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Abstract

In this paper, we introduce a weak form of amenability on topological semigroups that we
call p-amenability, where ¢ is a character on a topological semigroup. Some basic properties
of this new notion are obtained and by giving some examples, we show that this definition is
weaker than the amenability of semigroups. As a noticeable result, for a topological semigroup
S, it is shown that if S is g-amenable, then S is amenable. Moreover, g-ergodicity for a
topological semigroup S is introduced and it is proved that under some conditions on S and a
Banach space X, p-amenability and ¢-ergodicity of any antirepresntation defined by a right
action S on X, are equivalent. A relation between g-amenability of topological semigroups
and the existence of a common fixed point is investigated and by this relation, Hahn-Banach
property of topological semigroups in the sense of ¢-amenability defined and studied.
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1 Introduction

Let S be a semigroup. A character (semi-character) on S is a nonzero map ¢ : § — T
(S —> D) such that ¢(st) = p(s)e(t), for all s,¢ € S. We denote the space of characters
(semi-characters) on S by Ag(S) ($g) and Ag(S) C Ps.

For every ¢ € ®g, the map ¢ : £'(S) —> C defined by ¢(f) = D oees @) f(s) (s €S,
f € £1(S)), is the character on £'(S), and indeed all of characters on £'(S) constructed by
this method, see [6,22] for more details.

Let (p./\/ls be the class of Banach S-bimodules such as X for which the left module action
of Son X is givenby s - x = ¢(s)x, forall s € S and x € X. Similarly, Mf, is the class of
Banach S-bimodules X for which the right module action of S on X is givenby x -5 = ¢(s)x,
foralls € Sand x € X.

Let C(S) be the Banach algebra of complex valued continuous bounded functions on S.
We can consider C(S) as a member of (ﬂ/\/ls and M(Sp, because ¢ is continuous. A function
f € C(S) is called left uniformly continuous if limg ||sg - f — 5 - flloo = 0, whenever
S¢ —> s. We denote the Banach algebra of all right (Ieft) uniformly continuous functions on
S by RUC(S) (LUC(S)). Let E be a linear subspace of C(S) which contains the constant
function 1g. A mean on E is a functional m € E* such that m(lg) = ||m| = 1. If E is
closed under module actions, then the mean m is called left (right) invariant if s - m = m
(m-s =m),foralls € S.

Let S be a topological semigroup, for s € S, the left translation /s of C(S) by s is defined
by s f(s") = f(ss'), forall f € C(S) and s’ € S and the right one denoted by ry such that
rsf(s)) = f(5's).

A semigroup S is called left (right) amenable if there is a left (right) invariant mean on
RUC(S) (LUC(S)), i.e., there is a linear functional m in RUC(S)* (LU C(S)*) such that
m(ls ) =m(f) m@rs f) =m(f), forall f € RUC(S) (LUC(S)) and s € S. Moreover, S
is called amenable if it is both left and right amenable.

Let S be a topological semigroup and let X be a Banach S-bimodule. A bounded derivation
is a weak™*-continuous map D : S —> X™, such that D(st) = s - D(¢) + D(s) - ¢, for all
s,t € S, and sup; ¢ [[D(s)|| < oo. The bounded derivation D is called principle, if there is
anelement f € X* suchthat D(s) =s- f — f-s = ady(s),forall s € S.If every derivation
on semigroup S is principle, then S is called Johnson amenable. The Johnson amenability of
semigroups and groups studied in [15].

The amenability of (topological) semigroups and topological groups have close con-
nections with the amenability of Banach algebras defined on semigroups and groups. A
well-known result related to these connections is the Johnson Theorem [11]: the locally
compact group G is amenable if and only if L!(G) is amenable. A Banach algebra 2 is said
to be amenable if, for any Banach 2(-bimodule X, every continuous derivation D : 2 —> X*
is inner.

Let 2 be a Banach algebra and o (2l) is the carrier space of 2, and ¢ € o () is a
homomorphism from 2 onto C. Assume that ¢ € o () U {0} and X is an arbitrary Banach
space, then X can be viewed as Banach left or right 2-module by the following actions

a-x=gpla)x and x-a=g@(a)x (a e xeX).
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The Banach algebra 2 is said to be left character amenable (LCA), if for all ¢ € o (A)U{0}
and Banach 2-bimodules such as X for which the left module actionis givenby a-x = ¢(a)x
(a € A, x € X), every continuous derivation D : 2 —> X™* is inner. Right character
amenability (RCA) is defined similarly by considering Banach 2(-bimodules such as X for
which the left module action is given by x - @ = ¢(a)x, and 2 is called character amenable
(CA) if it is both left and right character amenable. The notion of character amenability of
Banach algebras was defined by Sangani Monfared in [17] and the concept of ¢-amenability
of Banach algebras was introduced by Kaniuth and et al. in [12].

Let S be a topological semigroup and 0 # ¢ € Ag(S). This paper considers the concept of
left (right) ¢-amenability of topological semigroup S and some notions that have connections
with it.

In Sect. 2, we introduce the left (right) ¢-amenability of topological semigroups and show
that this new notion is different from the amenability of semigroups (groups). Moreover,
some results about relations between ¢-amenability of semigroups (groups) and character
amenability of semigroup algebras (group algebras) are obtained.

In Sect. 3, we consider some hereditary properties of ¢-amenability and define the strongly
left (right) ¢-amenability on subsemigroups of semigroups where with this definition, we
show that strongly left (right) ¢-amenability of a left (right) thick subsemigroup implies that
the left (right) p-amenability of a semigroup and vice versa.

Section 4 deals with left p-ergodicity that we introduce it in that section and investigate
some relations between left p-amenability of S and left ¢-ergodicity. Moreover, we obtain
a characterization of g-amenability of S in terms of antirepresentations of S on a Banach
space.

Finally, in Sect. 5, we study the existence of a common Fixed point in compact convex sets
that S has continuous affine actions on. Moreover, we define Hahn-Banach Property related
to 0 # ¢ € Ags(S) and as an interesting result, we characterize ¢-amenability of topological
semigroups.

2 @-amenability

Let S be a topological semigroup and ¢ € Ag(S). In this section, we study left (right) ¢-
amenability of the semigroup S and obtain some necessary and sufficient related to left (right)
@-amenability of S such as Theorem 2.12. We start this section with the new definition as
follows

Definition 2.1 Let S be a topological semigroup and 0 # ¢ € Ag(S). We say that

(i) Sisleft p-amenable if, for each Banach S-bimodule X €, M §_every bounded derivation
D : S — X*is principle.
(ii) S isright p-amenable if, for each Banach S-bimodule X € M3, every bounded derivation
D : S — X* is principle.
(iii) S is ¢-amenable if it is both left and right ¢-amenable.

In this paper, we suppose that 0 # ¢ € Ag(S). The following result is one of the main results
of this paper, indeed, this paper results are dependent on.

Theorem 2.2 Let S be a topological semigroup and ¢ € As(S). Then the following state-
ments are equivalent

(1) S is left (right) p-amenable;
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152 A. Ebadian et al.

(ii) there is a bounded linear functional m in RUC(S)* (LUC(S)*), such that m(p) = 1

and m(f -s) = o@s)m(f) (m(s - f) = o@s)m(f)), foralls € S and f € RUC(S)
(f e LUC(S)).

Proof (i) = (ii) Let S be left p-amenable. Continuity of ¢ implies that the Banach algebra
RUC(S) is a Banach S-bimodule via

(s- O =96 f() and (f-s5)(1) = f(s1),
forall s, € Sand f € RUC(S). Clearly, every ¢ belongs to RUC(S). It follows that
@ -5 =@(s)p, forall s € S. Moreover,
(@ -5)1) = 9)e) = p(e(s) = ¢(ts)
= 9()e(),

forall s, ¢ € S. Therefore, for every s € S,

s p=¢-5=09()g. 2.1

Thus Ce isaclosed S-subbimodule of RU C(S). Consider the quotient Banach S-bimodule

X = RUC(S)/Cyp. Thenput Y = X* Z{f € RUC(S)* : f(p) =0} C RUC(S)*. Let
®y € RUC(S)* \ Y such that ®o(¢) = 1 and let 8¢, : S —> Y be as follows

Sap(8) =5 - Do —DPp-s5 =5-DPg— 0(s)Dy.

Clearly, 6o, is a bounded derivation. On the other hand, S is left p-amenable, then there
is an element ¢ in Y such that

5 @o — @(s5)Po = Sy (s) =5 -t — @), (2.2)

forall s € S. Let m = &y — . Clearly m € RUC(S)*, m(p) = 1 and (2.2) implies
m(f -s) = @(s)m(f), foralls € S and f € RUC(S). Similarly, we can prove right
@p-amenability.

(i))=(@) Let X € (/,MS and D : S —> X* be a bounded derivation. For any x € X,
we define w, : § —> C by w,(s) = (D(s))(x). Since D is bounded, w, is bounded and
continuous. Let ¢, —> 7 in S. Then

llox - ta — @x - tlloo = SUp |y (fas) — @x (15)] = sup [(D(1a:5))(x) — (D(ts))(x)]

ses seS
< Sug) lp(s)(D(te) — D)) (x)| + suIS) [(D(s)(x - tg — x - 1)|
s€ NS
— 0. 2.3)

Therefore, (2.3) follows that w, € RUC(S). Let m be a linear functional in RUC(S)*
which satisfies (ii). Define a linear functional f € X* by m(wy) = f(x), for all x € X.
Since D is a derivation, we have

wxs(t) = (D) (x - 5) = (s - D) (x) = (D(s1))(x) — (9(@)D(s))(x)
= wx(st) — (D(s))(X)p(t) = (wx - s — (D(5))(x)p) (1), 24
forall s, € Sand x € X. Thus (2.4) implies that wy.; = wy - s — (D(s))(x)¢p. Then
(@) f —s- Hx) =) f(x) = fx-s5)=@ls)m(wy) —m(wy.s)
= p(s)m(wx) —m(wy - s — (D(s))(x)p)
= p(s)m(wx) —m(wy - s) + (D(s))(x)m(p)
= (D(s)(x), 2.5)
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A weak form of amenability of topological... 153

forall s € S and x € X. Hence, D(s) = s - (—f) — ¢(s)(—f), for all s € S. This means
that D is principle and S is left ¢-amenable. O

The following example shows that a semigroup S may be ¢-amenable (¢ € Ag(S)) but

it is not amenable, and thereby, we show that the space of ¢-amenable semigroups is wider
than amenable semigroups.

Example 2.3 (i) Let S be a left or a right cancellative semigroup with the identity element

(i)

e such that, for each s # e, st = ¢(t)s, where ¢ € Ag(S) and let dim¢'(S) > 2.
Let {Vy} be a collection of neighborhood basis for e. We construct a net (vy)q from
{Vy} such that v, €V, and lim, ¢(v,) = 1. By passing into a suitable bounded subnet
(Ne)a € (vg), We can find an element u € BS (Stone — Cech compactification of S)
such that u = limy 1. The space 8. is homeomorphic to the character space of £>°(S).
Without loss of generality, we can suppose that  belongs to character space of £°°(S)
and hence it belongs to RUC(S)*. It is easy to check that u satisfies condition (ii) of
Theorem 2.2. Thus S is left p-amenable, but S is not right amenable because £! () is not
amenable [10, Theorem 2.3].

Let S and T be semigroups. Suppose that S acts on T on the left; i.e., assume that there
is a semigroup homomorphism 7 from 7' to End(S), the set of endomorphisms on S,
such that, for each t € T there exists t; : § — S such that 7, (, (5)) = 141, (5), for all
t1,tp € T. Then § x T is called the semidirect product of S and T with respect to 7.
If S x; T is the semigroup consisting of elements of the form (s, ¢), where s € S and
t € T equipped with multiplication given by

(s1, 1) (52, 1) = (5174, (52), t112),

forall (s1, t1), (s2, 12) € Sx.T.Theamenability of semidirect product of two semigroups
is investigated by Klawe [13].

Let S be a left amenable unital semigroup with the identity element e such that consists
of at least two elements, m g be a left invariant mean for S and 7' be a semigroup. Define
7 from T into End(S) by 7;(s) = e, forall s € Sandt € T. Thus, (s1,11)(s2, 1) =
(s1, 11tp), for all (s1, 1), (s2,12) € S x; T. Let ¢ € Ap(T), then @(s, 1) = () is a
character on § x; T. Assume that T is p-amenable. According to [13, Remark 3.6],
S x; T is not left amenable (even 7T is left amenable). For every f € RUC(S x. T),
define f;(s) = f(s,t),foralls € Sandr € T. Clearly, f; € RUC(S) and define g(¢) =
ms(fy), forevery t € T. Thus, according to definition, we have g € RUC(T). Since T
is left p-amenable, Theorem 2.2 implies that there exists m, on RU C(T') that satisfies in
the stated conditions. Now define m(f) = m(g), for every f € RUC(S x; T). Then

m(f - (s,0) = mglms((f - (s, ))(x, Y)] = my[ms(f(s,ty))]
= mylms(fiy(s)] =mylgty)] = myl(g-1)(¥)]
= p(t)my(g) = (t)m(f)
= ¢(s, ym(f),

forall f € RUC(S < T) and (s, t) € S x. T. The above obtained equalities imply that
m(¢) = 1. This means that S xi, T is left g-amenable.

For a semigroup S, by 15 we mean the constant function that 15(s) = 1, for every s € S.

Clearly, 15 € Ag(S) and we have the following result that gives a relationship between left
(right) 1g-amenability and left (right) amenability of S.
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154 A. Ebadian et al.

Theorem 2.4 Let S be a topological semigroup, then S is right (left) 1s-amenable if and only
if S is left (right) amenable.

Proof Let S be right 1s-amenable and let RUC(S) € 1SMS. Let X = RUC(S)/Clg, then
X e SMS and X* is canonically isometrically isomorphic with the submodule (Clg)* =
{f € RUC(S)* : f(lg) =0}. For f € RUC(S)*\ (Clg)*, define D : § — RUC(S)*
by D(s) = s - f — f -s.Itis easy to check that D is a derivation. Since RUC(S) € 1, M5,
D(s)=s-f—1s(s)f =s- f — f,forevery s € S. Right 15-amenability of S implies
that there is an element g € (Clg)* such that D(s) = s - g — g, forall s € S. Now, define
h = g— f.Obviously, h # 0 and s -h = h. This means that & is left S-invariant on RU C(S).
The Banach algebra RU C(S) is a C*-subalgebra of £°°(S), and Gelfand’s Theorem implies
that there is a compact Hausdorff space €2 such that RU C(S) is isometrically *x-isomorphic
to C(2) as C*-algebras and S-bimodules. Hence, we can suppose that i as an S-invariant
complex Borel regular measure on 2. Let || be the total variation measure of 4. Now, define
m = |h|/|h|(2), which m is a left S-invariant mean on RUC(S). In the other words, § is
left amenable.

Conversely, suppose that S is left amenable. Let m be a left invariant mean for S. Let w,
and f € X* be as in the proof of Theorem 2.2. By (2.4) we have

x5 (1) = (wx -5 — (D) ())ps(t) = (wx -5 — (D(s)(x)15)(?) (2.6)
forall s,7 € S and x € X. Thus (2.6) implies that w,.s = wy - 5 — (D(s))(x)1s. Then by a
similar argument in (2.5), we conclude that D is principle. O

Definition 2.5 Let S be a topological semigroup and Ag(S) be the character space of S. We
say that

(i) S is left character amenable if, for each ¢ € Ag(S) and Banach S-bimodule X € M3,
every bounded derivation D : S — X™ is principle.
(i1) S is right character amenable if, for each ¢ € Ag(S) and Banach S-bimodule
X e (p/\/lS , every bounded derivation D : § —> X* is principle.
(iii) S is character amenable if it is both left and right character amenable.

In the above statements, if ¢ € ®g, then we say that S is left (right) semi-character amenable.
Now, we consider the character amenability of topological semigroups and we obtain the
following result by Theorem 2.4.

Corollary 2.6 Let S be a topological semigroup. If S is right (left) character amenable, then
S is left (right) amenable.

Corollary 2.7 Let S be a topological semigroup. If S is character amenable then S is
amenable.

Corollary 2.8 Let S be a unital and left or right cancellative semigroup. If S is character
amenable then £Y(S) is amenable.

Proof Corollary 2.7 implies that S is amenable and [10, Theorem 2.3] completes the proof. O

Now, this question arises that: when character amenability of a semigroup S and character
amenability of £' (S) are equivalent? At this time we do not know in the general case, but we
have the following result for discrete semigroups.

Theorem 2.9 Let S be a discrete semigroup. Then S is p-amenable if and only if €1 (S) is
@-amenable.
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Proof Let ¢ € Ag(S) and S be right p-amenable. Then ¢ : 21(S) —> C defined by
o(f) = Zsesgo(s)f(s)isacharacteron(l(S).LetX € aMel(S),andletD S el(S) — x*
be a bounded derivation. By the following actions we can see X € w/\/ls :

s-x =208 -x =@(8)x = Zgo(t)(Ss(l)x = @(s)x, and x -5 = x - &,
teS

for all s € S and x € X. Consider the mapping d : S —> X* by d(s) = D(8;). Clearly,
d is a bounded derivation, and since S is right g-amenable, there exists r € X™* such that
d(s) = s -t — @(s)x. This implies that D(f) = f -t —@(f)z, forall f € £'(S). Hence £!(S)
is right g-amenable. We obtain £! (S) is left g-amenable in a similar way.

Conversely, let £!(S) be right g-amenable. Suppose that X € (p/\/ls ,andd : § — X*
is a bounded derivation. We can consider X as a Banach ¢! (S)-bimodule via

fra=) fO)-0)=) 96 f6)x=p()x, andx-f = f$)x-s),

seS ses seS

for all f € 21(S) and x € X. The derivation d can be extended to a bounded derivation
D : ¢1(S) — X* with d(s) = D(8s) (for more details see [5], pp- 737). Since 258) is
right @-amenable, there exists ¢ € X* such that D(f) = f -t — @(f)x, for all f € £1(S).
Then d(s) = s -t — @(s)x, for all s € S. The proof for the left case is similar. O

In the above Theorem, if ¢ € ®g and we replace semi-character amenability instead of
character amenability, we can prove the following result.

Corollary 2.10 Let S be a discrete semigroup. Then S is semi-character amenable if and only
if £1(S) is character amenable.

By the following Theorem, we characterize Johnson’s Theorem as follows:

Theorem 2.11 Let G be a locally compact topological group. Then the following statements
are equivalent

(1) G is amenable;

(i1) G is character amenable;
(i) L'(G) is amenable;
(iv) LY(G) is character amenable.

Proof (i)=(ii) follows from [15, Theorem 3.7]. Corollary 2.7, implies (il)==(i). (i) <= (iii)
is Johnson’s Theorem, and by [17, Corollary 2.4], we have (iii)<=>(iv). ]

Let S be a topological semigroup and f € £1(S) is said to be a finite mean, if f(s) > 0,
for every s € S, {s : f(s) > 0} is finite and || f|| = > ;g f(s) = 1. Day proved that
a semigroup S is left amenable if and only if there is a net (f)), of finite means such
that ||s - f,, — f,l1 —> 0 [8,18]. By a similar argument, we have the following result for
@p-amenability of S, where ¢ € Ag(S).

Theorem 2.12 Let S be a topological semigroup and ¢ € As(S). Then S is left -amenable
if and only if there is a bounded net (fy)aecr S £'(S) such that ||s - fu — @(s) fulli — 0
and its w*-limit on @ is 1.

Proof Assume that S is left p-amenable and m is a bounded linear functional that is obtained
in the Theorem 2.2. Thus there is a net (fy)yer < 21(S) such that w*-converges to m and
I falli < lim|lco. Then

J - fu=0) fo) = fu(f - 8) = @) fu(f) —> m(f -5) —@(s)m(f) =0, (2.7)
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156 A. Ebadian et al.

forall f € RUC(S) and s € S. Consider the product space £!(S)S that is a locally convex
linear topological space with the product of the norm topologies. Now define a linear map
T :'(S) — £'(S)S by T(g) = (s - g — ¢(s)g)ses. Thus if S is left p-amenable, then 0
is in the weak closure of 7" on the set of finite means such as f € 21(S). Since the set of
finite means is convex in £'(S) and £!(S)S is locally convex, T’ on this set is convex. This
implies that the weak closure of 7 on the set of finite means equals the closure of it in the
given topology on £'($), that is, the product of the norm topologies. Thus, there is a net

(fadaer S €(S) such that s - fo — @ (s) fulli —> Oand fou —> m.

Conversely, let there is a net (fy)ee; < £'(S) such that w*-converges to an element of
RUC(S)* namely m such that m(p) = 1 and ||s - fo — @(s) fulli1 —> O, for every s € S.
This means that s - f, — ¢(s) fo —> 0 in the weak topology. Thus, similar to (2.7), we have
m(f-s)=q@(s)m(f),forall f € RUC(S)ands € S. This shows that S is p-amenable. O

3 Some hereditary properties

This section deals with the stability properties of g-amenability of topological semigroups
and groups. We prove these properties via Theorem 2.2.

Proposition 3.1 Ler S, T be semigroups, 0 : S —> T be a continuous and onto semigroups
homomorphism. Let v € A7 (T), and let S be left (right) (¥ o 0)-amenable. Then T is left
(right) yr-amenable.

Proof Let X € yM” and D : T —> X* be a bounded derivation. Then we can see X as
an element of 1/,09/\/13 by the following actions

s-x=0(s) - x=y0(s))x, andx - s = x - 0(s),

forall s € S and x € X. Define Do6 : § —> X*. Obviously, D o6 is a bounded derivation.
Thus, there exists ¢ € X* such that

(Dob)(s)=s-1r—¥ @),
forall s € S. Since 6 is onto, we have
D@) =1-r=y @,
forall r € T. Similarly, we can prove if S is left i/ o 6-amenable, then T is left yr-amenable.

[}

Corollary 3.2 Let S be a topological semigroup, L be a closed ideal in S and ¢ € Ag(S)
such that ¢|;, # 0. If S is -amenable, then L is ¢|1-amenable.

Corollary 3.3 Let G be a locally compact group, H be a closed normal subgroup of G and
¢ € Ag/g(G/H). If G is (¢ o 0)-amenable, where 6 : G — G/H is the canonical
homomorphism, then G/ H is ¢-amenable.

It is well-known that the quotient group of an amenable group G by a closed normal
subgroup H is amenable and moreover H is amenable as a group. By these facts, Theorem
2.11 and Proposition 3.1, we have the following result:

Corollary 3.4 Let G be a locally compact group and H be a closed normal subgroup of G.
Then G is character amenable if and only if H and G /H are character amenable.
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A weak form of amenability of topological... 157

Let S and T be semigroups. Then S x T is a semigroup with the operation

(51, 11) (52, 12) = (8152, t112),

for all s1,50 € Sand #1,tp € T. Define g : S xT — Sandny : S x T — T by
mws(s,t) = sand wr (s, t) = t, respectively, forall s € Sand ¢ € T. Clearly, both g and 7
are continuous and onto semigroups homomorphisms.

Theorem 3.5 Let S and T be two topological semigroups. If S x T is left (right) character
amenable, then S and T are left (right) character amenable.

Proof Let S x T be left (right) character amenable. Let ¢ € Ag(S) be an arbitrary and g
be as above. Then ¢ o ms € Agx7 (S x T') and Proposition 3.1 implies that S is left (right)
g-amenable. This shows that § is character amenable, because ¢ was arbitrary. Similarly one
can see that 7 is character amenable. O

We consider the converse of the above Theorem in the special case as follows:

Theorem 3.6 Let S, T be two topological semigroups, ¢ € Ag(s) and v € Ap(T). If
S is left (right) p-amenable and T is left (right) -amenable, then S x T is left (right)
(¢, ¥)-amenable.

Proof Suppose that S is left ¢-amenable, 7T is left ¥y -amenable, m s and mr are the bounded
functionals obtained from Theorem 2.2. Foreach f € RUC(S x T) and (s,t) € S x T, we
can define f; € RUC(T) and g € RUC(S) as follows

fs@) = f(s, 1) and g(s) =mr(fs(1)).
Now, define m on RUC(S x T) by m(f) =mgs(g), forall f € RUC(S x T). Then

m(f - (s,1) = mglmy((f - (s, 0)(x, y))] = mslmy(f(sx,ty))]
=mgslmr (fox(y))] = mslmy ((fox - 1)(¥))]
=mgs[y@mr (fox (0] = Y (@)mslg(sx)]
=y @®msl(g - )] = ()Y @®)mslg(x)]
= o)y O)mslmr(f(x, y))]
=) Y @O)m(f)
forall f € RUC(S x T)and (s,t) € S x T. Clearly, (¢, ¥) € RUC(S x T) and the above

obtained result follows that m ((¢, ¥)) = 1. Thus, Theorem 2.2 implies that § x T is left
(¢, ¥r)-amenable. O

An involution on a topological semigroup S is a map * from S into S such that, the images
of s, € S are denoted by s* and r*, respectively, s = (s*)*, (st)* = t*s* and * is a
continuous map; see [2,3] for more results related to topological semigroups with involution
and characters on them. Let f € LUC(S) or RUC(S), we set f(s) = f(s*),foralls € S.

Theorem 3.7 Let S be a discrete semigroups with involution * and ¢ € Ag(S). If S is left
(right) g-amenable, then S is right (left) p-amenable.

Proof Suppose that S is left (right) g-amenable. Then Theorem 2.2 implies that there is a
bounded linear functional m in £°(S)* such m(¢) = 1 and m(f - s*) = @(s*)m(f), for
all f € £%°(S). Let f € £°°(S) and define m/(f) = m(f) Since the mapping f — f is
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linear, m’ is linear and bounded. Furthermore, m’(¢) = m(¢) = 1 and m’(f) > 0, for all
f e 62(8).
Moreover, for all f € £°°(S) and s, t € S, we have

- N0 = (- NHE = F@*s) = £ (")
= fis* ) = (F-sH0).
This shows that s - f: f s* forall f € £°(S) and s € S. Then

m'(s- ) =m(s- [)=m(f s =gsHmf)
= @(s)m'(f),
for all f € £°°(S) and s € S. Thus, S is right p-amenable. O

Assume that S is a semigroup and ¢ € Ag(S). Let T be a subsemigroup of S and S is
left (right) p-amenable. We denote ¢ by ¢|7 on T, clearly, it is a character on 7', but, maybe
T is not left (right) ¢r-amenable. In other words, there is a subsemigroup of a ¢-amenable
semigroup that is not ¢-amenable. Moreover, there is a subsemigroup T' of semigroup S and
@ € Arp(T) such that T is p-amenable and @-amenability of S does not sense, where ¢ is
the extension of ¢ on S. The following example shows the above statements are true.

Example 3.8 (i) Let S be a semigroup without zero element o. Following [6], we denote
the semigroup formed by adjoining o to S by S and S becomes a subsemigroup of S°.
Then the only character on §¢ is 1g0 € Ag0(S?). Let S be not left 1g-amenable. Define
m(f) = f(o),forall f € RUC(S?). Thus, S? is left 1 so-amenable.

(ii) Let S be a semigroup without zero element o and ¢ € Ag(S) such that 15 # ¢. If Sis
@-amenable, then according to (i) and by this fact that ¢ has not any extension such as ¢
on 9, S° is not @-amenable.

Definition 3.9 Let S be a topological semigroup, 7" be a right thick susbemigroup of §
and ¢ € Ag(S). We say that T is strongly left ¢|r-amenable if there is a bounded linear
functional m on LUC(T) such that (i) m(¢|r) = 1 and (ii) m(s - ) = @(s)m(f), for all
f e LUC(T), s € S. Similarly, one can define the strongly right ¢|r-amenability for the
left thick susbemigroup T of S.

Theorem 3.10 Let S be a topological semigroup, T be a left (right) thick susbemigroup of S
and ¢ € Ag(S). Then T is strongly right (left) or-amenable if and only if S is right (left)
p-amenable.

Proof We prove the right case and the left case is similar. Assume that T is strongly right
¢|r-amenable. Define ® : LUC(S) — LUC(T) by ®(f) = f|r.Clearly, ® is a bounded
linear map and consider ®* : LUC(T)* — LUC(S)*. By Theorem 2.2, there is a bounded
linear functional m in LUC(T)* such that m(¢|7) = 1 and m(t - f) = |7 (t)m(f), for all
f € LUC(T) and t € T. We claim that m = ®*(m) is a bounded linear functional for §
that satisfies the condition (ii) of Theorem 2.2. Since T is left thick, for all f € LUC(S),
s e Sandt e T, we have

Q(s- @) =(s- Hlr@) = flrs) = (s - P)O).
This implies that & (s - f) =5 - D(f), forall f € LUC(S) and s € S. Then

m(s - f) = @*m)(s - f) = m(D(s - ) = mls - () = 9()m(®(f))
= ¢(s)m(f), G-
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forall f € LUC(S) and s € S. Moreover,

m(p) = ®*(m)(p) = m(®(p)) = m(pr) = 1. (3.2)

The relations (3.1) and (3.2) follow that S is right ¢-amenable.

Consider the canonical bounded linear map W : LUC(T) —> LUC(S) such that
V()ls\r = 0, forall oy # f € LUC(T) and ¥(pr) = ¢. Let m be a linear func-
tional defined on LU C(S) that satisfies Theorem 2.2. We now show that m = ¥*(m) is a
@-mean for T.

For an arbitrary f € LUC(T),s € Sandt €T,

(W(s- f)—s-W()) @)= (- H)—VY(f)Es) = fts) — flzs) =0.
Hence, (W(s- f) —s-¥(f))|r =0, and
[Gs- @) =5 - V(O =NV f) =5 -V (llooxs\Ts

where xs\7 is the characteristic function on S \ T'. Thus,

mW(s- f)=m(s - V(f)) (feLUC(T), sel). (3.3)
Therefore,
m(s - f) =W m)(s- f) =m¥(s- ) =m(s - V(f) = o()m(V(f))
= p(s)m(f), (3.4)
and
m(pr) = V*(m)(pr) = m(¥(pr)) =m(p) = 1, (3.5)
forall f € LUC(T) and s € S. Thus, T is strongly right ¢7-amenable. O

We finish this section with the following result:

Proposition 3.11 Let {Sy }ucs be a family of closed subsemigroups of topological semigroup
S such that S is left (right) ¢-amenable, for each a € I, where ¢, € Ag,(Sy). Let the
Sollowing conditions hold:

(i) for every Sy, Sg that are left (right) po-amenable and @g-amenable, respectively, there
is a S, such that S, U Sg C S, and S, is ¢, -amenable.

1) S =Uyes So-

Let ¢ be a function on S such that

(st) = | P81 ifs.t €Sy
=N o, (st) ifs € Su,t €Sgand S, USs CS,

Then ¢ is a character on S and S is left (right) -amenable.

Proof Clearly, ¢ is a character on S. Let m, be a bounded linear functional on RUC(Sy),
for every « € I, that satisfies Theorem 2.2. Define

me () =ma(fls,),

for every f € RUC(S). Let My be the w*-closed set of all bounded linear functionals on
RUC(S) such as m such that m(p,) = 1 and m(f - s) = @u(s)m(f), forall f € RUC(S)
and s € Sy. According to the definition of m),, it belongs to M. This means that M, is
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not empty and it is obvious that the augmentation character 15 is in RUC(S). These imply
that (),; My is not empty. Now, let m € (),.; M. Then the case (i) and definition of ¢
together imply that m(¢) = 1. Moreover, the cases (i), (ii) and definition of ¢ together imply
that forall f € RUC(S) and s € Uael Sy, there exists y € I such thats € S, and

m(f -s) =@, ($)my(fls,) = @(s)m(f). (3.6)
Since f € RUC(S), forevery s € Sand ¢ > 0, there is a net (tg)g € (J,; S such that
ICf-s) = (f - 18)lloo < &/2|lm| and |@(tg) — @(s)| < &/2||m||. Then (3.6) implies that
m(f -s) —()m(f)| = m(f -s) —m(f - 1) + m(f - 1) — @(s)m(f)|
= [m(f -s) —m(f -1p) + @tgp)m(f) — @(s)m(f)|
< [m(f -s) —m(f -18)| + |p(tp) — @(s)|Im(f)]
< Imfl(f -5) = (f - 1p)lloo + l@(tg) — @(s)|[m]|
< e.

Since ¢ was arbitrary, m(f - s) = ¢(s)m(f), forall f € RUC(S) and s € S. This means
that S is left ¢-amenable. O

4 @-Ergodic properties

Let S be a topological semigroup, X be a Banach space and B(X) be the Banach space of all
bounded operators on X. An antirepresentation of S on X is a function F : s —— Fy such
that Fy;, = F;Fy, for each s,t € S. For each s € S, define L = £(s) = {; in B(C(S)) by
Lf(t) = f(st),forallt € S and f € C(S). The function ¢ is the antirepresentation of S on
X.

Let ¢ € Ag(S), Similar to [7], we define the following sets that we work on them in this
section:

P(p) ={s € S:9(s) =1},

M{) ={xeX:(—Dx=0,s¢e P}

Mf(ﬁ) = closed linear hull of {(¢{s — I)x : x € X, s € P(p)},
My (£) = M§ (Ls) + MY (L),

NY(£) = the closure of {£;(x) : s € P(¢)}, for every x € X.

Now, we generalize the ergodicity of the antirepresentation £, of S into X as follows:

Definition 4.1 Let S be a topological semigroup, X be a Banach space and ¢ € Ag(S). We
say that the antirepresentation £ from § into X is left ¢-ergodic if there is a bounded net
(Bs)ser in B(X) such that

(E1) limg Bs(£s — I) = 0 in strong operator topology of B(X), for every s € P(¢).
(E2) Bs(x) € N{ (), foreachx € X and 8 € I.

Similarly, we call the antirepresentation £ from § into X is right p-ergodic if there is a
bounded net (Bs)sc; in B(X) such that satisfies (E3) and the following condition:

(E3) limg(€5 — I)Bs = 0 in strong operator topology of B(X), for every s € P(¢).
If the antirepresentation £ from S into X is right and left ¢-ergodic, we call it p-ergodic.

The following result is the generalization of the obtained results by Eberlein in [4] where
the proof is similar and we give it proof for clearness:
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Theorem 4.2 Let S be a topological semigroup, X be a Banach space and ¢ € Ag(S).
Assume that the antirepresentation £ from S into X is left p-ergodic with (Bs)scy in B(X)
that satisfies the cases (E1) and (E;). Then

(i) Bs(x) =x, forallx € M{(£) and § € 1.
(i) Bs(x) —> O, for every x € MT(Z).
(iii) (Bs(x))ser is norm convergent to an element ofM(‘)p 0 N NL©).
(iv) My(0) = M§ () & MY (0).
(V) €5(My(£)) € My(£) and NL(@) c My (L), for all s € P(¢) and x € My (£).
(vi) Bs(My(£)) € My (L) forall § € 1.
(vii) suppose that w : My(£) —> M(()p (¢) is a projection associated with the direct sum
decomposition (iv), then Bs(x) — m(x) and M((f(Z) NN @) = {mx), forall x €
My (0).

Proof (i)Ifx € M{ (), then€;x = Ix = x.Thisimplies that Ny (¢) = {x} and consequently,
E; leads Bs(x) = x, forevery § € 1.

(ii) Assume that x € M ip (). Then the case (E;) together with (Bs)scs is bounded, we
have Bs(x) — 0.

(iii) The cases (i) and (ii) together imply this case.

(iv) The cases (i) and (ii) together imply M{ (¢) N M} (¢) = {0} and this means that
My (0) = M (€) & MY (0).

(v)Forall s, € P(p) and x € X, we have

E(l = D) = by = £)(X) = (s — D(x) = (b — D(x) € MY (0),

because ts € P(¢). This means that £ (Mf @) < Miﬂ (€). Then by applying (i) and (iv), we
have £;,(My,(£)) € My (£).

For showing that NY@) < My (€), for every x € My, (), pick x € My,(¢) and let
y € NY(€). According to the definition of NY (£), there is a net (sq)qcs in P(p) such
that £, (x) — y. Then (iv) implies that there exist e € M(‘)p #)andk e M ip (£) such that
x = e + k. Since £,(M{ (£)) € MY () and M{ (¢) is closed, by (i) we have

y—e=lime, (x —e) =lim&,, (k) € MY (0).
o o
Again by (iv), we conclude that N¥ (¢) My (£), for every x € M, (£).
(vi) Apply (v) and (E}).

(vii) The parts (i) and (ii) imply that Bs(x) —> 7 (x), for all x € My, (£). Let x € My, (£)
be arbitrary. Then by the parts (i) and (ii) we have

m(x) € M§ () N NE@). 4.1)

Now, assume that y € M((f (&) N NY(¢). Since y € NY(0), there is a net (sq)qey in P(p)
such that £, (x) —> y. Then

y —x =lim(¢;, — I)(x) € M{ (0).
o
This shows that 7(y — x) = 0. Thus, 7 (x) = y and this completes the proof. O

The above Theorem immediately follows the following result that is a generalization of
the obtained results in [7].

Proposition 4.3 Let S be a topological semigroup, X be a Banach space and ¢ € Ag(S).
Assume that the antirepresentation £ from S into X is p-ergodic with (Bs)scy in B(X) that
satisfies (E1), (E2) and (E3). Then the following statements hold.
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(i) My(L) is closed in X.
(i) If NY () is weakly compact, for every x € X, then My,() = X.

Proof (i) Theorem 4.2(iii) implies that (Bs)se; is norm convergent to an element of M(‘)p “@n
NY(0), for every x € M, (£). This follows that (Bs)se; is weakly convergent to an element
of M§(€) N NY (£), for every x € M, (£).

Letx € X and Bsx —> y weakly in X, for some y € X. We shall show that y € M, (¢).
Forany s € P(p) and T € X*, we have

Ts)(y) = lign T (€s)(Bs(x)) = lign[T(ﬁs — 1)(Bs(x)) + T(Bs(x))]
=T().
This means that £;(y) = y and consequently, y € M(‘)p (€). Moreover, for every x € X,
N (£) is convex and norm closed in X, so, it is weakly closed and y € NY(£). Thus,
y € M§(£) N NY (£). Then
x=y+x—y) €M@+ M) =M,Q).

Hence, M, (£) is closed in X.
(i) Assume that NY (¢) is weakly compact, for every x € X. Let y € X be an arbitrary
element. The fact (Bs)sc; € NY () implies that there is a subnet (B,gV) of (Bs)ser such that

Bs, (y) is weakly convergent in NY (). Now, if we replace (Bs)ser by (Bay) in the proof of
the part (i), then y € M, (€). Thus, X = M, (£). ]

Let S be a locally compact topological semigroup and X be a right Banach S-module.
Then we can see X as a right Banach 21(S)-module as follows:

xf =/xs df(s),
N

forallx € X and f € 21(8); see [21, Proposition 5.6] for more details. Furthermore, for
every T € X*, we define

T(xf) = f(Tx),

forall x € X and f € £'(S). We now give a relation between left ¢ amenability and left
g-ergodicity of an antirepresentions as follows:

Theorem 4.4 Let S be a locally compact topological semigroup, X be a Banach space,
@ € As(S) and £ be the right action of S on X i.e. £5(x) = xs. Ifof (2) is weakly compact,
for every x € X, then the following statements are equivalent:

(1) S is left p-amenable.
(ii) the antirepresention £ is left p-ergodic.

Proof (i)=— (ii) Assume that £ is an antirepresentaion from S into X. Theorem 2.12 implies
that there is a bounded net (fy)qe; < £1(S) such that |s - fo — @) folli — 0 and its
w* —limongis 1. Put By = £y, forall @ € I. Clearly, B, is bounded in B(X). Moreover,
by noting that for s € S and x € X, x§; = xs, then

1Bo(bs — DIl = |Ba(bs, = DIl = 1€5, €5, — L | = 1sgxfy — Lol = s o= 1o |
< I1€llls - fo = Sfall1- 4.2)
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Therefore, (4.2) implies that
1Bo (s — DIl < Nl€lllls - fa — () falll — 0, (4.3)

for all s € P(p). Now, we must show that B, satisfies (E») i.e., By € NY(£), forall x € X
and o € I. Note that

NYW) S {lr(x): fe £1(S) such that f is a finite mean} = K.

We claim that € must be equality in the case that NY (£) is weakly compact, for every
x € X. Assume towards a contradiction that there esists f € £!(S) such that £ Fé NY(@).
Thus, there exist 7 € X* and r € R such that

Re T (¢s(x)) <r <ReT(£y(x)) 4.4)

for every s € S. On the other hand,

ReT(£s(x)) =ReT (/ xs df(s)) = / Re T (£5(x)) df(s)
s s
< Re T (£5(x)). 4.5)
A contradiction. Thus, NY (¢) = K. This means that B, satisfies (E2).

(i)= (i) Let X = RUC(S), ¢ € As(S), and let £ be an antirepresntation from S into
LUC(S) such that

L) =F-s=w9@)f,

for every s € S and

LH=Ff-s=e)f =T,
for every s € P(¢). Then,

Us—D(@)=L(p)—p=¢-5s—p=0pE)p—¢p=0,

for every s € P(¢). This means that ¢ € M(‘)p (£) € RUC(S) and Theorem 4.2(iv) follows
that ¢ ¢ Mf (£) € RUC(S). Thus, the Hahn-Banach Theorem implies that there exists
m € RUC(S)* such that m(¢) = 1 and ’"'Mi"(ﬁ) = 0. Moreover, we have

m(f -s)=@l)m(f),
foralls € Sand f € LUC(S). Thus S is left p-amenable. m}

5 @-amenability and fixed point property

Let S be a topological semigroup, C,(S) be the space of all bounded real-valued functions
on S with supremum norm, X be a translation-invariant closed subalgebra of C,(S) that
contains the constant functions, ¥ be a compact Hausdorff space and C,-(Y') be the space of
all bounded real-valued continuous functions on Y, where C,(Y) has the supremum norm.
Assume that s —> X is arepresentation of S by continuous self-maps of Y. Forevery y € Y,
we define Ty : C,(Y) —> C,(S) by T, (h)(s) = h(Asy),foralls € Sand h € C,(Y). The
representation A is called D-representation of S, X on Y if {y € Y : T,(C,(Y)) C X} is
densein Y. If s — A is arepresentation of S by continuous affine self-maps of Y, then it is
called D-representation of S, X on Y by continuous affine mapsif{y € Y : T,(A(Y)) C X}
is dense in Y.
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The existence of a common fixed point of the family Ag, whenever X has a left invariant
mean is considered by Argabright in [1] and Mitchell in [16]. Indeed, Day’s fixed point
Theorem for topological semigroups is explained and investigated by Argabright and Mitchell
works. Namioka in [19] showed that LU C(S) is a translation-invariant subspace of C; ()
[19, Lemma 2] and similarly, one can see that RUC(S) is a translation-invariant subspace
of C,(S). We recall the following result:

Theorem 5.1 [16, Theorem 1] Let S be a topological semigroup. Then the following asser-
tions equivalent:

(1) RUC(S) has a multiplicative left invariant mean.
(i) whenever S acts on a compact Hausdorg space Y, where the map S x Y — Y is jointly
continuous, then Y contains a common fixed point of S.

Let S be a topological semigroup, ¢ € Ag(S) and P(¢) be as defined in the previous
section. Clearly, P () is a topological subsemigroup of S such ¢|p(,) = 1. Then by replacing
S by P(¢) in Theorem 5.1, we have the following result that we give its proof because we
use some of the obtained results in the proof, for the last result of this paper:

Corollary 5.2 Let S be atopological semigroup and ¢ € Ag(S). Then the following assertions
equivalent:

(1) There is a bounded linear functional m € RUC (P (¢))* such that m(¢) = 1 and
m(f -s)=m(f), forall f € RUC(P(p)) ands € P(p).

(i) Y contains a common fixed point of P(p) for continuous affine actions of P(¢) on
compact convex sets of a locally convex linear topological space.

Proof (i)==(ii) Let Y be compact convex set of locally convex linear topological space X . For
each y € Y, we define Ty : C,.(Y) — C,(P(p)) and R, : S — Y by (Tyh)(s) = h(ys)
and Ry(s) = ys,forallh € C,(Y) and s € P(¢p). Then

(Tyn)(s) = h(ys) = (hRy)(s),
forallh € C,(Y) and s € P(¢). Thus, Tyh € C(S), because Ry (s) is continuous. Now, set
Tyh = f, then
rs f (@) = f(ts) = (Tyh)(ts) = h(yts),

for all s, € P(p). We claim that f € RUC(P(¢)). Assume towards a contradiction that
f & RUC(S) i.e., there exist s € P(¢) and a net (sq)qe; < P(p) such that s, —> s but
rs, f does not convergent uniformly to r, f. This means that there is a positive number 8 and
anet (fy)oer S P(¢) such that

[h(YtaSa) — h(y(tas))| = B,

for all « € 1. Denote yty by y,. Since Y is compact, (Yy)aes has a subnet such as (yy )y er
such that converges to some y’ € Y. By continuity of / and joint continuity of action of P (¢)
on Y, we have

0< B <limlh(yysy) = h(yy) = 1h(y's) = h(y's)| = 0.

This is a contradiction and so, f € RUC(P(p)). This leads to that 7,C(Y) <
RUC(P(p)) and consequently, TyA(Y) € RUC(P(¢)). Let m € RUC(S)* such that
m(p) = 1 and m(f -5) = e(s)m(f), for all f € RUC(S) and s € S. Now; with-
out loss of generality, consider T, : A(Y) —> RUC(P(¢)). Then the adjoint of Ty is
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Ty : RUC(P(9))* —> A(Y)*. Thus, there exists y' € Y such that Tym(h) = h(y"), for
every h € A(Y).

Fors € P(p), define 'y : A(Y) — A(Y) by ['th(y) = h(sy), for every h € A(Y).
Then

(TyLsh)(t) = h(yst) = Tyh(st)
= (Tyh - s)(1), (5.1)

forall h € A(Y) and t € P(¢). Moreover, by (5.1) we have

h(sy') = Tsh(y') = Ty(Tym(h)) = m(Ty(Tsh)) = m(Tyh - )
= p(Im(Tyh) = m(Tyh) = T;m(h)
= h(y"), (5.2)

forallh € A(Y) and s € P(p). This shows that sy’ = y’.

(i)==(@) Set X = RUC(P(¢))* with w*-topology and suppose that Y is the compact
convex set of all bounded linear functionals on RUC(P(¢)) such that, for each m € Y,
m(¢) = 1. Define the affine action T : P(¢) x ¥ — Y by Tyu = [, forall s € P(p)
and u € Y, where [ is the adjoint of /. It is easy to check that 7 is a uniformly continuous
affine action on Y. Thus, (ii) implies that there exists m € Y that is fixed under the affine
action T of P(¢) such that/;m =s-m = m. This means thats -m(f) =m(f -s) =m(f).
Thus, (ii) implies (i). m]

Remark 5.3 Note that if a topological semigroup S is ¢-amenable, where ¢ € Ag(S), then
the condition (ii) holds for the same reasons in the proof of the above Corollary, but, we do
not know the converse part holds or not?

Similar to Corollary 5.2, one can consider the conditions weakly right uniformly continuous
functions on § instead of right uniformly continuous functions, we do not consider this case
in this paper.

Suppose that E is a separated locally convex space and X is a subset of E containing
an n-dimensional subspace. Let S be a topological semigroup and 7 = {7y : s € S} be a
representation of S as continuous linear transformations from E into E such that 75 (L) is an
n-dimensional subspace contained in X whenever L is an n-dimensional subspace contained
in X, and there exists a closed 7 -invariant subspace H in E of codimension n with the
property that x + H N X is compact and convex, for each x € E. If S is left amenable,
then exists an n-dimensional subspace Lg, contained in X such that Ti(Lg) = Lo, for all
s € S[9]. Lau generalized the above result and introduced the P (n) condition for topological
semigroups and proved that the condition P(1) implies the left amenability of topological
semigroups [14]. Let X € E, following [14] by £, (X) we mean all n-dimensional subspaces
of E contained in X. We now write 7 (n) condition as follows:

P(n): Let S be a topological semigroup and 7 = {T; : s € P(¢)} be a representation
of P(¢) as linear operators from E into E jointly continuous on compact convex subsets
of E. Let X be a subset of E such that there is a closed 7 -invariant subspace H in E of
codimension n with the property that x + H N X is compact and convex, for each x € E. If
L, (X) is non-empty and 7 -invariant, then there exists Lo € £, (X) such that T;(Lg) = Lo,
foreach s € P(p).

Similar to proof of [14, Theorem 1] and by Corollary 5.2, we have the following result:

Corollary 5.4 Let S be a topological semigroup and ¢ € Ag(S).
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(1) If S is left p-amenable, then S satisfies P(n), for each positive integer n.
(i) If S satisfies P(1), then S is left p-amenable.

Let S be a topological semigroup and £ : S x RUC(S)* — RUC(S)* be the left action
of S on RUC(S)* defined by (s, m) —> £ym, forallm € RUC(S)* and s € S such that
O] =1 and €ly = Ly, forall s, s’ € P(p), where [ is the identity element of RUC(S)*.
Thus, £ on P(p) is an antirepresentation. Suppose that X € RUC(S)* is a subspace that
contains 7 and all elements of RUC(S)* such as m such that m(¢) = 1. A mean u on X
is called P (¢)-invariant under ¢ if uls = pu, for every s € P(¢) and we say that u on X
is Sy-invariant under £ if uly = @(s)u, for every s € S. Clearly, every Sy-invariant mean
under £ is P (¢)-invariant.

Definition 5.5 Let S be atopological semigroup. We say that S has the Hahn-Banach Theorem
Property if, for each continuous left action £ : S x RUC(S)* —> RUC(S)* and every P (¢)-
invariant subspace X of RUC(S)* that contains / and all elements of RUC(S)* such as m
such that m(¢) = 1, every P(g)-invariant mean x on X can be extended to a S,-invariant
mean it on RUC(S)*.

The Hahn-Banach Property of semigroups is studied by Silverman [23] and for a special

semigroups namely adjoint semigroups studied by van Neerven [20]. By the following, we
characterize left -amenability of S:

Theorem 5.6 Let S be a topological semigroup and ¢ € Ag(S), the following assertions are
equivalent:
(1) S is left p-amenable.
(ii) S has the Hahn-Banach Theorem Property.
(ili) forany Banach S-submodule Y of X, each linear functional in (e ¢{y* € Y* : s-y* =
@(s)y*} has an extension to a linear functional in (e g{x™ € X* ¢ 5 -x* = @(s)x*};
(iv) there is a bounded projection from X* onto (\,cgfx™ € X* ¢ s - x* = @(s)x*} which
commutes with any bounded linear operator from X* into X* commuting with the action
of Son X.

Proof (i)=(ii) Consider RU C(S)* with w*-topology and suppose that yisa P (¢)-invariant
mean on a P(g)-invariant subspace X of RUC(S)*. Let Y be a subspace of RUC(S)*,
contains all means on RUC(S)* that they are extensions of x. The Hahn-Banach Theorem
follows that Y is non-empty and w*-compactness and convexity of the set of all means on
RUC(S)* implies that it is w*-compact and convex.

Define the continuous affine action ' : P(¢) x RUC(S)** — RUC(S)** by Tyv = Liv,
forallv e RUC(S)** and s € P(g), where £} is the adjoint of £,. Continuity of £, implies
that the maps s —> Tsv and u —> Tyv are continuous, forallv € RUC(S)* ands € P(p).

Forall;t € Y and s € P(p),

R = as ) = p(l) = 1.

Hence, i1 is a mean on RU C(S)*. Moreover,

Eia(m) = fils(m) = puls(m)
= pu(m),
forallm € X and s € P(¢). Thus, T5(Y) C Y, for every s € P(¢). Furthermore,
T Tyv(m) = Tl v(m) = LiL5v(m) = L5v(€sm)
v(lylsm) = v(lggm) = £r,v(m)

= Tsyv(m),

@ Springer



A weak form of amenability of topological... 167

forall v € RUC(S)™, m € RUC(S)* and s,s” € P(¢). This means that T, Ty = Ty,
for all s,s" € P(p), i.e., Ty is a representation on RUC(S)**. Since S is left p-amenable,
Corollary 5.2 together with Remark 5.3 implies that there exists ;i € Y such that Tsii = /.
Note that if in the definition of 7y in the proof of Corollary 5.2, we replace P(¢) by S, the
relation (5.2) becomes h(sy’) = ¢(s)h(y’), for every s € S. Thus, sy’ = ¢(s)y’, for every
seS.

(ii))==(i) Again, consider RU C(S)* with the w*-topology and suppose that the left action
£:8 x RUC(S)* — RUC(S)* is defined by £sm = ¢(s)m, for all m € RUC(S)* and
s € S. Clearly, the map m —— £ym is continuous. Set

X = {m € RUC(S)* : m(p) = 1}.

Note that by Hahn-Banach Theorem the set {m € RUC(S)* : m(¢) = 1} is non-empty.
Therefore, there exists at least one m € X such that m(¢) = 1. Set ¥ = Cm. Clearly, Y is
P (¢)-invariant. Define u on Y by w(Am) = A, for every A € C. Then

pls(m) = p(p(s)m) = p(m),

for all s € P(¢). This means that p is P(¢)-invariant under ¢ and (ii) implies that any
extension /& is Sy-invariant under £ i.e., fily = @(s)IL, for every s € S. Then

s (m) = fi(s - m) = pi(e(s)m),

for every s € S. Hence, s - m = ¢(s)m, for every s € S, because ji separates points of
RUC(S)*. This implies that

m(f -s)=s-m(f) = g()m(f),

forevery f € RUC(S) and s € S. Thus, S is left p-amenable.
()= (iii) Assume that Y is a closed Banach submodule of X € (p/\/ls , then the quotient
Banach space X /Y is a Banach S-bimodule. Set

K= ﬂ{y* eY*: sy  =¢(s)y*}and X = m{x* € X*: s x" =p(s)x*}.

seS seS

Suppose that & € K and & € X* is an extension of 6. Then % : Y1 —> (X/Y)* is an
onto isometry and S-module morphism, where

Yt ={x* e X*| (y,x*) =0, foreveryy € Y}.
Then
(s-0)) —@-5)¥) = (s -0 — )0 (y) =0, (5.3)

foralls € § gnd yevr. Therefore s -  — go(s)5 € Y+. Define D : § — (X/Y)* by
D(s) = (s -0 — ¢(5)0), for every s € S. Then

D(st) = p(st - g — (p(st)g),
forall s, ¢ € S. On the other hand,

s DO+ D) t=5-p(t-0—¢1)8)+p(s-0—)f) -t
= p(st -0 — p(s)e(1)0)
= D(s1),
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for all s, ¢ € S. This implies that D is a derivation. (i) follows that there exists h € (X/Y)*
such that D(s) = s - — v - 5, for every s € S. Surjectivity of p leads to there exists 3 € Y+
such that D(s) =5 - p(3) — @(s)p(3), for all s € S. Now, setr = 6 — 3. Then

(s- (6 -3 — )@ —3)() =0,

foralls € Sand y € Y. Thus ¢ € X. This completes the proof.
(iii)=> (iv) Consider X*®X as a Banach S-bimodule by the following actions

(f®x)-s=f®x-s and s-(f®x)=[fQes)x =p(s)f ®@x., (54

foralls € S,x € Xand f € X*. Set B(X) ={T € B(X) : s ¢ T = ¢(s)T} where “o" is
the module product of S on B(X). Consider the following sets

H::%{T*(f)@x—f@T(x) : Te%(X),feX*,xeX}
and
K::H{f@x : feX},

where by lin, we mean the closed linear span. Let ¥ be the closed linear span of H and K.
Clearly, H and K are Banach S-submodules of X*®X. Therefore the quotient space ¥ /H is
a Banach S-submodule of (X*®X)/H.Let 6 € (X*®X)* that satisfies 0(f @ x) = f(x),
forall x € X and f € X*. Then
T (fH@x — fRT(x) =T"(f)(x) = f(T(x) =0, (5.5)
forall x € X and all f € X*. This means that & € H+. Pick ¥ € (X*®X)/H)* such that
B (y 4+ H) = 0(y), for every y € X*®X. By (5.4), we have
=0 -)fRIx+H)=0(fQx+H) -s5)—=0(-(f®x+ H))
=0 fRx-s+H)— )0 (fQx+ H)
=0(f®x-5) —p()0(f ®x), (5.6)
foralls € S,x € X and f € X*. Since « € H, if we apply (5.6), then
s -0 = @(s)v,

for alls € Sand ¥ € (Y /H)*. The part (ii) implies there is an extension ¥ of ¥ such that
¥ e (X/H)* and s - ¥ = @(s)a. Define P(f)(x) = ﬁ(f ® x + H), for all x € X and
f € X*. Clearly, P is bounded. Moreover,
(PoP(f)(x) = P(P(fH(x) = P@O(f ®x + H)) = P(f(x))
= P(f)x)

forall x € X and f € X*. This shows that P is a bounded projection from X* onto X*. Let
T € B(X), then by (5.5), we have

PT*(f)(x) = 9(T*(f) ® x) = T*(f)(x)
=Hf®T) =0(f@T(x)+H) = P(f)(T(x))
=T"P(f)(x),

forall x € X and f € X*. Thus, P commutes with every 7" € B(X™).
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(iv)=>(i) Assume that X = RUC(S)*®RUC(S)*, which X becomes a Banach S-
bimodule by the following actions

s (f®g=9¢06)f®g and (f®g - -s=[®g, (5.7

forall f,g € RUC(S)*ands € S.Let7 = {ry: s € S}U{l; : s € S} be a family of
bounded linear operators from X into X, such that

Li(f®g=pb)f®g and r(fOQ =[fB¢. (5.8)
forall f, g € RUC(S)* and s € S. Then
- l(f®g =0 -1)(f®g), (5.9)
and
tor(f®g) = s -H(f ), (5.10)

forall f,g € RUC(S)* and s, € S. Thus, every member of 7 commutes with the action
of S on X. Then (iii) implies that there is a bounded surjective projection P : X* — X*
such that PT* = T*P,forall T € T.

Definet : X* — X*byt(F)(fQg) = F(gQ f),forall F € X*and f, g € RUC(S)*.
Then

T(F-s)(fRY=F-5Ef) =) F(g® f)
T(F)(p()f®g) =t(FU(f ®2)

=Lt(F)(f®9) (.11

forall F € X*, f,g € RUC(S)" and 5, € S. Consider the projective mapping 7 :
RUC(S)*®RUC(S)* —> RUC(S)* definedby 7(f ® g) = fg, forall f, g € RUC(S)*.
Set M = *(P*(I ® I)), where I is the identity function in RUC(S)*. Since n**M €
RUC(S)***,

s M = (s)m™* M, (5.12)
for every s € S. Then by properties of P, we have
T M(F) = 7 (P (I @ D)(F) = (P*(I ® D) (xn*(F))
=(Pn*FYI QD) = (n"(F)I Q)
=a*(FYI QI =Fr™*(I®I)
= F(), (5.13)

for every F € RUC(S)**. Now, we set m = 7™ M|pyc(s). Then (5.12) implies that
s -m = @(s)m, for every s € S. Thus,

s-m(f) =m(f -s) =@E)m(f),

for all f € RUC(S) and s € S. The relation (5.13) shows that, for any f € RUC(S),
7**M(f) = I(f) = 1. This implies that m(¢) = 1 and consequently, S is left ¢-
amenable. m]

For the right case, similarly, by defining the right Hahn-Banach Property, we can prove
the above theorem.
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6 Some problems

We end this paper with the following problems:

(1) Let S, T be two semigroups and 7 from 7 to End(S) be a semigroup homomorphism.
Consider the semidirect product S x; 7. What is the characterization of the set of char-
acters on S x; T'? Moreover, what are the necessary and sufficient conditions, in terms
of Sand T, for S x; T to be character amenable? Is the converse hold (i.e. if S x; T is
character amenable, are S and T character amenable?

(2) In Theorem 2.9, we show that character amenability of a discrete semigroup S and
character amenability of £!(S) are equivalent; is it true for topological semigroups?

(3) Let S be atopological semigroup, Y be acompact Hausdorff space and C, (Y) be the space
of all bounded real-valued continuous functions on Y (see Sect. 5) such that Y contains a
common fixed point of P (¢) for continuous affine actions of P (¢) on compact convex sets
of a locally convex linear topological space. Under which conditions S is ¢-amenable?

(4) In this paper, we have considered derivations from a semigroup into the dual of its module
with respect to characters and we show that the innerness of any derivation of this form
implies the left (right) amenability of the argued semigroup. What happens, when we
define any derivation from a semigroup to its module (not the dual of a module with
respect to characters)? We guess it has a close relationship with the contractibility of
semigroup algebras.

(5) Let S be a topological semigroup and ¢ € Ag(S). How one can describe Fglner like
condition for g-amenability of S?
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