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Abstract These notes are devoted to the analysis on a capacity space, with capacities as
substitutes of measures in the study of function spaces. The goal is to extend to the associ-
ated function lattices some aspects of the theory of Banach function spaces, to show how
the general theory can be applied to classical function spaces such as Lorentz spaces, and to
complete the real interpolation theory for these spaces included in Cerda (J Math Anal Appl
304:269-295, 2005) and Cerda et al. (AMS Contemp Math 445:49-55, 2007).
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1 Introducction

The purpose of this paper is to present some basic developments connected with properties
of function spaces defined on capacity spaces, instead of measure spaces. It is our feeling
that these developments, because of their relations with important aspects of mathematical
analysis on one hand and their simple and basic character on the other, deserve to be widely
known.
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96 J. Cerda et al.

The emphasis of our exposition is placed upon the study of the essential functional ana-
lytic elements such that a satisfactory theory can be developed in the context of quasi-Banach
spaces. One of the main problems is that we are forced to work with a non-additive inte-
gral, the Choquet integral, so that the dual spaces are not easily identifiable and some basic
properties, such as the dominated convergence theorem, are not longer available.

In the literature, a capacity on a space €2 is usually supposed to be an increasing set func-
tion C : ¥ — [0, oo], with ¥ a family of subsets in €2, with different properties depending
on the context, and the Choquet integral is defined as

o0

/de ::/C{f>t}dt

0

if f > 0 is a measurable function in the sense that { f > ¢} € ¥ forevery t > 0.

In many important examples of capacities the domain ¥ of C is a o-algebra. This is
the case of the variational capacities, and of the Fuglede [18] and Meyers [21] capacities
of nonlinear potential theory. They are countably subadditive set functions on all subsets of
R” which include the Riesz and the Bessel capacities. Although they are not Caratheodory
metric outer measures, they satisfy a Fatou type condition and, by a general theorem due to
G. Choquet (cf. [16, Chapter VI]), every Borel set B C R” is capacitable, this meaning that

sup{C(K); K C B, K compact} = C(B) = inf{C(G); G D B, G open}.

Then the class of all Borel sets turns out to be a convenient domain for all of them. We refer
to [2] and [20] for an extended overview of these capacities.

Another well known class of capacities are the Hausdorff contents. If % is a continuous
increasing function on [0, 0o) vanishing only at 0, which is called a measure functionin [11],
denote wj the corresponding Hausdorff measure on R”, and let I or I represent a general
cube in R” with its sides parallel to the axes. The use of the corresponding Hausdorff capacity
or Hausdorff content,

En(A) = inf h(| kDt
ACUZO:I Ik k=1

is often more convenient than u,, and E,(A) = 0 if and only if 1, (A) = 0.

If h(t) = t* (o > 0), itis customary to write H° instead of Ej,, and this capacity is called
the a-dimensional Hausdorff content. The case i (x) := x log(1/x) on [0, 1/e] corresponds
to the Shannon entropy considered in [17].

New examples appear when studying interpolation properties of function spaces as in [15].
If E is a quasi-Banach function space on the measure space (2, X, i), then

Ce(A) == lxale (AeX) ey

defines a capacity and, as in the case of Hausdorff capacities, there is a measure p such that
CEg(A) = 0if and only if u(A) = 0.

The goal of these notes is to clearly set the basic properties of the capacity spaces (€2, X, C)
and their associated Lebesgue spaces L?(C) and L?-4(C), to show how the general theory
can be applied to function spaces such as classical Lorentz spaces, and to complete the real
interpolation theory for these spaces started in [15] and [14].

Further applications of the use of these capacities will appear in forthcoming work. In [3]
it will be shown how they are a useful tool to extend the Riesz-Herz estimates concerning
the Hardy-Littlewood operator.
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Capacitary function spaces 97

The notation A < B means that A < y B for some absolute constant y > 1, and A >~ B
if A < B < A. We refer to [7] for general facts concerning function spaces.

2 Capacitary function spaces

Let (€2, X) be a measurable space. Sets will always be assumed to be in the o -algebra X and
functions will be real mesurable functions on (€2, X).

From now on, by a capacity C we mean a set function defined on ¥ satisfying at least the
following properties:

(a) C) =0,

(b) 0 < C(A) < oo,

(¢) C(A) <C(B)if A C B, and

(d) Quasi-subadditivity: C(A U B) < ¢(C(A) + C(B)), where ¢ > 1 is a constant.

If ¢ = 1, we say that the capacity is subadditive.

If C is a capacity on X, we will say that (2, ¥, C) is a capacity space. It will play the
role of a measure space (€2, X, ) in the theory of Banach function spaces. We are going to
check which of the properties for measure spaces are still satisfied by capacity spaces.

The distribution function Cy and the nonincreasing rearrangement f/: are defined as in
the case of measures by

Cr@) == C{lf| > 1},

and
(o]
FE) = infles C{f| > 1) < x) = / X0.CUL oty (),
0

since {t; C{|f| > t} < x} is the interval [ f#(x), oo].
Many of the basic properties remain true in this capacitary setting. The following ones
are easily proved:

(@ (Xa)t = X[0.c(a))-
(b) Ifs =Z,1€V:1akXAk,AkﬂAj =0ifk #janda; >a > - - >ay >0 =ay4i,

then s7. = Z;I(v:](ak — k1) X[0,C(A;U--UAL))-
(©) If ¥ : [0,00) — [0, 00) is nondecreasing and right-continuous, then ¥ (| f)¢. =

¥ (f2). Forinstance, (| f17)5 = (f&)” (p > 0).
Note that

(F+9e = e () +et (52)- @
Indeed, let A := f7(x1) + g5 (x2) < oo and x1, x2 > 0. Then
C{If + gl > fE(x1) + 80(x2)} = cCr(fE(x1) + cCy(gr (x2)) < exi + cx,
so that
(f +9)t(ext +exa) < (f + () <A = fE(x1) + 8¢ (x2).
In particular, (f + )5 (x) < f&(x/2¢) + g¢(x/2c¢) as announced.
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98 J. Cerda et al.

A property is said to hold quasi-everywhere (C-q.e. for short) if the exceptional set has
Zero capacity.

Pointwise convergence f,, — f will mean C({f, # f}) = 0. Similarly, f, 1 f that
fo — fand C{fn > fat1}) = 0. Also, we write A, 1+ Aor A, | A when x4, 1 xa or
XA, ¥ xa in the above sense, respectively.

If f > 0, the Choquet integral

o0

/de::/C{f>t}dte[0,oo]

0

satisfies [ fdC = 0 if and only if f = 0 C-q.e. and it is positive-homogeneous,

/ozde:oz/de (¢ > 0).

Moreover, by Fubini’s theorem,

/fg(x)dx:/de. 3)
0

The relation {f + g > t} C {f > t/2} U {g > t/2} shows that this integral, defined on
nonnegative functions, is quasi-subadditive with constant 2c,

/(f+g)dC§2c(/de+/gdC). )

Observe that, if f = g C-q.e. and C is subadditive, then [ fdC = [gdC since, if
A={f # g}, then

Clif>0=C(Uf>1NAYU{Sf >1}NA) < Clg >1).

This will be also true if C(A,) — C(A) whenever A, 1 A. In this case we say that C
has the Fatou property (or that it is a Fatou capacity).

If C is a Fatou capacity, the countable unions of C—null sets are also C —null. Indeed,
C(A1U---UA,) < (C(A1) +---+C(A,) = 0if C(Ax) = 0 (k € N), and then
C(Up2; Ap) = limy0o C(A1 U --- U Ay) = 0.

If xa = xB C-q.e., then C(A) = C(B) by the Fatou property, since f,, := x4 — XxB
C-q.e. and C(A) < C(B). Similarly, C(B) < C(A).

We consider equivalent two functions, f and g, if they are equal C-q.e. In this case
J1£1dC = [|gldC, since C{|f| > t} = C{|g| > t} for every t > 0. Thus, [ |f|dC =0
if and only if f =0 C-q.e.

Note that if a Fatou capacity is subadditive, then it is o -subadditive.

The Fatou property can be presented in several equivalent ways:

Theorem 1 The following properties are equivalent:

(a) C is a Fatou capacity.

(b) |f| <liminfy, |f,| = f& <liminf,(fo)E.
(c) [(iminf, |f,|)dC <liminf, [|f,|dC.

(d o< futf = (fe 1 f&
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Capacitary function spaces 99

Proof (c) follows from (b) and (3), and (a) follows from (c) by taking f, = xa,.
Suppose now that C satisfies (a) and that | f| < liminf, | f,|. Let A’ := {| f| > ¢} and
Al :={|fu| > t}. Then,

o0 oo
A" Climinf A} = | J N A,
m=1n=m

and, by (a),

o0
C(A") <lim c( N A;) < lim inf C(A}),
n=m
so that X[0,C(A)) = lim inf,, X[0,C(AL)) and (b) follows:
o o
fe) Z/X[O,C(At))(x)df < limninf/)([o,C(A;,))(x)df = 1iH}11Hf(fn)E(x)~
0 0
Moreover, (d) implies (a) by taking f, = x4, and f = xa.
Finally, suppose now that C satisfies (a) and that 0 < f,, 1 f. Then (f,) < f¢ and
hence lim,, 0o () (x) < fE(x). Let AL == {| ;| > t} and A" := {| f| > ¢}. From (a) we
obtain that C(A") = lim,,_, o, C(A}) and

o0 oo
fo) :/X[O,C(A'))(x)dt :/nlirgoX[o,C(A;))(x)dt Snlij;o(fn)*c(x)-
0 0

[m}

Theorem 2 If1 < p < oo and p' = p/(p — 1), then the following versions of Holder and
Minkowski inequalities hold:

1/p
/IfgIdCSZc /Ifl”dC /|g|’”dc
Q Q Q

1/p'

and
1/p 1/p
[irarac) <ac | [israc) +( [1erac
Q Q Q

1/p

If the Choquet integral is subadditive (cf. Sect. 4), then the Holder and the Minkowski
inequalities are satisfied with constant 1:

1/p'

1/p
/IfgIdC < /Ifl"dC /|g|1”dc )
Q Q Q

1/p 1 1/p

/p
/ frrac)  + / glPdcC ©)
Q Q

IA

/|f+g|”dC
Q
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100 J. Cerda et al.

Proof We write | fg| = (| fIP)Y/?(1g|”)"/?". Since the inequality a < b%c'~? holds if and
only if a < 0e?~1b 4+ (1 — 0)e?c forall € > 0, by taking 0 = 1/p, a = |fgl, b = | f|?,
¢ = |g|?" we obtain | fg| < e~ |7 + (1 —6)e”|g|”".

Hence, in the subadditive case (in the general case the proof is the same but the constant
2¢ from (4) has to be included), we have

/|fg|dc5969*1/|f|1’dc+(1—9)69/|g|P’dc.
Q Q Q

Denote A = [, | |7 dC, B = [, |g|” dC and y(¢) = 0e”~' A + (1 — 0)€” B we have that
fQ |fgldC < y(€),and y(€) > y(ep) with eg = A/B. Hence

1/p
/IfgIdC < y(e0) = /Ifl”dC /|g|ﬁ’dc
Q

The Minkowski inequality (6) follows from (5) in the usual way. O

1/p

One could wonder if these estimates are always true with constant 1. We will see in Sect. 4
that subadditivity holds only if C is concave. It is easily checked that Holder’s inequality is
always true for sets, since

/XAXB dC =C(ANB) < CA)/PcB)/7,

but the following example shows that it is not longer true for functions:

Example 1 Consider the “Lorentz-type” capacity C(A) = OlA‘ w(t)dt on (0,1) with

w(t) = tx(,1)(t), and the functions
f)y=x"Y2 gx)=x'? (on (0, 1)).

frac e (f )

Justnotethat [ fgdC = C ((0,1)) = 1/2, [ f2dC = [} f(x)’xdx = land [ g2dC =
Jo (1 = x)%xdx = 1/6.

Hence, there is no hope to obtain the Holder and Minkowski inequalities with constant 1
in the general case. We do not know whether the subadditivity of the Choquet integral is a
necessary condition to get Holder’s estimate with constant 1.

Then

3 Lebesgue capacitary spaces

From now on, C will represent a Fatou capacity on (2, ¥£) and ¢ > 1 its subadditivity
constant.
In this section we study the completeness of the spaces L”9(C) (p,q > 0) defined by
the condition
o0 1/q

1 f e = q/zq—lc{|f|>t}q/"dr <0
0

ifg <o00.1f g =00, | fllLroe(c) := sup;oo tC{l f| > e,
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Capacitary function spaces 101

Observe that || f|lLracy = O if and only if f = 0 C-q.e. and equivalent functions
(in the sense of C-q.e. identity) have the same || - || zr.a(c)-norm. Moreover ||Af||Lr.a(c) =
(A fllzraccy and | f + gllraccy) < 2¢(lfllLraccy + lIgllLra(c))-

We write LP(C) = LP*P(C) if p < oo with || fllzricy = ([, 1£17dC)"P. L=(C) is
defined as usually by the condition

I flloo :=inf{M > 0; |f]| < M C —q.e.} < oo.
As for function spaces, there are several descriptions of these “norms”:
N _ 1
Theorem 3 | fllLoc) = /&Ny = ILA1PNYP = (p Jo~ 1?7 CLIf| > 1} di) ",

Proof Let (1) = tP. Then [~ ¢ (f&(1)dt = [;° ¥ (|f)E(1)dt and, if we denote g =
¥ (| f1]), an application of Fubini theorem gives

o0 o0 0
/gé(t)dt Z//X[O,C{g>x})(t)dxdt
0 00
oo X0 o0
Z//X[O,C{g>x])(t)dtdx :/C{g > x}dx,
00 0
thisis, [~ ¥ (@) dt = [;° C{y (I f]) > t}dt.
Also, if x = ¥ (1), then
o0 o e.¢]
[etsi=navo = [cusi= v wrdx = [ cwis) > ax
0 0 0
and [ C{If] > t}dy () = [§° CLy (I f]) > t}dr. O
Theorem 4 ||| := ||-||Lr(c) is quasi-subadditive, with constant ¢, = QAP ifl <p <o
and c, = cl/P2@=pPIrif0 < p < 1.
Proof Suppose 1 < p < oo. By (2),
o0
p * i * i P — * * 1P
1 +el” = [ (s (5) + et (32)) dv =217z + gt
0

and the results follow from the estimates for L” (RT).
If p < 1, then, since a” + b? < 21=P(a + b)? (a, b > 0), we conclude that

o0 o0
e +gclly < /fE(y)” dy +/g2(y)" dy < 2" P fENp + 1gEN)” .
0 0
and || f + gl < 2)/P2U=P/P (| £+ llgD. o
Now, recall that if || - || is a quasi-seminorm with constant ¢ > 1 and (2¢)¢ = 2 then,

by Aoki’s theorem (cf. Section 3.10 of [8]),
n n
LA =inf D N f1e i n= 1, D> fi=ft.
j=1 j=1
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102 J. Cerda et al.

isa I-norm || - ||* such that

IAIF < I1FI° < 2017, (7
and it follows that

/e 1/o
D Il 52”Q<Z||fill*) szl/Q(ZuﬁnQ) : ®)

In the special case f; = x4, and p = 1 we obtain

00 e 00
C(U Ai) < 2ZC(A,~)9. 9)
i=1

i=1

We say that {f,} converges to f in capacity if C{|f, — f| > €} - 0asn — oo, for
every € > 0.

Note that if the sequence { f,,} converges in capacity, then it is a Cauchy sequence in
capacity, that is, for every € > 0, C{| f, — f4| > €} — Oas p, g — oo. The converse is also
true:

Theorem 5 A sequence {f,} is convergent in capacity to a function f if and only if it is a
Cauchy sequence in capacity. In this case, the sequence has a subsequence which is C-q.e.
convergent to f.

Proof 1f { f,} is a Cauchy sequence in capacity, then there exists ny € N so that
Cllfp = fol > 27y <275 (p.g = ni > me).

Denote Ay = {|fu, — fuers| > 1/25) and Fyy := Ujsyy Ak- If j = i > m, then
[ frj = Jnjl < 172"~V on Q\ F,. So { fu, } is uniformly Cauchy on 2 \ F;, and it is simply
convergent to a function f on E := (Jo_, (2 \ Fy). By (8) and the Fatou property,

CQ\E) < mli_)moo C(Fp) = mli_f)noo IxFu Lty = mli_l)noo ||XU,<2M adlLie

/e
< T | > xallie < lim 28 (> xa g ¢
k>m k>m
/e
— L /e 4 —
= lim 2 kz C(Ap) =0.
>m
By the Fatou property

Cllfue = fI>m} = C{jhj‘;()'f"k = Jajl >} < jlirI;OC{Ifnk — Jajl >} <e

Since { f;,} is a Cauchy sequence in capacity which has a subsequence which is convergent
in capacity to f, { f,} converges also to f in capacity. O

The topology and the uniform structure of L”(C) are given by the metric d(f, g) =
| f — gllI*, where || - ||* is associated to || - || (c) as in (7).
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Capacitary function spaces 103

Theorem 6 L7 (C) (0 < p < 00) is complete.

Proof We follow some usual arguments of measure theory combined with (9):
Let { f,} € L?(C) be a Cauchy sequence. For each k € N, pick ny > nj_; so that

1
I fm = full? =/|fm — fal?dC < 3 (=)

If Ap = {| fupoy — furl? > 1/2%}, then C(Ay) < 2% /3% since

C(Ap) 1
2/( = / |fnk+1 - fnk|pdc < 37
Ag

Note that
o0
D N fu @) = f O <00 Ve & | Ak
k=1 k>N
because | fu;,, (1) — fu, (D] < 1/2"/1’ if K > N. Therefore, there exists

FO = fur @+ D (Fuga 0 = i 0) =lim f 1) Ve g A= (] [ A

k=1 N=1k>N

and C(A) = 0 since, by (9),

o 2 ok
C(A)P < C(U Ak) <2> (5)
k>N k>N
and >, y(2/3)%% < co.Put f(1) :=0ifr € A.
As n — 00, | fu, (1) — fuOIP = | f (1) = fu(®)]” C-q.e. and
/|f— fal?dC < limkinf/|fnk — fulPdC <e

for n large enough. o

The proof of completeness of L7 (C) can be easily adapted to show that all L?-4(C)-spaces
are also complete.

Remark 1 The absence of additivity for the Choquet integral makes it difficult to give a
description of the dual of L?(C). See for instance [1, Section 4], where duality in the case
of Hausdorff and Bessel capacities is studied.

If p’ is the conjugate exponent of p € [I, co], Holder’s inequality shows that every
g€ Lf’/(C)Jr defines a functional u,(f) = f fg dC which is homogeneous and bounded

on LP(C)™T,
, 1/p' 1/p
ug(f)§2c(/gp dC) (/f"dC) ,

but in general u is not additive.
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104 J. Cerda et al.

4 Subadditivity

The Choquet integral is subadditive on sets,

/(XA+XB)dC§/XAdC+/deC,
if and only if
C(AUB)+C(ANB) <C(A)+ C(B).

Then the Choquet integral is also subadditive on nonnegative simple functions. These facts
were proved by Choquet in [16] (see also [15] or [14] for a direct elementary proof).

In this case C is said to be strongly subadditive or concave.

Variational capacities and those of Fuglede and Meyers are examples of concave capac-
ities. Shannon entropy is concave if n =1, but not if n > 1 (see [17]). In the case of the
entropies Cg associated to Banach function spaces, examples and counterexamples of con-
cave capacities are given in [15].

Concave capacities give rise to normed L”-spaces, since the Minkowski inequality holds
with constant 1, and a natural question is to determine when, for a non-concave capacity C,
L?(C) is normable, this meaning that there exists in L”(C) a norm which is equivalent to
Il cy-

As for usual Lorentz spaces, one could try to substitute f by

t
ok 1 *
fro = / fe(s)ds,
0
but unfortunately this average function is subadditive precisely when L”(C) (p > 1) are
normed spaces:
Theorem 7 f** is subadditive with respect to f if and only if C is concave.

Proof 1t is clear that C;(A) := min(C(A), t) is a Fatou capacity. For a fixed t > 0, f**(¢r)
is subadditive in f if and only if C, is concave, since

t o0 t o0
[ rewras = [ ay [ xocirmods = [mincts > 0.
0 0 0 0
and the theorem follows. O

We do not have a satisfactory sufficient normability condition. Let us see a restrictive one,
which extends a known result for classical Lorentz spaces.

In the rest of the section u represents a measure on (2, X) such that u(2) = [0, u(2)] C
[0, oo], and we will suppose that C is p-invariant, this meaning that C(A) = C(B) if
u(A) = n(B).

A capacity C on (€2, ¥) will be said to be quasi-concave with respect to u if there exists a
constant y > 1 such that, whenever (A) < w(B), the following two conditions are satisfied:

C(A) <y C(B), and
C(B) < C(A)
w®B =V A
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Capacitary function spaces 105

thatis, forall A, B € &,

u(B)
C(B) < y max (l, m) C(A).

Example 2 1If J : [0, u(2)] — R is an increasing function such that J(¢)/t is decreasing,
then it is readily seen that C(A) := J(u(A)) defines a p-invariant and quasi-concave capac-
ity with respect to u. For instance, C(A) := ¢x (u(A)) when ¢y is the fundamental function
of an r.i. space. Note that ¢y is a quasi-concave function.

Theorem 8 If the capacity C is j-invariant and quasi-concave with respect to |, then
n n n
C(A) = sup [incmn tneN, D =1, 420, D (A < M(A)]

i=1 i=1 i=1

defines a concave capacity and

C(A):= inf {lim G(An)}
AntA, Apes ln—oo

a concave Fatou capacity. Both C and C are equivalent to C.

Proof 1tis clear that C(A) > 0 and it is readily seen that C is increasing.
Let us show that

C(A) < C(A) <2yC(A) (10)

Obviously C(A) < C’(A). On the other hand, if ¢ > 0 is given, we can find Z;’zl Ai(A;) <
w(A) with >, A; = 1 and A; > O such that

n(Ai)
n(A)

C(A) —e <D MC(A) <y D i max (1, ) C(A) <2yC(A)
i=1 i=1

and (10) follows. ~
To prove that C is concave, let 0 < 6 < lande > 0. If A, B € X, we can find
S hin(An) < p(A) with 377 2; = 1 and A; > 0 such that

(1-0)C(A) — % <(1=0) D MC(A)

i=1

and, similarly,

m
~ €
0C(B) =5 =60 W;C(B).
j=1
with 337 3 u(Bj) < w(B) with 327 A, = L and 4] > 0.
Then (1 —0)p(A) +0u(B) = 30 (1 = Oripw(A) + 27 O3 u(Bj) and 37, (1 —
i + Z;”zl 9}»} = 1. We can choose D € X such that u(D) = (1 — O)u(A) + 6u(B),
and then

(1=0)C(A) +0C(B) —& < D (1 =0 C(A) + >_0x,C(Bj) < C(D),
i=1 j=1
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106 J. Cerda et al.

so that
(1 =6)C(A) +60C(B) < C(D). (1)

Since C is p-invariant, the same happens with C and we may define ¢(s) = c (A) if
s = u(A), which is a concave function on [0, £ (€2)], by (11).
We claim that, if x, y >t > 0, then
px+y—1+e) =)+ o), (12)

and the c~oncavity of C follows by takingt = u(ANB),x = n(A)and y = u(B), s~ince then
@) =CANB),p(x+y—1) = p(u(A)+un(B)—u(ANB)) = p(u(AUB)) = C(AUB),
and ¢p(x) + ¢(y) = C(A) + C(B).

To prove the claim, we may assume that 0 < ¢ < x < y and write

x=(Q-0t+tx+y—1n, y=A-thr+7'x+y—1 (r.7'€(0,1).
Since ¢ is concave,

- X771 O+ —— g ty—1)<p®)
- —o(x — X
x+y—2t ¢ x+y—2t(p Y =9
and
-2 Yo+ g +y—1n=pm)
- —0(x — .
x+y—2t ¢ x+y—2t¢ Y =vY
Finally, by addition we obtain (12).

Since C is concave, it is also subadditive. _
_Lete >0 andNA, B € X. There exists {A,} with A, 1 A such that lim,_, o0 C(An) <
C(A) + €. Since C = C then there exists ¢’ > 0 such that for all C(A) < ¢/C(A) for every
set A; and hence,

1 ~ _
— lim C(A,) < lim C(A,) <C(A) +¢
c n—oo n—o00

and limy, .o C(A) = C(A), since C has the Fatou property. We get the equivalence of the
capacities with the equivalence of C to C.
Moreover there exist increasing sequences {A,} and {B,} such that

limC(A,) < C(A) +¢/2, limC(B,) < C(B) +¢/2.
n n
Assume that C(A) + C(B) < oo. By the concavity of 5,
lim [C(A, UB,)+C(A, N By)] < lim C(A,) + C(By)
n—00 n—00
= lim C(A,)+ lim C(B,) < C(A)+C(B) +¢
n—oo n—oo
and then, from the definition of C, since A,, U B, + AUBand A, N B, 1 AN B, we obtain
lim [C(A, U B,)+C(A,NB,)] > C(AUB)+C(ANB)

n—oo

and the concavity of C follows.

To prove that C has the Fatou property, if {A,} with A, 1 A, we need to prove C(A) <
lim,— oo C(A,,) if this limit is finite. For each n, there exist Apm 1T Ay so that limy,— o
C(Apm) < C(Ay) +e€.Since A, , 1 Aasn — o0,

C(A) < lim C(B,) = lim C(A,,) < lim C(A,) +e O
n— 00 n— 00 n—o0o
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Remark 2 C has the Fatou property if and only if C = C. Hence, L?(C) = LP(C) and
L?(C) (1 < p < o0) is normable.

Indeed, suppose that C has the Fatou property. If A, 1 A then
C(A) = lim C(A,) > C(A)
n—oo
and there exist A, 1 A such that G(A) = lim;,— G(A,,) < C(A) +e.

Remark 3 Suppose L' (C) = Ll(é\) with equivalent quasi-norms, || - || and || - ||«, and sup-
pose that C is concave. If || - || is p-invariant (]| xall+ = x|« when w(A) = wu(B)), then
C is quasi-concave with respect to p.

Indeed, in this case 6(A) = || xallx is a u-invariant capacity, é(A) ~ C(A) and C is
concave:

C(AUB)+C(ANB) < C(A) + C(B).

We can suppose 0 < w(A N B) < u(A) < n(B) and define p(u(A)) := a(A).

Lett =u(ANB),x =u(A)and y = u(B),sothat) <t <x <yandep(x +y—1t)+
o(t) < ¢(x) + @(y). In particular, if m € N and r > 0, then ¢(mr) < mg(r). Moreover,
if a < b, then there exists m > 2 such that im — 1)a < b < ma and

e®) _ pma) magl@ _m ¢
b — b T b a T m-1 a

But x < y and there is some m € N such that

o) _ _m_ e(x)
y " m—1 x

’

which means that C is quasi-concave respect to the measure p, with constant y = 2. Since
C =~ C, C is also quasi-concave with respect to . O

5 Interpolation

If A = (A4g, A)) is a gouple of quasi-Banach spaces, 0 < 6 < 1 and 0 < g < oo,
the interpolation space Ay 4 is the quasi-Banach space of all f € Ag + A such that

o) 1/q
) g 4t
I fllo.q = K@, f,A) " <00
0

where K (t, f, A) is the K-functional,
K, f; A :=inf {ll follap + ¢ filla;: £ = fo+ f1}

We refer to [8] and [10] for general facts concerning interpolation theory.

Here we are wishing to extend the results on real interpolation of capacitary L? (C)-spaces
included in [15] and [14], where the capacities were supposed to be concave and p > 1, since
only Banach couples were allowed.

The capacities will be still supposed to be Fatou but the Choquet integral will not be
necessarily subadditive anymore, and 0 < p < 1 is also allowed.

For the sake of completeness we include the details of the proof of the estimates of
K(t, f) =K, f; LP(C), L®°(C)) similar to those of [15] and [14].
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Theorem 9 If p > 0, then

00 1/p
K, f1 LP(C), L(C)) ~ / Y7 min(CLf > v}, tP)dy

0

[I’ l/p

~ / )Py
0

Proof Let0 < f € LP(C) 4+ L*°(C). For ¢ > 0 given, let
yoi=inf{y > 0: C{f > y} <17} = fE(P),

and consider

*

00 y
go(x) ::/X{f>y}(x)d)’a g1(x) ¢=/X{f>y}(x)d)’~
y* 0

Then f = go + g1 and {go > y} ={f > y + y*}. So

*

y 0
Igoll7r(c) = /y”"C{f >y +y'dy +/y”’lc{f >y +y'dy
0 y*
y* 00
< / yICHf > ¥y + / yICLS > y)dy
0 y*
o0
< PG+ / yICLS > yidy.
/J

Hence,

K, ) < lgollLrcy +tligtliLe(c)

o 1/p
<|romyr+ / IOl = iy | oy
A
- 1/p v 1/p
< t”(y*)p+/y”*lC{f >yldy | + tp/y”*ldy
y* 0
o v 1/p
< /y"‘lC{f > y}dy+r"/y1’—1dy
r* 0
00 1/p
< / yP~ ' min(C{f > y}. t7)dy

0
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For the reverse estimate we use that there exists 7 (t) C €2 such that
K@, f) = Ifxeroliee) Hilfxa\ermlizec) = llfollLrc) +tlfillLe ),
with fo := fxe,w, /1 := fxe\e @ (ust consider f = fo + fi such that || follLrc) +
tlfillec) = 2K, f) and take (1) = {| fol = [ /1D
If f = x4, then
K(t, xa) = inf{C(Ag) +1tC(A1); A =AoUA1, AgNA; =0} ~min(C(A),1).
Since fp, f1 are disjointly supported, x{r>y} = X{fo>y} + X{fi>y)> and

min(C{f > y}, 1) = K, xir>y}) S Clfo > ¥} +tlxinisy L=

_ 1
and || fillzoey = PP (J° yP ity o erdy) /7. So

00 1/p 00 1/p
K(t, ) ~ /y"_1C{fo > y}dy + tp/yp_1||X{f|>y}||L°C(C)dy
0 0
[e'e) 1/p
>~ /yp_l(C{fo >y} + Pl x> yllLee))dy
0
[e%s) 1/p
> / yP~ ' min(C{f > y}, tP)dy
0

1/
To prove that also K (¢, f) ~ (f(;p fg(y)pdy) p, let

FO) = fRA G, A F @] > fE@P)

0, otherwise,

fox) = [

fii=f—foand E := {x : fo(x) #0} = {x : [f(x)] > f&P)}. Then C(E) < t” and
since fg is constant on [C(E), t?],

A

K(t, ) < Il follLrccy +tll fillLoeo(o)
I/p

_ /(If(X)I—fE(tP))”dC AP
E

C(E) 1/p 1/p

tP
_ / (fa(s) — faaP)Pds | + / FaPyPds
0 0

P 1/p

P 1/p P
(fE(s) — fE@P))Pds + /fé(fp)pds
0 0

IA
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P tP l/p
S /(fE(S) — fEaPNPds + | fEG)Pds

0 0

tP l/p
S /fE(S)”ds

0

Conversely, consider f = g + h with g € L?(C) and h € L*°(C). Then

tP tP

tP
/fE(S)pdS = /(IfIP(S))*cdS S /(Iglp + |hIP)e(s)ds
0 0 0

tP
< / (g1 (s) + (RIPYS ()1ds
0

tP t?

= /(gE(S))Pds +/(h*C(S))pdS
0 0
tP

S [ @607 ds + RO S ey + Wbl
0
< (lglzrcy + tihllLec))”

and then (foﬂ’ fg(s)Pds)]/p <K@, f). 0

Once we have the description of K (¢, f), real interpolation follows easily as in [8],
Theorem 5.2.1:

Theorem 10 Suppose 0 <6 < 1,0 < pg <gqg <occor0 < py <gq <oo,and%=—.
Then

(LP(C), L=(C))g,g = LP(C)

Proof We know from Theorem 9 that

00 tP
/yp—1 min(C{f > y},tp)dy’—“/fé(y)”dy
0 0
so that, using the integral Minkowski inequality (g/po > 1),
o0 1/q
_ dt
£l = ( [ 0K
0
0 £P0 q/po 1/q
dt
~ /r—"q /fg(s)POds -
0 0
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00 1 q/po

— / Z—GPO"FPO / fE(ytpO)poydy) ﬂ
. y t
0

1/q

1 00 po/q
< (yII/PU/t(l 9)q(f (ytP0))? — )
0
0 o) 1/q
ds ds
< /(s ) fC(g)) T — /(Sl/pfé(s))q— .
0 ‘ 0
0 (1/p rx q ds 1/a
Then || fllo.q S I fllLracy since || fllLrac) = (fo (s'/P f&(s)) T) .
Conversely,
00 1/q 00 p 1/q
ds J ds
s = [ [6rey S} = ([ (Fro) S
0 0
00 1/q 00 l/q
dt q/po dt
~ /(‘ "fearm)t = / (0= pe oy ) -
0 0
o 0 1/poy 4 1/a
_p ‘i p0 dt
S t Sfe(s)Pds " = fllo.q
0 0
where we have used that f{ is decreasing. O

In the case of a single quasi-subadditive Fatou capacity, Theorem 10 is extended by reit-
eration:

Corollary 1 Let 0 < po, p1,q0,q1 < oo0and0 < n < 1. Then
(LPO-90(C), Lpl’ql(C))n,q = LP1(C)
with 1/p = (1 —1n)/po +n/p1.

Proof Let r < min(pg, p1,q0,q1) and choose (1 — 6;) := r/p; (i = 0, 1). Then, if 6 :=
(1 —n)By + nby, since 1/p = (1 —0)/r, Theorem 10 gives

(LPO90(C), LPHY(C)) g g = (L"(C), LZ(C))gy,q05 (L (C), LZ(C))oy g1 ).
Then by reiteration (cf. [8], Theorem 3.11.5) we obtain
((L"(C), L*(C))ay. g0+ (L"(C), L=(C))oy,.g1)n.q = (L"(C), LZ(C))p q-
and, again from Theorem 10, (LP*9(C), LP191(C))y 4 = LP9(C). O

We also want to consider interpolation with change of capacities. Let (Co, C1) be a couple
of capacities on the same measurable space with the same null sets. Examples are given by

Hausdorff capacities and the corresponding Hausdorff measures, or by couples of capacities
associated to quasi-Banach spaces, as in (1), on the same measure space.
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‘We will denote
[Co +tC11(A) := K (1, xa; L' (Co), L' (C)),

which is a quasi-subadditive capacity.
In the proof of the following theorem we use the reiteration properties for the triple
(L"(Cp), L"(Cy), L*) that we describe in the appendix.

Theorem 11 Let Co, Cy be a couple of quasi-subadditive Fatou capacities with the same
null sets and 0 < n < 1. If0 < pg, p1 < 00, 0 < qo, q1 < ooand% = 1;—0'7 + % then

(LPO90(Co), LPVI(C1)) g = LU (Crpyprg/p)s

Where Cg,q(A) = ”XA”(LI(C()),LI(C]))qu'

Proof Choose 0 < r < min(po, p1, qo, q1). Then, by Theorem 10, for (1 — «p) po = r and
(1 —a1)p1 = r we have

(LPO9(Co), LPY1(C1))yg = (L7 (C0)s L®)Vag.q00 (L7 (C1)s L) gy q)na
and, if X = (L"(Cp), L™ (C1), L™), by reiteration (cf. Theorem 13),
((L"(C0)s L®)ap.q0» (L™ (C1)y L) a1 4)ng = X (60.61).q

with 6y = (1 —a)n, 01 = ap(1 —n) +arn.
Since

K(t1,12, 3 X) >~ K(t2, 5 L"([Co + 1] C1]), L™)
and K (1, f5 L"(C), L®(C)) = (fy~ y" ' min(C{| f] > y}, ")dy)"/" by Theorem 9, we get

00 1/r
Kt b f: %) =~ /y’—l min((Co + {C111S1 > v}, i)y
0
So, the value of || f||Z i
0, the value o ||f||X(60’91)vq is
00 1/r]4
o — 1. dt, dhy
/ 1000 /yr min([Co + £ CIHIf] > v}, £)dy T
R2 0
where
[e%e) o0 1/r q
—6 r—1__: r r dn
12 Y T min([Co + 11 C1{| f] > y}, t5)dy re
0 0
7 d
_ t
=/r2 MK (1, f;L’([Cothde),L"")q1—22
0

~ q —
=W oo, o = 1 lLma-maqepgen

o0
(1-61)q

2/y"_1[Co+t1’C1]{|f| >y} dy,
0

by Theorem 10.
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Thus
o0 o0 d
q S R r gt - diy
< ~ [t C tC >  dy—
10 = [0 [yl fenis = 0
0 0
TT 1d
—foa ,_ q(1-61) T
=//T Py Gy + Tl fI > y) 7 d)’;?
0 0
17T d
_ —ng T
= ;/yq 1/f P [Co+tCrLI{IfI > y}q/pjdy
0 0
1 s s alr g
_ —p T
= ;/yq 1/(7-' n [Co+tCi{If| > y}) Tdy
0 0
where
o0
a/p —me 1 | ar gy
||X{|f|>y}”(LI(CO),LI(Q))Mq/l = [\t " K@ xqf1=y L (Co), L' (C1)) -
pr /P
Hence, from the definition C()xq(A) = ||XA ||(L1(CO)-L1(C1))6,q’
(e,
q 1 7
“f”)_((f?oﬁ]),q :/yq ||X{|f‘>y}“(LI(C()),LI(C]))M Eldy = ”f“L[’q(C%lg%)
0 pPL°pr

6 Some applications to classical Lorentz spaces
Let p,g > 0, ; a measure or weight on R”, and w a weight on R*. The Lorentz spaces
Al (w) are defined by the condition

oo 1/q

ds
— /p g -
1F Az ) = /sq P i) ?w(s) . < o0.
0

Here flf is the decreasing rearrangement of f* with respect to u,
fu(s) =inf{t; uflf] > 1} < s}

If p=gq, AL(w) = AP (w) and

1/p

IUhmwzi/ﬁ@anw
0

Ifw=1,A0I(1) = LP9(u) and AP (1) = LP(w).
Some basic questions are to determine whether they are normed or quasi-normed function
spaces, to prove when Aﬁ’qo (w) C A,’i’ql (w) for 0 < go < g1 < o0, and to find the weights
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for which classical operators, such as the Hardy operator Sf (x) = f(f f(x)dx, are bounded
from AR (wo) to AL} (wy).
Two good reference for these topics are [13] and [12].
Here we are going to show that, in fact, Lorentz spaces A? are Lebesgue capacity spaces.
Denote V(A) = [, v(r) dt. Then we can write

00 1/p 00 1/p
1l = | [ frorvwds| = ( [ o tvao s = mpar)
0 0

SO Aﬁ (v) = LP(C) with C(A) = V[0, u(A)). It follows from our results that Aﬂ(v) is a
normed space when C is concave, which means that V is concave.

But such a remark can be also applied to new Lorentz spaces obtained from some other
well known symmetrization method of analysis:

e Spherical symmetrization: f(y) := ff(only") = J§~ x( =5y if xa* = x}j. Also for
Steiner of order k£ (1 < k < n).

e Multidimensional symmetrization f;° is defined in [6] as follows: For a set A C R?,
Ay ={(s,1); 0<t < x;(s)}, where E(s) is the s-section {y € R; (s, y) € E}. Then 53
is defined for a simple function s, and finally f5* := limy (sx)3.

—— *
1Flaz = 155 e
e Discrete rearrangements on trees as in [19].

In [9], S. Boza and J. Soria consider increasing transformations A — R(A) on mea-
sure spaces with the Fatou property, A, 1+ A = R(A;) 1t R(A), that allow to define the
corresponding rearrangements of functions

o0

R 5:/X7€{|f\>t}()’)dt

0

that allow to unify various Lorentz spaces found in the literature, included all the mentioned
above:

00 1/p

1Az, = W fllLo = / ptP VRIS > 1)) d
0

Obviously APR(U) = LP(Cy r) if we define the capacity Cy R as
Cv.r(A) = V(R(A)),

and our results on capacities apply to this special case.

As a final example, let us show how interpolation of capacitary Lebesgue spaces can be
used in interpolation of Lorentz spaces, (A”°(vg), AP (v1))y, p-

We know from Theorem 11 that if Cp and C; have the same null sets, 0 < pg, p1 < 00,
and 0 < n < 1, then

(L7(Co). LP(CD)), , = LY (Cypjpr.t)  (1/p= (1 =n)/po+n/p1).

where

Co.q(A) == lIxall (Ao, A€o+
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We start from the identity (A (v), Al(vl))9,1 = Al(v), where V = VO1 -0 Vf, and we
consider APJi(v;) = LPi(C;) withC; = V; o R (j =0, 1). Then

(AP0 (o), APT(v1))y,p = (LP(Co), LP(C1))y,p = LP(Cp,1)

with & = np/p;1.
Recall that

Co,1(A) = lIxallicoy.Ltcrye, = Ixallatwy =V o R(A)
and L?(Cy,1) = AP (v), so that
(AP (vo), AP (v1))y,p = AP (V)
with

V= V0179V10 _ Vo(l—n)p/povlnp/m.

Appendix: interpolation of triples

Let Cy and C; be a couple of Fatou capacities on (€2, ¥) having the same null sets and
X = (L"(Cp),L"(C}),L®) with 0 < r < o0, a triple of quasi-Banach spaces. Here
L™ = L>®(Co) = L*®(Cy) and we write X; (i = 0, 1,2) for the components of X, which
are continuously contained in the sum space X (X) endowed with

I £l == mf{{l follo + L fillt + 1 f2ll2: f = fo+ f1+ f2}.

If [ fllx = 0, itis readily seen that /' = 0 C-q.e. and || - || is a quasi-norm.
For every f € ¥(X), the K-functional K (t, f) = K(t, f; X) is defined as

K(t, f) =inf{ll follo + il fili + 2l foll2s £ = fo+ fi+ o} (t=(,0) eRY).

If ® = (6o, 01) with 8y, 61 > Oand 6y +6; < 1, the interpolation space )_(@,q;K is defined
for every g > 0 by the condition

I flle.q:k == 1K, Hll©,9 < 00,

where
1/q
—0y — dt) dty
e N A
nh b
R
Also, the J-space X ©,4;7 18 defined by the condition
. dt; dty
I flle.q:s :=1inf Y IJC u(D)l@©.9): f :/u(t)TZ < 00,
R2

+

where u : R%_ - AX)=XoN X NX,is any measurable function such that, in =(X),
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Fe / (t)dt] dl‘2

and J(t, x) = max(||xllo, f1 ||x||1,_12||x||2) ifx € A(X).

To show that one can apply to X the methods of [4] and [5], let 0 € (0, 1] be the parameter
in Aoki’s theorem corresponding to a common constant ¢ in the triangle inequality for the
quasi-Banach spaces in X.

Denote
P
(S, ) (t)” ::/[min (1 n ti) f(s)] ds1 ds (t e R%),
S s 82

$2
R
a modified Calderén operator, which satisfies K (-, f) S S, K (-, f), and consider the space
0o(X) == {f € Z(X): (SIK (. f)(D) < oo},

which allows to adapt the construction in [4] to our quasi-Banach triple, since X 0.4k =
X@),oo;K —> (IQ(X). _
In our situation, the fundamental lemma with S, holds for X:

Lemmal Every f € UQ()_( ) admits a representation as a sum in = (X),
f=> A (fue AX)).
keZ?

where Dy 72 ||fk||;()-() < 00 and

J(2%, fi) < C(S,K (-, [)H2Y).

Proof Exactly as in [4], one can find a family of sets B(k) (k = (k1, kp) € Z2) such that the
functions gk := | f|xBa) satisfy

25 gkl S (S,K ¢, /)R (i =0,1,2 with ko :=0)

and, using Aoki’s theorem, a straightforward but lengthy argument, similar to the computa-
tions in [4] (which corresponds to the case p = 1), shows that

> skl 5, < (SaIS,K . D) < oo,
keZ?

SO D pez2 8k = g exists in ¥ (X) and | f| < g, and the decomposition is then obtained by
choosing fx = fgk/g- O

Now the following equivalence theorem is proved as in the case p = 1 for Banach function
spaces:

Theorem 12 _Let ® = (0, 01) with 6y, 61 > 0 and 6y + 61 < 1, and consider g > 1. Then
for the triple X = (L"(Cp), L"(Cy1), L®) the identity

X@,q;! = X@,q;l(
holds with equivalent quasi-norms and we may write )_(@7[1;] = )_(@,q;K = Xo.q4-
To obtain Theorem 13 we will use the following simple result concerning triples X =

(X0, X1, X2) of quasi-Banach spaces (cf. [5]):
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Lemma 2 [f0 < o, o1, n < 1, and 61 = n(1 — ay) and 6, = nay + (1 — n)ag, then
(X0, X2)ag.1:k+ (X1, XZ)aI,I;K),]’l;K C Xo.1:x
and
Xo.1:0 C (X0, X2)ag, 1+ (X1, Xz)al.l;J)M;,-
Finally, a reiteration theorem follows from the power theorem as in [5]:

Theorem 13 Let X = (Xo, X1, X2) = (L"(Cp), L"(Cy), L®) where 0 < r < oo and
0 < q,q0,q1 < o0, and suppose that 0 < ag, a1, u < 1. Then

X@o.00.0 = (X0, X2)ag.q00 (X1 XD, q1)p1.g
with 8y = (1 — ay)n and 01 = ap(1 — 1) + a1n.
Proof Observe that, by the power theorem,

(X0, X2ao,q0- X12 X2)ar.q) g = (X0, X2)& 40+ (X1, X2)eh 4.1

if n = nq/q1. We choose 0 < Bo, f1 < 1 so that apgo/Bo = «191/P1, and if 59 =
qo(1 —ap)/(1 = Bo), s1 = q1(1 —a1)/(1 — B1) and 52 = gocro/Bo = q1a1/ B, then

(X0, X2)&.q0- (X1, X2)&1 g1 = (X, X3 go.1, (X1 X531, D1
From Theorem 12 and Lemma 2, it follows that
((Xg's X3 g0, 10 (X1 X3, 01 = (X' X713 X5 (0.1

with 21 = n(1 — B1) and 22 = (1 — n)Bo + np1.
Now an application of the power theorem for triples of quasi-Banach spaces (cf. [22])
gives
X K X o4
(X(;O, Xil ) Xéz)()nl,)\z),l = X(GO,HI)J]
with 8p = n(1 — «1) and 61 = (1 — n)ag + noy. Thus
(X0, X2)ag.q0s X15 X2ary.q1)ma = X (00.01).q

as announced. m]
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