Collect. Math. (2014) 65:67-85
DOI 10.1007/513348-013-0081-8

On the Banach lattice structure of L. of a vector
measure on a §-ring

J. M. Calabuig - O. Delgado - M. A. Juan -
E. A. Sanchez Pérez

Received: 18 September 2012 / Accepted: 30 January 2013 / Published online: 27 February 2013
© Universitat de Barcelona 2013

Abstract We study some Banach lattice properties of the space L,]U (v) of weakly integrable
functions with respect to a vector measure v defined on a §-ring. Namely, we analyze order
continuity, order density and Fatou type properties. We will see that the behavior of L (v)
differs from the case in which v is defined on a o -algebra whenever v does not satisfy certain
local o -finiteness property.

Keywords Banach lattice - §-ring - Fatou property - Order density - Order continuity -
Integration with respect to vector measures

Mathematics Subject Classification (2000) 46B42 - 46E30 - 46G10

J. M. Calabuig and M. A. Juan were supported by the Ministerio de Economia y Competitividad (project
MTM2008-04594). O. Delgado was supported by the Ministerio de Economia y Competitividad (project
MTM2009-12740-C03-02). E. A. Sanchez Pérez was supported by the Ministerio de Economia y
Competitividad (project MTM2009-14483-C02-02).

J. M. Calabuig (<) - M. A. Juan - E. A. Sanchez Pérez

Instituto Universitario de Matematica Pura y Aplicada, Universidad Politécnica de Valencia,
Camino de Vera s/n, 46022 Valencia, Spain

e-mail: jmcalabu@mat.upv.es

M. A. Juan
e-mail: majuabll @mat.upv.es
E. A. Sanchez Pérez

e-mail: easancpe @mat.upv.es

O. Delgado

Departamento de Matematica Aplicada I, E. T. S. de Ingenieria de Edificacién,
Universidad de Sevilla, Avenida Reina Mercedes, 4 A, 41012 Sevilla, Spain
e-mail: olvido@us.es

@ Springer



68 J. M. Calabuig et al.

1 Introduction

The space of integrable functions with respect to a vector measure finds applications in
important problems as, for instance, the representation of abstract Banach lattices as spaces
of functions and the study of the optimal domain of linear operators. Classical vector measures
v: ¥ — X are considered to be defined on a o -algebra and with values in a Banach space.
The spaces L' (v) and LL) (v) of integrable and weakly integrable functions respectively have
been studied in depth by many authors and their behavior is well understood, (see [7] and [25,
Chapter 3]) and the references therein. However, this framework is not enough, for instance,
for applications to operators on spaces which do not contain the characteristic functions of
sets (see [2,10,11]) or Banach lattices without weak unit (see [12]). These cases require v to
be defined on a weaker structure than o-algebra, namely, a §-ring. Bear in mind the spaces
£P(T), 1 < p < oo, for an uncountable set I'. So, vector measures defined on a §-ring
also play an important role and deserve to be studied together with their spaces of integrable
functions. The integration theory with respect to these vector measures v goes back to the
late sixties (see [14,18,21-24]). In [9], there is an analysis of the space L'(v) which gives
evidence of how large the difference can be between the §-ring and o -algebra cases. Indeed,
for the general case, bounded functions may be not integrable and this fact is crucial.

The aim of this paper is the study of the Banach lattice properties of the space L,ll) (v). The
case when these spaces contain ¢y becomes specially relevant. This research is a part of a
general project of analysis of these abstract integration structures that has already shown to be
useful in applications. For instance, a general version of Komlds Theorem on the pointwise
convergence of the Cesaro sums of functions have been recently obtained using spaces of
vector measure integrable functions on a §-ring as main tool (see [17]). More applications in
the setting of the theory of operators on Banach function spaces can be found in [2,3]. The
relevant case of the Hardy operator has been studied in [11].

More precisely, we study some properties related to order continuity (Sect. 3) and order
density (Sect. 4), and some Fatou type properties (Sect. 5). We will see that many properties
satisfied for this space when v is defined on a o-algebra remain true in general only in the
case when v satisfies certain local o -finiteness property, which guarantees that every function
in L}U(v) is the v-a.e. pointwise limit of a sequence of functions in L(v). Also we revisit
the representation theorems for abstract Banach lattices (Sect. 6), and we finish with an
illustrative example (Sect. 7).

2 Preliminaries

2.1 Banach lattices

Let E be a Banach lattice with norm || - || and order < . A closed subspace F of E is an
ideal of E if y € E with |y| < |x| for some x € F implies y € F. We say that E is order
continuous if for every (x;) C E downwards directed system x, | 0 it follows that ||x.| | O
and E is o-order continuous if for every (x,) C E decreasing sequence x, | 0 it follows

that ||x,|| 4 0. We denote by E,, the order continuous part of E, that is, the largest order
continuous ideal in E. It can be described as

Eiy ={x € E: |x| > x; | 0 implies |x] | 0}.
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On the Banach lattice structure of L,lu v) 69

Similarly, E, will denote the o-order continuous part of E, that is, the largest o -order
continuous ideal in E, which can be described as

E,={xeE: |x| >x, | 0 implies [x,] | 0}.

The Banach lattice E is Dedekind complete if every non empty subset which is bounded
from above has a supremum and is Dedekind o -complete if every non empty countable subset
which is bounded from above has a supremum. We say that E has the Fatou property if for
every (x;) C E upwards directed system 0 < x; 1 such that sup ||x;|| < oo it follows that
there exists x = supx; in E and ||x|| = sup ||x¢||, and E has the o-Fatou property if for
every (x,) C E increasing sequence 0 < x, 1 such that sup ||x, || < oo it follows that there
exists x = supx, in E and ||x|| = sup ||x,||. Anideal F in E is said to be order dense if for
every 0 < x € E there exists an upwards directed system 0 < x; 1 x such that (x;) C F
and is said to be super order dense if for every 0 < x € E there exists an increasing sequence
0 < x, 1 x such that (x,) C F. A weak unit of E is an element 0 < e € E such that
x Ane = 0implies x = 0. Every positive linear operator 7: E — F between Banach lattices
(i.e. Tx > 0 whenever 0 < x € E) is continuous, see [19, p.2]. An operator T: E — F
between Banach lattices is said to be an order isometry if it is a linear isometry which is also
an order isomorphism, that is, 7' is linear, one to one, onto, ||Tx||r = ||x|g forall x € E
andT(x Ay)=Tx ATyforallx,y € E.

Let (2, X, 1) be a measure space (without assumptions of finiteness on ) and L) be
the space of all measurable real functions on €2, where functions which are equal p-a.e. are
identified. Considering the u-a.e. pointwise order, we have that L0(u) is an Archimedean
vector lattice. Note that for f, f, € L), it follows that 0 < f, 4 f p-a.. if and only
if 0 < f, 1 fin LO(u), that is, the p-a.e. pointwise supremum coincides with the lattice
supremum. We will simple write f < g for f < g u-a.e. By Banach function space (briefly,
B.f.s.) related to ; we mean a Banach space X C LO(w) satisfying that if | f| < |g| n-a.e.
with f € Lo(u) and g € X then f € X and || fllx < llgllx. Every B.f.s. is a Banach lattice
with the p-a.e. pointwise order, in which convergence in norm of a sequence implies jt-a.e.
convergence for some subsequence. Note that for f, f,, € X, itfollowsthatO < f,, 1 f n-a.e.
ifand only if 0 < f,, 1 f in X.

These and other issues related to Banach lattices can be found in [20] and [26].

2.2 Integration with respect to vector measures on §-rings.

Let R be a §-ring of subsets of an abstract set €2, that is, a ring closed under countable
intersections. We write R'°¢ for the o -algebra of all subsets A of 2 such that AN B € R
for all B € R. Note that if R is a o-algebra then R/°° = R. Denote by M (R°¢) the space
of all measurable real functions on (2, R/°°), by S(R/°¢) the space of all simple functions
and by S(R) the space of all R-simple functions (i.e. simple functions supported in R).

Let 2: R — R be a countably additive measure, that is, >_ A(A,) converges to A(UA,)
whenever (A,) is a sequence of pairwise disjoint sets in R with UA,, € R. The variation of
A is the countably additive measure |A|: RIo¢ 5 [0, 00] given by

[X[(A) = sup [Z [A(A))] = (A;) finite disjoint sequence in R N 2A} .

For every A € R we have that |1|(A) < oo. The space L' of integrable functions
with respect to A is defined as the space L'(|A|) with the usual norm. Every R-simple
function ¢ = X7 | a; x4, is in L'(1) and the integral of ¢ with respect to A is defined as
usual by f(pd)L = ZLI a;L(A;). Moreover, the space S(R) is dense in L'(%»). For every
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70 J. M. Calabuig et al.

f € L'()), the integral of f with respect to A is defined as J fdx =lim [ ¢, dx for any
sequence (¢,) C S(R) converging to f in L'(0).

Letv: R — X be avector measure with values in a real Banach space X, thatis, >_ v(A,)
converges to v(UA,) in X whenever (A,) is a sequence of pairwise disjoint sets in R with
UA, € R. Denoting by X* the topological dual of X and by By+ the unit ball of X*, the
semivariation of v is the map ||v||: Rloc 5 10, 00] given by |[v||(A) = sup{|x*v|(A) :
x* € By+) forall A € RI°, where |x*v| is the variation of the measure x*v: R — R. A
set A € RYC is v-null if ||v||(A) = 0, or equivalently, v(B) = O forall B € RN 24. A
property holds v-almost everywhere (briefly, v-a.e.) if it holds except on a v-null set. For
every R!°¢_measurable function f:Q — RU {xoo} we can define

Ifllv = sup /Ifldlx*vlfoo.

x*EBX*

Note that if || /||, < oo then |f| < ocov-a.e. Let L}U(v) denote the space of functions in
M(R!¢) which are integrable with respect to |x*v| for all x* € X*, where functions which
are equal v-a.e. are identified. The space L%U(v) is a Banach space with the norm || - ||,. A
function f € L (v) is integrable with respect to v if for each A € R/ there exists a vector
denoted by [, fdv € X, such that

x* (/fdu):/fdx*vforallx*eX*.
A
A

Let L' (v) denote the space of all integrable functions with respect to v. Then, L'(v)isa
closed subspace of L}U(v) and so it is a Banach space with the norm || - ||,. Moreover, S(R)
is dense in L'(v). Note that for every R-simple function ¢ = > aixa;, we have that
f(pa'v = Z:‘zl a;jV(A;). From [1, Theorem 3.2], there always exists a measure A: R —
[0, co] with the same null sets as v. Then, L! (v) and L}U (v) are B.f.s. related to |1|. Moreover,
L'(v) is order continuous and L (v) has the o-Fatou property.

For any measure 1 : Rloc [0, oo] with the same null sets as v, since the jt-a.e. pointwise
order coincides with the v-a.e. one, we will denote Lo(v) = LO(M) and say B.f.s. related to
v for B.f.s. related to u.

For these and other issues related to integration with respect to vector measures defined
on a §-ring, see [18,21,22,9].

3 Order continuous part of L1 (v)

All along in this paper v: R — X will be a vector measure defined on a §-ring R of subsets
of an abstract set 2, with values in a real Banach space X. Recall that measurable functions
are referred to the o -algebra R/°.

Let us begin by noting that the o-order continuous and the order continuous parts
of Lllu(v) coincide. Indeed, L}U(v) is Dedekind o-complete as it has the o-Fatou prop-
erty (see [26, Theorem 113.1]), and so, since (L}U(v))a is an ideal in L}U(v), it is also
Dedekind o-complete. Then, from [26, Theorem 103.6], (L L)(v))a is order continuous and
thus (L},(v)), = (L, (W), -

It was noted in [6, p. 192], that in the case when R is a o -algebra, the order continuous
part of L} (v) is just L' (v). This follows from the facts that L' (v) is order continuous and
S(R¢) = S(R) € L'(v). In the general case, S(R'°) may not be in L' (v), even so, we
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On the Banach lattice structure of L,lu v) 71

will see that (Lllu(v))a = L'(v) remains true. First, let us characterize when a characteristic
function of a measurable set is in L' (v).

Lemma 3.1 The following statements are equivalent for any A € RI°°.

(@) xa €L'(v).
() [[vI[(Ay) — O for all decreasing sequences (A,) C Rloc N 24 with NA,, v-null.
(©) v(Ap) — 0 for all disjoint sequences (A,) C R N24.

Proof Suppose that x4 € L'(v) and let (4,) C R N24bea decreasing sequence with
NA,, v-null. Since L (v) is order continuous and x4 > x4, 4 0, then ||v[|(A) = xa,llv = O.
So, (a) implies (b).

Let (A,) C R N 24 be a disjoint sequence. Taking B, = Uj>,A; we have a decreasing
sequence (B,) C R N 24 with NB, = @ and ||[v(A,) || < |[v]|(By). So, (b) implies (c).

Suppose that (c) holds and consider the vector measure v4 : R — X defined by va(B) =
v(A N B) for all B € R. Noting that [x*v4|(B) = |x*v|(A N B) for every B € R!°° and
x* € X*, it can be checked that [ |f|d|x*va| = [|f]xad|x*v|. Indeed, this is trivial
for simple functions, and for all measurable functions it is consequence of the monotone
convergence theorem. Thus, || f1l,, = || f xall, forevery f € M(RI¢). Then, f € LL)(vA)
if and only if fxa € L} (v). Since S(R) is dense in both L' (v) and L' (v4), it follows that
f € L'(vy) if and only if fxa € L'(v). By hypothesis v4 is strongly additive, so, from
[9, Corollary 3.2.b)], we have that xq € L'(v4) and thus x4 € L' (v). ]

Let us prove now the announced result.

Theorem 3.2 The equality (L, (v)), = L' (v) holds.

Proof Obviously L' c (L}U(u))a as L' (v) is order continuous. For the converse inclu-
sion, consider first a set A € R!°¢ such that x4 € (Lllu(v))a. For every decreasing
sequence (A,) C RIoc 24 with NA, v-null it follows that XA = xa, | 0 and so
IvlI(An) = lIxa,llv — 0. Then we get x4 € L'(v), from Lemma 3.1.

Consider now ¢ € S(R'c) such that (S (LL)(v))a. Write ¢ = Z?:l ojxa; with
(Aj) C R being a disjoint sequence and a; # 0. Since x4; < |o%| and (L}, (v)), is an
ideal, x4, € (L, (1)), . Then, x4, € L' andsop € L'(w).

Finally, let f € (L}U(v))a and take a sequence (¢,) C S(R'°) satisfying that 0 < ¢, 1
| f|v-a.e. Note thatg, € (L}U(v))a as@, < |f|,andsog, € L'(v).Since|f| > |fl—¢n | 0,
we have that || | f| — @, |lv — 0. Then, as L' (v) is closed in L}U(v), we have that | /|, and so
also f, isin L'(v). m]

4 Order density of L!(v) in L (v)

The topic of this section is trivial for the case when R is a o-algebra. Indeed, for each
0 < f e LOv) there exists (¢,) C S(R!°°) such that 0 < ¢, 1 f v-a.e. Since, in this case
R'¢ = R and S(R) C Li(v), obviously we have that L'(v) is super order dense (and so
order dense) in L2(v) (and so in L}U(U)). However, this argument fails for the general case
as S(R!) may not be contained in L'(v).

Example 4.1 Let I' be an uncountable abstract set, R the §-ring of finite subsets of I and
v: R — co(T") the vector measure defined by v(A) = x4 (see [9, Example 2.2]). Then, xr €
L}U(v) = {°°(T"), but there is no sequence ( f,;) C L'(v) = ¢o(T") such that 0 < f, 1 xr.
Indeed, in this case, since the only v-null set is the empty set, I' = U, supp( f;;) is countable.
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72 J. M. Calabuig et al.

Therefore, in general L(v) is not super order dense in L}U (v), but order dense.
Theorem 4.2 The space LY(v) is order dense in L,lu(v).

Proof Since every Banach lattice is Archimedean, by [20, Ch. 3, Theorem 22.3] it is enough
to prove that L'(v)is quasi order dense in L}U(v), i.e. forevery 0 # f € L}U(v) there exists
0 # g € L'(v) such that |g| < | f].

Let f € Lllv(u) with [[v|[(supp(f)) > 0. For A, = {w € Q : |f(w)| > %}, we have
that A,, 1 supp(f) and so ||v||(supp(f)) = lim,, ||[v|[(A,) (see [22, Corollary 3.5.(e)]). Take
n large enough such that ||v|[(A,) > 0. Since ||[v||(A;) = Supgcrran [VI(B) (see [22,
Lemma 3.4.(g)]), there exists B, € R N 24n guch that lv]I(By) > 0.

On the other hand, take a sequence (¥;); C S(R!*¢) such that 0 < ¥ 1 | flv-a.e. Then,
there exists a v-null set Z € R!°° such that 0 < Vj(w) T f(w) for all o € Q\Z. Let us
consider B, = (U; B, Nsupp(¥;)\Z) U (B, N Z). Since B, N supp(¥;)\Z 1, it follows
that [[v[[(B,) = [[VII(U; By N supp(¥r)\Z) = lim; V]| (B, N supp(y)\Z). Take j, large
enough such that ||v[[(B, N supp(¥;,)\Z) > 0 and consider the function g = v, xp, €
S(R) c L'(v). Then, g #0and 0 < g < | f|. o

Remark 4.3 Since L°(v) with the v-a.e. pointwise order is an Archimedean vector lattice,
actually in Theorem 4.2 we have proved that L' (v) is order dense in L(v).

Now, the natural question is when L'(v) is super order dense in L,lv(v). It is easy to
see that this happens if v is o-finite, that is, @ = (UA,) U N with N € R!°° v-null and
(A,) a sequence in R. In this case, if 0 < f € LO) and (Y,) € S(RI?) is such that
0 <y, 1 fv-ae.,taking ¢, = l/anu;’.:]Aj € S(R) we have that 0 < ¢, 1 f v-a.e. Then,

L'(v) is super order dense in L%v) and so in Lllu(v). However, L!(v) being super order
dense in L) (v) does not imply that v is o -finite.

Example 4.4 The vector measure v in Example 4.1 considered with values in 24T instead
of co(I), satisfies that L' (v) = Lllu(v) = ¢1(I"). Then, obviously L (v) is super order dense
in L%U(v) but v is not o -finite.

We will characterize the super order density of L'(v)in L,lu (v) by a weaker condition on
v than o-finiteness. Namely, v will be said to be locally o-finite if every set A € R!°° with
IvlI(A) < oo, can be written as A = (UA,) UN, with N € R'°¢ v-null and (A4,) a sequence
inR.

Remark 4.5 If v is such that L' (v) = LL,(v) (e.g. if X does not contain any copy of cg, see
[18, Theorem 5.1]), then for every A € R/°° with |[v||(A) < oo, we have that x4 € L} (v) =
L'(v) and so, from [22, Theorem 4.9.(a)], v is locally o -finite.

Let us see that there are plenty of locally o -finite vector measures which are not o -finite.

Lemma 4.6 Suppose that v is discrete, that is, for every o € 2 it follows that {w} € R and
v({w}) # 0. Then,

(@) N € R is v-null if and only if N = {).

(b) {A CQ: Aisfinite} CR C{A C Q: Ais countable}.
(c) Rloc =29,

(d) v is o-finite if and only if Q2 is countable.

Proof (a) Suppose N € RI¢ is p-null. If y € N, then {y} € RN 2N and so [|v({y D] <
[lv][(N) = 0 which contradicts v({y}) # 0. Hence, N = (. The converse is obvious.
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(b) If A C Q is finite then A = U,ea{y} is a finite union of sets in R, so the first
containment holds. For the second one, consider A € R and the vector measure vy4 : Rloc
X defined by v4(B) = v(AN B) forall B € RIoc Note that B € R!*¢ is vs-null if and
only if AN B is v-null, thatis, A N B = . Since v4 is defined on a o -algebra we can take
x} € By+ such that [xv4| has the same null sets as v4 (see [13, Theorem IX.2.2]). For
every finite set J C £ it follows that

> Ixaval(yh) = 1xival() < [vall(7) < [vall () < oo.
yelJ

Then, there exists a countable set / C € such that [x}v4|({y}) = Oforall y € Q\I, that
is, AN{y} =@ forall y € Q\I. So, A C I is countable.

(c) Note that {A C Q : Aiscountable} C R/“¢, since if A C € is countable then
A = Uy,ca{y}is acountable union of sets in R. Given A € 2% from (b) we have that AN B
is countable, and so it is in R!°¢ for every B € R.Hence, ANB = BN(ANB) e R for
every B € R, thatis, A € Rloc,

(d) It follows from (a) and (b). ]

From Remark 4.5 and Lemma 4.6, every discrete vector measure on a §-ring of subsets of
an uncountable set with values in a Banach space without any copy of ¢y is locally o -finite,
but not o -finite. Also, there are locally o -finite vector measures which are not o -finite with
values in a Banach space containing a copy of cg.

Example 4.7 Consider the §-ring R = {A C [0, 00) : A is finite} of subsets of [0, co) and
the vector measure v: R — cg defined by v(A) = 3, Wen, where (e,), is the
canonical basis of ¢y and # denotes the cardinal of a set. Note that v is discrete, so v is not
o -finite. It can be proved that L] (v) is the space of functions f: [0, 00) — R such that

|
F Xin=1.m) € £' ([0, 00)) for all n and sup 27|||f|X[n—1,n) et 0.00y) < 0©5

and || f]l, = sup, zin | f1Xin—1.n) ”Zl([O,oo)) forall f € LL)(U). Moreover, L' (v) is the space
of functions f: [0, co) — R such that

1
S Xtn-.n) € £1(10,00)) for all r and lim =1 £1xtn—1.m [ 110,00y = O-

Note thatevery f € L,lu(v) has countable support as supp(f) N[n — 1, n) is countable for all
n. If B € RI°C is such that ||v||(B) < oo, thatis xz € Lllu(v), then B is countable. Hence,
v is locally o-finite.

Let us prove now that the super order density of L' (v) in L} (v) is characterized by the
local o -finiteness of v.

Theorem 4.8 The space L'(v) is super order dense in L,lu(v) if and only if v is locally
o -finite.

Proof Suppose that L'(v)is super order dense in Lbj(v). Take A € R/°¢ with ||v]|(A) < oo.
Since 0 < x4 € L,]U(v), there exists a sequence (f,) C L'(v) such that 0 < fn 1 xav-ae.
Then, there exists Z € R'°¢ v-null such that 0 < fa(@) 1+ xa(w) for all w € Q\Z. Thus,
A\Z = Upsupp(f)\Z.

On the other hand, since each f, € Ll(v), from [22, Theorem 4.9.(a)] , there exist
(A;?)j C R and a v-null set N,, € R'°¢ such that supp( f,,) = (UjA’}) U N,,. Then,

A= (U Uj ANZ) U (UyN\Z) U (AN Z)
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where A;?\Z € R and (U,N,\Z) U (AN Z) is v-null.

Conversely, suppose that v is locally o-finite and let 0 < f € L}U(v). There exists
a sequence (Y¥,) C S(R!°¢) such that 0 < Y, 1 fv-ae. For each n, we can write
Yn = XN (o gy with (BY); pairwise disjoint and o/ > 0. Then, taking B, =
min{af, ..., a,fn}, it follows

1 1
VIl supp(¥n)) = I Xsuppwn) lv < =1V llv = =1 fIlv < 0.
Bn Bn

So, there exist (A;?)j C R and Z, v-null such that supp(y,) = (UjA’]’.) U Z,. Denote
On = Ynxye U AL € S(R). For o ¢ U,Z, we have that ® € Q\(U,supp(y,)) or
i=1"j=17]

weU,U; A;?. In any case, ¢, (@) = ¥, (w) for all n large enough. Then, ¢, 1 fv-ae. O

We have seen just before Example 4.4 that if v is o-finite then L' (v) is super order dense
in LO(v). The converse also holds, indeed taking 2 instead of A in the proof of the local
o -finiteness of v in Theorem 4.8, the same argument works to show Q = (UA,) U N, with
N € R¢y-null and (4,) C R.

We know from [22, Theorem 4.9.(a)] that for each f € L!(v) there are (4,) C R and a
v-null set N € R/°¢ such that supp(f) = (UA,) U N. Does the same hold for functions in
Ll (v)?

Proposition 4.9 For each f € L}U(U) there exist N € R v-null and (A,) C R such that
supp(f) = (UA,) U N if and only if v is locally o -finite.

Proof Suppose that v is locally o-finite and take f € L} (v). From the proof of Theorem
4.8, there exists a sequence (¢,) C S(R) such that 0 < ¢, 1 | f|v-a.e. Let Z € RIo¢ be a
v-null set such that 0 < ¢, (w) 1 | f(w)| for all @ € Q\Z. Then,

supp(f) = (U supp(¢,)\Z) U (supp(f) N Z)

where supp(¢,)\Z € R and supp(f) N Z is v-null. For the converse only note that if
B € R is such that [|[v](B) < oo, then xp € L} (v). o

Let {Qy : o € A} be a maximal family of non v-null sets in R with £, N g v-null for
o # B (see the proof of [1, Theorem 3.1] for the existence of such a family). Then, L'(v)is
the unconditional direct sum of the spaces L'(vy) where vy : o — X is the restriction of v
tothe o-algebra X, = {A € R : A C Q4}. More precisely, foreach f € L' (v) there exists a
countableset/ C Asuchthat f =3 ,.; fxq, v-a.e. and the sum converges unconditionally
in L'(v), see [9, Theorem 3.6]. Does a similar result hold for the space L}U(v)? The v-a.e.
pointwise convergence of the sum for functions in L} (v) is again characterized by the local
o -finiteness of v.

Proposition 4.10 For each f € Lllu(v) there exists a countable I C A such that
f =2 uer X0 v-a.e. pointwise if and only if v is locally o -finite.

Proof Suppose that for every f € L}U(u) there exists a countable / C A such that
f = 2 4er [ Xxa, v-ae. pointwise. Then, given B € R¢ with ||v][(B) < oo, since
XB € LL)(U), we can write xg = > ,c; XBnQ, pointwise except on a v-null set Z, for
some countable / C A.So, B = (Uye; BN Q) U(BNZ), where BN Ry € Rand BN Z
is v-null.

Conversely, suppose that v is locally o-finite and take f € L) (v). From Proposition 4.9,
there exist (A,) C Randav-null set N € R!¢ guch that supp(f) = (UA,) UN. Since each
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A, € R, there exists a countable set /, C A such that A, N Qg is v-null for all B € A\,
(see the proof of [1, Theorem 3.1]). Take I = Ul, and Z = supp(f)\ Uyer Q2. Let us
see that Z is a v-null set. Given B € R N 2%, if B € I we have that B N Qg = . On the
other hand, if B8 ¢ I, since B N Qg C supp(f) N Qg = (UA, N Qg) U (N N Qp) where
each A, N Qg is v-null, we have that B N Qg is v-null. From the maximality of the family
{Qy : a € A} it follows that B is v-null. Then, f = > ., fxq, pointwise except on
Z U (Uger Uger\(g) $2« N 2g) which is a v-null set. ]

Since f xq, € Lllu(va) for all « € A whenever f € L%U(v), in the case of v being locally
o-finite, we can say that the space L}U(v) is the v-a.e. pointwise direct sum of the spaces
L} (vy). We cannot expect that >, .; f xa, converges unconditionally to f in L} (v) for a
countable set I C A. Indeed, unconditional convergence of the sum in L'(v) is due to the
order continuity of L! (v). For instance, assume that v is a discrete vector measure. Note that
the maximal family {{y'} : y € '} of non v-null sets in R satisfies that {o} N {B} v-null for
o # B. We have that if f € L}U(v) issuchthat >, f x{y,) convergesto f innorm | - ||,,, then
f € LY(v). This is due to the fact that > }_; f X} = 2net fF V) Xy € S(R) € L1(v)
and L'(v) is closed in L,lu(v).

5 Fatou property for L1 (v)

The space L,]”(v) always has the o-Fatou property. Indeed, take (f;,) C L}H(v) such that
0 < f, 1 and sup | fullv < oo. Then there exists a v-null set Z € R/ such that 0 <
fo(w) 1 for all @ € Q\Z. Taking the measurable function g: Q — [0, oo] defined by
g(w) = sup fu(w) if o € Q\Z and g(w) = 0if w € Z, we have that 0 < f,xa\z 1 &
pointwise. Hence, the monotone convergence theorem, gives

/ngX*VI =1i’§n/fnxg\zdIX*V| < Ix*l sup |l fullv,

for every x* € X*. So, |lgll, < sup |l fully < 0o, and then g < oo v-a.e. (except on a v-null
set N). Taking f = gxo\n we have that f: Q@ — [0,00) and || f]l, = [glly < 00, so
f € L,(v). Moreover, 0 < f, 1 fv-ae. with [ fll, = supll fullv, as [ fully < IIf]lv <
sup || f» |l for all n. Therefore L,lv(v) always has the o -Fatou property.

In the case when v is defined on a o-algebra, it was noted in [6, p. 191] that L}H(v) is
the o -Fatou completion of L! (v), that is, the minimal B.f.s. related to v with the o-Fatou
property and containing L'(v). This fact does not hold for the general case. For instance,
if v is the vector measure defined in Example 4.1 and £3°(T") denotes the Banach lattice
of all real bounded functions on I' with countable support, then L' (v) ¢ LT ¢ L}ﬂ(u)
where £3°(I") has the o-Fatou property. Note that in this case v is not locally o-finite, as
xr € Ll (v). This is the reason for which L} (v) fails to be the o-Fatou completion of
L'(v). Let us denote by [L! (v)],_g the o-Fatou completion of L'(v). In general we have
that [L' ()], € LL ().

Theorem 5.1 The o-Fatou completion of L' (v) can be described as
(L', o = {f € LL ) : supp(f) = (UA,) U N with (A,) C R and N v-null} .
Consequently, the space L,lv(v) =[L! ()], _g if and only if v is locally o -finite.
Proof Denote by F the space of functions f € L}v(v) for which there exist (A,) C R
and a v-null set N € R'°¢ such that supp(f) = (UA,) U N. Let us see that F is a closed
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subspace of Lllu(v). Given f € L}U(v) and (f,) C F such that | f — f,|l, — 0, we can
take a subsequence such that f,, — f v-a.e. That is, there exists a v-null set Z € Rloc
such that f;,, (w) — f(w) for all @ € Q\Z. Then, supp(f)\Z C Ugsupp(fy,). On the
other hand, each f,, satisfies that supp(fy,) = (U; A’;) U Ny for some (A’;)j C R and
Ny € R v-null. So, supp(f) = Uy U; Bj? U N where Bj? = A’; N supp(f)\Z € R and
N = (U Ni Nsupp(f)H\Z) U (supp(f) N Z) is v-null, that 1s, f € F. Note thatif | f| < |g]|
v-a.e. with f € LO(v) and g € F, then f € F since supp(f)\Z = (supp(f)\Z) N supp(g)
for some v-null set Z. Therefore, F' endowed with the norm || - ||,,, is a B.f.s. related to v,
which, by [22, Theorem 4.9.(a)], contains L'(v). Let us see now that F has the o-Fatou
property. Given (f,) C F such that 0 < f, 1 and sup|| f,|l, < oo, since L}U(v) has the
o-Fatou property, there exists f = sup f, € L}ﬂ(v) with || f|l, = sup || fullv. Moreover,
since 0 < f;, 1 fv-ae., supp(f) = (Usupp(f)\Z) U (supp(f) N Z) for some v-null set
Z € RI°¢. Then, it follows that f e F,aseach f, € F.

Suppose that E is a B.f.s. related to v, with the o-Fatou property and containing L' (v).
Let f € F and take a sequence (A,) C R and a v-null set N € R/°° such that supp
(f) = (UA,) U N. On the other hand, take a sequence (,) C S(R'°) such that 0 < v, 1
| f|v-a.e. Denoting ¢, = WnXu';:lAj € S(R) C L'(v) we have that 0 < ¢, 1 |f|v-a.e.
Since L'(v) c E continuously (bear in mind that the inclusion is a positive operator) we
have that sup ||, || < Csup |l@nllv < C|l f]lv < oo for some positive constant C. It follows
that there exists g = sup ¢, € E. Then, since 0 < ¢, 1 gv-a.e., we have that |f| =g € E
andso f € E.

The consequence follows from Proposition 4.9. O

Consider now the Fatou completion [L' (V)] of L'(v), namely, the minimal B.f.s. related
to v with the Fatou property and containing L'(v). The o-Fatou completion [L'(v)],
always exists since L}U (v) has always the o -Fatou property. However, we do not know if in
general L}U (v) has the Fatou property, so [L! (V)] could not exist.

Remark 5.2 Tn the case when [L! (v)]p exists, we have that
L'w) c[L'W],_r € L, (v) C [L' W],

Indeed, given f € L,lu(v), from Remark 4.3, there exists (f;) C L'(v) such that
0 < fr t |flin L°U). Since L'(v) < [L'(v)], continuously, it follows that
sup ||fr||[L1(v)]F < Csup| fzllv < Cllflly < ooforsome constant C > 0. Then, there exists
g =sup fy in [L! (v)];. Noting that f; < g € LO(v) for all 7, we have that | f| < g and so
|f] € [L'(v)];. Hence, f € [L'(v)],. Note that actually | f| = g, since fr < |f] € [L' ()],
forall r andso g < |f].

Remark 5.3 1If L}U (v) has the Fatou property, then [Ll (V)] exists and, from Remark 5.2, we
have that L,lu(v) =[L! W]

In the following result we give conditions under which Lllu(v) has the Fatou property.
These conditions are satisfied for instance if v takes values in a Banach space without any
copy of ¢p.

Proposition 5.4 The following statements are equivalent:

@ L'(v)=L,W).
(b) Lllu (v) is order continuous.
(¢) L'(v) has the o -Fatou property.
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If (a)—(c) hold, then Lllu(v) has the Fatou property and
L'w) =[L'W)], ¢ = L,0) = [L' W]

Proof The equivalence between (a) and (b) follows from Theorem 3.2. Condition (a) implies
(c) as L) (v) always has the o -Fatou property. Conversely, if L' (v) has the o -Fatou property,
from [26, Theorem 113.4], it follows that it actually has the Fatou property. Then, [L! Wl =
L'(v) and, from Remark 5.2, we have that L' (v) = L (v). So, (c) implies (a) and the last
part of the theorem holds. O

It is an open question if in general L}U (v) has the Fatou property. The problem is that for
an upwards directed system 0 < f; 4 such that (f;) C L,ly(v) with sup || f ||, < oo the
pointwise supremum f = sup f; may not be measurable. Moreover, even if f € L (v) it
can happen that f; 1 f does not hold, that is, f may be not the lattice supremum of ( f7).

Remark 5.5 If v is o-finite, we can take a measure of the type |xjv| (with xj € Bx+)
having the same null sets as v, see [9, Remark 3.4]. Then, since Lllv(v) - L1(|x6‘u|) and
Ll(lx(*)‘vl) has the Fatou property, there exists f = sup fr in L1(|x5‘v|). By using the fact
that L! (|x6‘v |) is order separable (see [26, Theorem 113.4]), we can take a sequence fr, T f
in L1(|x§u|) and prove that f € Lllu(v). Then, Lllu(v) has the Fatou property, see [12,
Proposition 1]. Moreover, it follows that [L'(v)], , = L. (v) = [L'(v)], from Theorem
5.1 and Remark 5.3.

We will give a more general condition than the o-finiteness of v under which L) (v)
has the Fatou property. This new condition is inspired by the particular vector measure v
constructed in [12, Theorem 9] to prove that a Banach lattice E with the Fatou property and
such that E, is order dense in E, is order isometric to a L. (v). In this case, L} (v) has the
Fatou property due to a good decomposition property satisfied by v.

Definition 5.6 A vector measure v will be said to be R-decomposable if we can write
Q = (UgearS2) UN where N € R/ is a v-null set and {Q, : @ € A}isa family of
pairwise disjoint sets in R satisfying that

(i) if Ay € RN2% foralla € A, then Uyer Ay € R!C, and
(ii) for each x* € X*, if Z, € R N 2% is |x*v|-null for all « € A, then Uyep Zy is
|x*v|-null.

Note that condition (ii) implies that if Z, € R N 28% is p-null for all @ € A, then Uyea Zg
is v-null. Also note that N can be taken to be disjoint with Uyea Q24 .

Remark 5.7 There always exists a maximal family {Q, : « € A} of non v-null sets in R
with Qg N S~2,3 v-null for ¢ # B (see the proof of [1, Theorem 3.1]). If this family satisfies
(i) and (ii) of Definition 5.6, then by taking 2, = Qa\(UﬂeA\{a}Qﬁ) we obtain a disjoint
decomposition of €2 as in Definition 5.6.

There are plenty of R-decomposable vector measures, for instance o-finite vector mea-
sures and discrete vector measures are so.

Theorem 5.8 If v is R-decomposable, then L}U (v) has the Fatou property.

Proof Suppose that v is R-decomposable and take a v-null set N € R/°° and a family
{Qy : @ € A} of pairwise disjoint sets in R satisfying conditions (i) and (ii) in Definition
5.6.Sowe have Q = (Uyea 24) UN with disjoint union. For every finite set / C A, consider
Q7 = UgerQy € R and the vector measure vy : R'°¢ — X defined by v(A N Q) for all
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A € RI°°. Given f € M(R!°), by using a similar argument as in the proof of (c) implies
(a) in Lemma 3.1, it follows that f € Lllu(vl) if and only if fxq, € L}v(v), and in this case
Il flly, = Il f xe, lv- Note that, if £ € L! (v) then fxq, € LL,(v)andso f € L} (v)). Also
note that LL) (vr) has the Fatou property as vy is defined on a o -algebra, see Remark 5.5.

Let (f;) C L} (v) be such that 0 < f; 4 and sup || f; ||, < oo. Since LL (v) € L} (v))
and every Z € R yonull is vy-null (as |v7][(Z) = vI(Z N Q). then 0 < f; 1 in
LY, (vy). Moreover, sup || flly, = sup | f xe, llv < sup [ fz]l, < co. By the Fatou property
of L! (vy), there exists £/ = sup f; in L! (v;) and || f11|,, = sup |l fz v,

Now we consider I = {«} for each @ € A and construct the function f: Q — R as
flw) = f{"‘}(a)) when w € Q4 and f(w) = 0 when w € N, which is well defined since Q2 is
a disjoint union of (24 )wea and N. By (i), we have that f 1 (B) = Ugea (F1 N~ 1(B)NQ, €
RI°¢ for every Borel subset B of R such that 0 ¢ B.If 0 € B, we put also in the union the
set N to get f~1(B). So, f € M(R").

Let us see that f € L%U(v). First note that for each finite set / C A and @ € I, it
follows that [ yq < flxq, v-ae. Indeed, frxq, 1 f % xq, in LY (vigy) as fr t £
in L,',J(v{a}). Since frxq, < fIXQa vr-a.e. (and so also vi}-a.e. and f’ XQ, € L}U(V{a}) as
Fxe. < flxa, € LL(v)) we have that 1@ xq, < f!xq, viaj-a.e. (except on a vig)-null
set Z) and so v-a.e. (except on the v-null set Z N Q). Then, fxo, = D ey f{a}xga <
flxq, v-ae.

Fix x* € X*. For every finite set I C A, it follows

> [ 1riacdietvi = [ 1f1xa divvl < [ 15 ey it
ael
< 1 e o = 0 1A Ly

= [lx*[ - sup [l fellv, < IIx™[l - sup || fellv < 0.

Then, there exists a countable set / C A such that f [ flxq, dlx*v| =0foralla € A\J
and so fxq, = 0|x*v|-a.e. (except on a [x*v|-null set Z, € RI°¢ which can be taken such
that Z C Q) forallae € A\J.Hence, f = ,.; fxq, |x*v|-a.e. (except on the [x*v|-null
set Ugea\sZoa UN € ’RI"C). By the monotone convergence theorem we have that

Jirtani =3 [11xa, distvl < 131 sup i < oo

ael

So f e LLw) and || flly < sup | felv-

Let us see now that f; 1 f in L}U(U). Fixing 7, for each o € A, there exists a viy)-null
set Zg € R such that f;(w) < f1*(w) for all w € Qu\Zy. Then, Z = UgerZo N Qg
is v-null and f; (@) < f(w) for all w € Q\(Z U N), thatis, f; < f v-a.e. Suppose that
he Lllu(v) issuchthat f; < hv-a.e.(exceptonav-nullsetZ € R') and so Viq}-a.e. (except
Z which also is vie}-null) for each 7. Since & € L) (v(4)), we have that 1%} < hvg)-ae.
(except on a vi}-null set Z, € RIo¢). Therefore, f < hv-ae. (except on the v-null set
(UseaZa N Q) UN € R). So, fr 4 fand || f]l, = sup || fr v o

The converse of Theorem 5.8 does not hold as the next example shows.

Example 5.9 Following [16, p. 12, Definition 211E], a measure space (X, X, u) is decom-
posable (or strictly localizable) if there exists a disjoint family {X, : @ € A} of measurable
sets of finite measure such that X = Uyea X, and

Y={ECX:ENnXyeXforalla € A}
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with w(E) = D", cp M(ENXy) forevery E € X.1In[16, p. 50, 216E], Fremlin constructs
a measure space which is not decomposable as follows.

Let C be an abstract set of cardinal greater than the cardinal of the continuum, K =
{K c 2€¢ : K iscountable} and X the set of all functions f: 2¢ — {0, 1}. For each
y € C, write f, for the function in X defined by f,(A) = xa(y) forall A € 2€ and
Fyxk ={f € X: fix = fykx} forevery K € K. Consider the o-algebra ¥ = N,ccXy,
where

S, ={E C X: 3K € Kwith F, x C E or 3K € K with Fy x C X\E},

and the measure p1: ¥ — [0, oo] defined by u(E) =({y € C: f, € E}) forall E € X,
where ff denotes the cardinal of a set. Then, (X, X, i) is not decomposable.

Taking the §-ring R = {E € ¥ : u(E) < oo}, we will show that the measure t: R —
[0, oo) given by the restriction of i to R is not R-decomposable. Let us see first that

Rlo¢ = 3. 1)

If A € X, then obviously AN E € R forevery E € R, thatis A € Rloc, Conversely,
suppose that A € R!¢ For a fixed y € C,theset Gyyy = {f € X : f({y}) = 1}isin
¥ and u(Ggy) = #({y}) = 1 (see [16, 216E.(c)]). So, G{;; € R and thus A N Gy €
R C ¥ C XZ,. If there exists K € K such that F, x C ANGy,) C A, then A € Z,,.
If there exists K € K such that F), ¢ C X\(A N Gyyy), then, since F, gugy) C Fy k and
Fy kuiyy C Gy, it follows that F), gug,) C X\A and so A € X,,. Therefore, A € ¥ and
(1) holds. Moreover, for N € RIo¢ we have that

Nis g —nullif and onlyif N is u — null. 2)

Indeed, if N is p-null, forevery E € RN2N wehave that 1 (E) = u(E) < u(N) = Oand
so N is -null. Conversely, suppose that N is z-null. If w(N) > 0, then there exists y € C
such that u(N N Gyy}) = 1 (see [16, 216E.(h)]), this is a contradictionas N NG} € RN2N
and so (N N Gyyy) = (N N Gyyy) = 0.

Suppose that & is R-decomposable, that is, we can write X = (Ugea Xo) U N where
{Xq : @ € A}is a family of pairwise disjoint sets in R satisfying that

(i) if Ay € RN2% foralla € A, then Ugep Aq € RIS,
(i) if Zq € R N 2% is fi-null for all @ € A, then Ugep Zy is i-null,

and N € RI“isa w-null set disjoint with each X,. Then, {Xy : @ € A} U {N} is a disjoint
family of sets in ¥ with u(N), u(Xy) < oco. Let us see that

Y={ECX:ENNeXand ENX, € Zforalla € A}

If E € ¥, then obviously ENX, € X foralle € A and, by (1), ENN € 2. Conversely,
if E C Xissuchthat ENN € Yand ENX, € Xforalla € A, since ENX, € Rﬂ2xa,by
(i)and (1), we have that U,cA ENXy € .50, E = ENX = (UgeaENXG)U(ENN) € .
Moreover, u(E) = >",ca W(E N Xy) forevery E € X. Indeed, if 3", A (E N Xy) < 00,
then w(E N X,) = 0 for all « € A\T for some countable I' C A. Since, by (ii) and (2),
Ugea\r E N Xg is p-null,

WE) = n(Uaer ENXe) = D W(ENXa) = D u(E N Xo).

ael aeA

If > ca H(E N Xy) = oo then u(E) = oo, as SUp Dwes MEN Xy) < u(E).

finite

Therefore (X, X, ) is decomposable which is a contradiction.
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So, & is not R-decomposable. However, since L!(j1) = Lllu(ﬁ) as [t takes values in R,
we have that L}U (10) has the Fatou property (see Proposition 5.4).

Now we can say that there is no relation between the main properties used in this paper,
‘R-decomposability and local o-finiteness. Indeed, the vector measure given in the exam-
ple above is locally o-finite (see Remark 4.5) but not R-decomposable. However, the vec-
tor measure given in Example 4.1 is R-decomposable, since it is discrete but not locally
o -finite.

6 Representation theorems for Banach lattices

It is always interesting to know when a Banach lattice is order isometric to some Banach
function space. This problem has been studied using vector measures by several authors. It
was proved in [5, Theorem 8] that every order continuous Banach lattice with a weak unit
is order isometric to an space L' (v) for a vector measure v defined on a o -algebra. This
result allows to represent any Banach lattice E with the o-Fatou property with a weak unit
belonging to E, as an space L}U (v) with v defined on a o -algebra, since in this case the order
isometry between E, and L'(v) can be extended to E and turns out to be an order isometry
between E and L}U (v), see [6, Theorem 2.5]. So, we have the following equivalences between
classes of spaces:

’ E order continuous Banach ] _ { L'(v) with v on a a—algebra}

lattice with a weak unit

and

E Banach lattice with the
o-Fatou property such that { = { L. (v) with v on a o-algebra } . (3)
E has a weak unit

For versions with E being p-convex see [ 15, Proposition 2.4] and [8, Theorem 4]. If we for-
get about the weak unit, it was stated in [4, pp. 22-23] and proved in detail in [12, Theorem 5]
that

{ E order continuous Banach lattice } = { L!(v) with v on a §-ring } .
Moreover, from [12, Theorem 9] and Theorems 3.2, 4.2, 5.8, we have that

_ Lllv(v) with v on a é-ring

- [ being R — decomposable ] '

E Banach lattice with the Fatou property
such that E, is order dense in E

Note that although the converse of Theorem 5.8 does not hold, if Lllu(v) has the Fatou
property, by Theorems 3.2 and 4.2, there exists an R-decomposable vector measure vV such
that L,lu (v) is order isometric to L}U ).

Now, we add another equivalence:

E Banach lattice with the
o-Fatou property such that = { [L! (v)],_g with v on a §-ring } . 4)
E, is super order dense in £

Indeed, since L'(v) C [Ll(v)]‘,fF C Lllv(v), then ([Ll(v)]afF)a C (L}U(v))a and
so, from Theorem 3.2, we have that ([LI(V)],H:)Q = L'(v) which is super order dense
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in [L'W)], ;.
containment.

see the last part of the proof of Theorem 5.1. Let us prove the converse

Proposition 6.1 Every Banach lattice E with the o-Fatou property such that E, is super
order dense in E is order isometric to [L} V)], _g for some vector measure v defined on a
8-ring.

Proof Let E be a Banach lattice with the o -Fatou property such that E, is super order dense
in E and consider the vector measure v defined on a §-ring such that the integration operator
I,: L'(v) - E, given by I1,(f) = ffdv for all f € L'(v), is an order isometry, see
[12, Theorem 5]. Letus extend 7, to [L' ()], .. First, consider0 < f € [L!(v)],_, and take
(fu) € L'(v) suchthat0 < f, 4 f. This is always possible since L' (v) is super order dense
in[L! (v)],_r as we have noted above. Since , is an order isometry, the sequence (1, (f,)) C
Eq C E satisfies that 0 < 1,(f,) 1 and sup |1, (f)llg = sup || fully = | fllv < oo. Then,
as E has the o -Fatou property, there exists e = sup 7, (f;,) in E and |le||g = sup || 1, (fu) |l E-
We define T(f) = e.

A similar argument to the one in [6, Theorem 2.5], shows that T is well defined. To
be precise, take another sequence (g,) C L'(v) such that 0 < g, 1 f and denote 7z =
sup I,(gn). Let 0 < x* € E* be fixed. Then, x*(e) > x* (I,(fn)) = f fudx*v for all n.
Since 0 < f,, 1 f v-a.e. and so x*v-a.e., by using the monotone convergence theorem, we
have that x*(e) > [ fdx*v > x* (I,(f,)) for all n. In a similar way, x*(z) > [ fdx*v >
x* (I, (gy)) for all n. Thus, it follows that x*(e) > x* (1,(g,)) and x*(z) > x™* (1, (fy,)) for
all n. Since this holds for all 0 < x* € E*, we have that e > I,,(g,) and z > I,,(f;,) for all
n. Then, e > zand z > ¢, and so e = z. So, T is well defined. Moreover,

IT(HIE = llelle =sup |1 (f)lle = sup 1 fully = I £l

where in the last equality we have used that [L'(v)] . has the o-Fatou property. Let us
see now that 7 preserves the lattice structure, that is T7(f A g) = Tf A Tg for every
0 < f,g € [L'(v)],_p.. Consider sequences (f;), (g,) C L'(v) satisfying that 0 < f, 1 f
and 0 < g, 1 g. Then, Tf = supI,(f,) and Tg = sup I,,(g,). Note that if x, 1 x and
yn 1 v in a Banach lattice then x,, A y, T x Ay, see for instance [20, Theorem 15.3]. Then,
since 0 < fy Agn 1t f Agwith (f, Agn) C L'(v)and I, is an order isometry, we have that

T(fANg)=suply(fungn)=suply(fu) ANv(gn) =Tf ATg.

For a general f € [L'(v)],_, we define Tf = Tf+ — Tf~ where f* and f~ are the
positive and negative parts of f respectively. So, T: [L'(v)], . — E is a positive linear
operator extending /,,. For the linearity, see for instance [20, Theorem 15.2]. Moreover T
is an isometry. Indeed, TfT ATf~ = T(fT A f7) = 0as fT A f~ = 0, and so
\ITfl=|TfT—=Tf | =Tf"+Tf =T|f], see [20, Theorem 14.4]. Then, | T (f)| g =
ITAfDIE = I1£1ly forall f € [L'W)], .

Letus prove that T is onto. Let 0 < e € E. Since E, is super order dense in E, there exists
(en) C Eg suchthat0 < e, 1 e. Let (f,) C L'(v) C [Ll(v)]afF be such that e, = I,(f},).
Since IV’1 is an order isometry, we have that0 < f, 1 andsup || f, |, = sup llexlle < llellE <
oo. Then, by the o-Fatou property of [Ll(v)]afF, there exists f = sup f, in [Ll(v)]afF.
From the definition of 7', we have that T f = sup I, (f,,) = supe, = e. For a generale € E,
consider e and e~ the positive and negative parts of e. Let g, h € [L! (v)], _y be such that
Tg=e¢"and Th = e . Then, taking f =g —h € [Ll(v)]a_F we have that Tf = e. Note
that 7~ is positive. So, T is positive, linear, one to one and onto with inverse being positive,
then 7 is an order isomorphism (see [19, p.2]). m]
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Note that the class of spaces in (3) is contained in the one in (4). Indeed, take a weak unit
O0<ueE; . ThenO<eAnu?teforeach) <e € E wheree Anu € E,, and so E, is
super order dense in E. In this case we obtain that [L! W, = L%U(v), since v is defined
on a o-algebra.

7 Example

We end by showing that there exist R-decomposable vector measures v which are not o -finite
nor discrete.

LetI" be anabstractset. Foreach y € I', consider anon null vector measure v, : £, — X,,
defined on a o' -algebra X, of subsets of a set £2,, and with values in a Banach space X, . Take
the set @ = U, er{y} x 2, and the §-ring R of subsets of €2 given by the sets U, er{y} x A,
with A, € X, forall y € T, for which there exists a finite set / C I" such that A, is v,,-null
forall y € T'\J, see [12, p.5]. Then,

R ={Uyer{y} x Ay : A, € Z, forally € I'}.
Note that a function f: Q@ — R is R/‘-measurable if and only if f(y,): 2, — Ris

¥, -measurable for all y € T
Denote by co (I',(Xy)yer) the Banach space of all families (x,),er such that x, € X,,

for every y € I' and (||x),||XV) - € c¢o(I'), endowed with the norm ||(x))yerll =
ye
sup, cr [Ixy [l - Note that the topological dual co (T, (X})yer)” can be identified with the

Banach space ¢! (F, (X;ﬁ)yer) of families (x;)yer such that x; € X;j forevery y € T" and

(HX;”X;;)}/EF e ¢1(I"), endowed with the norm Ix)yerll = Zyd« I 1l - The action

of any x* = (x;)),er e (1", (X)”j)yer) onx = (Xy)yer € co (F, (Xy)),er) is given by
x*(x) = Zyer xy (xy).
Consider the vector measure v: R — cg (I, (X;)yer) given by
v (Uyer{r} x Ay) = (”V(Ay))yer :
Note thataset A = Uyer{y} x A, € R is v-null if and only if Ay isv,-nullforall y e T
Then, it is direct to check that:

(a) v is R-decomposable.
(b) v is o-finite if and only if I" is countable.
(c) v is discrete if and only if v), is discrete for all y € I'.

Let us prove that Lllv(v) can be described as the space of functions f € M(RI€) such
that f(y,-) € L,]u(vy) for all y € ' with (|| f(y, v, )yer € €(I'), and moreover,

£l = sup,cr I £ (¥, )y, forall f € L, (v), that is,
Ly, (v) = € (T, (Ly,(vy))yer) -
Given x* = (x;)yer el (F, (X;j)yer) , since |x*V|(A) = Zyef‘ |x;vy|(Ay) < oo for

every A =Uycr{y} x A, € R!¢, we have that

[ir1an =3 [ 150l < 0o forall f e MR™.

yell
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Indeed, (5) holds for R*°¢-simple functions, and so for a general f by using the monotone
convergence theorem. Let us see that if f € L'(x*v), then

/fdx v—Z/f(y, Ydxv,. (6)

yeFA

In this case, by (5), f(y, ) € Ll(x;vy) foreveryy e T’ andf [ f(y, )l dlx;vyl = 0 (and so

f(y,-) = 0excepton ax;j vy,-nullset Z,, ) forall y € I'\J with J being some countable subset

of I'. Then, fxa = fXu,c, {y}xa, v-a.e. (except on the v-null set Uyer\s{y} x Ay N Z,).
By using the dominated convergence theorem, we have that

/fdx V= / fdx*v.
yel{} XA,

Noting that f{y}XAy fdx*v = fAy f (v, ) dxjvy, holds for R'o¢_simple functions and so
forany f € L'(x*v) by density of the R*‘-simple functions in L' (x*v), we conclude that
(6) holds.

Let f € L}U(U) and fix B € T'. Given xg € X;‘B‘, define the element x* = (x})yer in
2! (F, (X}”j)yer) by x; = x’g if y = B and x; = 0 in other case. Then, from (5), we have
that [ £ (B, ) dlxsvgl = [1fldIx*v| < oo and so f(B, ) € L,,(vg) with || £ (B, )l <
Il £1lv- Thus, ([ £ (7, )llv,)yer € £2°(T") and sup,,cp I1f (7, v, < N flv-

Let now f € M(R/%) satisfying that f(y,:) € L}U(vy) for every y € I' and

(£ (7. Yl yer € €2(D). Given x* = (x3)yer € €' (T, (X})yer) . from (5), we have

that
/Ifldlx*vl

Z/my, Ndlxgvyl < D I35l 1 ),

yel yel

sup 1y, D I35l < o0

yell

Then, f € Ly, (v) and || fllv < sup, cr [1f (7, )l -
Moreover, L' (v) can be described as the space of functions f € M (R!°) such that

fly,) e Ll(vy) for every y € I' with (|| f (¥, )llv, )yer € co(I'), thatis,
L'(w) = co (T, (Ly, (vy))yer) -

Indeed, if f € L'(v) we can take (¢,) C S(R) such that ¢, — fin L'(v). Foreachy € T,
we have that f(y,-) € L (v,) (as f € L (v)) and (9, (y, ") C S(T,) C L' (v}). Then,
since || £ (v, ) — @n (¥, Iy, < IIf — @nlly and L'(v,) is closed in LY (v,), it follows that
f(y,) € L'(v)). On the other hand, for each n we can write ¢, = Z;" 1 @jxa; where

| A

aj € Rand A; = Uyer{y} x AJ Here, Aj € X, forall y € I' and satisfies that A,, is
vy,-null for all y € I"\ J; for some ﬁmte set JJ C I'. Then, ¢, (y, ) = Z 1a]XAJ =0v,-

ae. forally e I'\ Uj Jj where Um_IJ is a finite set, and so (||¢, (y, My, )yer € co(I).
Since (|| f (v, )”vy)yEF € 13 T) and

sup | 11 £ (2 v, = lon (v I, | < sup 1 () — on(y. D, = 1F = ullv
yer yel

it follows that (|| f (v, ) llv, )yer € co(I').
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Conversely, suppose that f € M(R!°¢) is such that f(y, ) € Ll(vy) forall y € " and
fey, ')”Uy)ye]" € ¢o(T). In particular, f € Lllu(v). Given an element x* = (x;)yer €

¢ (r, (x;)yer) and A = Uycr{y} x A, € R, we note that (fAy 1, -)dvy) e
ye
co (T, (Xy)yer) as |l [y f(v.)dvyllx, <If(y. )y, foreachy & I'. Moreover, by (6).

yell

|| [ rooa | | =S| [reow,

yel

= Z/f(y, ) dxyv, =/fdx*v.
A

el’
14 A,

So, feL'(v)and [, fdv= (fAy f(%')d"y)yer'

Note that if v is locally o-finite, since h = ZyeF m)({y}xgy € L}U(v) and
supp(h) = 2, from Proposition 4.9, it follows that v is o-finite. So, in this case v is locally
o -finite if and only if v is o-finite if and only if I" is countable.

In particular, consider a non atomic measure space (®, X, 1) and an order continuous
B.f.s. X related to « which does not contain any copy of cg and such that xg € X, for instance
X =L7J0, 1]related to the Lebesgue measure for p > 1. Then, n: X — X givenby n(A) = x4
for all A € X, is a non discrete vector measure such that L}U(v) =L'v)=X. Taking T’
uncountable and v, = n for all y € I, we obtain an R-decomposable vector measure v
which is not o -finite nor discrete. In this case, L,lu(v) =¢%°(I", X) and L' (v) = ¢o(T, X).
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