ratios for the Dowling Hall footbridge

Mode Natural frequency (Hz)

S1 S2 S3 S4 S5 S6 S7 S8

1 4.67 4.66 4.66 4.67 4.67 4.66 4.66 4.66
2 5.92 5.92 5.93 5.93 5.92 5.92 5.91 5.93
3 7.10 7.11 7.10 7.11 7.12 7.11 7.11 7.10
4 8.91 8.90 8.90 8.91 8.91 8.90 8.91 8.91
5 13.20 13.19 13.22 13.18 13.17 13.20 13.21 13.18
6 13.80 13.79 13.81 13.78 13.78 13.79 13.80 13.76

Mode Damping ratio (%)

S1 S2 S3 S4 S5 S6 S7 S8

1 0.19 0.20 0.22 0.18 0.23 0.22 0.23 0.24
2 0.87 0.85 0.87 0.84 0.85 0.85 0.82 0.84
3 0.21 0.22 0.22 0.23 0.21 0.22 0.22 0.24
4 0.16 0.15 0.15 0.15 0.14 0.16 0.14 0.17
5 0.60 0.61 0.60 0.62 0.62 0.63 0.63 0.61
6 0.75 0.72 0.70 0.70 0.71 0.72 0.73 0.71
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truss bridge. It is shown that the MSST-based method can 
identify accurate modal parameters for real-life structures. 
Compared with other results obtained by SSI-cov and 
Ref. [30], good results were obtained by the MSST-based 
method. There are several advantages of the MSST-based 
method: natural frequencies and damping ratios are con-
sistent and stable, there is high accuracy in the identi-
fication results, and time-varying structures can also be 
identified. On the other hand, analyzed signals with low 
amplitude or closely spaced components are hard to recon-
struct for the MSST. Hence, the MSST-based method is 
not suitable for a mode with these characteristics.
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