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Abstract If p is a positive Borel measure on the interval [0, 1) we let ,, be the Hankel
matrix H;, = (n,k)n k>0 With entries p, x = pyyk, where,forn = 0,1,2, ..., u, denotes
the moment of order n of p. This matrix induces formally the operator

Hu()@) =) (Z un,kak) "

n=0 \k=0

on the space of all analytic functions f(z) = thio arz¥, in the unit disc . This is a
natural generalization of the classical Hilbert operator. In this paper we study the action of
the operators 7, on mean Lipschitz spaces of analytic functions.
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measures
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1 Introduction and main results

Let D be the unit disc in the complex plane C, and let Hol (D) denote the space of all analytic
functions in D. For 0 < r < 1 and f € Hol(D), we set
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1 T
My(r, ) = (E/

Moo (r, ) = g}eglf(z)l-

1
e /p
f@re'”)| do , 0<p<oo,

For 0 < p < oo the Hardy space H? consists of those functions f, analytic in D, for which

Ifllgr = sup My(r, f) < oo.
O<r<l1
We refer to [9] for the theory of Hardy spaces.
The space BM O A consists of those functions f € H'! whose boundary values have
bounded mean oscillation on dID. The Bloch space B consists of all analytic functions f in
D with bounded invariant derivative:

feB s IflsEro) +sup (1 - 122) 1£/(2)] < oo.
Z€E

We mention [1,13,23] as excellent references for these spaces. Letusrecallthat BMOA C B.

If w is a finite positive Borel measure on [0, 1) andn =0, 1,2, ..., we let i, denote the
moment of order n of w, that is, u, = f[o,l) t"du(t), and we let H,, be the Hankel matrix
(tn,k)n k>0 With entries p, x = fyyk. The matrix H, induces formally an operator, also
denoted H,,, on spaces of analytic functions in the following way: if f(z) = Y ;2 arzk €

Hol (D) we define
Hu ()@ =) (Z un,kak> 2",

n=0 \k=0

whenever the right hand side makes sense and defines an analytic function in D.
If  is the Lebesgue measure on [0, 1) the matrix H,, reduces to the classical Hilbert
matrix H = ((n +k+ 1)’1)n ¢>0> Which induces the classical Hilbert operator H. The

Hilbert operator is known to be well defined on H I and bounded from HP? into itself, if
1 < p<oo,butnotif p=1or p=oc0[8]

The question of describing the measures p for which the operator H,, is well defined and
bounded on distinct spaces of analytic functions has been studied in a good number of papers
(see [2,7,10,15,16,19-21]). The measures in question are Carleson-type measures.

If I C 0D is an interval, |/| will denote the length of /. The Carleson square S(I) is
defined as S(I) = {re'’ : ¢ €I, 1— % <r<l1}

If s > 0 and p is a positive Borel measure on D, we shall say that u is an s-Carleson
measure if there exists a positive constant C such that

w(S(I)) < C|I)°, forany interval I C 9D.

A 1-Carleson measure will be simply called a Carleson measure.
If u is a positive Borel measure on D, 0 < @ < 00, and 0 < s < oo we say that p is an
a-logarithmic s-Carleson measure [22] if there exists a positive constant C such that

o
(s (log )
G < C, forany interval I C 9.

A positive Borel measure p on [0, 1) can be seen as a Borel measure on D by identifying
it with the measure /i defined by

(A) = n(AN[0,1)), forany Borel subset A of D.
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In this way a positive Borel measure w1 on [0, 1) is an s-Carleson measure if and only if there
exists a positive constant C such that

u{, 1)) <Cd-0n* 0<r<]l.

We have a similar statement for a-logarithmic s-Carleson measures.

Widom [21, Theorem 3. 1] (see also [20, Theorem 3] and [19, p.42, Theorem 7. 2]) proved
that H,, is a bounded operator from H 2 into itself if and only s is a Carleson measure.
Galanopoulos and Peldez [10] studied the operators H,, acting on H ! The action of Hy
on the Hardy spaces H”, 0 < p < oo, has been studied in [7,15,16]. The papers [15] and
[16] study also the operators H,, acting on distinct subspaces of the Bloch space, including
BM O A, Besov spaces, and the Q;-spaces.

In this paper we shall study the operators 7, acting on mean Lipschitz spaces of analytic
functions.

If f € Hol(D) has a non-tangential limit f(¢'?) at almost every ¢! € D and § > 0, we
define

1 T
w (87 f) = sup (7 /
b 0<lr]<s \27 J_5

woo(8, f) = sup <wsmm|f@”“”)—f@”n>.

0<|t|<8 \O€[—m,7]

A _ I/p
f@wwh—fw%Vd@ . ifl<p<oo,

Then w, (-, f) is the integral modulus of continuity of order p of the boundary values f (e'?)
of f.

Givenl < p < ococand0 < « < 1,the mean Lipschitz space AP consists of those functions
f € Hol(D) having a non-tangential limit almost everywhere for which w, (8, f) = O(8%),
as 8§ — 0.If p = oo we write A, instead of AS°. This is the usual Lipschitz space of order
a.

A classical result of Hardy and Littlewood [17] (see also [9, Chapter 5]) asserts that for
l<p<occand0 <o« < 1, we have that AL ¢ H” and

. 1
AL = {f € Hol(D) : My(r, f') = O <7(1 _r)HI)}. $))

Itisknown thatif 1 < p < ccando > % then each f € A} is bounded and has a continuous
extension to the closed unit disc ([6], p. 88). This is not true for ¢ = %, because the function

f(z) =log(1—z) belongs to Alp/ forall p € (1, 00). By a theorem of Hardy and Littlewood

[9, Theorem 5.9] and of [6, Theorem 2.5] we have
Alp/pCA‘{/qCBMOA 1<p<gq<oo.

The inclusion Af/p C BMOA,1 < p < oo was proved to be sharp in a very strong sense

in [3,11,12] using the following generalization of the spaces AL which occurs frequently
in the literature. Let w : [0, 7] — [0, c0) be a continuous and increasing function with
w(0) =0and w(t) > 0if r > 0. Then, for 1 < p < oo, the mean Lipschitz space A(p, w)
consists of those functions f € H? such that

wp(8, f) = 0((5)), asé— 0.

With this notation we have AL = A(p, §%).
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62 N. Merchan

The question of finding conditions on w so that it is possible to obtain results on the
spaces A(p, w) analogous to those proved by Hardy and Littlewood for the spaces A} has
been studied by several authors (see [4—6]). We shall say that w satisfies the Dini condition
or that w is a Dini-weight if there exists a positive constant C such that

S w(t)
/ TEdi = Co®). 0<5 <1,
0

We shall say that w satisfies the condition b1 or that w € b if there exists a positive constant

C such that
T w(t 1)
/&dzg(,“%, 0<5<l.
s

In order to simplify our notation, let .AYV denote the family of all functions w : [0, 7] —
[0, 0co) which satisfy the following conditions:

(i) w is continuous and increasing in [0, 7 ].
(i) w(0) =0and w(r) > 0ifr > 0.
(iii) w is a Dini-weight.
(iv) w satisfies the condition by .
The elements of AW will be called admissible weights. Characterizations and examples
of admissible weights can be found in [4,5].
Blasco and de Souza extended the above mentioned result of Hardy and Littlewood show-
ing in [4, Th. 2.1] that if w € AW then,

Alp, ) = {f analytic in D : M, (r, f) = O (%) asr— 1} .

In [3,11,12] it is proved that if 1 < p < 0o and w is an admissible weight such that

8
& — 00, asé — 0,
s§1/p

then there exists a function f € A(p, w) which is a not a normal function (see [1] for the
definition). Since any Bloch function is normal, if follows that for such admissible weights
o one has that A(p, w) ¢ B.

One of the main results in [16] is the following one.

Theorem A [16] Let  be a positive Borel measure on [0, 1) and let X be a Banach space
of analytic functions in D with A% 5nC X C B. Then the following conditions are equivalent.

(i) The operator H,, is well defined in X and, furthermore, it is a bounded operator from
X into the Bloch space B.
(ii) The operator H,, is well defined in X and, furthermore, it is a bounded operator from
X into A% /2
(iii) The measure p is a 1-logarithmic 1-Carleson measure.
(V) fo.1) 1" log T7du(t) = O (3).

A key ingredient in the proof of Theorem A is the fact that for any space X with A% nC
X C B the functions f € X of the form f(z) = Y oo, anz" whose sequence of Taylor
coefficients {a, } is a decreasing sequence of non-negative numbers are the same. Indeed, for
such a function f and such a space X we have that f € X < a, = O (%) . This result
remains true if we substitute A% 12 by Af /p forany p > 1. Thatis, the following result holds:
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Mean Lipschitz spaces and a generalized Hilbert operator 63

Lemma 1 Suppose that 1 < p < oo andlet f € Hol(D) be of the form f(z) = ZZOZO a7
with {a,}.2 ) being a decreasing sequence of nonnegative numbers. If X is a subspace of

Hol(D) with AY,, C X C B, then

feX & an=0(l>.

n

Lemma 1 is a consequence of the following one which will be proved in Sect. 2.
Lemma2 Let 1 < p < 00, w € AW and let f(z) = Y ;2 an2" with {a,}°%, being a
decreasing sequence of nonnegative numbers. Then

(@)

feAp,w) & an=0<w(l/”)>.

nl=1/p
Using Lemma 1 and following the proof of Theorem A in [16], we obtain

Theorem 1 Suppose that 1 < p < oo. Let i be a positive Borel measure on [0, 1) and let
X be a Banach space of analytic functions in D with Af /p C X C B. Then the following
conditions are equivalent.

(i) The operator H,, is well defined in X and, furthermore, it is a bounded operator from
X into the Bloch space B.
(ii) The operator H,, is well defined in X and, furthermore, it is a bounded operator from
X into AY, .
(iii) The measure p is a 1-logarithmic 1-Carleson measure.
(V) fio.1) 1" log fydu() = O (3).

As an immediate consequence of Theorem 1 we obtain the following result.

Corollary 1 Let p be a positive Borel measure on [0, 1) and 1 < p < oo. Then the operator
‘H,. is well defined in Af/p and, furthermore, it is a bounded operator from Af/p into itself
if and only if w is a 1-logarithmic 1-Carleson measure.

Let us turn our attention now to the spaces A(p, w) with % 1 00,8 N\ 0 which, as
noted before, are not included in the Bloch space. We have the following result which shows
that the situation is different from the one covered in Theorem 1.

Theorem 2 Let 1 < p < 0o, w € AW with % 1 oo when § N\ 0. The following
conditions are equivalent:

(i) The operator H,, is well defined in A(p, ) and, furthermore, it is a bounded operator
from A(p, w) into itself.
(i) The measure | is a Carleson measure.

The proofs of Lemma?2 and Theorem 2 will be presented in Sect. 2. We close this section
noticing that, as usual, we shall be using the convention that C = C(p, @, ¢q, B, ...) will
denote a positive constant which depends only upon the displayed parameters p, o, ¢, B . ..
(which sometimes will be omitted) but not necessarily the same at different occurrences.
Moreover, for two real-valued functions E, E; we write E| < Ep, or Ey 2 E», if there
exists a positive constant C independent of the arguments such that £y < C E», respectively
E| > CE,. If we have E| < E» and E| 2 E; simultaneously then we say that | and E;

are equivalent and we write £ < E>.
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64 N. Merchén

2 Proofs of the main results

We start recalling that for a function f(z) = Z?,io a,z" analytic in D, the polynomials A f
are defined as follows:
2/
Aif@= Y it forj=1,
k=21
Ao f(z) = ap +aiz.

The proof of Lemma 2 is based in the following result of Girela and Gonzalez [14, Theorem 2].

Theorem B Let 1 < p < oo and let w be an admissible weight. If f € Hol(D) with
f(z) = Zgio apz" then

feAlp o) & AN fllur = O (w (%V))

Proof of Lemma 2 By Lemma A of [18], since a, \ 0, we have
AN fllur < azNZN(lfl/p), N> 1.

So by Theorem B we have that

w(1/2N) Vel

feA(p,w)©a2N§m, =

This easily implies (2). O

Lemma 3 Suppose that 1 < p < oo. Let v be a positive Borel measure on [0, 1), and
let o € AW satisfying that x~"/Pw(x) / oo, as x N\, 0. Then following conditions are
equivalent:

) va S w(l{/np)’ n>2.

(i) v(b, 1)) <A =o' YPwd —b), bel0,1).

Proof Suppose (i). Then we have that

nl=1py, nl=1/p nl=1/p
1= = t"dv(t) > t"dv(t)
w(l/n) w(l/n) Jio,1 o(l/n) Jii=1/a,1)
R - ymy (12 1)
> _ N
> a)(l/n)v([ /n, 1)) ( n)
nl=1p , 1y
> v([l —=1/n,1)) inf (1 — —
w(1/n) m=2 m
- nl=1/p
2z ————v([l —1/n, 1)).
w(l/n)
Sov([l = 1/n, 1)) < %Y forn > 2.
Letnow b € [1/2, 1). There exists n > 2 such that 1 — ; <b<l1l-— ﬁ so using the
above we have that
w(l/n)
V(b D) < vl = 1/n D) £ oldm
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This, and the facts that w (1/n)n I/r < (1 /(n+1)(n+1) /P and that the weight w increases
give (ii).
Suppose now (ii). Then

1
Un :/ " dv(r) :nf v([t, D))" dr
[0.1) 0

1
< n/ (1 —=n'YPe1 — "' dr
0

1-1 1
:n/ +/ (A =n""Po - dr.
0 1-1

The first integral can be estimated bearing in mind that (1 — H~YPew(l —t) /7 oo when
t /' 1 as follows

1=
n/ A=0)'"VPe — )" dr
0

1=
<n1+1/Pw(1/n)/ A =0 dr
0

1\" /1 n—1
_ ,1+1/p _ -
n w(1/n) <1 n) (n n(n+l))

< w(1/n)

~ T =1/p

To estimate of the second integral we use that (1 — VP — 1) Ny Owhent /7 1to
obtain

1
n/ a — Ve =" tar
1—1

<n'Pw(1/n) e
-1
_w(l/n) | . 1\"
EE VN G
_ol/m
~ pl=1l/p
Then (i) follows. O

Proof of Theorem 2 (i) = (ii) Suppose that H, : A(p,w) — A(p,w) is bounded. By
Lemma2 we have that the function f defined by f(z) = Y 2, wl(l{/"p) 7" belongs to the
space A(p, w) so, by the hypothesis, 7, (f) belongs also to A(p, w). Now

IRGICESY (Z ks MHk) =

n=0 \k=1

Notice that Y 7o, % Motk \ 0, n — 00, so using again Lemma 2 it holds that

w(l/k w(l/k w(l
Z (/)um /0]) (/)kd() w(l/n)

kl=1/p P 1k1 1/p nl=1/p"’
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that is, the moments of the measure v defined by

dv(t)—zw(l/k) *dp()

-1/
k=1 ke

satisfy that
_ o/

v T
n S T

so by Lemma 3 we have that v([b, 1)) < (1 —b)!"/Pw(1 — b), b € [0, 1).
According to the definition of the measure

(1= B VPar(1 = b) 2 v(lb, 1)) = / dv (o)
[b,1)

w(l/k) k
du(t
/[bl)klkl 7, L dn()

1/k
= u (Ib. 1))2(;:1( [

and the sum can be estimated as follows

Z od/k) /°° o/x) oo
h 1

— Ki—1/p w1-1/p
1
5 w(l/x)
1
> (1=b)'" VP01 - bbTs <ﬁ - 1)
w(l —D>b)
Y

Finally, putting all together we have that
pb, D) S 1-=0b

so u is a Carleson measure.

(ii) = (i) To prove this implication we need to use the integral operator /,, considered in
[7,10,15,16] which is closely related to the operator H,,.

If i is a positive Borel measure on [0, 1) and f € Hol (D), we shall write throughout the

paper
L)) = / lf( )
[0,1)

whenever the right hand side makes sense and defines an analytic function in D. It turns out

that the operators M, and I, are closely related. Indeed, as shown in the just mentioned

papers, it turns out that if f is good enough H,, and I,,(f) are well defined and coincide.
Suppose that p is a Carleson measure supported on [0, 1) and let f € A(p, w). We claim

that
f SO 41y < o 3)
o1 [T —1z
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Indeed, using Lemma 3 of [14] we have that

o(l —|z])
fEA(P,a))=>|f(Z)|SW, z € D. 4)
Then we obtain
1
[ 0 du(r) = [ [f (O du(t)
o,1y 11 =1z L —1z| Jio,1
1 w(l—1)

du(r).

S
1=zl Jjo.y A =0)l/P

If we choose r € [0, 1) we can split the integral in the intervals [0, r) and [r, 1). In the first
one, as w is an increasing weight we have

o(l—1) du(t)
/0 g e [ G
du(t)
< w(l) o N
S

because u is a Carleson measure. Using this and the condition ‘;l(/ap) /100, as 6\ 0 we can
estimate the other integral as follows

w(l—1) w(l—r)
/[r n (L=nl/r ) = (I—r)l/p [r,l)dﬂ(t)

S —r1—r)'-lr
<1

So we have that for f € A(p,w) and z € I, (3) holds. This implies that 7, (f) is well
defined, and, using Fubini’s theorem and standard arguments it follows easily that 7, ( f) is
also well defined and that, furthermore,

Hu(@) = 1,(f)), zeD.
Now we have,

[ W
1)@ = fm G duw. zeD,

so the mean of order p of I,,(f)’ has the form

bd P 1/p
M (r. 1u(f)') = (21 / f Oy de) :
T [

0,1) (11— tre’9)2
Using again (4), the Minkowski inequality and a classical estimation of integrals we obtain

that
N < b4 do 1/p
M, (V71u(f))N/[0,l)|f(t)|</;ﬂ m) du(t)

Lf ()]
S _—
- /[0,1) (1 —tr)2-1/p dp(®)
< ol —1)
- /[0,1) (1 =0)l/p(1 —tr)2-r du(2).
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68 N. Merchan

At this point we split the integrals on the sets [0, ) and [r, 1).
In the first integral we use that xPw(x) 7 0o, as x N\, 0, and the fact that if p is a
Carleson measure (so that u,, = f[o 1 du(t) S %) to obtain

w(l—1) w(l—r) du(t)

/m,r) A= ord =z WO =G o, T
w(l—r) du(t)

T (=0 Joqy (1 —tr)2-1p

< ol —r) inll/prn/ tndpl,(t)
~ (A =r)l/r [0,1)
n=1 ’
< w(l —r) O pn
~ (l—r)l/P Zlnl/]’
n—=
cod-rn
~ (=7

In the second integral we use that w is an increasing weight and the fact that the measure
w being a Carleson measure is equivalent to saying that the measure v defined by dv(f) =

(ldu[gll)/p isal— %—Carleson measure so that the moments v, of v satisfy v, < . i 1. Then
P
we obtain "
o(l —1) dv(t)
du(t) < 1— —_—
/m (= =y WO =00 |G T
<o ) dv(t)
o(l—r —_—
- 0.1y (1 —tr)>=1/p
oo
<w(l—r) an_]/”r"/ " dv(r)
o 0.1
oo
Swd—r) Z r"
n=1
_ w(l—r)
1=
Therefore 1,,(f) € A(p, w) and then the operator /,, (and hence the operator H_, ) is bounded
from A(p, w) into itself. ]
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