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Abstract Our purpose in this paper is to study the geometry of complete linear Weingarten
spacelike hypersurfaces immersed with two distinct principal curvatures in a locally symmet-
ric Lorentz space, which is supposed to obey standard curvature constrains. In this setting, we
apply some appropriated generalized maximum principles to a suitable Cheng-Yau modified
operator in order to guarantee that such a spacelike hypersurface must be isometric to an
isoparametric hypersurface of the ambient space.
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1 Introduction

Let L’fJrl be an (n + 1)-dimensional Lorentz space, that is, a semi-Riemannian manifold
of index 1. When the Lorentz space L;’H is simply connected and has constant sectional

B Henrique F. de Lima
henrique @dme.ufcg.edu.br

Fédbio R. dos Santos
fabio@dme.ufcg.edu.br

José N. Gomes
jnvgomes@gmail.com

Marco Antonio L. Veldsquez
marco.velasquez@pq.cnpq.br

Departamento de Matemdtica, Universidade Federal de Campina Grande, Campina Grande,
Paraiba 58.429-970, Brazil

Departamento de Matematica, Universidade Federal do Amazonas, Manaus, Amazonas 69.077-070,
Brazil

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s13348-015-0145-z&domain=pdf

380 H. F. de Lima et al.

curvature, it is called a Lorentz space form. The Lorentz-Minkowski space L"*!, the de
Sitter space S *1 and the anti-de Sitter space HIj *1 are the standard Lorentz space forms of
constant sectional curvature 0, 1 and —1, respectively. We also recall that a hypersurface M"
immersed in a Lorentz space L'{H is said to be spacelike if the metric on M" induced from
that of the ambient space L’f“ is positive definite.

The last few decades have seen a steadily growing interest in the study of the geometry
of spacelike hypersurfaces immersed in a Lorentz space. Apart from physical motivations,
from the mathematical point of view this is mostly due to the fact that such hypersurfaces
exhibit nice Bernstein-type properties, and one can truly say that the first remarkable results
in this branch were the rigidity theorems of Calabi [4] and Cheng and Yau [11], who showed
(the former for n < 4, and the latter for general n) that the only maximal complete, non-
compact, spacelike hypersurfaces of the Lorentz-Minkowski space L"*! are the spacelike
hyperplanes. However, in the case that the mean curvature is a positive constant, Treibergs [27]
astonishingly showed that there are many entire solutions of the corresponding constant mean
curvature equation in L" !, which he was able to classify by their projective boundary values
at infinity.

Later, Nishikawa obtained extended Calabi and Cheng- Yau results showing that acomplete
maximal spacelike hypersurface immersed in a locally symmetric obeying certain curvature
constraints must be totally geodesic. We recall that a Lorentz space is said locally symmetric
when all the covariant derivative components of its curvature tensor vanish identically (see
Theorem B of [23]).

As for the case of the de Sitter space S;”rl, Goddard [17] conjectured that every complete
spacelike hypersurface with constant mean curvature H in S’I’Jrl should be totally umbilical.
Although the conjecture turned out to be false in its original statement, it motivated a great
deal of work of several authors trying to find a positive answer to the conjecture under
appropriate additional hypotheses. For instance, in [2], Akutagawa showed that Goddard’s
conjecture is true when 0 < H? < 1in the case n = 2, and when 0 < H? < 4(n — 1)/n?
in the case n > 3. Afterwards, Montiel [22] solved Goddard’s problem in the compact case
proving that the only closed spacelike hypersurfaces in S’f“ with constant mean curvature
are the totally umbilical round spheres. Furthermore, he exhibited examples of complete
spacelike hypersurfaces in S’f“ with constant H satisfying H? > 4(':17;1) and being non
totally umbilical, the so-called hyperbolic cylinders, which are isometric to the Riemannian
product H'(1 —coth? r) x S"~!(1 —tanh? r) of a hyperbolic line and an (n — 1)-dimensional
Euclidean sphere.

When the ambient space is the anti-de Sitter space H'I’ H, Cao and Wei [6] showed that,
if n > 3, then every n-dimensional complete maximal spacelike hypersurface in ]HI’I’+l with
exactly two principal curvatures everywhere is isometric to some hyperbolic cylinder under
an additional condition on these curvatures. Later, Perdomo [25] studied the 2-dimensional
case and constructed new examples of complete maximal surfaces in ]HI? More recently,
Chaves et al. [9] studied complete maximal spacelike hypersurfaces in H’f“ with either
constant scalar curvature or constant non-zero Gauss-Kronecker curvature. In this context,
they characterized the hyperbolic cylinders of ]HI’IHrl as the only such hypersurfaces with
(n — 1) principal curvatures with the same sign everywhere.

Proceeding in this branch, an interesting question is to characterize complete linear Wein-
garten spacelike hypersurfaces (that is, complete spacelike hypersurfaces whose mean and
scalar curvatures are linearly related) immersed in a certain Lorentz space. Many authors
have approached problems in this subject. For instance, when the ambient space is a Lorentz
space form, we refer to the readers the works [8,10,16,18,19,21].

@ Springer



On the complete spacelike hypersurfaces... 381

Here, our aim is to study the geometry of complete linear Weingarten spacelike hyper-
surfaces with two distinct principal curvatures in a wide class of Lorentz spaces, the locally
symmetric Lorentz spaces. In this setting, under appropriated constrains on the values of the
mean curvature and on the norm of the traceless part of the second fundamental form, we
extend the techniques developed in the recent papers [14, 15, 18] in order to characterize such
spacelike hypersurfaces as being isometric to isoparametric hypersurfaces of the ambient
space (see our several characterization results along Sects. 4 and 5). Our approach is based
on the use of a Simons type formula jointly with the application of some generalized max-
imum principles to a suitable Cheng-Yau modified operator (for more details, see Sects. 2
and 3).

2 A Simons type formula in Lorentz spaces

Let M" be a spacelike hypersurface immersed in a Lorentz space L’l”rl, which means that
the metric on M" induced from L;11+1 is positive defined. In this context, let us choose a local

field of semi-Riemannian orthonormal frame {e 4 }';1111 in L'l’+1 , with dual coframe {w4 }'Ifﬁ:ll,
such that, at each point of M", e, ..., e, are tangent to M" and e,+ is normal to M". We

will use the following convention for indices:
1<AB,C,...<n+1,1<i,j,k,... <n.

We denote by {w4p} the connection forms of LE’H. Thus, the structure equations of LY +l
are given by:

dwp = —Z8BwAB ANwp, wap+owpsa=0, & =164 =-1,
B
1 _
dwap = — D ecwac Awcp — 5 > ecepRascpoc Awp.
c c.D

Here, RApcp, Rcp and R denote respectively the Riemannian curvature tensor, the Ricci
tensor and the scalar curvature of the Lorentz space L’I’“. In this setting, we have

Rep = ZSBFBCDB R= ZEAFAA
B A

Moreover, the components Raigc p: £ of the covariant derivative of the Riemannian cur-
vature tensor L'l”“1 are defined by

> eeRascp:rwr = dRapep — Y ex(RepcpwEa
E E

+Raecp®wEB + RABED®WEC + RABCE®ED).

Now, we restrict all the tensors to the spacelike hypersurface M" in L’l‘+1. First of all,
wpt1 =00n M",50 >, w@u+1)i Aw; = dwy+1 = 0. Consequently, by Cartan’s Lemma [7],
there are on M” smooth functions /;; such that

D(n+1)i = Zh;jwj and h,’j = hj,'. (2.])
J
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From (2.1), we have that the second fundamental form of M" is given by B =
2 jhijoiwje, 1, and its square length from second fundamental form is § = > j hlzj

Furthermore, the mean curvature H of M" is defined by H = % Zi hii.
The connection forms {w;;} of M" are characterized by structure equations of M":

dw; = —Za)ij ANwj, jj+ wji =0,
J
1
dwij ==Y wix Aayj — 3 > Rijuax Ao,
k k.l

where R; i are the components of curvature tensor of M".
From structure equations, we obtain Gauss equation

Rijii = Rijii — (hikhji — hith ji). (2.2)

The components R;; of the Ricci tensor and the scalar curvature R of M" are given,
respectively, by

Rij = Riijk —nHhij + > hixhy
I k

and

n(n—1)R =" Riji —n*H*+S. (2.3)
inj

The first covariant derivatives &; jx of h;; satisfy
D hijeox = dhij = D hikorj = D ko 24)
k k k
Then, by exterior differentiation of (2.1), we obtain the Codazzi equation

hijk — hikj = Rut1yijk- (2.5)

The second covariant derivative h;j; of h;; are given by

> hiuor = dhij — > hijkoi — Y higo; — D hijio.
1 1 ]

[

By exterior differentiation of (2.4), we can get the following Ricci formula
hijii — hijik = — Zhim Runjki — Z I jm Rk - (2.6)
m m
Restricting the covariant derivative R 4 gc p:E of Rapcp on M", then f(,ﬂr Dijk:1 1s given
by

R nyijit = Rarniji + R vinihji
+R i vijnrnhis + O Rijihm. 2.7

m
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where F(H]),- ik denotes the covariant derivative of ﬁ(n+1)i jk as a tensor on M" so that

Zﬁ(n+l)ijklwl = dRut1)ijk — ZEnH)Ukwh
/ ]

- ZE(n+l)ilkwlj - ZE(n+l)ijlwlk-
! !

The Laplacian Ah;; of h;j is defined by Ah;; = > hijkk. From (2.5)—(2.7), after a
straightforward computation we obtain

Ahjj = (nH);; —nH Zhilhlj + Sh;j + Z (Ro+1jijk:k + Rantykik: )
| X
- Z (hik Rt 1yij 1) + hij R Dkas D)
k

- Z (2hiRiijk + hjiRikik + hit Rikjk) - (2.8)
k.l

Since AS = 2 (Zi,j,k hizjk + Zi’j hij Ah,-j), from (2.8) we get the following Simons
type formula

1 — —
FAS= ST+ D i+ D hijmH)ij+ > hij (Rasnijksk + R ik )
ik ij ik

= nH D hijRainijmsn + S D Rkt
ij k

-2 Z (hxihijRiijx + hithij Rigjx) — nH Zhilhljhij- 2.9
i,j.k,l i,j,l

Now, we consider ¥ = Zi’ j Yijw; ® w; a symmetric tensor on M" defined by
Iﬂ,‘j = nH(Sij — h,’j.

Following Cheng-Yau [12], we introduce an operator [J associated to W acting on any
smooth function f by

uf = ZWijfij = Z(ansij — hij) fij- (2.10)
ij ij

Taking f = nH in (2.10) and taking a (local) orthonormal frame {ey, ..., e,} on M" such
that 2;; = %\;d;;, from equation (2.3) we obtain the following

OmH) %A(nH)z =D (H)} = > nimH);i

1 1 _
EAS—n2|VH|2—Z)\,'(nH),-,-+§A > Rijji —nn—DR|. @11

i ij
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3 Locally symmetric Lorentz spaces

Following the ideas of Nishikawa [23] and Choi et al. [13,26], along this work we will assume
that there exist constants c¢; and c> such that the sectional curvature K of the ambient space

L'l’+] satisfies the following two constraints
c
K(u,v) = ——, 3.1)
n
for any spacelike vectors u and timelike v, and
K(u,v) > c2, (3.2)

for any spacelike vectors u and v.

We observe that the Lorentz space forms

.. c .
curvature conditions (3.1) and (3.2) for __ ¢p = c. On the other hand, Choi et al. [13]
n

exhibited examples of Lorentz spaces which are not Lorentz space forms satisfying (3.1) and
(3.2).

As mentioned before, a Lorentz space L +1is said locally symmetric when all the covariant
derivative components R 4pc p: g of its curvature tensor vanish identically. In this setting,
denoting by R 4p the components of the Ricci tensor of LE’H satisfying curvature condition

(3.1), the scalar curvature R of L’l’H is given by

R=>eaRan= D Rijji =2 Rutviint1) = D Rijji +2c1.
A ij i

iJ

L’l’+] (c) of constant sectional curvature ¢ satisfy

Consequently, since the scalar curvature R of a locally symmetric Lorentz space is constant,
we have that > ;. j R;jji is a constant naturally attached to a locally symmetric Lorentz space
satisfying curvature condition (3.1).

In what follows, we will quote some key lemmas in order to prove the results of the next
section. The first one corresponds to Lemma 3.2 of [15].

Lemmal LerLf hea locally symmetric Lorentz space which satisfies curvature condition
(3.1) and let M" be a linear Weingarten spacelike hypersurface immersed in L'l"H, such that
R =aH + b for some a, b € R. Suppose that b #* m Zi’j E-jj,' and that the following
inequality is satisfied

(n—1)?a* +4> Ryjji —4n(n = 1)b > 0. (3.3)
i
Then,
> hiy = n*|VHI (3.4)
i,j.k

Moreover, if the inequality (3.3) is strict and the equality occurs in (3.4), then H is constant
on M".

Now, we will consider a Cheng-Yau modified operator given by

n—1

The next result gives ellipticity criteria for the operator L is elliptic. For its proof, see
Lemma 3.3 of [14].
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Lemma 2 Let L'l"H be a locally symmetric Lorentz space and let M" be a linear Weingarten
spacelike hypersurface immersed in L'f“, such that R = aH + b for some a,b € R with
b < ﬁ Zi’j ﬁijj,-. Then, H has strict sign and L is elliptic.

To close this section, we will reason as in the proof of Proposition 2.3 of [8] to get the
following

Lemma 3 Ler L 1 bea locally symmetric Lorentz space which satisfies curvature condi-
tion (3.2) and let M"™ be complete linear Weingarten spacelike hypersurface immersed in
L'l“rl, such that R = aH + b for some a, b € R satisfying inequality (3.3) and with a > 0.
If H is bounded on M", then there exists a sequence of points {qi }ren C M" such that

lim nH(qx) =supnH, lim |VnH(qx)| =0 and limsup L(nH(gy)) <O0.
k—~400 M k—+00

k——400
Proof From (3.5), taking alocal orthonormal frame {ey, ..., ¢,} on M" suchthath;; = %;3;;,
we obtain
LaH) = nH 4"t 25 b (3.6)
- 2 1 i1 .

l
On the other hand, we observe that if H vanishes identically on M", then the result is
valid. So, let us suppose that H is not identically zero. This way, we can choose the oriented
of M" so that sup,, H > 0.
Thus, foralli =1, ..., n from (2.3) and (3.3) we have

A<D M =S=n*H*+n(n—1aH +n@m—1b— > Riji
i iJj

n—113\> 1 _
=(nH—|— 5 a) — (=12 + 4D Rijji —4n(n — )b

4
- H+n—1 2
<|{n 3 al .

Consequently, we get

ij

n—1 n—1

nH +

2
—hikj = (nH+ a) and |\;| < al. (3.7)

From Gauss equation (2.2), taking into account (3.2) and (3.7), for i # j we obtain

2
— n—1
Rijji = Rijji +Nihj = c2 — (nH + 5 a) . (3.8)

Since we are supposing that H is bounded on M", it follows from (3.8) that the sectional
curvature of M" is bounded below. Thus, we can apply the generalized maximum principle
of Omori [24] to the function nH in order to obtain a sequence of points {gi}reny C M"
satisfying limy—, yoo nH (qk) = supy, nH, limy_, 4o |VnH (qr)| = 0 and

Jimsup Z(nH)ii (qr) <O. (3.9)

Since sup,, H > 0, passing subsequence if necessary, we can consider that such a sequence
{gi}ken satisfies H (gx) > 0.
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386 H. F. de Lima et al.

Hence, since a > 0, from (3.7) we obtain

n—1 n—1

a—|ni(g)| < nH(g) +

0 <nH(qr) + a — ni(qr)

n—1

= nH(qu) + a+ni(gol = 2nH(qr) + (n — Da.

n—1
This previous estimate shows that the function n H (gx) +

a — ;i (gr) is nonnegative
and bounded on M", for all k € N. Therefore, taking into account inequality (3.9), we obtain

n—1

lim sup L(nH(g)) < . lim sup[(nH+ a—xi) (qk)(nH»i(qk)]so. 0
k——+o00 - k— 400

4 Spacelike hypersurfaces with two distinct principal curvatures

In this section, proceeding with the context of the previous one, we will establish our charac-
terization results concerning complete linear Weingarten hypersurfaces immersed in a locally
symmetric Lorentz space. For this, given ¢;; = h;; — HJ;;, we will consider the following
symmetric tensor

b = Z(ﬁ,‘ja),‘ Qwj.
iJj
So, let |®|? = Zi'j qb?j be the square of the length of ®. It is not difficult to see that & is
traceless and that holds the following relation
|®> =S —nH>. 4.1)

Consequently, assuming that R = aH + b for some a, b € R, from (2.3) and (4.1) we get
1 _
2 _ 2 2

In order to prove our characterization results, it will be essential the following lower
boundedness for the operator L acting on the mean curvature function of a linear Weingarten
spacelike hypersurface.

Proposition 1 Let L’l’+1 be a Lorentz locally symmetric space which satisfies curvature
conditions (3.1) and (3.2). Let M" be a linear Weingarten spacelike hypersurface immersed
in L’lH'1 having two distinct principal curvatures with multiplicity p and n — p, where 1 <

p < g and such that R = aH + b for some a, b € R. Suppose that b # ﬁ Zi,j F,'jji
and that inequality (3.3) is satisfied. Then,

L(nH) > |®*Py (D)), (4.3)
where
Pipe(x) = 2% — M Z2P) e — (- o), (4.4)
pn(n — p)

. 1
with ¢ = — + 2¢».
n
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Proof Let us choose a local orthonormal frame {ey, ..., e,} on M" such that h;; = %;5;;
and ¢;; = u;d;;. Since M" has distinct principle curvatures with multiplicity p and n — p,
then there exist u and v such that

H1 == MUp = M,
Mp+l == Up =V,

)\l= =)\p=M+H1
Aptl ==y =Vv+H.

Thus, we obtain

n n
0= wi=pu+m—py, [OF =D u=pu+@n-pn,

i=1 i=1

and

n

(@) = D"} = pi + (n — pyv’.

i=1

From expressions above,

p=-""P, and v=x/—P o,
p n(n — p)

n 3
w(@) =S} = ((n —p) - %) v
i=1

3
v 2p—n)

= V2 p—n) e =L
B N T

and, hence,

Consequently,

= =20 gp, 4.5)

3

Taking into account that ;; = %;J;; and since R = aH + b, from (2.9), (2.11) and (3.5)
we obtain

L(H) = §* —nH Y 3 + D hijy —n?|VH|
i ij.k
-2 Z ()\i MeRuiik + )\?Eikik) + Z Ni (E(n+l)iik;k + E(nJrl)kik;i)
ik ik
- (nH Z N R+ i) + S ZR(n+l)k(n+l)k)- (4.6)

i k

Since L’l”rl locally symmetric, we have

> i (Rauniikik + Rongipkiksi) = 0.
ik
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On the other hand, since we are assuming that it holds relation (3.3), we can apply Lemma 1
to guarantee that

> hi —n*IVH|* = 0.
i,j,k

Thus, from (4.6) we have

L(H) > S —nH » %} =2 (hnRyiik + 1] Riki)

i ik
—~ (nH > MiRiviinsn) + S ZR<n+1>k(n+1)k)- “.7)
i k
Now, we note that
D ud =00 —HP =D2) —3H|0)> —nH’. 4.8)
i i

1

Hence, from (4.1), (4.5) and (4.8) we have

2
$*—nH Y 3} = (107 +nH?)" —nH > p} —3nH?*| 0> —n*H*
i i
=[0|* —nH*|®)F —nH > 1}
i

I

1

> |®|* — nH?|®* —n|H|

> |02 (|<I>|2— %mw—nrﬂ). 4.9)

On the other hand, using curvature conditions (3.1) and (3.2), after straightforward com-
putations we get

- (Znﬂhﬁmﬂ)it(wn +S Z R(n+1)k(n+1)k) =c1(S—nH? 4.10)
i k
and
=2 (M Ruiix + 2] Rixik) = 2 D (i — w)? 4.11)
ik ik

= 2ncy(S — nH?).
Therefore, inserting (4.9)—(4.11) in (4.7), we conclude that

nn—2
L(nH) > |®|? (|<1>|2 - ﬁuﬂm —nHz) + 1| @ + 2nca| @

nn —2p) cl

= |®? (|c1>|2 - mmn@ — nH2) +n|®? (; +262)
nn —2p)

= | (|<1>|2 — ————|H||®| — n(H* —c>),
pn(n — p)

where ¢ = a + 2¢5. O
n
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Before to present our main results, we also need to make a brief analysis of the behavior
of the polynomial Py, . defined in (4.4), in terms of the sign of its parameter c.

(a) Casec > 0.

4 —
In this case, if n2 H2 —4p(n—p)c < 0, then H? < M and, hence, Py p o(x) >
n
O forall x e R.
4 — 2 —
If H> = M, then we can write |H| = /b= p)e and the polynomial
n n

Py, p.c has just a real root, namely

x* = L(n —2p)|H| = W
2J/p(n = p) N

Thus, in this case,

2
(n —2p)i/c
Py p.c(x) = (x - \/g\f >0,
for all x € R.
If H? M , then Py j . has two distinct real roots, which are given by
n?

e
=T 2/pi—p)

Observe that x7 is always positive, while x* is positive if, and only if,

((n—Zp)|H|i\/n2H2—4p(n—p)c). (4.12)

4p(n — p)c

3 §H2<c.

n

(b) Casec <0.
In this case, Py, p . has two distinct real roots which coincide with (4.12). Observe that
xY is always positive, while x* is always negative. Consequently, Py p (x) > 0 if, and
only if, x > x7, where

* Vn
X) = ————
2/ p(n = p)
At this point, we are in a position to present our first characterization results concerning

linear Weingarten spacelike hypersurfaces immersed in a locally symmetric Lorentz space,
having two distinct principal curvatures.

((n —2p)|H| + \/nsz —4p(n — p)c) .

Theorem 1 Let L"Jrl be a locally symmetric Lorentz space which satisfies curvature con-
ditions (3.1) and (3 2). Let M" be a complete linear Wemgarten spacellke hypersurface
immersed in L"+ , such that R = aH + b with b < n(n ) Z R;jji and having two

n
distinct principal curvatures with multiplicity p and n — p, where 1 < p < > Suppose that

4p(n — p)c c
H? < sz), where ¢ = - +2c¢y > 0. If H attains a maximum on M", then M" is an
n n
2 — -2
isoparametric hypersurface oquH'l, with |H| = M and |®| = ("\/f)ﬁ
n n

Proof We observe that, from our restriction on the parameter b, Lemma 2 guarantees that H
is nonzero and that the operator L is elliptic.
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390 H. F. de Lima et al.

On the other hand, from Proposition 1, we have

L(nH) > |® Py, p (1D,

where
nn —2p) 2
Ppypc(|®]) = @ — ———==<|H||®| — n(H* - ¢).
e v/ pn(n — p)
. . 2 4p(n — p)c
Since we are assuming ¢ > 0 and H- < ——, we have that Py p (|®|) > 0.
n

Thus, since we are supposing that H attains its maximum on M”, Hopf’s strong maximum
principle guarantees that H is constant on M". Then, from (4.7) we get

0=L(H) > > hly —n*|VH* +|®]* Py p (|®]) > 0. (4.13)
ij.k
Consequently, from Lemma 1
> hiy =n*IVH|> =0.
i j.k
Hence, M" is an isoparametric hypersurface of L’ll+].
Moreover, from (4.13) also we obtain that |d>|2PH, p,e(I®]) = 0. Since we are supposing
that M" has two distinct principal curvatures, we conclude that Py , -(]®|) = 0 and, hence,

2Vp(n — ~2
wemustthat|H|=mand|cp|=(n\/f)\/E. O
n n

Proceeding, we get the following nonexistence result

Proposition 2 There are not exist complete linear Weingarten spacelike hypersurfaces
immersed in a locally symmetric Lorentz space L%"H'l, satisfying curvature conditions (3.1)
and (3.2), such that R = aH + b with 2m — 1)2a> + 43, ; Rijji — 8m(Q2m — )b > 0,

_ c
a>0b# ﬁ Zi’j Rijji, H? < ¢, where ¢ = ;l + 2¢p > 0, and having two distinct

principal curvatures with the same multiplicity.

Proof Suppose by contradiction that there exists such a complete linear Weingarten spacelike
hypersurface M>”. From Lemma 3 applied to the function 2m H, we obtain a sequence of
points {gx}xeny € M?™ such that

lim (2mH (qr)) =sup2mH, and limsup L(2mH)(qr) <0. (4.14)
k—+400 M

k——+00

Thus, since we are assuming that a > 0, from equations (4.2), (4.3) and (4.14) we obtain

0 > limsup LQ2mH)(qx) = sup |®1* Pup t.m (Sup |<I>|) .
M M

k—+400

Hence, since M?" is supposed to have two distinct principal curvatures, we conclude that

Psup H,m,c (SUP |CI)|) <0.
M

Consequently, taking into account our restriction on H, from (4.4) we get

0 < sup |®|* < 2m(sup H> — ¢) < 0.
M M
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Therefore, we must have |<I>|2 = 0 on M?" and, hence, we reach at a contradiction. O
Returning to the characterization of linear Weingarten spacelike hypersurfaces, we get

Theorem 2 Let L"'H be a locally symmetric Lorentz space which satisfies curvature con-
ditions (3.1) and (3 2). Let M" be a complete linear Wemgarten spacellke hypersurface
immersed in L”+ , such that R = aH + b with b < n(n 5 Z R;jji, and having two

n
distinct principal curvatures with multiplicity p and n — p, where 1 < p < 5> Suppose that

4p(n — p)c .
sz)§H2<c,wherec:%+202>0,and
n

o
2y p(n—p)

If H attains a maximum on M", then M" is an isoparametric hypersurface of L'l""l, with
equality occurring in (4.15).

@] < ((n—2p>|H| —\RHE—dpn—pie) . @19)

Proof From our restrictions on H and |®|, we obtain that Py, (|®]) > 0 with
Py, p.c(|®]) = 0 if, and only if, equality occurs in (4.15). Now, proceeding as in the proof
of Theorem 1, we conclude that M" is an isoparametric hypersurface of L’l’+] , with equality
in (4.15). O

In a similar way of the proof of Theorem 2, we obtain

Corollary 1 Let L} 1 bea locally symmetric Lorentz space which satisfies curvature con-
ditions (3.1) and (3 2). Let M"™ be a complete linear Wezngarten spacelike hypersurface
immersed in L"+ s such that R = aH + b with b < n(n 0 Z Rjjji, and having two

distinct principal curvatures with multiplicity p and n — p. Suppose that either 1 < p < E

2
4 - 4 -
and H*> > M,orl§p< gandez M,wherec:c—l+202>0,
n n n
and that
D] > N% ((n—2p)|H|+ n2H2—4p(n—p)c). (4.16)

If H attains a maximum on M", then M" is an isoparametric hypersurface of LYILH, with
equality occurring in (4.16).

Proceeding, we also get the following result

Theorem 3 Ler L} 1 pe a locally symmetric Lorentz space which satisfies curvature con-
ditions (3.1) and (3.2). Let M"™ be a complete linear Weingarten spacelike hypersurface
immersed in L;"H, such that R = aH + b for some a, b € R satisfying inequality (3.3) with
a>0,0b# m Zi’j E’jﬁ and having two distinct principal curvatures with multiplicity

n 4p(n c n
p and n — p. Suppose that either 1 < p < 5 and H?* > u orl <p< 5 and
n?
4 _
H? > M where ¢ = a + 2¢p > 0, and that
n n

7

|®| > 2«/—((n —2p) s}t\14p|H|—}-\/n2 s}t;lsz —4p(n — p)c). 4.17)
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If H is bounded on M", then M" is an isoparametric hypersurface of L'I"H, with equality
occurring in (4.17).

Proof From Lemma 3 applied to the function H, we obtain a sequence of points {gi }xen C
M"™ such that

lim H(gx) =supH, and limsup L(H)(qx) < 0. (4.18)
k—+o00 M

k——+00
In viewing of limy—, oo H(qr) = sup,; H and a > 0, Eq. (4.2) implies that
khrf [Pl(gr) = Sup|q>|- (4.19)
Thus, taking into account (4.18) and (4.19), from Proposition 1 we have
0> limsup L(nH)(qx) > sup |<I>| Psup H,p.c (Sup |d>|) (4.20)
k—+00

Hence, since M" is supposed to have two distinct principal curvatures, from (4.20) we
conclude that

Psup H,p,c (sup |<I>|) <0. 4.21)
M

On the other hand, from ours restrictions on H and on |®|, we have that Py , . (|®]) > 0,
with Py p . (|®]) = 0if, and only if,

N
@] = —————((n —2p)|H| + n2H2—4p(n—p)c).
2y p(n—p) \/
Consequently, from (4.21) we get that
Jn
sup || = ————— n —2p)sup|H| + [n2sup H2 —4p(n — p)c
M 2y pn—p) M M

and, taking into account once more our restriction on |®|, we have that |®| is constant on
M". Thus, since M" is a linear Weingarten hypersurface, from (4.2) we have that H is also
constant on M". At this point, the proof proceed as in that one of Theorem 1. O

Finally, when the parameter ¢ in nonpositive, we can reason as before to get the following
results

Corollary 2 Let L} 1 hea locally symmetric Lorentz space which satisfies curvature con-
ditions (3.1) and (3 2). Let M" be a complete linear Wemgarten spacelike hypersurface
immersed in L"+1, such that R = aH + b with b < n(n FICESY) > J R;jji and having two

distinct principal curvatures with multiplicity p and n — p, where 1 < p < g Suppose that

2/p(n —p)

Cl . . . . .
where ¢ = — + 2c¢p < 0. If H attains a maximum on M", then M" is an isoparametric
n

((n—2p)|H|+\/n2H2—4p(n—p)c), (4.22)

hypersurface, with equality occurring in (4.22).
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Corollary 3 Let L} 1 pea locally symmetric Lorentz space which satisfies curvature con-
ditions (3.1) and (3.2). Let M"™ be a complete linear Weingarten spacelike hypersurface
immersed in L’{H, such that R = aH + b for some a, b € R satisfying inequality (3.3) with
a>0,0b# ﬁ Zi,j f,-‘,-j,- and having two distinct principal curvatures with multiplicity

n
pandn — p, where 1 < p < > Suppose that

N
2/ p(n — p)

|P| > ((n —2p)sup|H| + \/nz sup H2 — 4p(n — p)C), (4.23)
M M

c
where ¢ = - +2cy < 0.If H is bounded on M", then M" is an isoparametric hypersurface,
n

with equality occurring in (4.23).

Remark 1 When the ambient space is a Lorentz space form L' *1(¢) of constant sectional
curvature ¢, according to the examples of Section 4 of [1], we have that the isoparametric
hypersurfaces of L'l’+1 (c) with two distinct principal curvatures are such that the norm of
their traceless operator @ verifies the equality in the hypothesis (4.15), (4.16) and (4.22).
Hence, we conclude that the assumed restrictions on |®| along our previous results are, in
fact, mild hypothesis.

5 Locally symmetric Einstein spacetimes

From (2.10) we have that
Of =tu(PioV2f),

where, denoting by I the identity in the algebra of smooth vector fieldson M", Py = nHI—B
and V2 f stands for the self-adjoint linear operator metrically equivalent to the hessian of f.

Let us choose a local orthonormal frame {eq, ..., e,} on M". By using the standard notation
(, ) for the (induced) metric of M", we get
Of = D (PI(V,V ). €i). (5.1)
i

From (5.1), we have

div(PIV ) = D (Ve (PIV f), e)
=D (Ve POV f,ei) + D (PI(Ve Y f), €)

= D (V. (Ve Py)er) +Of

= (divP,, Vf) +0OFf, (5.2)
where
divPy =tr(VP) = > (Ve P)ei.
i

Hence, from Lemma 3.1 of [3] we have

(divPy, V) == D (R(N,e)e;, V) = —Ric(N, V f), (5.3)

1
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where R and Ric are the curvature and Ricci tensors of L'{“ , respectively, and N denotes the
Gauss map of M". Consequently, if we assume that L'{H is an Einstein spacetime, from (5.3)

we get
(divP, Vf)=0.
Thus, in this case, from (5.2) we conclude that
Of = div(Py(V ).
Therefore, returning to the operator L and taking f = nH, we get
L(nH) =div(P(VH)), 54

where

nn—1)

—a
2

Motivated by the previous digression, we will treat the case when the ambient space
is a locally symmetric Einstein spacetime. In order to establish our next results, we will also
need the following result obtained by Caminha [5], which extends a result of Yau [28] on a
version of Stokes theorem for an n-dimensional, complete noncompact Riemannian manifold
(cf. Proposition 2.1 of [5]; see also the Theorem due to Karp in [20]). In what follows, let
L' (M) denote the space of Lebesgue integrable functions on M".

P=nP + I. (5.5)

n+1
Ll

Lemma 4 Let X be a smooth vector field on an n-dimensional complete oriented Riemannian
manifold M", such that divX does not change sign on M". If |X| € LY(M), then divX = 0
on M".

Now, we are in position to present our next results.

Theorem 4 Let L'IH'1 be a locally symmetric Einstein spacetime which satisfies curvature
conditions (3.1) and (3.2). Let M" be a complete linear Weingarten spacelike hypersurface
immersed in L'IH'I, such that R = aH + b with (n — D242 +4 Zi,j Rijji —4n(n—1)b > 0,

b # ﬁ Zi,j F,’jﬁ and having two distinct principal curvatures with multiplicity p and

n 4p(n — p)c c
n—p,wherel < p < E.IfIVHI e LY (M)and H* < p(izp),wherec = —1+2cz > 0,
n n
2./ -
then M" is an isoparametric hypersurface ofL']"H, with |H| = M and |®| =
n

(n —2p)y/e
I

Proof Since R = aH+b and H is bounded, from (2.3) it follows that the second fundamental
form B of M" is bounded. Consequently, the operator P defined in (5.5) is also bounded
and, since we are assuming that [VH| € Ll (M), we obtain that

|P(VH)| < |P||VH| € L' (M).
Thus, Lemma 4 guarantees that div(P(VH)) = 0 on M" and, hence, from (5.4) we get
L(nH)=0o0on M".

4 _
Since H? < M

" , we have that Py , -(|®|) > 0 and from (4.13) we obtain

2 2 2
> hiy =n*|VHI.
i,j.k
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Consequently, taking into account that (n — 1)2a® + 4 Zi,j k,-‘,-j,- —4n(n — 1)b > 0, from
Lemma 1 wehave H is constant on M" and, hence, M" must be an isoparametric hypersurface

2/p(n — p)c (n— 217)\/5'
n n

and |®| = — = V° O

i

We can reason as in the proof of the previous theorem in order to get the following results

of L't with |H| =

Corollary 4 Let L'llJrl be a locally symmetric Einstein spacetime which satisfies curvature
conditions (3.1) and (3.2). Let M" be a complete linear Weingarten spacelike hypersurface
immersed in L’lH'l, suchthat R = aH + b with (n — 1)2a2 + 4 Zi’j ngj,' —4n(n—1)b > 0,
b # ﬁ Zi’j f,'jji and having two distinct principal curvatures with multiplicity p and
n — p, where 1 < p < 5. Suppose that w
N
2/p(n—p)
IfIVH| € L (M), then M" is an isoparametric hypersurface ofL’l’H, with equality occurring
in (5.6).

Cl
3 §H2<c,wherec=——|—202>0,
n n
and

@ < ((n —2p)|H| — \[nH? — 4p(n — p)c) . (5.6)

Corollary 5 Let L'llJrl be a locally symmetric Einstein spacetime which satisfies curvature
conditions (3.1) and (3.2). Let M" be a complete linear Weingarten spacelike hypersurface
immersed in L’l"H, suchthat R = aH + b with (n — 1)2a2 + 4 Zi,j Rjjji —4n(n—1)b > 0,

b # ﬁ Zi’j f,'jﬁ and having two distinct principal curvatures with multiplicity p and

4 —
n — p. Suppose that either 1 < p < g and H?> > M, orl < p < E and
n
4 _
H?2 > M’ where ¢ = a + 2¢y > 0, and that
n n
Jn
|9 = ;= (1 —2p) | H| + n2H2—4p<n—p>c)- 7
2/p(n —p) \/

If|[VH| € L (M), then M" is an isoparametric hypersurface ofL’IH'l, with equality occurring
in (5.7).

As in Sect. 4, we also contemplate the case ¢ < 0 in the context of Einstein spacetimes.

Corollary 6 Let Lﬁ"H be a locally symmetric Einstein spacetime which satisfies curvature
conditions (3.1) and (3.2). Let M be a complete linear Weingarten spacelike hypersurface
immersed in L'I’H, such that R = aH + b with (n — 1)%a® + 4 Zi,j Rijji—4n(n—1)b > 0,
b # ﬁ Zi,j ﬁ,'jj,- and having two distinct principal curvatures with multiplicity p and

n— p, wherel < p < g.IfIVHI e LY (M) and

o
2J/p(n —p)

1 . . .
where ¢ = — + 2¢p < 0, then M" is an isoparametric hypersurface of

[P >

((n —2p)|H| + \/nzH2 —4p(n — p)c) , (5.8)

L1‘+1, with equality
n
occurring in (5.8).

To closed our paper, we establish the following nonexistence result.
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Proposition 3 There are not exist closed linear Weingarten spacelike hypersurfaces
immersed in a locally symmetric Einstein spacetime L'I'H, satisfying curvature conditions
(3.1) and (3.2), such that R = aH + b with (n — 1)?a*> + 43, . Rijji —4n(n — 1)b > 0,
b # n(%_l) Zi,j fijji, having two distinct principal curvatures with multiplicity p and n— p,

4p(n — p)c

Cl
and H? < 5 , Wwhere c = — + 2¢p > 0.
n n

Proof Suppose by contradiction that there exists such a closed linear Weingarten spacelike
hypersurface M" immersed a locally symmetric Einstein spacetime L7+1, satisfying curva-
ture conditions (3.1) and (3.2). Thus, assuming that (n— 1)2a2+4 Zi_j Fijji —4n(n—1)b = 0,
from Proposition 1 and (5.4) we obtain

0:/ L(nH)sz/ |2 Py o (|D))dM. (5.9)
M M

On the other hand, since H? < @, we have that Py p (|®]) > 0 on M". Thus,

from (5.9) we obtain that |®|> = 0 on M", that is, M" is a totally umbilical hypersurface
of L’l”rl. Therefore, taking into account that M" is supposed to have two distinct principal
curvatures, we reach at a contradiction. O
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