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Abstract

Self-adjoint operators in smooth Banach spaces have been already defined in recent works.
Here, we extend the concept of adjoint of an operator to the scope of (non-necessarily Hilbert)
Banach spaces, obtaining in particular the notion of self-adjoint operator in the non-smooth
case. As a consequence, we define the probability density operator on Banach spaces and
verify most of its well-known properties.
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Introduction

The duality mapping of a normed space X is the set-valued map defined as

J: X = PX¥
x> J(x) = {x* e X*: |x*|| = |lx|| and x*(x) = [lx*||[Ix]]} .

A selection (or selector) of the duality mapping is simply a map Jy : X — X™* such that
Jo(x) € J(x) forall x € X. The Axiom of Choice, together with the Hahn-Banach Theorem,
guarantees the existence of plenty of selections. A selection Jy of the duality mapping is called
a supporting map provided that it is positive-homogeneous, that is, Jo(Ax) = AJy(x) for all
x € Xandall X > 0, and Jy is called a strong supporting map if it is conjugate-homogeneous,
that is, Jo(Ax) = AJo(x) for all x € X and all A € C. We refer the reader to [6, 7, 12, 18,
27] for a wider perspective on duality mappings and supporting maps.

A point x in the unit sphere Sy of X is said to be a smooth point of the unit ball By of X
provided that J (x) is a singleton. The subset of smooth points of By is typically denoted by
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smo(By). Notice that if Jg, J; are selections of the duality mapping, then Jo(x) = J;(x) for
all x € smo(By). See [11, 23] for a better explanation of smoothness and related geometrical
notions.

A vector x of a normed space X is said to be a supporting vector of a continuous linear
operator 7 : X — Y, where Y is another normed space, if |7 (x)|| = ||T||||x]|. According
to [10], the set of supporting vectors of T is denoted by suppv(7T'), that is,

suppv(T) = {x € X : [T = [TIlIx}-

By relying on the duality mapping, in [14] the notion of self-adjoint operator was trans-
ported to the scope of smooth Banach spaces. Here, we will consider general Banach spaces
and we will define the adjoint of a general operator between Banach spaces, generalizing this
way the results in [14].

The probability density operator is an important observable magnitude in a quantum
mechanical system [19, Section 6]. Recall that a quantum mechanical system is represented
by an infinite-dimensional separable complex Hilbert space [25]. The states of the system
are the rays passing through a unit vector. The observable magnitudes are the bounded
or unbounded self-adjoint operators. The unsharp observations are given by the bounded
positive self-adjoint operators lying below the identity (this is the first example of effect
algebra [13]). Here, we will reproduce this situation by modeling a quantum mechanical
system with a general infinite-dimensional Banach space.

This manuscript is divided in three sections. The first section deals with selectors of the
duality mapping and we will use them to characterize classical geometrical properties of
Banach spaces. The second section is aimed at introducing the notion of adjoint of a general
operator between Banach spaces. Finally, in the third section, we will deal with modeling
quantum mechanical systems in general Banach spaces and show that the probability density
operator satisfies similar properties as for classical systems on Hilbert spaces, improving this
way [17, Subsection 6.1] and [15, Example 5 & Theorem 10].

1 Selectors of the duality mapping

This section is aimed at characterizing several geometrical properties of the unit ball of a
normed space by means of the selectors in the duality mapping. However, before introducing
the precise setting, it is useful to review several basic properties of the duality mapping.

Remark 1.1 Let X be a normed space. The following holds for every x, y € X and every
reC

D) If J(x) N J(y) # &, then |lx]| = [Iy]l.
(i) J(Ax) = AJ(x).
(iii) If x € smo(Byx) and Jy is any selection of J, then Jo(Ax) = AJo(x).
(iv) If x € smo(Byx) and Jy, J; are selections of the duality mapping, then Jo(x) = Ji (x).

The first result of this section is a characterization of smoothness in terms of selectors of
the duality mapping. This result improves [18, Proposition 2.3].

Theorem 1.2 Let X be a normed space. The following conditions are equivalent:

(i) X is smooth.
(ii) Every selection of the duality mapping is a strong supporting map.
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(iii) Every selection of the duality mapping is a supporting map.

Proof Suppose first that X is smooth. Then J(x) is a singleton for all x € X, hence all
selections coincide with the duality map. By Remark 1.1, the duality mapping is conjugate-
homogeneous. Conversely, suppose that every selection of the duality mapping is a supporting
map. Assume to contrary that X is not smooth. Let x € Sx \ smo(By). Fix any arbitrary
selection J; of the duality mapping. There exists g € J(x) \ {J1(x)}. The following is a
well-defined selection of the duality mapping which is not positive-homogeneous:
J: X - X*
| N ifz #2x, (1.1)
2= Jo@) = { 2g ifz =2x.

m}

Our next result is a characterization of strict convexity in terms of selections of the duality
mapping. For this, a technical lemma is needed.

Lemma 1.3 Let X be a complex normed space. Let f € X*. If there exists x € Sx such that

IR = NfIl, then f(x) = NRf(x).
Proof Simply observe that

1A = 1O = IRFEP +ISF@P = 1112,

meaning that 3 f(x) = 0, hence f(x) = N f(x). ]

Theorem 1.4 Let X be a normed space. The following conditions are equivalent:

(i) X is strictly convex.
(ii) Every selection of the duality mapping is one-to-one.

Proof Suppose first that X is strictly convex. Fix any arbitrary selection Jy of the duality
mapping. Suppose that x, y € X are so that Jo(x) = Jo(y). We will show that x = y.
In the first place, note that ||x|| = ||Jo(x)|| = Jo(WI = |lyl|l. Thus, if either x = 0
or y = 0, then both are also 0. So, we may assume that neither x nor y are 0. Denote
t = x|l = Do)l = 1Jol = Iyl and f := L& = 0 Then £ 2 e f=1({1})NBx.
Since X is strictly convex, f~!({1}) N By is a singleton, meaning that T= %, hence x = y.
As a consequence, Jy is one-to-one. Conversely, suppose that every selection of the duality
mapping is one-to-one. Assume to the contrary that X is not strictly convex. Then we can
find x # y both in Sy satisfying that [x, y] € Sx. In view of the Hahn-Banach Separation
Theorem, there exists f € Sx» such that R f([x, y]) = {l1}. According to Lemma 1.3,
f([x,y]) = {1}. Fix any arbitrary selection Jj of the duality mapping. The following is a
well-defined selection of the duality mapping which is not one-to-one:

Jo: X —> X*

s Jo@) = {Jl(z) if z ¢ [x, ], (1.2)

fifz € [x, y].
O

Notice that, under the settings of Theorem 1.4, the selection Jy constructed in (1.2) is not
necessarily a (strong) supporting map. There is a way of redefining Jo to become a (strong)
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supporting map provided that so is Ji. Indeed, if J; is a supporting map, then
Jo: X - X*
Ji(z) ifz ¢ RT[x, yl, (1.3)
Ji = .
e b { l2lf ifz € R¥Lx, yl,

is a supporting map, where R*[x, y] := {tu : t > 0, u € [x, y]}. If J| is a strong supporting
map, then
Jo: X - X*
__ | () ifz ¢ Clx, y], (1.4)
2> Jo(@) = { Af ifz=auforreC,uelx,yl,

is a strong supporting map, where C[x, y] := {Au : L € C, u € [x, y]}.

Theorem 1.5 Let X be a real normed space with dim(X) > 1. If Bx has a proper face C
with nonempty interior relative to Sy, then no selection of the duality mapping is one-to-one.

Proof Let Jyp : X — X™* be a selection of the duality mapping. According to [9, Lemma
5(2)], there exists a unique x* € Sx such that x*(C) = {1}. On the other hand, by bearing in
mind [9, Lemma 5(4)], we have that ints, (C) € smo(Bx). As a consequence, J(c) = {x*}
for all ¢ € ints, (C). Since dim(X) > 1, we have that ints, (C) is not a singleton. Finally,
Jo(c) = x* for all ¢ € ints, (C), meaning that Jy is not injective. O

In virtue of [16, Theorem 2.1], no complex Banach space has a convex subset in its unit
sphere with non-empty interior relative to the unit sphere. This is why Theorem 1.5 only
works for real spaces. On the other hand, in [1, Theorem 3.12] it is shown that every real
normed space can be equivalently renormed in such a way that its unit sphere contains a facet,
that is, a face with non-empty interior relative to the unit sphere. As a direct consequence of
this fact together with Theorem 1.5, we obtain the following corollary.

Corollary 1.6 Let X be a real normed space with dim(X) > 1. Then X can be equivalently
renormed so that no selection of the duality mapping is one-to-one

To finalize this section, we will discuss how much surjectivity of the selectors of the
duality mapping affects the reflexivity condition of a normed space. In the first place, it is
worth mentioning the existence of non-complete normed spaces on which every functional
attains its norm [21]. In view of the famous James’ Characterization of Reflexivity [20], it is
easy to understand that a smooth Banach space is reflexive if and only if the duality mapping
is surjective. We will show in the last theorem of this section that the previous equivalence
fails if we drop the smoothness hypothesis. Nevertheless, we first need to recall the notion of
rotund point [5]: a point x € Sy in the unit sphere of a normed space X is said to be a rotund
point of the unit ball of X if x is contained in no non-trivial segment of the unit sphere, in
other words, {x} is a maximal proper face of Bx. The set of rotund points of By is denoted
by rot(Bx).

Theorem 1.7 Let X be a normed space. If there exists x € rot(Bx)\smo(Bx), then no selector
of the duality mapping is surjective.

Proof Let Jy : X — X™ be any selector of the duality mapping. Since x is not a smooth point
of By, there exists f € J(x)\ {Jo(x)}. We will show that f ¢ Jy(X). Indeed, suppose on the

contrary that f = Jo(x') forsome x” € X. Observe that ||x’|| = H Jo(x) || =|fll=lxll=1
Then f(x) = 1 = f(x'), meaning that [x,x'] € Sx. Since x € rot(Bx), we reach the
contradiction that x = x’ because f # Jo(x). O
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2 The adjoint of an operator

A semi-scalar product on a complex vector space is a function (e|e) : X x X — C such that:

(i) (e|e) is linear on the first component.
(i) Itis strictly positive, that is, (x|x) > 0 forall x € X \ {0}.
(iii) It verifies the Cauchy—Swartz inequality: |(x|y)| < +/(x]x)+/(y|y) forall x, y € X.

(e|e) is called positive-homogeneous (Hermitian) or conjugate-homogeneous if so it is in the
second component, respectively. Every semi-scalar product defines a norm ||x|| := +/(x]x)
[22, Theorem 2]. A semi-scalar product in a normed space is said to be (topologically)
consistent with the norm if the norm induced by the semi-scalar product (is equivalent to)
coincides with the original norm. The following theorem, whose proof is omitted, describes
a correspondence between semi-scalar products and selectors of the duality mapping [8].

Theorem 2.1 Let X be a normed space with duality mapping J : X — P(X*). Then:

(1) Every selection Jy : X — X* of the duality mapping defines a semi-scalar product on
X consistent with the norm:

(el®): X x X > C

(x,y) = (x]y) := Jo(y)(x). 2.0

(ii) Every semi-scalar product (e|e) consistent with the norm induces a selection of the
duality mapping:

Jo: X - X*
Jo(x): X - C 2.2)
S y > S () = (ylx)

In this identification, the Hermitian semi-scalar products correspond with the supporting
maps and the conjugate-homogeneous semi-scalar products correspond with the strong
supporting maps.

We will be obviously interested in semi-scalar products consistent with the norm. However,
next definition will be extensive to general semi-scalar products generalizing this way [14,
Definition 4.1].

Definition 2.2 Let X be a normed space endowed with a semi-scalar product (e|e). Let
T € B(X). Then T is said to be:

e Self-adjoint if (T (x)|y) = (x|T(y)) forall x, y € X,
e Hermitian if (7'(x)|x) € Rforall x € X,

e positive if (T'(x)|x) > 0 forall x € X,

e strongly normal if T = §? for some self-adjoint S € B(X),
e unitary if (T(x)|T(y)) = (x|y) forall x, y € X.

If R € B(X), then we will say that R < T provided that 7 — R is positive. If § :=
(ex)keN S Sx is a sequence of orthogonal vectors, then the S-trace of T is defined as
trs(T) := 2130:1 (T (ex)|ex) if this series converges.

The notion of adjoint operator in the context of non-Hilbert Banach spaces is, as far as
we know, undeveloped yet. Here, we propose the following definition, which consistently
generalizes [14, Definition 4.1].
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828 F.J. Garcia-Pacheco

Definition 2.3 (Adjoint) Let X, Y be normed spaces. Fix selectors Jx : X — X* and
Jy : Y — Y* of the duality mappings on X and Y, respectively. The set of adjoints of an
operator T € B(X, Y) is defined as the set

T :={SeBY.X):JxoS=T"olJy.}

Notice that, under the settings of the previous definition, an operator § € B(Y, X) is an
element of 7" if and only if Jy (y)(T (x)) = Jx(S(y))(x) forevery x € X andevery y € Y.
By bearing in mind the previous definition, an operator 7 is self-adjoint in the sense of [14,
Definition 4.1] if and only if 7 € T’. Note that 7" might be empty unless, for instance,
X, Y are Hilbert spaces. According to [14, Theorems 2.3 and 4.3], there are examples of
non-Hilbert Banach spaces admitting non-trivial operators for which the set of adjoints is not
empty. The following results unveil the most characteristic properties satisfied by the adjoint
a of an operator.

Proposition 2.4 Let X, Y be normed spaces. Fix selectors Jx : X — X*and Jy : Y — Y*
of the duality mappings on X and Y, respectively. Let T € B(X, Y). Then:

@) ISl = IIT|| for every S € T'. B
(ii) If Jx is a strong supporting map, then (A\T) = AT’ for all ) € C.
(iii) If Jx is a supporting map, then (A\T)' = AT’ for all » > 0.

Proof (i) Fix an arbitrary S € T'. For every y € By,

SOOI = 1Ix(SONI =y o T < IIyWINITI < IT1l,

meaning that ||S|| < ||T||.If T = 0, then we obtain that § = 0, so we may assume that
T # 0. For every x € By,

1T @I = 1y (T )T ()
= [[Mx (S(T' ()X
= IIx (ST )
= [IS(T ()l
= ISIITI,

meaning that | T[> < ||S|||IT |, in other words, ||T|| < ||S].

(ii) If A = 0,then (0-T) =0’ = {0} = 0- T/, so let us assume that A # 0. Take any
S € (AT)'. We will show that ﬁS € T’. Indeed, for every x € X andevery y € Y,
we have that

A X
Jx (WS(y)> (x) = WJX(S()’))(X)

A

= SEr AT )

= SO @)
= Iy ()T W)).
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Therefore, ﬁS e T/, hence S = XﬁS e AT’. As a consequence, (AT) € AT'. A

similar argument shows the reverse inclusion.
(iii) Follows a similar proof as the item above.
O

The definition of unitary operators can also be extended to operators between different
normed spaces.

Definition 2.5 (Unitary operator) Let X, Y be normed spaces. An operator T € B(X, Y) is
said to be unitary provided that (7 (x1)|T (x2))y = (x1]x2)x forall x1, x, € X, where (e|e)x
and (e|e)y are fixed semi-scalar products on X and Y, respectively.

The following proposition is the last result of this section and serves to characterized
unitary operators.

Proposition 2.6 Let X, Y be normed spaces. Fix selectors Jx : X — X*and Jy : Y — Y*
of the duality mappings on X and Y, respectively, and consider the corresponding semi-scalar
products (e|e)x and (e|e)y. Let T € B(X, Y). Then:

() If T is unitary, then T is an isometry.

(i) If T is unitary and surjective, then T™' € T'.
(iii) If T is unitary and surjective and Jx is one-to-one, then T’ = {T_1 }
(v) If T is an isomorphism such that T~" € T’, then T is unitary.

Proof (i) Simply observe that
IT()I1* = Jy (TENT () = (TW)IT X))y = (x]x)x = Jx(x)(x) = x|

forall x € X.
(ii) Fix arbitrary elements x € X and y € Y. Since T is surjective, there exists x’ € X
such that T'(x") = y. Then

Ty (T () = Jy (TC) (T(x) = (T)IT()),
= (x]x')y = Ix () (x) = Jx (T ) ().

As a consequence, T-lerT.
(iii) By hypothesis, for every x1, x2 € X,

Jy (T (e2)(T (x1)) = (T (x)IT (x2))y = (x1lx2)x = Jx (x2)(x1).
Take any S € T’. Note that
Ix (S(T (x2)))(x1) = Jy (T (x))(T (x1)) = Jx (x2)(x1)

forevery x1, xo € X. In other words, Jx (S(T (x))) = Jx(x) forall x € X. By hypoth-
esis, Jx is one-to-one, meaning that S(7 (x)) = x for all x € X. As a consequence,
S is a left-inverse for T. However, T is invertible because 7T is a surjective isometry,
hence § = T .

(iv) Fix arbitrary elements x1, x € X. Then

(TGDIT(x2)y = Jy (T(x2)) (T(x1)) =
= Jx (T7N(T(x2)) (x1) = Ix (x2)(x1) = (x1]x2)x ,

meaning that T is unitary.
]
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3 Probability density operator

In quantum mechanics, the probability density operator of a quantum system in a mixed state
represented by the infinite dimensional separable complex Hilbert space H is given by

D:H—H

x> D) = 3 b (), 3.1)

n=1

where (x,),eN 1s a sequence of states in H, that is, a sequence of unit vectors of H such that
Scxn, N Scxy, = @ if n # m, and Zsozl t, is a convex series, thatis, t, > Oforalln € N
and ) o2 | t, = 1. In quantum mechanics, if a quantum system is in a mixed state described
by a density operator D, then ¢, indicates the probability that the system is at the state x,,.
This type of operators can also be defined in Banach spaces by means of either semiscalar
products or selections of the duality mapping.

Definition 3.1 (Probability density operator) Let X be a smooth Banach space. Let (e|e)
be the Hermitian semiscalar product on X induced by the duality mapping like (2.1). Let
(xn)neN € Sx be a sequence. Let (0,)neN € £00(C). The probability density operator is
defined as

D:Y—> X

x> D) = Y pulelxn) . (32)

n=1

where Y = {x e X: Z;‘;l P (X]x5) x5 18 convergent} is the domain of convergence.

Under the settings of the previous definition, notice that Y is clearly a (non-necessarily
closed) subspace of X. Also, note that if (0,)nen € €1(C), then Y = X. In fact, if (0,)nen €
£1(C), then D(x) is absolutely convergent for all x € X.

Proposition 3.2 Let X be a smooth Banach space. Let (e|e) be the Hermitian semi-scalar
product on X induced by the duality mapping like (2.1). Let (x,)neN < Sx be a sequence.
Let (pn)neN € Loo(C). Consider the probability density operator D given in Equation (3.2).
Then:

(1) If (xp)neN is a binormalized unconditional Schauder basis for X, then the convergence
domain Y of D in (3.2) is the whole of X.

(1) If (pn)nen € £1(C), then the domain of convergence of D is the whole of X, |D| <
| (on)nenlli, and D can be approximated by finite-rank operators in the norm topology
of B(X).

Proof Note that D can be rewritten as D(x) = Zg’;l ond (xp)(x)x, for all x € X, where
J : X — X* is the duality mapping.

(i) Inthe first place, observe that since (x,),en € Sy is a binormalized Schauder basis, the
basic sequence of coordinate functionals is normalized. Since X is smooth, then this
basic sequence of coordinate functionals is precisely the sequence (J (x;))nen < Sx*.
Therefore, for every x € X, Zzozl J (x,,)(x)x, is an unconditional convergent series
in X whose summation is precisely x, meaning that Y > | p, J (x,)(x)x, is convergent

because (0,)neN € £oo(C) [3,4,24]. As aconsequence, D(x) existsin X forall x € X.

@ Springer



The adjoint of an operator on a Banach space 831

(i) Forevery x € X, D(x) is absolutely convergent and

IDEI <D 1ol ) )xall < 161D Lonl = Il I Gon)nenlly -

n=1 n=1

meaning that || D|| < ||(px)neNll;- Finally, D can be approximated in the operator norm
of B(X) by the sequence (Dg)ien of finite-rank operators, where for every k € N

Dy : X — span{xy, ..., xx}
k
x> D) =) pud (in) ().
n=lI

Indeed, for every x € By we have that

1D(x) — De(x)| =

o
< Y lpal =0

n=k+1

D pud (on) ()

n=k+1

as k — oo because Z;‘;k 11 |on| is the rest of a convergent series.

[m}

In order to achieve more properties of the probability density operator, it is sufficient to
rely on another geometrical notion: L2-summand vectors [2].

Remark 3.3 (L2-summand subspace) Let X be a Banach space. A closed subspace M of X
is said be an L?-summand subspace of X provided that there exists another closed subspace
N of X satisfying that M and N are L2—complemented in X, thatis, X = M &, N, or
equivalently, ||m + n||2 = ||m||® + ||n||* forallm € M and alln € N.

An L2-summand vector of a Banach space is simply a vector whose linear span is an
L2-summand subspace.

Remark 3.4 Let X be a smooth Banach space. In accordance with [2, Theorem 3.2], if x € X

is an L2-summand vector of X, then J (x + y)=J(x)+ J(y) and J(x)(y) = J(¥)(x) for

all y € X. As a consequence, if x, ..., x; are L2-summand vectors, then J (Zﬁ:l xn) =

Yot Gen)-

Lemma 3.5 Ler X be a Banach space and’y oo x, a convergent series in X of L2-summand
vectors. Then:

(i) If X is smooth, then J (3o xn) = w* Y02 | J (xp).

(ii) If X is strongly smooth, then J (Zflozl x,,) =300, J(xp).

(iii) If X is smooth and Y, | J(x,) is convergent, then J (ZZOZI xn) =y 02, J(xn).

@(v) If X is smooth and ZZO:I Xp is absolutely convergent, then J(ZZO:I xn) =
Yozt J (o).

k
Proof Observe that (Zn:] xn)keN converges to y - | Xx,.

(i) The duality mapping is J : X — X* norm-w* continuous, therefore by Remark
3.4, (Zf’:l J(x")>neN is w*-convergent to J (}_p2; x,), that is, J (3 ;o xs) =
w* Y0 T (xn).
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832 F.J. Garcia-Pacheco

(ii) The duality mapping J : X — X* is norm-norm continuous, therefore

(J (Zﬁ:l xn)>k , converges to J (3-p2 ) xn). Finally, by applying Remark 3.4 we
€

conclude that J (Y n2 | xz) = Yope; J (xn).

(iii) We know that J (Y02, x,) = w* Y _n2 | J(x,). Since Y _po | J(x,) is convergent, we
conclude that J (Y no ) xp) = w* Y52y J(xp) = D pey J (xn).

(iv) Since ||J(x,)|| = ||xn|| for every n € N, we have that Zi‘;] J (xp) is also absolutely
convergent. Thus, we just need to call on the previous item.

O
Lemma 3.5 allows the following characterization of separable Hilbert spa-ces.

Lemma 3.6 Let X be a separable Banach space. The following conditions are equivalent:

(i) X is strongly smooth and there exists a sequence of L>-summand vectors which is a
Scahuder basis for X.
(i) X is a Hilbert space.

Proof If X is a Hilbert space, then every closed subspace of X is L>-comple-mented, hence
every vector of X is an L2-summand vector. Also, Hilbert spaces are uniformly smooth, hence
strongly smooth. Since X is separable by assumption, any orthonormal basis is a Schauder
basis. Conversely, assume that X is strongly smooth and there exists a sequence (x,),en of
L2-summand vectors which is a Scahuder basis for X. We will rely on [18, Theorem 2.8] and
prove that the duality mapping is additive. Indeed, fix arbitrary elements x, y € X. Since
(Xn)nen is a Scahuder basis for X, there are unique sequences (¢,),eN and (8,)nen in C in
such a way thatx = ) °° | aux, and y = Y o2 Bux,. In view of Lemma 3.5, we have that

Ja+y=1J (Z(cxn + mm) =Y J (@ + B)xn)

n=1 n=1

= @+ B () =)@ () + ) Bud (xn)
n=1 n=1

n=1
=Y J@nxa) + Y T (Buxa) = J(x) + J (7).
n=1 n=1

[m}

Recall that in a smooth Banach space X, two elements x, y € X are said to be orthogonal
provided that J (x)(y) = J(y)(x) = 0.

Lemma 3.7 Let X be a smooth Banach space. Let (ex)reN S Sx be a sequence of orthogonal
L2-summand vectors. Let x € X. Then:

() 282 (e ) < )

(i) Ifx € spanfeq, ..., e}, then Yk 17 (ex) ()2 = ||x |

(iii) If D 52 J (ex)(x)ex converges, then Y oo | |J (ex)(x)> = |30, J (ex) (x)ex ||2.
Proof We can write x = J(e1)(x)e; +m withm € ker(J(e1)). Thenm = J(e2)(m1)er+

my for some my € ker(J (e3)). Next, my = J(e3)(m2)e3 + m3 for some m3 € ker(J (e3))
and we keep going on. Notice that the orthogonality yields

x = J(ep)(x)ey +my
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= J(en(x)er + J(ex)(m1)ez + ma

= J(e1)(x)er + J(e2)(x)ez + m2

= J(en)(x)er + J(e2)(x)ex + J(e3)(ma)e3 + m3
= J(en)(x)er + J(e2)(x)ex + J(e3)(x)e3 + m3

= J(e)(x)er + J(e2)(x)ez + J(e3)(x)e3 + -+ - + J(ep)(my—1)e; +my
= J(e)(x)er + J(e2)(x)ez + J(e3)(x)ez + -+ - + J(ep)(x)e; +my

Observe also that

Ix1? = 1T (e) @) + [lmy ]|
= [J(e)@)* + I (e2)(mp)[* + [m2]*
= [J(e)@)* + [T () (@) + lm2]|?
= [T (e + [T (e2)(0)* + | (e3)(m2)[* + [Im3]|?
= [J(e)™)* + [T () () + | (e3)(x)* + [Im3])?

= [J(e)®)* + 1T () X)* + [T (e3)(X) > + -+ + [T () m—) > + |1
= [J(e)®)* 4+ [T (@)X * + [ (e3)(x) > + - - + [T (e) () [* + [lmy >

Asaconsequence, Y ¢, |J (ex)(x)]® < ||x||%, meaning that 352 | |J (e)(x)[® < [|x |2 by the
arbitrariness of [ € N. Next, assume that x € span{ey, ..., ¢;}. Then m; € span{ey, ..., e}.
The equation

x = J(ep)(x)er + J(e2)(x)ex + J(e3)(x)e3z + - -+ + J(e)(x)e; + my

allows that J(ex)(x) = J(ex)(x) + J(ex)(m;) for all k € {1,...,l}, meaning that
J(ex)(m;) =0forall k € {1,...,1}, thatis, m; = 0. As a consequence,

Il = 17 () ) + [T () () + 1T (e3) () [* + -+ + [T (e) (x)[*.

Finally, if ;2| J(ex)(x)ex is a convergent series, then (22:1 J (ek)(x)ek)l  converges
€
to Y pe; J(ex)(x)ex, hence

l I 2 00 2
D)@ = | Jen@er| — Y J(en)x)e
k=1 k=1 k=1
as | — oo, thatis, Y5 [/ () ()2 = | 22, J(en) e |- o

Lemma 3.7 yields a new characterization of separable Hilbert spaces.

Corollary 3.8 Let X be a smooth Banach space. If there exists a binormalized Schauder basis
(en)neN C Sx of L2-summand vectors, then X is a Hilbert space.
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Proof Since X is smooth and (e,),en € Sy is a binormalized Schauder basis, the basic
sequence of coordinate functionals is precisely (J(e,))nen S Sx=. Therefore, for every
x € X, x = ZZOZI J(en)(x)e,. Fix an arbitrary x € X. For every k € N, let x; :=
Zﬁ:] J(en)(x)e,. Note that, for every n € {1,...,k}, J(ep)(xx) = J(en)(x), therefore
Xp = Zﬁ:l J(en)(xr)e,. According to Lemma 3.7,

k k

el =D 1 ) ® = Y 1T (en) ().

n=1 n=1

Since (xx)xen converges to x, we have that (lek||2) converges to x| and so ||x]|? =

Yoo W (en)(x) 2. This shows that the embedding

keN

X —> 0

x = (J(en)(X))neN (3.3)

is a linear isometry. O

The following technical lemma serves to assure sufficient conditions for the summations
of a double series of positive terms to be switched.

Lemma3.9 Let X be a Banach space. Let (aym)n,meN S X be a double sequence. Suppose
that:

e Foreverym € N, ZZOZI anm is absolutely convergent.
o > 0 | Bm is convergent, where By, := Y 12 llanm | for allm € N.

Then:

(i) Foreveryn € N, ngz | Gnm is absolutely convergent.
(i) Y02 vu is convergent, where vy ==Y vy llanm|l for all n € N.

(ili) Yooy B = Dpey Vo

Proof (i) Fix an arbitrary n € N. For every k € N, Y% _ llapmll < 3°°, B
|(Bm)menll;- This shows that Y | any is absolutely convergent.
.. k k k
(ii) For every k € N, 301 vn = Ducy Doy laumll = 3071 20y lauml
00 . o0 . o0
Z%zl Bn < I(Bm)menll;. This shows that )" | y, is convergent and D> .~ | ¥»
Zm:l ﬁm~
(iii) By repeating the same argument as above starting from the assumption that >_°° 'y,
y rep g g g p n=1
is convergent, we conclude that Y o> | B < D oo Va-

A

IAIA

m}

We are finally ready to state and prove the main theorem of this section, which unveils
the main properties satisfied by the probability density operator and generalizes [17, Sub-
section 6.1] and [15, Example 5 & Theorem 10]. We will be assuming that the domain of
convergence of the probability density operator is the whole space. Proposition 3.2 reveals
two sufficient conditions for this.

Theorem 3.10 Let X be a smooth Banach space. Let (e|e) be the Hermitian semiscalar
product on X induced by the duality mapping like (2.1). Let (x,)nen < Sx be a sequence
of L2-summand vectors. Let (pp)nenN € Lo (C). Consider the probability density operator D
given in Equation (3.2) and suppose that the domain of convergence of D is the whole of X.
Then:
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1) If (xp)neN is orthogonal, then ID@)|? = Z:i1 Lon 21 () (x)]? for every x € X
and || D]l = | (on)neNllco-
(i) If pn € R for each n € N, then D is self-adjoint.
(iii) If pn = Ofor eachn € N, then D is positive.
@(v) If pp = 0foreachn € N and (x;),en is a binormalized unconditional Schauder basis,
then D is strongly normal.
) If py <1 foreachn € N and (x,)nen is orthogonal, then D < I.
i) If p, = 0 foreachn € N and Z;il on <1, then( < D? < D.
(vii) If pp = 0 for eachn € N, ZZOZI pn < oo and S = (ex)keN C Sx is a sequence of
orthogonal L2-summand vectors, then trg(D) < 1 (on)neNlli-
(viii) If pp = O for eachn € N, Z;il pn < oo and S := (ex)ren C Sx is a binormalized
Schauder basis of L2-summand vectors, then trs(D) = || (Pn)neNlly-
(ix) If (xp)nen is orthogonal, then o, (T) 2 {p, : n € N} and 0, (T)\{0} € {p, : n € N}.
If (xp)nen is a binormalized Schauder basis, then o,(T) = {p, : n € N}.
X) If (xn)neN is orthogonal, then we have Span ({xm Sloml = ” (pn)neN”oo}) <
suppv(D) € {x € X :3m € N J(xp)(x) # 0 = |pm| = | (0)nen | o} - I Gndnen
is a binormalized Schauder basis, then the previous inclusions are equalities.

Proof Let us rewrite D as D(x) = Z:ozl ond (x,)(x)x, for all x € X, where J : X — X*
is the duality mapping.

(i) Fix an arbitrary x € X. Forevery k € N, let x; := ZI;;=1 onJ (x)(x)x,. Note that, for
every n € {1,...,k}, J(x,)(xx) = pnd (x,)(x), therefore x; = Zﬁ:l J(x) (xg)x5.
According to Lemma 3.7,

k

k
beell® =D 1T @)l =Y lpal* 1 () ()1

n=1 n=1

Since (xx)ken converges to D(x), we have that (||xk ||2)kEN converges to || D(x)||2 and

s0 [[D(x) |12 = 3%, | pul?1J (xx) (x)|%. By using again Lemma 3.7, for every x € X,

1D =Y 1oal* 1 ) () < 1pnInenlz, 1117,

n=1

meaning that | D|| < [[(pn)neNlloo- Since D(xp) = pux, for all n € N, we clearly
obtain that || D|| = |(pn)neN llo-

(ii) Fix arbitrary elements x, y € X. By hypothesis, >
thus Lemma 3.5 assures that

J (Z pn1<xn)(x>xn) =w* Y T (pnd () (X)x) .

n=1

o0

ne1 Pnd (x)(x)x, is convergent,

n=1

Then

J(D@)(y) =J (Z pnl(xn)(x)xn> )

n=1

= > 7 (puJ (xn)(x)xy) (y) by Lemma 3.5
n=1
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= > puT () (x)J (x4)(y) by Remark 1.1

n=1

=Y puJ (xn)(¥)J () (xn) by Remark 3.4

n=1

= J(x) (Z an(x,»(y)xn)

n=1
= J(x)(D(y)).
(iii) Fix an arbitrary x € X. Then

J()(D(x)) = J (x) (Z an<xn)<x)xn)

n=1

D ond () ()T () (x)
n=1

onlJ (xp)(x)|? by Remark 3.4

v I
° 10

(iv) We will prove that D = C2, where C(x) = Z;ozl Jond (x)(x)x, for all x € X.
Indeed, for every x € X,

o0

C(C(x) =Y /Pud (xn)(C(x))x,

n=1

= P > N Pmd ) ()T () () X

n=1 m=1

o
=) puJ (xn)(x)x, by orthogonality

n=1

= D(x).

Finally, notice that C is well defined in view of Proposition 3.2, and C is self-adjoint
by (ii).
(v) Fix an arbitrary x € X. Then

J@)(D(x)) = J (x) (Z an(xnxx)xn) =Y ond (5 () () ()

n=1 n=1

o0
=" oulJ @) (0)I? by Remark 3.4

n=1

oo
< > V@)@ < [lx[)? by Lemma 3.7
n=1

= Jx)(x).
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(vi) Fix an arbitrary x € X. On the one hand, note that D*(x) = D(D(x)) =
Y omet Pnd (x0) (D (x)) Xy, SO

J@) (D*(x0)) = > pud (xa) (D)) T (x) ()

n=1

=D pn Y, okd ) () (6) (x10) I () ().

n=1 k=1

On the other hand, since D is self-adjoint, we have that J(x) (D2 (x))
J(D))(D(x)) = ||Dx)|?, so J(x) (Dz(x)) is real and positive. Finally,

J0) (D2@) = R (J@) (D20))) = 3 pu 3 £k (T (@) (00T () (110 () (1)

n=1 k=1

<Y on Y o1 )T () (60) J () ()|

n=1 k=1

= pal T @) (xn)| Zpk 17 Co) (01 0en) ()|
n=lI k=1

<> |J(x)(xn)|Zpk|J<xk)(x>|

n=1 k=1

= anuu)(xm) (Z pku(xk)(xn)

k=1

n=1

o0
p,,) <Z onlJ (x)(xn)|2> by Holder’s inequality

n=1

(x)(D(x)) by (ii).

00 2 00 2
= (Z pnu(x)(xm) = (Z mm|f(x><xn)|>
<J

(vil) By (iii), J (ex)(D(ex)) = 22":1 onlJ (ex) (x,)|? for every k € N.Fix an arbitrary/ € N.
Keeping in mind Lemma 3.7,

i 00
D e an)l* <) 1 e @)l < lxal

k=1 k=1

for every n € N. Then

I oo !
ZJ(ekxD(ek)):ZZ nlJ (ex) (o) 2 —anZU(ek)(xnn
k=1 k=1n=1 n=1 k=1

8

Z w0 1> = 1 (onnenlly -
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The arbitrariness of / € N assures that

o0
trs(D) := Z J(ex)(D(ex)) < 1 (PnInenlly -

k=1
(viii) Following Corollary 3.8, since X is smooth and (e;),eny € Sy is a binormalized
Schauder basis of L2-summand vectors, the basic sequence of coordinate functionals is
precisely (J (e;))nen S Sx*,thus, foreveryx € X, x = ZZQZI J(ey)(x)e, and ||x||2 =
3% 1 (en)(x)en|?. In particular, we have that 1 = [|x, > = Y22, [/ (ex) (x,)|* for
every n € N. According to (iii), J(ex)(D(ex)) = Y oo pulJ (ex)(xn)|? for every
k € N. Next, if we consider the double series Z,‘:‘;l Z,fo:] onlJ (ex)(x)|?, then we
have that for every k € N, the series ZZO: 1 oald (ek)()c,,)|2 is absolutely convergent
to J(ex)(D(ex)), and for every n € N, the series Z,fozl onlJ (er) (xn)|* is absolutely
convergent as well to p, || x, |%. Therefore, we can call on Lemma 3.9 to conclude that

Z J(ex)(D(er)) = Z Z pulJ (€)Ce) > =YD~ pald () ()2

k=1 n=1 n=1 k=1

= annxn 1> = l(on)nenls -
n=1

(ix) Foreveryn € N, D(x;) = puxp, thus p, € 0,(D) foralln € N. Next, if A € (D) \
{0}, then there exists x € X\{0} such that D(x) = Ax. Then Z;’,il ond () (X)x, =
Ax, meaning that p,, J (x,)(x) = AJ (x,)(x) foralln € Nby orthogonality. Since x # 0
and A # 0, there must existng € N for which J (x,,)(x) # 0, which implies that p,, =
A. Suppose now that (x;),eN is a binormalized Schauder basis. If 0 € o0, (D), then wen
canfind x € ker(D)\{0}. Note thatx = 220:1 J (x,)(x)xp, so there exists ng € Nsuch
that J (x,,)(x) # 0. The equation D(x) = 0 means that 220:1 ond (xp)(xX)x, =0, so
in particular p,, J (x,) (x) = 0, yielding p,, = 0.

(x) Fix arbitrary my, ..., mg € N such that |, | = | (pa)nen|,, = 1Dl forall n €
{1,..., k}. Take any x € span ({xml, e Xy }) Note that x = Zﬁ:l J X, ) (X)X,
hence

k k
D) =Y Py T o, )X, = Y T (i, (D)) X,

n=1 n=lI
By applying Lemma 3.7,
k

DI =D 1w, WD) Z |om, |

n=1

J (xm, (X)| = DI Ix]I*.

As a consequence, x € suppv(D). This shows that

span ({xm Com| = H (Pn)neN HOO}) C suppv(D).
Since suppv(D) is trivially closed, we have that

span ({xm : [om| = [[(pwnen ] o }) < suppv(D).
Next, fix an arbitrary x € suppv(D). Then

IDIPIxI* = 1D =D lpul*1J o) (x)[ by (i)

n=1

@ Springer



The adjoint of an operator on a Banach space 839

IA

o0
| omnen 2 D 1 @)@ < [ (onnent]| 2, %1% by Lemma 3.7

n=1

IDI%1x 1% by ().

Therefore, if there exists m € N for which J(x,,)(x) # 0O, then |p;,| = H (Pn)nen Hoo
Finally, if (x,),en is a binormalized Schauder basis and x € X satisfies that |p,,| =
H (p")neN”oo whenever J (x,;,)(x) # 0, then

x =Y J) )% € 5pan ({xn 2 lpml = [ (oadnen]| o)) -

n=1

[m}
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