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Abstract

In this paper, to any subset A C Z" we explicitly associate a unique monomial projection
Yu,a, of a Veronese variety, whose Hilbert function coincides with the cardinality of the
t-fold sumsets ¢.A. This link allows us to tackle the classical problem of determining the
polynomial p4 € Q[¢] such that [t A] = pa(¢) for all 1 > #p and the minimum integer
no(A) < to for which this condition is satisfied, i.e. the so-called phase transition of |t A|.
We use the Castelnuovo-Mumford regularity and the geometry of Y, 4, to describe the
polynomial p4(¢) and to derive new bounds for no(.A) under some technical assumptions
on the convex hull of .4; and vice versa we apply the theory of sumsets to obtain geometric
information of the varieties Yy 4 4.

Keywords Sumset - Veronese varieties - Hilbert function - Phase transition - Regularity

Mathematics Subject Classification Primary 13D40 - Secondary 11B13, 14H45

1 Introduction

In additive number theory, a ¢-fold sumset t A C Z" is the set of sums of # non necessarily
different elements of a finite non empty subset A C Z". A classical problem concerning
sumsets consists of determining the behaviour of the cardinality function ¢ 4(¢) = |t.A| as ¢
grows. A central result of Khovanskii [23] shows that there exists a polynomial p 4(¢) € Q[¢],
of degree at most n, such that ¢ 4(t) = p.a(¢) for ¢ sufficiently large. He also determines
the leading coefficient of p 4(¢) in terms of the volume of the convex hull associated to the
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subset A C Z" and the index of the additive subgroup in Z" generated by the difference
set A — A C Z". Notwithstanding, Khovanskii’s result sheds no light on the polynomial
pa(t), excepting the leading coefficient, nor the phase transition of ¢ 4 (). In view of these
considerations, many contributions have been made to these topics as one can see, for instance,
in [4, 8,9, 13-15, 24, 27-29].

Most of the results regarding the polynomial p 4(¢) and the phase transition no(A) are
based on the study of the structure of 7-fold sumsets 7.4 as sets of lattice points, being
particularly useful for finite subsets of integers. The case .A C Z can be reduced to finite
subsets A = {0,ay,...,a;r} C Z with0 < a; < --- < a and GCD(ay, ...,a;) = 1.
The structure of the 7-fold sumset .4 is completely determined for ¢ sufficiently large and
it produces upper bounds for no(.A) (see, for instance, [4, 9, 13, 28]). On the other hand,
Khovanskii’s result assures that p 4 () = art+b € Z[t]. However, when dealing with subsets
A C Z" in arbitrary dimension n > 2, the structure of #-fold sumsets .4 is considerably more
complex (see [8, 14, 15]), and it becomes less effective to determine p_4(¢) or to produce,
in general, a suitable bound for ng(.A). That being said, the authors of [8] give a complete
solution for subsets A C Z" of n+ 2 elements and such that the different set A — A generates
7. The structure of the 7-fold sumsets .4 has played a significant role on establishing bounds
for no(A) when the convex hull of the subset A C Z" is an n-simplex. Overall, the polynomial
p.A(t) and its coefficients remain less understood.

In this paper, we stress the link between sumsets and the geometry of projective varieties,
outlined for instance in [9, 22, 26]. Our aim is twofold. First, to any finite subset A C Z", we
explicitly associate a unique projective toric variety Yy, 4, in PMI=1 whose Hilbert function
HFy, iy (¢) coincides with the cardinality function ¢4 (¢) for any ¢ > 0. The variety Yy 4,
turns out to be a monomial projection of a Veronese variety (see Sect. 2). This identification
and the geometric knowledge of monomial projections of Veronese varieties allows us to go
ahead with the study of the polynomial p 4 (#) and to provide bounds for the phase transition
no(A) of subsets A C Z" in arbitrary dimension n > 2. Second, we make use of the theory
of sumsets to derive new geometric information about the varieties Y, 4 , and, in particular of
the so called R L-variety (see Sect. 5). This relationship between additive number theory and
projective geometry will allow us to go back and forth and to use algebraic and geometric
results on monomial projections of Veronese varieties to recover and improve results on
additive combinatorics and vice versa.

Since the cardinality of a #-fold sumset is invariant under translations, we can assume that
ACZl, Wesetds :=min{d € Zzo | >i_ja; <d, VYa = (ay,...,a,) € A} and we
define:

Quay = AT xS g = (ay, ..., an) € AY = {mi, .. mag),
a set of monomials of degree d 4 in R = K[x, ..., x,]. Moreover, applying a suitable trans-
lation, we can also assume that GCD(my, ..., m4)) = 1. We denote by Y, 4, the variety
image of the rational map P --» PII=! defined by the parameterization (m : ... : m| ).
We establish that the homogeneous coordinate ring A(Yy,4 4) of ¥y 4 4 is isomorphic to the
semigroup ring of monomials K[€2, 4 ,], which in turn gives a description of A(Y; 4 ,) and
the homogeneous ideal I(Y;, 4 4) of Y, 4, in terms of A (Sect. 3). As a result of these facts,
we deduce that ¢ 4(¢) = HFYM,A () for any ¢ > 0 (Proposition 3.3). Consequently, ¢ 4(t) is
a polynomial in Q[¢] for 7 sufficiently large and, hence, p 4(¢) is the Hilbert polynomial of
the monomial projection Y, 4. Both facts provide further information on ¢ 4(¢) and p.4(¢)
((3) and (4)). For instance, a new geometric description of the leading coefficient of p 4(¢)
(Proposition 3.10) and a complete solution for any subset A of n 4 1 and n + 2 elements,
respectively, associated to an n-dimensional monomial projection Y, 4, (Proposition 3.7),
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recovering the corresponding results in [8]. In this setting, no(A) translates into the regular-
ity of the Hilbert function HFYn,dA (1) = @.A(t), thus the Castelnuovo—Mumford regularity
reg(Yn,d 4) of A(Yy,a ), which we denote by reg(A), bounds no(A) < reg(A)+1 (see [3] for
the definition and basic properties of the Castelnuovo-Mumford regularity). Taking advantage
of this fact and the results of [19, 20], we provide new estimations for n9(.A) when the convex
hull of A is an n-simplex with vertexes 0, (d4,0...,0),...,(0,...,0,d4), or equivalently
when K[€2;, 4 ,] is the semigroup ring of a simplicial affine semigroup (Theorems 4.5, 4.6
and 4.11).

The arguments developed so far do not consider any further particularity of the subset .A.
In this sense, the bounds established for the phase transition ng(.A) are often very far from
the actual value of no(A). Motivated by this fact, in the last part of this paper we introduce
GT-subsets and G T -sumsets (Definition 5.2). They form a family of #-fold sumsets uniquely
determined by a linear system of congruences. The algebraic structure of G T -sumsets ¢.A
as solutions of a linear system of congruences allows to significantly improve the bound for
no(A) (Proposition 5.3). In addition, they provide a good field to delve into the polynomial
pA(t), whichis completely determined in several interesting cases (Propositions 5.4 and 5.5).
Finally, we apply this new approach and recent results on sumsets to compute the degree
and the Hilbert polynomial of RL-varieties (Proposition 5.6), a family of rational smooth
projective varieties introduced in [7] and intrinsically related to G T -subsets whose geometry
is barely known.

The content of this paper is organized as follows. In Sect. 2, we gather the basic definitions
and notations needed in the body of this article. Given a finite subset A C Z", we introduce
the notion of ¢-fold sumsets t A C 7" and the cardinality function g 4(¢) = |t.A|. We recall
Khovanskii’s result on the polynomial growth of ¢ 4(¢), i.e. the existence of a polynomial
pa(t) € Q[f] such that p 4(r) = pa(t) for ¢ sufficiently large, along to the so called
phase transition no(A) of ¢ 4 and illustrating examples. Afterwards, we introduce Veronese

varieties X, 4 C }P’(n;rd)’l and monomial projections Y, 4 of X, 4, which play a central role
through this work.

In Sect. 3, to any subset A C Z", we explicitly associate a monomial projection Yy 4 4 of
the Veronese variety X, 4 , whose Hilbert function agrees with the cardinality function ¢ 4 ().
This link allows us, on one hand, to describe the homogeneous coordinate ring A(Y;, 4 ,) and
the homogeneous ideal 1(Yy,4,) of Y, 4, in terms of the ¢-fold sumsets t.A and, on the
other hand, to interpret the function ¢ 4 (¢) and the polynomial p 4(¢) in terms of the variety
Yn.a, (Proposition 3.3). Through this identification, we obtain further information on the
general structure of p_4(¢) and we provide a combinatorial and a geometric formula for the
leading coefficient of p_4(t) (Proposition 3.10 and (7)). Using purely geometric techniques,
we determine p 4(t) and no(A) when A contains n + 1 and n + 2 elements and Y, 4, is an
n-dimensional projective variety, recovering some of the results in [8].

In Sect. 4, we focus our attention on subsets A C Z" whose associated convex hull conv(.A)
is an n-simplex (Definition 4.1) and we gather the bounds known so far for n¢(.A) in this
case (Theorem 4.2 and Proposition 4.3). Using the Castelnuovo—-Mumford regularity reg(.A)
of A(Yy,q4), we provide improved bounds for ng(A) under some technical assumptions on
the convex hull of A (Theorems 4.5, 4.6 and 4.11). We end this section with Example 4.12
where we compare our results with previous bounds for the phase transition n¢(.A).

In Sect. 5, we focus our attention on how far are the bounds for ng(A) from its real
value. We introduce the notions of GT-subsets and G T -sumsets (Definition 5.2), they are
uniquely determined by the ZT(;] -solutions of linear systems of congruences. We show that
this algebraic property allows to improve significantly the bound for no(A) (Proposition 5.3)
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and, in several cases, to actually compute the polynomial p 4(#) (Propositions 5.4 and 5.5).
Finally, we use the connection between sumsets and geometry to estimate the Castelnuovo—
Mumford regularity and to compute the degree and the Hilbert Polynomial of R L-varieties
(Theorem 5.6), a family of smooth rational monomial projections of X}, 4 , introduced in [7].
R L-varieties are actually monomial projections image of embeddings of P". Using this fact
along with the combinatorial structure of the subset defining them, in [7] it is determined the
cohomology of the normal bundle of any R L-variety.

1.1 Notation

Throughout this paper K will be an algebraically closed field of characteristic zero and we
set R :=K[xg,...,x,]. Let A = Zi>0 A; be an standard K = Ay algebra, i.e. A = K[A1].
We denote by HF 4 the Hilbert function of A, i.e. HF4 (i) = dimg A; for all i > 0. It is well
known that there exists a rational coefficient polynomial HP 4, the Hilbert polynomial of A,
such that HP 4 (i) = HF 5 (i) fori > 0.

Given integers n, d > 1, we define the d- th binomial expansion of n as

() ()

where my > --- > m, > e > 1 are uniquely determined integers (see [3, Lemma 4.2.6]).
We write
n<d> = ma + 1 4+t me + 1
d+1 e+1 /)

2 Preliminaries

In this section, we gather the main notations, definitions and results we use in this paper. The
reader can look at [10, 11, 27] for more details.

2.1 Sumsets

Let n > 1 be an integer and A C Z" a non-empty finite subset. For any t € N, a ¢ -fold
sumset t A is defined as follows:

tA={a1+---+a, |a e Aforall 1 <i <t}.

Asusual, we set 0.A = {0}. A longstanding problem in additive combinatorics is to determine
the cardinality |¢.A| of the 7-fold sumset .4 as t grows. To this end, we introduce the cardinality
function

op:N— N, t— |tAl.

Proposition 2.1 ([23, Theorem 1]) Let A C Z" be a non empty finite subset. There exists
a polynomial pA(t) € Q[t] such that ¢ 4(t) = pa(t) for t sufficiently large. The phase
transition of the cardinality function ¢ A(t) is defined as

no(A) :=min{ng € Z>o | 4(t) = pa(t), YVt > no}.

@ Springer



Sumsets and Veronese varieties 357

The coefficients of the polynomial p 4 (¢) and the value of ¢ 4 (¢) for small ¢ are barely known.
Another interesting problem is to determine the phase transition ng(A) of ¢ 4. The casen = 1
has lately received a lot of attention and our goal is to address the general case, i.e. n > 1.
First, we deal with arbitrary subsets A C Z" and, later in Sect. 5, we restrict our attention to
suitable subsets (G T'-subsets) to improve previous results.

Let us start with easy examples which show that the behaviour of |¢.A| for small ¢, the
coefficients of p 4(¢) and the phase transition strongly depend on the structure of A.

Example 2.2 (i) We consider the subset Al = {(0, 0), (3, 0), (2, 2), (0, 1)} C Z%. We have
Al = 4, 241 = 10, |3A!| = 20, [4A4!| = 35 and |t A'| = 412 — 161 + 36 for all 1 > 5.
Therefore, the phase transition is 5.
(ii) We consider now the set A2 = {(0, 0), (2, 0), (2,2), (0, 1)} C Z2. We have |A2| = 4,
12A%] = 10, |3A4%| = 19, |44%| = 31 and |t A%| = 3(¢> + 1) + 1 for t > 0. Therefore, the
phase transition is 0.

Notice that |A'| = |A%], and A!, A? differ only by one element. Nevertheless, the
behaviour of the 7-fold sumsets |7.4!| and |z.42| and the phase transition drastically change.
This phenomenon will be explained geometrically in next sections.

Next goal is to identify p 4(¢) with the Hilbert polynomial of a suitable monomial pro-
jection Y, 4 of the Veronese variety X, 4; and use the geometry of Veronese varieties and
their monomial projections to determine upper bounds for the phase transition as well as for
identifying certain coefficients of p 4 (¢). For sake of completeness we recall below the basic
facts on Veronese varieties.

2.2 Veronese varieties

We fix integers n,d > 1 and we set N, 4 := (”:lrd). We consider the set M, 4 =
{mo,....,mn, ,—1} C R of all monomials of degree d in R, ordered lexicographically.
The Veronese variety X, 4 C PNnd ~1is defined as the image of the Veronese embedding of
]P)I’l
Vpd P —> PNwa—1

which sends a point p = (xg : -+ : x) € P" to v, 4(p) = (mo(p) : - : mp, ,—1(p)) €
PNnd—1 (for further details see, for instance, [17]).

We take new variables wo, ..., wy, ,—1 and we set S := K[wy, ..., wy, ;—1]. The homo-

geneous ideal I(X,, 4) C § of the Veronese variety X, 4 C PNnd=1 is the homogeneous
binomial prime ideal generated by all binomials of degree 2 of the form:

wijw; — wewy such that m;m; = memy. (1)
Example 2.3 We take an integer d > 1 and we set S = K[wy, ..., wg]. The rational normal
curve of degree d is the Veronese curve X1 4 C P4, It is the image of the morphism
d—1 d—1
Vid: P! — IF’d, V1,d(xo :x1) = (xg DX XL lXoX) :xf).

The homogeneous ideal I(X| 4) C S of X 4 is the binomial prime ideal generated by the
(g) quadrics obtained from the 2 x 2 minors of the matrix

wo wy - Wd—1
wp wy - Wy :
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These quadrics correspond to the 2 x 2 minors of the matrix of rank 1

d d—1 d—1
Xy X1 Xg Xp - x§

An easy computation shows that the Hilbert polynomial of X 4 is:

HFx, , (1) := dim(S/I(X1,4)); = td + 1 = HPx, , (1) for all 1 > 0.

Given a subset 2, ¢ = {m;,, ..., miu,,,d—l} C My q of pp,g = |2,4] monomials, we
denote by '
(an,(l : I[D" - ]P)M"Yd_]
the rational map defined by €2, 4 which sends a point p = (xo : --- : x,) € P" t0 9g, ,(p) =
(mig(p) = -+ s my, () € Prea=! We say that ¥, 4 := gq, ,(P") C Prad~! s the

monomial projection of the Veronese variety X, 4 parameterized by 2, 4. So, we have the
commutative diagram:

Vn,d
Pn L) de

N
N . .
g0Qn.d Ny

Yn,d

where 7 is the projection of the Veronese variety X, 4 C PNn.a=1 from the linear subspace
generated by the coordinate points (0: ---:0:1:0:---:0) € PVna=1 with 1 in position
i such that m; ¢ 2, 4 to the linear subspace V(w,,;, m; ¢ Q,.q4) = PHna=1 « PNua=1 1p
particular, Y, 4 C PHnd —1is called a simple (resp. double) monomial projection if €2, 4 is
obtained from M, 4 by deleting only one monomial (resp. two monomials).

Example2.4 We taken = 1,d = 4 and Q14 = {xg,xgxl,xox*f,xf} C K[xo, x1]. The
simple monomial projection Y14 C P3 parameterized by €214 is the rational quartic in
IP? obtained as the monomial projection of the rational normal curve X 4 of degree 4 in
Pt = Proj(K[wo, w1, wa, w3, wa]) from the coordinate point (0 : 0 : 1 : 0 : 0) to the
hyperplane V (w;) C P*.

3 Sumsets and monomial projections of Veronese varieties

The goal of this section is to associate to any finite subset A C Z" a monomial projection
Yy .4 4 of the Veronese variety X, 4 , whose Hilbert function HFy, is (t) models the cardinality
function ¢ 4 (f) = |t.A| and, hence, allows to conclude that there is a polynomial p 4(¢) € Q[7]
of degree the dimension of Y, 4 , such that ¢ 4(t) = p.4(¢) for ¢ sufficiently large.

Definition 3.1 For any integer n > 1 and any finite subset A C ZZ,, we denote by d 4
the minimum of the integers § > 0 such that any element a = (ay, ..., a,) € A satisfies
lal =ay+---+a, < 6. Wedefine ¥y, 4, C PI=1 the monomial projection of the Veronese
variety Xy 4, C PNndg~! parameterized by the set of monomials

d

Qnay = {xOA_lalxi” cexpt | a € A)
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For simplicity, we use the notation Y, 4 , , notwithstanding the reader has to be aware of the
fact that Y, 4, depends on A and not just on d 4.

Remark 3.2 Given a finite subset A C Z", there is a unique translation 7 : Z" — 7Z" such
that 7(A) C Z’éo and GCD(m € .4, 4,) = 1. In fact, 7 is the translation defined by —C
where the i-th component of C is the minimum of the i-th components of the elements a € A.
We have:

A = |tA] = [tT(A)| = @ra)(0)

forall # > 0. Hence, without loss of generality we will assume in the sequel that A C ZZ,
and GCD(m € 2,,4,) = 1.

Given an integer n > 1 and a finite subset A C Z.,, we consider Q, 4, =

{m1,...,m 4} C R the set of monomials determined by A. We take wy, ..., w| 4] NEW
variables and S = K[wy, ..., w)4/]. The homogeneous ideal 1(Y;,,4,) C S of ¥y, 4, is the
kernel of the epimorphism

p:S—>K[Quaul, plw)=m, i=1,...,]Al

It is a binomial prime ideal of S generated by ([21, pag 335]):

[A| [A| [Al |Al
[Tws = TTwl [TTms =1m. a6 € 220 @
i=1 i=1 i=1 i=1

and the homogeneous coordinate ring A(Yy,,4,) = S/I(Yy,q4) of Yy 4, is isomorphic to

K[Qn,d_A]-

To simplify, we denote by HF 4 the Hilbert function of A(Yy,q4,) (see [3, Chapter 4
for further details). Recall that for any integer 1 > 0, HF 4(¢) equals to dimg A(Yy,4,4): =
dimg K[€2;,4 4 ]ra. Moreover, we have:

—_—

Proposition 3.3 For any integer n > 1 and any finite subset A C ZZ,, it holds:

(1) HE4(t) = @a(t) = |t A forallt > 0.

(2) [3, Theorem 4.1.3] There exists a polynomial HP o(t) = pa(t) € Q[t] of degree r =
dim(Yy,q,4) =< n, the Hilbert polynomial of Y, 4 ,, such that HP o(t) = pa(t) for t
sufficiently large.

The degree deg(Yy,q 4) of Yy 4 4 is defined algebraically as r! times the leading coefficient of
HP 4 (). It corresponds geometrically to the number of points of intersection of ¥;, 4, with
a sufficiently general linear subspace of PMI=! of dimension |.A| — r — 1 (see, for instance,
[18, Chapter I §7]). This perspective provides that for ¢ large enough, p 4(f) = |t A| is a
polynomial p 4(¢) € Q[¢] of degree r and, hence, a geometrical interpretation of its leading

coefficient M. In addition, the phase transition n¢(.4), known also as the regularity
of the Hilbert function, is bounded by the Castelnuovo-Mumford regularity reg(.A) plus one
(see also [3] for further details).

The numerical functions H : N — N that are Hilbert functions of standard K-algebras
were characterized by Macaulay, [3]. Indeed, given a numerical function H : N — N the
following conditions are equivalent:

(1) There exists a K-algebra A such that H = HF 4,
(2 HO)=1land H(t +1) < H(t)<'> forall t > 1.

@ Springer



360 L. Colarte-Gémez et al.

Hence, for any finite subset A C ZZ, the growth of the cardinality function g4 (1) = [t.A]
satisfies:
oAt +1) < @A)~ forallt > 1. 3)

The polynomials p(¢) € Q[¢] that are Hilbert polynomials are characterized as those
admitting a Gotzmann development (see [12] and [16]). Recall that p(¢) € Q[¢] admits a
Gotzmann development if p = 0 or there exist integers a; > --- > ag > 0 such that

p(t):<t+a1)+(t+a2—l>+'”+<t+as—(s—1)>' @
ai a As

Moreover, this representation is unique. From [2, Theorem 4.4] we have that the following
conditions are equivalent:

(1) p(r) € Q[r]is the Hilbert polynomial of a standard K-algebra A
(2) p(t) admits a Gotzmann development.

The integer s is an upper bound of the Castelnuvo-Mumford regularity reg(A) of A (see [3]).
In general this bound is far to be optimal. In fact, the Eisenbud-Goto conjecture claims that
if A is an integral K-algebra then

reg(A) < deg(A) — codim(A) + 1.

Although this bound has been disproved ([25]), it is true for several types of rings covering
some of the considered in this paper, see [30] and the references therein. See also Sect. 4 for
further results on the phase transition of finite sets A C ZZ,.

Since Y, 4, is a monomial projection of the n-dimensional Veronese variety X, 4 4, its
dimension is bounded by n and its degree by the degree d’y of X, 4 , . However, the following
examples show that both the dimension and the degree of the variety Y, 4, can be smaller
than those of the Veronese variety X, 4 4.

Example 3.4 (i) We takeintegersn,d > land A = {(a1, ..., a,) € Z2 | a1+ - -+a, < d}.
Wehaved 4 = d, |A| = Ny,q and we observe that 2, 4 , is the set of all monomials of degree
d in R. Therefore, Y; 4, is the Veronese variety X, 4 C PNna—1,

(ii) Wetaken = 2and A = {(0, 0), (1, 0), (0, 1), (2, 0), (0,2), (3,0), (2, 1), (1,2), (0,3)} C
Zio. We have d4 = 3, |[A] = 9 and the associated monomial projection Y>3 C
P8 of the Veronese surface X 23 C P is the surface parameterized by Q33 =
{xS’, xgxl, xéxz, xoxlz, x0x22, x13, x12x2, x1x22, xg}. It is a simple monomial projection of X 3.
(iii) We take n = 2 and A = {(3, 1), (2,2), (1, 3),(0,4)} C Zio. Wehavedyq = |A| =4
and the associated monomial projection Y2 4 C P of X 2.4 C P4 is a curve parameterized
by Q224 = {x13x2, xlzx%, chg, xé‘}.

(iv) We come back to Examples 2.2 (i) and (ii). We take A! = {(0, 0), (3, 0), (2,2), (0, 1)} C
Zio. We have d 41 = |A'] = 4 and the associated monomial projection Yzl’ 4 C P3 of
X24 C P! is the surface of degree 8 parameterized by 9%14 = {xé, xgxg, xox?, x%x%}. If
we fix coordinates wg, wi, wy, w3 in P3, the equation of Y2174 is: wgwg — w%w? (see (2)).
We slightly modify A" and we take A> = {(0,0), (2,0), (2,2), (0, )} C Z2,. We have
dy = |A2| = 4 and the associated monomial projection Yi 4 C P3 of X2.4 C P4 is the cubic
surface parameterized by Q% 4= {xg s xgxz, xéxlz, x%xzz}. It has equation: w(z) w3 —wyp w]2 (see

2)).
From now onward, we restrict our attention to finite subsets A C ZZ, associated to n-
dimensional monomial projections Y, 4, of X, 4 ,. This restriction is quite natural and well

controlled since we have the following, [23],

n
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Proposition 3.5 Let A C Z;o be a finite set. Then, the associated variety Yy, 4 , has dimension
n if and only if Z(A — A) has maximal rank.

Remark 3.6 We also have a geometrical version of Proposition 3.5. Indeed, by [1, Pag. 186],
given A C Z" a finite set, then the associated variety ¥, 4, C PI~=! has dimension n

,,,,,,,,,,

parameterizing Yy q 4.

It immediately follows that for any finite set A C ZZ, associated to an n-dimensional
monomial projection ¥y 4, of X, 4, we have |A| > n + 1. Our first goal is to study
oA(t) = |tA| for small values of | A, i.e. |[A] = n + 1 and |A] = n 4 2 and, to provide
easier and new proofs of known formulae. To this purpose, we need to fix some notation.
We denote by conv(.A) the convex hull of A and let [Z" : Z(A — A)] be the index of of the
subgroup Z(A — A) in Z". It holds:

Proposition 3.7 Let A C Z. , be a finite set associated to an n-dimensional projective variety
Y,a, of degree d.

(i) If |Al =n + 1 then

t+n
A1) = palt) =< ' >forallt =0,

In particular, ng(A) = 0.
(ii) If |Al =n +2, thenng(A) =d —n — 1 and

w(t):{ i;ﬁ) IR ACIATELES
) - () fr=d—n—1.
Moreover, we have

vol(conv(A))

= = ’—
d = deg(Yn,a,) n'[Z" CZ(A - A

Proof (i) By hypothesis A defines a rational map ¥ : P" --» IP" and the closure Y, 4 , of its
image is an n-dimensional subvariety of . Therefore, Y, 4, = P" and

t+n
¢A(t)=PA(I)=HFR(t)=< , >f0rallt20.

(ii) In this case, A defines a rational map ¢ : P" --» P"*! and the closure Y.a 4 of its image
is a hypersurface of degree d of P"*+! defined by I(Y,,.4 1) = (F). Using the exact sequence

0— S(-d) 25§ — $/1(¥,.0,) — 0.

where X F : S(—d) — S denotes the multiplication map by F and S = K[wo, ..., w,+1], we
get the claim. The last equality follows from the fact that in [23] and [24] it is established that
if Z(A — A) has maximal rank, then the leading coefficient of the polynomial p 4(¢) = ¢4 (¢)
is
vol(conv(A))
[Z" : Z(A — AT

Remark 3.8 Notice thatif | A| = n+2 and A— A generates Z" we easily recover [8, Theorem
1.2]:
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(’t’:{l) if 0 <t < nlvol(conv(A)) —n —2
palt) =

(";Tl_l) — (’_"!VOI(C(:I%A)H"H) if t > nlvol(conv(A)) —n — 1.

In particular, no(A) = n'!vol(conv(A)) —n — 1.

To explicitly determine the function ¢ 4 (t), the coefficients of the polynomial p 4(¢) and the
phase transition no(A) of ¢ 4(¢) for arbitrary finite subsets .4 C Z" with more than n + 2
elements is out of reach. In the remaining part of this section, we will focus our attention on
the leading coefficient of the polynomial p 4 (¢).

So far we have a description of the degree deg(Yy,q 4) of ¥;,,4 4 in terms of the set A and
the difference set A — A. By [23] and [24], if Z(A — A) has maximal rank, then

vol(conv(A))
[Z" : Z(A — A)]

On the other hand, since Y, 4 , is a toric variety, deg(Yy,q4 ,) can also be described combina-
torially as follows. From now on, given a finite subset A C Z", we set

A={(da—lal.ar.....an) | a € A} C Z25". (6)

deg(Yn,a,) = n! )

We denote by M the (n + 1) x |.A| matrix whose columns correspond to the points of A. By
[31, Theorem 2.13 and 4.5], we have:
!
deg(¥ya,) = r!vol(conv(A)) o
A,
where » = rk(M), vol(conv(A)) is the volume of the convex hull of .4 U {0} and A, is the
greatest common divisor of all the non-zero r x r minors of M.

Expressions (5) and (7) provide two different ways to determine the degree of Y, 4, in
terms of subsets. Both involve the volume of convex polyhedrons and the Smith normal form
of certain matrix (see, for instance, [31]). Let us see some examples where we compute the
Hilbert function and polynomial and, hence, the degree of Y}, 4 ,.

Example 3.9 (i) Wetakeintegersn,d > land A = {(a1, ..., a,) € Z2; | a1+ - -+a, < d}.
Then, A = {(ao, ..., an) € Z';gl | ap+ -+ +a, = d} and the associated monomial
projection is the Veronese variety X, 4. It is straightforward to see that tk(M) = n + 1 and
vol(conv(A)) = (;f”TJrll), To compute A, in this case, it is enough to find the Smith normal

formof M (see [31]). Notice that the transpose matrix M’ of M contains n rows corresponding

tofi=@d-1,...,1,...,0) with 1 in position ith,i = 1, ..., n. Consider the submatrix
M, of M! whose rows are a, fi, ..., f, witha = (ag, ..., a,) € A\ {f1,..., fu}. Then,
by doing the elementary row operation a — aj fi — --- — ap f, we can transform the row
a as (la| —d(a; + --- + a,),0,...,0). Since |a| is a multiple of d and, in particular,

,0,...,0) € A, we obtain that the Smith normal form of M is diag(1,...,1,4d,0,...,0).
Therefore, A,+1 = d and we get deg(X,, 4) = d". On the other hand, for r > 0 we have

d
oA = palt) = (”J; t>,

0 no(A) = 0 and the leading coefficient of p_4(¢) is ‘jT”!,
(i) We take n = 2 and A = {(0, 0), (1, 0), (0, 1), (2, 0), (0, 2), (3,0), (2, 1), (1, 2), (0, 3)}.
Then, |A| = 9, d4 = 3 and the associated monomial projection ¥ 3 C P® of the Veronese
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surface X, 3 C P? is the surface parameterized by 23 = {xg, xgxl , xgxz, xoxlz, xoxzz, x13,
x2x2, x1x3,x3}. We have A = {(3,0,0), (2, 1,0), (2,0, 1), (1,2,0), (1,0, 2), (0, 3,0),
0,2,1),(0,1,2), (0,0, 3)}. It is straightforward to check that vol(conv(A)) = 27 and,
computing the maximal minors of M, we get A3 = 3. By Proposition 7, deg(Y2,3) = 9. On
the other hand, for r > 2 we have

912 + 97 +2 3t+2
pAt) =paAlt) = ——— = ( >

2 2

so ng(A) = 2 and the leading coefficient of p 4(¢) is %.

(iii)) We take n = 2 and A = {(0,0), (1, 1), (3,0), (0,3)}. Then, |A] = 4,dyq = 3
and the associated monomial projection Y23 C P? of the Veronese surface X233 C
P° is the surface parameterized by €23 = {xg, X0X1X2, x]3, x%}. We have A =
{(3,0,0), (1, 1, 1), (0, 3, 0), (0, 0, 3)}. It is straightforward to check that vol(conv(A)) = 27
and, computing the maximal minors of M, we have Az = 9. By Proposition 7, deg(Y2,3) = 3.
On the other hand, for r > 0 we have

3243142
pA() = pa(t) = —

so ng(A) = 0 and the leading coefficient of p 4(¢) is %

(iv) We take n = 2 and A = {(2,2),(2,0),(1,2),(0,4)}. Then, |A| = 4, dyq = 4
and the associated monomial projection Y24 C P3 of the Veronese surface X4 C
P is the surface parameterized by 4 = {x%x%,x&x%,xoxlx%,xg}. We have A =
{(0,2,2), (2,2,0),(1,1,2), (0,0,4)}, k(M) = 3, vol(conv(A)) = % and, computing the
maximal minors of M, we get Az = 8. By Proposition 7, deg(Y2 4) = % = 2. On the other
hand, for ¢t > 0 we have

@A) = palt) =1>+2t + 1,

so ng(A) = 0 and the leading coefficient of p_4(¢) is 1.

We end this section with a purely geometric approach to calculate the leading term of the
polynomial p 4(¢) € Q[¢] associated to any finite subset A C ZZ ;. The result is based on the
following observation: we consider two finite subsets A; C Ay C ZZ, with |Az| = |A;|+1
and associated n-dimensional projective varieties Y, 4, C PMil=1 and Yody, C plA2l-1 =~
P11 Notice that Y,, 4 4, isobtained projecting Yy, 4, fromapoint pp | € PH2I=1 Denote by
T Yn’dA2 — Y,,,dA] the projection; itis a finite morphism of degree deg w2 | = #7'[2_’11 (x)
where x € Yid g, is a general point. By [17, Pgs. 234-235, 259], we have:

deg Yy a4, if po1 & Ynda,
degmy,1 -deg ¥y a,, = §deg Yida, —1 if pp1 € Ynda, is a smooth point
deg Yida, —m2,1 if po1 € Yida, is a point of multiplicity m2 j.
®
Iterating this process we can compute the leading term of the polynomial p4(t) € Q[z]
associated to any finite subset A C Z’;O. To this end, we need to fix some extra notation.
Given any finite subset A C ZZ , with r := | A|, we consider a chain

A=A CA CAC-- CAN,—r = Mna CZL,
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where |A;| = [A;—1| + 1 and M, 4 denotes the set of all monomials of degree d in R.
The n-dimensional rational projective variety Y, 4 4, C PMi-11=1 j5 obtained projecting

YmdAi c P! from a point p; ;1. Call 7r; ;—1 such a projection. We define

0 if piic1 ¢ Ynda,
dii-1=11 if pii—1 ¢ Yn,dA,- is a smooth point
mii—1 if p;i—1 & Yn,a, isapoint of multiplicity m; ;.
1

Proposition 3.10 Let p4(t) € Q[t] be the polynomial of a finite subset A C 7. 2o with
associated n-dimensional projective Y, 4, and let a, be its leading coefficient. With the
above notation it holds:

Npa—r Npa—r

deg Yn,a,4 1
a, = - = 5 Z (m; i1 1_[ degm; j—1)
n! n'l_[ "d rdegni,i—l Jj=i+1

Proof It immediately follows from (8) taking into account that deg X,, 4 = d".

Next example illustrates the above results.

Example 3.11 We consider the finite set A = {(0, 0), (3, 0), (2,0), (2,2), (0, )} C Z’éo
and the associated rational projective surface Y4 C P*, i.e. the surface parameterized

by Q24 = {xg, x0x13, xgxlz, xlzx%, xgxz}. If we fix coordinates wy, ..., w4 in P4, the ideal
I(Y2.4) C S = Klwo, ..., ws]is generated by w% — wow%, wlzwz — w(z)w4, wzwg w0w§w4
and it has a minimal graded free S-resolution:
d:
0—> 552 L2 5(-32@S(—4) L 1(¥as) —> 0,

where the graded S-maps d; and d are associated to the matrices

—wow3 wi

(wg’ — wow% w%wz — w(z)w4 w%w% — wow%w4) and w% —w% ,
—w? wo

respectively. Therefore, we have
HPy, ,(1) = @.a(t) = |tA| = 46> — 2t + 3 forall 1 > 1.

In particular, Y2 4 is a degree 8 surface in P*. The Example 3.4 (iv) can be recovered from
suitable projections of Y5 4. Indeed, we fix the points po = (1:0:0:0:0),..., pa = (0:
0:0:0: 1) and we denote by 7; : Yo 4 —> P3 the projection of Y 4 to P3 from the point

pi,i =0,---,4. Itholds m2(Y2,4) = Y2 gand m3(Y2 4) = Y2 4~ By the above result, since
p2 ¢ Y24, p3 € Y2 4 is a double point, deg o = 1 and deg 3 = 2, we obtain:
deg(Y2.4) —

deg(Y24) = deg(¥;,) = 8 and deg Y3, = =3.

2
The result fits well with our previous calculations (see Examples 2.2 and 3.4) and we have:

HPy) () = ¢ 0(0) = |tA'| = 41* — 161 + 36 forall 1 > 5
and

3
HPyz () = ¢ 42(t) = [t A% = E(ﬂ +1)+1forallz > 0.
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being A! = {(0,0), (3,0), (2,2), (0, D}, A2 = {(0,0), (2,0), (2,2), (0, 1)} C 7L, the
finite sets associated to Yzl 4 and Y22 4» Tespectively.

We end the example with one more computation to show the casuistry we can have. Since
my Yo 4 — P3 is a finite morphism of degree 1 and py € Y» 4 a double point, we get that
YZO’4 = mo(Y2,4) C IP3 is a surface of degree 6 parameterized by {xox?, xgx]z, xlzx%, xgxz}
and the associated finite set A° = {(3,0), (2,0),(2,2), (0, 1)} C ZL,, satisfies:

HPyo (1) = ¢ (1) = 1A% = 31> — 61 + 11 forall t > 3.

4 Bounds for the phase transition

In Sect. 3, we have studied the leading coefficient of p 4(¢) and we have provided combina-
torial and geometric interpretations of it. Notwithstanding, for arbitrary n > 1 and A C Z",
the phase transition no(A) and the polynomial p4(¢) are barely known. We will use the
Castelnuovo-Mumford regularity reg(A) of A(Yy,4 ) to derive new bounds for ng(A) under
some technical assumptions on A.

Following [15] and [8], we gather a series of known bounds for the phase transition in the
following setting: finite subsets A C ZZ , whose convex hull conv(.A) is an n-simplex. In this
case, the bounds on the phase transition n¢(.4) are expressed in terms of n, |.A|, vol(conv(.A))
and a constant K (A, B), which depends further on A and its associated semigroup H(A) C
ZL,,.

Definition 4.1 Let A C ZZ be a finite subset. The convex hull conv(A) of A is an n-simplex
if there is a subset B = {v1, ..., vy41} C A of n + 1 elements such that the difference set
B — B generates R” and conv(A4) = conv(B).

Theorem 4.2 Let A C Z'éo be a finite subset with conv(A) an n-simplex. We have:

no(A) < (n + 1)(n!% — Al +n) + 1.
If in addition Z(A — A) = 7", then
no(A) < (n + 1)!vol(conv(A)) — max{3n + 1, (n + 1)(JA| — n) — 1}.
Proof See [15, Theorem 1.4] and [8, Theorem 1.4]. ]

Assume now that A C ZZ , is a finite subset such that 0 € .4 and conv(A) is an n-simplex.
We denote by Z(B) C Z" the subgroup generated by B and we set I[1p := {Z?;rll A |
0 < A; < 1}. Given a € H(A) = U;>o(t.A), the height of a is the minimum of the integers
t > O such that a € t.A, we denote it by N,. The class of @ modulo Z(B) can be represented
by an element of 7, € Il and we denote by S, the set of elements of H(A) which are
congruent to 7, modulo Z(B). An element a € Sy is said to be B-minimal if a —v; ¢ H(A)
foranyi = 1, ..., n+ 1. The set of all B-minimal elements of H(.A) is denoted by S(A, B).
Keeping this notation:

Proposition 4.3 [15, Theorem 4.1] If S(A, B) is finite, then
no(A) < (n+ 1D)(K(A, B) — 1) +1,

where K(A, B) ;= max N,.
aeS(A,B)
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In next example, we compute the bounds given in Theorem 4.2 and Proposition 4.3 and
we show that both bounds are far from the real value of ny(A).

Example4.4 Let 2 < n < dand 0 < o1 < --- < «, < d be integers such that
GCD(aq, ..., a,,d) = 1. Set

A:{(al,...,an)eZ’éo|a1—|—~--+an§danda1a1+---+anan50 mod d}.

We have that d4 = d and A contains 0 and the elements de; := (0,...,d,...,0) with
d in position ith, i = 1,...,n. Then, A fulfils the hypothesis of Proposition 4.3 with
B ={0,dey,...,de,} and vol(conv(A)) = fl—';. Moreover, in [5] it is proved that the set A
generates the semigroup

H={(ao,....an) € 25" lap+---+an =0 mod d and ajay +--- +apay =0 mod d}

Take a € H(A). If a = (ay,...,a,) — de; € Z.,, then a — de; € H(A). Therefore,
SA,B) ={a =(ay,...,ap) € Al a; <d,i =1,...,n} and, hence, K(A, B) < n.
Applying Proposition 4.3, we obtain that ng(A) < (n + 1)(n — 1) + 1. As a particular
example, we taken =2,d = 5, 1 = 1 and ap = 2. Then, we have

A =1{(0,0),(5,0), 3, 1),(1,2), (0,5},

da =514 =5,B ={(0,0), (5,0), (0,5)}, vol(conv(A)) = % and K (A, B) = 2. Notice
that the subgroup Z(A — A) does not coincide with Z>. The bound for the phase transition
of ¢ 4(t) from Theorem 4.2 is ng(A) < 5; in contrast to the lower one ng(A) < 4 from
Proposition 4.3. Notwithstanding, we have that

5% +31 42

pA(t) =pa(t) = — forallt >0

([5, Theorem 4.12]), so the phase transition of A is ng(A) = 0.

Next, we establish new bounds for the phase transition using the geometric approach we
have developed in Sect. 3. The first bounds we provide for ng(.A) are expressed in terms of
n, | Al and deg(Yy 4 4), and they can be easily compared with the previous ones using (5).
The last bound we give is based on the reduction number r(A) of K[Y, 4 ,] which, as the
constant K (A, B), depends further on the subset .A.

Through the rest of this section, we consider subsets A C ZZ, such that A C Z’;J(Sl
generates a simplicial affine semigroup H(A), ie. eg = (d4,0,...,0),...,e, =
,...,0,dyq) € A C Z'ﬁdl. The homogeneous coordinate ring A(Y, 4) of the monomial
projection Y, 4 associated to A is isomorphic to K[2;,4 4], which is the simplicial semi-
group ring associated to the affine semigrop H(A) C Z’;J{)l. This is equivalent to consider
subsets A C ZZ; containing the origin 0 € Z" and the elements, which we fix in the sequel,
v :=(da,0,...,0),...,v,:=(0,...,0,d4) € ACZZ,. The convex hull conv(A) is an

n-simplex with vertexes 0, vy, ..., v, and vol(conv(A)) = % In particular, Z(A — A) has
maximal rank, hence ((5) and (7)):
vol(conv(A)) vol(conv(A)) d’
deg(Y, =nl————— =m+1)! = .
) ="z ga—an - YT AL (2" Z(A— A)]
We have:

Theorem 4.5 Let A C Z'éo be a finite subset such that {0, vy, ..., v,} C A. If one of the
following conditions yields,
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() n=1,

(2) K[24,44]1is a Cohen-Macaulay ring,
(3) deg(Yn,a,) < |Al —n,

@) |Al—n—1<deg(Yna,)/daor
(5) deg(Yna,) =dy andda <n,

then
no(A) < deg(Yypay) — Al +n+2.
If Yn.a 4 is a smooth variety, then we have further
no(A) < min{n(dg —2) + 1,deg(Yn,a,) — |Al +n+2}.

Proof Under the hypothesis of the statement, the Eisenbud-Goto conjecture for the
Castelnuovo-Mumford regularity reg(A) of K[£2, 4] holds (see [20, Corollary 3.6 and
Proposition 3.7] and [19, Theorem 1.1 and Corollary 1.3]). Therefore, the proof now follows
from the general fact:

no(A) <reg(A) + 1.
In general,
Theorem 4.6 Let A C Z;O be a finite subset such that {0, vy, ..., v,} C A. Then,
no(A) = (da— DA —n—-1)+ L
Moreover; if deg(Yn,a ,) = |Al —n + 1, then
no(A) < min{(n + 1)(deg(Yn,a,) — Al +n—1)+3,(da — D(A] —n —1) + 1}.
Proof The result follows from [20, Theorem 3.2 and Theorem 3.5]. m]

Overall, combining Theorems 4.2, 4.5 and 4.6 we obtain finer bounds for the phase
transition ng(A). For instance, subsets A C ZZ  containing {0, vy, ..., v,} and moreover any
point of the form (0, ..., a(d4 —1),...,8,...,0) with, B € {0, 1} give rise to a smooth
monomial projection Y, 4 , of the Veronese variety X, 4 ,. In this case, Z(A — A) = Z" and

we have deg(Yy,q,) = dj'4. Therefore,
no(A) < min{d’y +n(dy —3) —1,n(dg —2)+1,d" — | Al +n +2},

which gives min{n(d4—2)+1, d’y —|A|+n+2} wheneverdy —n—1 > lorn(d’y —3)—1 >
n+2—|Al

Remark 4.7 (Comparision of bounds) Assume that A C Z, is a finite subset with n > 2
and {0, vy, ..., v,} C .A. Without further assumptions, by Theorem 4.5(iii) and Theorem
4.6, we have that no(A) < (n + 1)(deg(Yy, ,) — | Al +n — 1) + 3 which improves by
n — 1 the bound no(A) < (n + 1)(deg(¥,, 4) — |A| + n) + 1 given in [15] and the bound
(n+1) deg(Yy, 4)—3n—1givenin [8] when | A| > n+2. Onthe other hand, for those subsets .A
satisfying one of the hypothesis of Theorem 4.5, we have no(A) < deg(Yy,a,) — Al +n+2
which beats the prior bounds in almost all cases and it is close to the bound ng(A) <
deg(Yy,, 4) — |A| + 2 conjectured in [8]. In particular, when Y, 4 is a smooth variety we
have no(A) < min{deg(Y, 4) — |A|+n —1,n(d4 —2) + 1}. The last expressions are more
difficult to compare in general. Notwithstanding, for this kind of monomial projections, it
is often the case deg(¥,, 4) = d, or equivalently [Z" : Z(A — A)] = 1. For instance,
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as we have seen before, ¥, 4, is a degree d’y smooth variety when A contains any point
of the form (0,...,a(da — 1),...,B,...,0) with a, 8 € {0, 1}. In this setting, we have
n(da—2)+1 < d% —|Al+n—1.Indeed, |A] < (""%4) and the inequality n(d4 —2)+1 <
d" — ("*¢A4) 4 n — 1 holds.

In [20], the authors provide bounds for reg(.A) in terms of the reduction number r(A) of
K[€2,4 4 1. We will relate r(A) to the constant K (A, B), with B = {0, vy, ..., v}, and we
will provide bounds for ng(.A) in terms of r(A) that improve the one given in Proposition
4.3,

Definition 4.8 Let A C Z;O be a finite subset such that {0, vy, ..., v,} C A. The reduction
nuLnber r(A) of the semigroup ring K[€2,,, 4 4] is the least positive integer 7 such that (r +
DA={eg,...,e,} + 1A

Remark 4.9 Notice that for any r > r(A), we obtain inductively that
r+1DA={ep,...,en} +rA
In the next result we relate r(A) to K (A, B):

Proposition 4.10 Let A C Z’éo be a finite subset such that {0, vy, ...,v,} C A. Then,
r(A) = K(A, B).

Proof To prove the result, we check the inequalities r(A) < K (A, B) and K (A, B) < r(A).
Letr > K(A, B) be aninteger anda = (ay, ..., a,) € (r + 1) A. Wesetag = (r + 1)d 4 —
aj — --- — a, and we denote @ = (ag, ay, ..., a,) € (r + 1).A. By hypothesis, there exists
v; such thata — v; € r A. Hence,a € {eg + - -- +en} +rA.So,r(A) < K(A, B).

Now, let r > r(A) be an integer and assume that a € S(A, B) has height N, = r + 1,
i.e.a € (r +1)Ais B-minimal and a ¢ r’' A for any ¥’ < r + 1. By hypothesis, (r + 1) A =
{eo,...,en}+1rA, soa—e; €rAforsome0 < i < n.Since a is B-minimal, it follows that
a—e ¢rAforany1 <i <n.Thus,a —ey € rA. In particular, we obtain that a € r.A
which contradicts the hypothesis N, = r 4 1. As aresult, any B-minimal element has height
Ny, <r(A),so K(A, B) <r(A). m]

‘We have:

Theorem 4.11 Let A C Z;O be a finite subset such that {0, vy, ..., v,} C A. We have:

(1) ifr(A) <1, then ng(A) <2, and
2) ifr(A) > 1, then

. + Dr(A
no(A) < min{(n + D)(r(A) — 1) —n +2. (n + Dr(A) — r("d&1 +1).
A
Proof By Proposition 4.10 we have r(A) = K (A, B). Hence, applying [20, Theorems 3.1
and 3.2] we get what we want. O

As we have established before in Proposition 4.10, when A C ZZ, contains
{0, v1, ..., v,}, we have the equality of the constants K (A, B) = r(A). In this setting,
it is natural to compare the bounds for no(A) which are expressed in terms of them. By
Theorem 4.11 and Proposition 4.10, it holds that no(A) < (n + 1)(K(A, B) — 1) —n + 2.
Now by Proposition 4.3, ng(A) < (n + 1)(K(A, B) — 1) + 1. Accordingly, Theorem 4.11
improves at least by n — 1, which is always positive when n > 2, the bound for the phase
transition n¢(.A) given in Proposition 4.3. Let us see a more concrete example.
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Example 4.12 Continuing with Example 4.4, we take A = {(0, 0), (5, 0), (3, 1), (1, 2), (0, 5)}
- Z2>0 and we have dg = 5, |A| = 5, deg(Y25) = 5, B = {(0,0), (5,0), (0, 5)},
vol(conv(A)) = %, K(A, B) = r(A) = 2. As we have seen before, the bounds from
Theorem 4.2 and Proposition 4.3 are no(A) < 5 and no(A) < 4, respectively. Thus far, we
can assure that no(A) < 4. Since K[£2 5] is a Cohen—Macaulay ring ([5, Theorem 3.3]),
by Theorem 4.5 we obtain ng(A) < 4; and by Proposition 4.11 we get ng(A) < 3, which
overall improves the previous bound.

To determine K (A, B), or equivalently r(A), could be cumbersome depending on the
subset .A. In [15], the authors provide a bound for K (A, B) interms of the Davenport constant
of a certain group. On the other hand, for subsets A C Z';O with {0, vy, ..., v,} C A, the
constant 7 (A) can be also bounded as follows:

Proposition 4.13 Let A C Z;O be a finite subset such that {0, vy, ..., v,} C A.

(1) If H(A) contains all integral points of an i-dimensional face of conv(A), then r(A) <
A% i — 1

(2) If an i-dimensional face of conv(A) contains q + i + 1 points of H(A), then r(A) <
@y, —qdy".

Proof See [20, Lemma 1.2 and 1.3]. O

5 GT-sumsets and RL-varieties

The aim of this section is to illustrate how the relationship between additive number theory
and algebraic geometry allows us to go back and forth and solve interesting open problems.
First, we introduce the notions of G T-subsets and G T -sumsets associated to linear systems
of congruences. For this kind of subsets A C ZZ, and using the geometry of ¥, 4,, we
provide a low bound for the phase transition no(.4) and families of examples for which the
function ¢ 4 (¢) and polynomial p 4(¢) are completely determined. Second, we present R L-
varieties, they are monomial projections of the Veronese variety X, 4 intrinsically related
to GT-subsets and GT -sumsets. Using properties of sumsets, we are able to compute their
degree and their Hilbert polynomial.

Notation5.1 Let1 < n,d, ..., d; beintegers and let M = (a; ;) be as x (n+ 1) matrix of
integers with 0 < a; o, ..., a; n < d; and GCD(a; 0, ..., a; n.d;) =1, foreach 1 <i <s.
We set d := dj - - - ds and we denote by (M, dy, . .., ds) the linear system of congruences
v +» +--+y =0 modd
aioyo +ap1yr + - +anyy =0 mod d;
: ©)
as,0yo + as1yr + -+ agpyn = 0 mod d;.
For eacht > 1, we denote by (M, d, ..., ds; t) the linear system:
Yo oty Aoty =td
aioyo +aiiyr + - +aiys =0 mod dj
: (10)
as0yo + as1y1 + - + agpy, =0 mod d;.
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Definition 5.2 Let (M, dy, ..., d;) be a linear system of congruences. The Z;J{)]-solutions
of the system (M, dj, . .., ds; 1) form a finite subset A C Z':(Sl and we define the G T -subset
associated to (M, dy, ...,d;) tobe A = {(ai,...,ay) | (ag,ai,...,a,) € A} C ZLy.

The set of all Z’;gl—solutions of a system of congruences (M, dy, ...,d;) is an affine
semigroup H C Z'ggl. By [7, Theorem 2.2.11] the associated subset .A minimally generates
the semigroup H. Thus, for each t > 1 the GT - sumset t A is uniquely determined by the set

of Z’;(;l—solutions of the system (M, dy, ..., d; t) and, hence,
pA) =tAl = |(M,dy, ..., ds, 1)l

Geometrically, the coordinate ring of the monomial projection Y, 4, of the Veronese vari-
ety X, 4 parameterized by the set €2, s of monomials associated to the GT-subset A of
(M, d, ...,ds) is the semigroup ring K[H].

In addition, the above construction can be also interpreted from invariant theory point of
view. Given a system of congruences (M, dy, ..., d;), we set e a dth primitive root of 1 € K.
Foreach 1 <i < s wedenote ¢; = ¢4/% and by My;.q; .,....a; , the diagonal (n+1) x (n+1)
matrix diag(e?i’o, el e?i”’). Since by hypothesis GCD(a; o, . . ., ai », d;) = 1, each matrix
My;.q;.....a;.,, generates a cyclic subgroup I'; of GL(n + 1, K) of order d;. We take G =
'eé---e&Iy € GL(n + 1, K), which is an abelian group of order d acting diagonally on
R and we denote by G C GL(n + 1, K) its cyclic extension, the abelian group generated
by G and the diagonal matrix diag(e, ..., €). The ring RC={peR|g(p)=p, Vg G}
of invariants of G has a basis of monomials, precisely the monomials xp” - -xy" € R such
that (ag, ..., a,) is a Z’fgl-solution of (M,dy,...,ds). By [7, Theorem 2.2.11], , 4 is a

minimal set of generators of the ring RC = K[H]. So, for the phase transition ng(A) of a
GT-subset we have:

Proposition 5.3 Let A be the GT-subset associated to a linear system of congruences
(M, dy, ...,ds). Then, ng(A) <n+ 1.

Proof By [7, Theorem 3.3.5], it holds that reg(RE) + 1 = reg(A) +1 < n + 1. Since
no(A) <reg(A) + 1, the result follows.

The Castelnuovo—-Mumford regularity reg(.4) gives us a bound for the phase transition
no(A) for GT-sumsets which is considerable low compared to the bounds we have in Sect.
4. Indeed, R® = K[H]isa Cohen-Macaulay ring, so we have by Theorem 4.5 that ng(A) <
deg(Yy.4) — | Al + n + 2. Now, by [7, Proposition 3.1.2] we have that deg(Y,, 4) > |A| — 1
and, hence, the claim deg(Y, 4) — |A| +n + 2 > n + 1 follows. Furthermore, the structure
of GT-sumsets allows to completely determine the function ¢ 4(¢), the polynomial p 4(¢)
and the phase transition no(A) in many cases. The first approach consists of counting the
number of solutions of the systems (M, dy, ..., ds; t). This method depends on the system
(M, dy, ...,ds) and it is out of reach for large values of n. Nevertheless, for n = 2, 3 it often
leads to a complete solution. For instance,

Proposition 5.4 Let2 < n < d be integers and (M, d) the system of congruences:

Yo + )1 4+ y» =0 modd
ay1yr + a2y =0 mod d.

We set a’ = W‘:JJ), d = Wmﬁ) and 0 < ) < d' the integer such that ajp =
ra’ + ud' with o € Z.
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Then, the phase transition no(A) for the GT -subset A C Zzzo of (M, d) is zero and

dt> +6(ar1,a12,d)t +2
pAt) = pa(r) = ’ > : ,

where 0(ay.1, a1.2, d) = GCD(ay.1, d) + GCD(A, d') + GCD(A — GCD(ay.1, d), d).

Proof The function ¢ 4(¢) coincides with the number of solutions of the system (M, d; t)
and the result follows from [5, Theorem 4.12]. O

The second approach is based on the computation of the Hilbert series HS(A (Y4 4), 2) =
tho oAt)7' of Yu,a 4 and the fact that A(Y,, 4 ,) = RG . The Hilbert series can be obtained
from the Molien series of G as follows:

1 1
HS(A(Y, 40,),72) = — Yy ——— |
(A= |G|ZEdet<1d—zg)
g€

which is an expression that onlygepends on (M,dy,...,d,) (see, for instance, [3]). The
expansion of the Molien series of G gives the function ¢ 4 (¢) and the polynomial p 4 (¢). For
instance we have the following result, for sake of completeness we include a simple proof.

Proposition 5.5 Let2 < n < d be integers withd prime and (M, d) a system of congruences:

Yo + y1 + -+ =0 modd
ajyr +---+aipy, =0 modd

with 0 < a1 < --- < ay,n. Then, the phase transition no(A) for the GT -subset A C Z~
associated to (M, d) is zero and

1 /td d—1
0A() = palt) = 3(’ :”) o

Proof For any t € Z>¢, we have that 9 4(t) = [(M,d\, ..., ds; t)| which is the number of
monomial invariants of G of degree td. Since it coincides with the number of monomial
invariants of G of degree ¢d, it is enough to consider the expansion of the Molien series of
G in degree td:

d—1
1 Z 1 1
d det(Id—zg) dk : (1 —2)(1 — ekariz) ... (1 — ekatnz)”
Since d is prime and the exponents 0 < aj; < -+ < a1, < d, the classes
of kaj1,...,ka1,, mod d are represented by two by two distinct integers in the set
{0, ...,d — 1}. Using the factorization (1 — 9 = 1_[?;(1)(1 — el 7), we can write it as:
1 .
_ 1—el72),
= [T ¢ )
j#kay; modd
i=0,...,n

which gives us the following expression:
oo d—1

Z(_l)i<—(ni+ 1)>Zi+z(z 1—[ (1 — i)z
i=0

i=0 k= lj#ka” mod d
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The expansion of the first summand at 714 provides (td:"). Foreach 1l < k < d — 1,

1_[ (1 — e/z) is a polynomial in z of degree strictly smaller than d, so the second

j#kay; mod d
i=0,...,n

provides d — 1 at z'? and the result follows. O

In the last part of this paper, we will use the results of sumsets obtained so far to derive new
results about RL-varieties; R L-varieties were introduced and studied in [6] and [7]. They
are a family of smooth rational monomial projections of the Veronese variety X, 4 naturally
related to GT-subsets. Basic information as the degree of an RL-variety was unknown
and the approach and techniques we have presently developed will allow us to obtain new
information about this family of varieties and, in particular, to compute their degree and their
Hilbert polynomial.

Given a system of congruences (M, dy, ..., dy), the set of Zigl-solutions (ag, ..., ay)
satisfying ao - - - a, # 0 is the relative interior relint(H) of the associated affine semigroup
HC Z’Q;l . We define r1(A) := ANrelint(H), we denote by r1(A) C 7 , the corresponding
subset and by r1(€2,,¢) its associated set of monomials. The RL-variety}l(Yn,d 1) associated
to the GT-subset A is the monomial projection of the Veronese variety X, 4 induced by the

subset rl(A)¢ := {(a1,...,an) € ZL | a1 + - - + an < d} \11(A), i.e. it is parameterized
by Mn,d \ rl(Qn,d)-
Proposition 5.6 Letn > 2 be an integer and (M, dy, . .., dy) a system of congruences with

GT-subset A C 7,

(1) The degree oft;ze RL-variety 11(Yy 4 4) associated to A is d".

(2) The Castelnuovo—Mumford regularity reg(rl(A)¢) < min{n(d —2) + 1,d" — (":d) +
[r1(A)| +n + 2}.

(3) The phase transition no(rl(A)°) < n + 1, moreover, for any t > n + 1 we have

td+n
@) (1) = priaye(t) = < " >

Proof (i) The subsetrl(A)¢ contains (d, 0, ...,0),...,(0,...,0,d)andany point (0, ..., 1,
..,d —1,...,0). Therefore, the convex hull of rl(A)¢ is an n-simplex and Z(rl(A)¢ —

r1(A)°) = Z". Using (5), it follows that deg(rl(Yy,q 4)) = d".

(it) Since 11(Yy,4 4) is a smooth variety ([7, Proposition 5.1.11]), it follows from Theorem

4.5.

(iii) The statement follows from the claim: for any t > n + 1, the t-fold sumset tr1(A)¢ =

{(ag, ..., ay) € Z’:S] | ap + -+ + a, = td}. Indeed, let t > n + 1 be an integer and

a = (ag,...,a,) € ZT&I be such that ag + - - - + a, = td. We prove that a € trI(A)°.

Notice that if some a; = 0, then it is immediate that a € ¢rl(A)¢ since rl1(A)¢ contains all
points {(agp, ..., a,) € Z’fg] |ap+---+a, =d and a; = 0}. So, we can assume that
ap > 1,...,a, > 1 and, without loss of generality, we consider ag = min{ao, ..., a,}.
Since |a| = agp+---+a, > (n+1)d, there is a; such that a; > d, otherwise |a| < (n+ 1)d
and we get a contradiction. We set ag = t'd + ko with kg € {0, ..., d — 1} and we distinguish
two cases.

Case 1: If t > 0, then a; > d and we can write

a=(ap.d —ko,0,...,0)+ (0,a1 —d + ko, a, ....a,) =a' +a*
with a', a? € Z’;gl. Then we have that |a'| = #'d + ko +d — ko = (t' + 1)d and |a?| =
ay—d+ko+ar+---+a,=td—ay—d+ky=td—t'd—ko—d+ko= (-1t —1d.
Thus a', a? € H(1(A)°) and, hence, a € r1l(cA)°.
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Case 2: If ' = 0, then ap = ko9 < d and, without loss of generality, we can assume that
a; > d. Hence, we can write

a=(ap,d —ap,0,...,0) + (0,a1 —d +ap, az, ... ay) = a' +a°
with a!, a® € Z';El. Arguing exactly as in Case 1, we obtain a € trl(cA)°. O

Actually, Proposition 5.6 is true for any monomial projection Y,, 4 of the Veronese variety
Xn.q4 indimension n > 2 parameterized by a subset of monomials €2, 4 obtained from the set
of all monomials of degree d in R by deleting only monomials x° - - Sxy withag - - a, # 0,
i.e. by deleting only monomials having all the variables xo, . . ., x;,.

We end this section with an illustrating example.

Example 5.7 We take n = 2 and A = {(0, 0), (3, 0), (0, 3), (1, 1)} with d4 = 3. We have
that A is the GT-subset of the linear system of congruences:

yo+yir+ y2 =0 mod3
y1 4+ 2y, =0 mod 3.

It is straightforward to see that r1(A) = {(1, 1)} and rl(A)¢ = {(0, 0), (1, 0), (0, 1), (2, 0),
0,2),3,0), (2,1),(1,2), (0,3)}). We have [rI(A)°] = 9, dicayc = 3 and the associated
simple projection Y>3 C IP® of the Veronese surface X3 C P parameterized by rl(A)°
is the RL-variety associated to the GT-sumset A (Example 3.9(ii)). By Proposition 5.6,
we obtain deg(Y>3) = 9 as in Example 3.9(ii). On the other hand, reg(rl(4)°) < 3 and
no(rl(A)€) < 3, which is very close to the real value ng(rl(A4)¢) = 2. In addition, for all
t > n+ 1 we have

3t+2
(A () = prcaye () = , )
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