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Abstract
We exhaustively classify the Lie reductions of the real dispersionless Nizhnik equation
to partial differential equations in two independent variables and to ordinary differ-
ential equations. Lie and point symmetries of reduced equations are comprehensively
studied, including the analysis of which of them correspond to hidden symmetries of
the original equation. If necessary, associated Lie reductions of a nonlinear Lax repre-
sentation of the dispersionless Nizhnik equation are carried out as well. As a result, we
construct wide families of new invariant solutions of this equation in explicit form in
terms of elementary, Lambert and hypergeometric functions as well as in parametric
or implicit form. We show that Lie reductions to algebraic equations lead to no new
solutions of this equation in addition to the constructed ones. Multiplicative separation
of variables is used for illustrative construction of non-invariant solutions.

1 Introduction

Lie reduction is the main way to use Lie symmetries for finding exact solutions of par-
tial differential equations [14–16, 50, 54]. Since the Lie invariance algebras of models
studied in mathematical physics are usually wide enough, it is also the most universal
way for constructing exact solutions of such models in general and, especially, of
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nonlinear ones. Many papers devoted to this subject were published for several last
decades but correct and comprehensive studies of Lie reductions and the correspond-
ing reduced systems for specific systems of partial differential equations are rather
exceptional, especially in the case of more than two independent variables, see, e.g.,
[7, 22, 23, 27, 28, 38, 39, 44, 45, 50, 56, 61], the result collections [3, 4] and references
therein for particular examples.

In the present paper, we exhaustively classify the Lie reductions of the real disper-
sionless Nizhnik equation

utxy = (uxxuxy)x + (uxyuyy)y (1)

to partial differential equations in two independent variables and to ordinary differen-
tial equations. We use the above name for equation (1) since it is the dispersionless
counterpart of the (real potential symmetric) Nizhnik equation for the (real) Nizh-
nik system [49, Eq. (4)]; see [20, footnote 3] for a detail discussion of choosing the
name. The other names are the dispersionless Nizhnik–Novikov–Veselov equation
[35, Eq. (63)] or even the dispersionless Novikov–Veselov equation, see, e.g., [55,
Eq. (5)] and [48, Eq. (1)] although the proper Novikov–Veselov counterpart of (1),
which derived in [36, Eq. (30)] and [37, Eq. (32)] as a model of nonlinear geometrical
optics, is of different form.

Using the known Lax representation for the Nizhnik system [49] or, equivalently,
for the (potential symmetric) Nizhnik equation and a technique of limit transitions to
dispersionless counterparts of (1+2)-dimensional integrable differential equations and
of the corresponding Lax representations, which was suggested in [63, p. 167], one
can derive a nonlinear Lax representation of the dispersionless Nizhnik equation (1),

vt = 1

3

(
v3x − u3xy

v3x

)
+ uxxvx − uxyuyy

vx
, vy = −uxy

vx
, (2)

see [55]. This representation can be converted to the associated linear nonisospectral
Lax representation

χt = (p2 + p−4u 3
xy + uxx + p−2uxyuyy)χx

−(puxxx − p−1(uxyuyy)x − p−3u 2
xyuxxy)χp,

χy = p−2uxyχx + p−1uxxyχp,

where p is a variable spectral parameter, χ = χ(t, x, y, p) and u = u(t, x, y); see,
e.g., [60, p. 360] and references therein for the corresponding procedure.

The study of Eq. (1) within the framework of classical symmetry analysis was
initiated in [48]. Therein, the representation ge of the contact invariance algebra of (1)
by vector fields in the evolution form was computed, and it turned out to coincide
with that of the Lie (point) invariance algebra of (1). The corresponding point (resp.
contact) symmetry group was given with mistakes and omissions. One-dimensional
subalgebras of ge that are appropriate for Lie reduction were classified with a minor
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deficiency. The corresponding Lie reductions of (1) to partial differential equations
with two independent variables and further Lie reductions of these equations were
performed. Wide families of solutions that are polynomial in (x, y) were constructed
as examples of non-invariant solutions. Second-order cosymmetries of Eq. (1) were
found. Since all of them are conservation-law characteristics of this equation, the
associated conserved currents were computed as well. At the same time, it was not
studied which Lie symmetries of reduced equations are induced by Lie symmetries of
the original equation (1), and thus a number of presented two-step reductions are in fact
needless. Among obtained Lie-invariant solutions of (1), there are many equivalent to
each other or those containing typos, which makes them incorrect. Careful analysis of
reduced ordinary differential equations shows that more of their closed-form solutions
can be constructed, and one should take into account the degeneracy of some of these
equations.

In the present paper, we correct, enhance and significantly extend results from [48].
We scrupulously carry out each step of the optimized procedure of comprehensive
Lie reduction for the dispersionless Nizhnik equation (1), which results in finding
wide families of new invariant solutions of (1) in explicit form in terms of elementary,
Lambert and hypergeometric functions as well as in parametric or implicit form. An
accurate description of this procedure for the case of a system of partial differential
equations with three independent variables, which is relevant to Eq. (1), is presented
for the first time in Sect. 2 along with a number of related comments.

The first step of the Lie reduction procedure for Eq. (1) was in fact implemented
in [20] (cf. [48]), where we in particular computed the maximal Lie invariance alge-
bras g and gL of Eq. (1) and its nonlinear Lax representation (2) as well as their
point-symmetry pseudogroups G and GL, respectively, and performed a preliminary
study of these algebras and pseudogroups. Since the above results are used through-
out the present paper, for convenience we review them in Sects. 3 and 4. One- and
two-dimensional subalgebras of the algebra g and one-dimensional subalgebras of the
algebra gL are classified in Sect. 5 up to the G- and GL-equivalences, respectively.
The constructed optimal lists of one- and two-dimensional subalgebras of g create a
basis for the efficient and exhaustive fulfilment of Lie reductions of Eq. (1) to partial
differential equations in two independent variables in Sect. 7 and to ordinary differ-
ential equations in Sect. 8. In Sect. 6, we discuss trivial solutions of Eq. (1), which
we exclude from the further consideration. We show in Sect. 9 that Lie reductions of
Eq. (1) to algebraic equations give no new solutions of this equation in comparison
with the above reductions to differential equations. In Sect. 10, we use multiplicative
separation of variables to present an example of finding non-Lie solutions of Eq. (1)
that generalize invariant solutions. Section11 is devoted to a comprehensive discussion
of the obtained results and their implications.

We compute for the first time point symmetry groups of reduced equations, includ-
ing their discrete point symmetries, and check whether these symmetries are hidden or
induced. Since most of the reduced equations to be considered are quite cumbersome,
various versions of the algebraic method by Hydon [29–31] are much more efficient in
the course of the above computation than the direct method. In addition, some of the
reduced equations of Eq. (1) are not of maximal rank, and the study of Lie and general
point symmetries of differential equations that are not of maximal rank is also carried
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out for the first time in the present paper. We also make deeper analysis of reduced
equations than in most papers in the field of classical group analysis, construct more
solutions for more reduced equations and more systematically study hidden symme-
tries of the original equation. For integrating some of reduced ordinary differential
equations for Eq. (1), we involve the associated Lie reductions of the nonlinear Lax
representation (2).

In the course of performing the Lie reduction procedure for Eq. (1), we observe
several interesting phenomena. Thus, not all parameters of a family of inequivalent
subalgebras are necessarily inherited by the corresponding reduced equations. The
limit case for this phenomenon is when all inequivalent subalgebras from a family
even parameterized by arbitrary functions correspond, under an appropriate choice
of ansatzes, to the same reduced equation. Another display of this phenomenon is
the possibility of mapping a class of reduced equations to its proper subclass, which
has a less number of parameters. Some equivalent (two-dimensional) subalgebras of
the algebra gwith a nonzero (one-dimensional) intersection induce inequivalent (one-
dimensional) subalgebras of the maximal Lie invariance algebra of a reduced partial
differential equation obtained by the Lie reduction with respect to the intersection.
The algebra g is embedded in the algebra gL via extending the vector fields from g
to the dependent variable v of the nonlinear Lax representation (2), and thus any Lie
reduction of Eq. (1) has a counterpart among Lie reductions of the system (2) but
such a counterpart is in general not unique even up to the GL-equivalence. In contrast
to Lie symmetries, simple and obvious discrete point symmetries of Eq. (1) induce,
even under the optimal choice of ansatzes, complicated and nontrivial discrete point
symmetries of the corresponding reduced equations.

For readers’ convenience, wemarked the constructed solutions of the dispersionless
Nizhnik equation (1) by the bullet symbol • .

2 Optimized procedure of Lie reduction

Despite many papers devoted to the construction of exact solutions of systems of
partial differential equations using the Lie reduction procedure, the number of papers
with correct, proper and systematic studies of Lie reductions for particular important
systems modeling real-world phenomena is not as large as it could be expected. Such
studies involve cumbersome computations and requires an accurate consideration of
many inequivalent cases. Hence a precondition of successfully performing the above
procedure is its optimization.

To be specific, we describe the optimized procedure of Lie reduction for the case of
three independent variables, which is relevant to the present paper. Given a systemL of
partial differential equations for unknown functions u in three independent variables,
this procedure consists of the following steps; see also further comments after the
procedure’s description.
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1. Compute the maximal Lie invariance (pseudo)algebra g and the point symmetry
(pseudo)group G of L.

2. Construct complete lists of G-inequivalent one- and two-dimensional subalgebras
ofg and select those among them that are appropriate for usingwithin the framework
of Lie reduction.

3. Lie reductions of codimension one. For each of the selected one-dimensional sub-
algebras of g, say s1, find an ansatz for the s1-invariant solutions of L such that the
corresponding reduced system L̂1 of partial differential equations in two indepen-
dent variables is of the simplest or most convenient form. If the system L̂1 can be
completely integrated or its general solution is expressed in terms of the general
solution of a system that has been well studied within the framework of symmetry
analysis, then the further consideration of the system L̂1 and carrying out the Lie
reductions of L with respect to subalgebras of g containing, up to G-equivalence,
the subalgebra s1 are needless.

4. Otherwise, compute the normalizer Ng(s1) of s1 in g, the stabilizer StG(s1) of s1
inG, themaximal Lie invariance algebra ĝ1 and the point symmetry group Ĝ1 of L̂1
as well as the subalgebra g̃1 of ĝ1 and the subgroup G̃1 of Ĝ1 that are induced by
elements of Ng(s1) and StG(s1), respectively. Perform the Lie reduction procedure
for the system L̂1 only if ĝ1 �= g̃1 or at least Ĝ1 �= G̃1, see comments below.

5. Lie reductions of codimension two. For each of the two-dimensional subalgebras
of g that have passed the selection in steps 2 and 3, say s2, find an ansatz for the s2-
invariant solutions ofL such that the corresponding reduced system L̂2 of ordinary
differential equations is of the simplest or most convenient form.

6. Compute the normalizer Ng(s2) of s2 in g, the stabilizer StG(s2) of s2 in G, the
maximal Lie invariance algebra ĝ2 and the point symmetry group Ĝ2 of L̂2 as well
as the subalgebra g̃2 of ĝ2 and the subgroup G̃2 of Ĝ2 that are induced by elements
of Ng(s2) and StG(s2), respectively.

7. Construct, if possible, the general solution of L̂2 or at least some particular solutions
of L̂2. Use transformations from the group G̃2 for gauging integration constants
in the constructed solutions. Substitute the arranged solutions into the ansatz for
the s2-invariant solutions, which gives G-inequivalent solutions of the original
system L.

8. Lie reductions of codimension three. Analyze whether there are Lie reductions ofL
with respect to three-dimensional subalgebras of g to algebraic equations that lead
to new exact solutions of L in comparison with those constructed in the previous
steps using Lie reductions of codimensions one and two. If this is the case, then
carry out all such G-inequivalent Lie reductions.

In steps 1, 4 and 6, it is convenient to carry out the computation of the corresponding
point symmetry groups by a version of the algebraic method, the automorphism-based
version [29–32] (see also further examples, e.g., in [38, 61]) or one of the various
modifications of themegaideal-based version [12, 25, 26, 44, 52] in the case of finite or
infinite dimension of the associated maximal Lie invariance algebra, respectively. The
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direct method [12, 34] may be advantageous for those systems that belong to classes
of systems of differential equations with known restrictions for point symmetries of
their elements, see [12, 39, 40]. Systems that are not of maximal rank, which are not
too uncommon among reduced systems of differential equations,1 require a specific
study, which complicates the consideration, see Sect. 8.2.

A subalgebra s of g is appropriate for using within the framework of Lie reduction
if and only if satisfies the local transversality condition. In fixed local coordinates, this
condition is equivalent to the equality of the ranks of the matrices that are respectively
constituted by all the components of basis vector fields of s and by solely those
corresponding to the independent variables. In step 2, one can classify merely one-
and two-dimensional appropriate subalgebras of g but, in general, this does not lead
to a significant simplification in comparison with the complete classification and the
further selection of appropriate subalgebras. Usually, subalgebras of g are classified
up to their equivalence generated by the group Inn(g) of inner automorphisms of g,
which coincides with the G id-equivalence, where G id is the identity component of G.
At the same time, it is advantageous to use the stronger G-equivalence instead of the
G id-equivalence since it allows one to reduce the list of subalgebras to be considered.
Moreover, this makes the Lie reduction procedure consistent with the natural G-
equivalence on the solution set of the system L.

Particular attention in steps 3 and 5 should be paid to the optimal choice of ansatzes
[27, 28, 56, 59]. Given a subalgebra s of g, an s-invariant ansatz is defined up to
an arbitrary point transformation of invariant variables. In other words, there is an
infinite family of s-invariant ansatzes, and selecting a proper representative in this
family usually leads to an essential simplification of the corresponding reduced system
and its further study. The simplicity of the form of reduced systems and its certain
similarity to the form of the original system L do not exhaust possible criteria in the
course of selecting ansatzes. Another criterion is to unify the form of reduced systems
for a subset of listed families of G-inequivalent subalgebras of g for embedding them
into a nice superclass of differential equations and unifying their study. After reducing
the system L using a preliminary ansatz, one can improve the form of the obtained
reduced system by a point transformation of invariant variables and then optimize the
ansatz by means of combining it with this transformation. At the same time, such
transformations may significantly complicate the form of ansatzes. To preserve the
balance between the simplicity of ansatzes and the simplicity of the corresponding
reduced systems, sometimes it is necessary to transform ansatzes only partially.

Elements of optimal lists of subalgebras of g can in general be not only single
subalgebras but also families of subalgebras parameterized by arbitrary constants or,
if the algebra g is infinite-dimensional, even by arbitrary functions. Lie reductions of
the system L with respect to subalgebras from such a family result in a class C of

1 As a simple illustrative example, consider the quadratic porous medium (Boussinesq) equation ut =
(uux )x for the groundwater pressure u, which describes unsteady flows of groundwater with the presence
of a free surface, and its first- and second-level potential equations vt = vxvxx and wt = 1

2 (wxx )
2. Each

of these equations admits the one-parameter group of shifts with respect to t with the generator ∂t as its
Lie symmetry group. The corresponding invariant solutions are just stationary solutions, and the associated
ansatzes u = ϕ(ω), v = ψ(ω) and w = ζ(ω) with ω = x respectively reduce these equations to the
ordinary differential equations ϕϕωω = 0, ψωψωω = 0 and (ζωω)2 = 0, which are not of maximal rank.
In particular, the last reduced equation (ζωω)2 = 0 is not of maximal rank on the entire set of its solutions.
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reduced systems with subalgebra parameters as its arbitrary elements rather than in a
collection of single reduced systems. Thus, the study of Lie symmetries for systems
from the class C should be realized as the solution to the group classification problem
for this class.

Wewould like to emphasize that further Lie reductions of a reduced systemof partial
differential equations with two independent variables in step 3 should be carried out
only if this system admits point symmetries that are not induced by point symmetries.2

of the original system L and thus called hidden point symmetries3 of L associated
with the codimension-one reduction under consideration. See the description of the
optimized procedure of step-by-step reductions with involving hidden symmetries
in [39, Section B]. The study of Lie and general point symmetries of the derived
reduced systems, identifying hidden symmetries of L among them and using such
hidden symmetries for further Lie reduction of the corresponding reduced systems is
a necessary part of the comprehensive Lie reduction procedure.

It is useless and counterproductive to consider the other step-by-step Lie reductions,
whose second steps are based on induced symmetries of reduced systems. There are at
least two sources of inconveniences in the course of such reductions, which implicitly
lead to the consideration of multiple essentially equivalent reductions.

To make the first source evident, consider a particular case, where the system L
admits two commuting Lie-symmetry vector fields Q1 and Q2 such that the subalge-
bras sμ

1 := 〈Q1 + μQ2〉 of g parameterized by an arbitrary constant μ are pairwise
G-inequivalent and each of them satisfies the local transversality condition and is thus
appropriate for Lie reduction of L. It is obvious that for any μ, the vector field Q2

belongs to the normalizer of sμ
1 in g. Therefore, it induces a Lie-symmetry vector

field Q̂2,μ of the reduced system Lμ
1 for sμ

1 -invariant solutions of L. Suppose that
the algebra 〈Q̂2,μ〉 also satisfies the local transversality condition. Thus, we have
the infinite family of two-step reductions, where for each μ, the system L is first
reduced to the system Lμ

1 using the algebra s
μ
1 and then the system Lμ

1 is further
reduced using the algebra 〈Q̂2,μ〉. Moreover, the first steps of these reductions are
definitely not equivalent to each other. Nevertheless, each of these two-step reduc-
tions is equivalent to the same one-step Lie reduction of the system L with respect
to the two-dimensional subalgebra 〈Q1, Q2〉 of g. For invariance algebras of more
complicated structure, equivalences between multi-step reductions are in general not
so obvious, and establishing them requires an additional analysis.

2 The induction of Lie symmetries of a reduced system by Lie symmetries of the original system was first
discussed in [54, Section 20.4].
3 In this context, the termhidden symmetrieswasfirst used in [62].Other terms for this notion in the literature
are additional [50, Example 3.5], non-induced [27, 28] or Type-II hidden [1, 2] symmetries. The first
example of such symmetries was given in [33] but become known after its discussion in [50, Example 3.5].
A systematic study of them is rather seldom and has been carried out only for a few famous systems of
differential equations, in particular, for the Navier–Stokes equations describing flows of an incompressible
viscous fluid [27, 28], the (1+1)-dimensional generalizedBurgers equations ut+uux+ f (t, x)uxx = 0 [56],
the two-dimensional degenerate Burgers equation ut + uux − uyy = 0 [61], the Boiti–Leon–Pempinelli
system [44], the (1+2)-dimensional ultraparabolic Fokker–Planck equation ut + xuy = uxx [61] as well
as the dispersionless Nizhnik equation in the present paper. Interesting particular examples of hidden
symmetries of several hydrodynamic models were presented in [7, Chapter 1].
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The second source is that Ĝ1-inequivalent (one-dimensional) subalgebras of the
maximal Lie invariance algebra a1 of a reduced system L̂1 of partial differential equa-
tions may correspond to equivalent (two-dimensional) subalgebras of g; recall that by
Ĝ1 wedenote the point symmetry groupof L̂1, see this and other related notations in the
above description of the optimized procedure of Lie reduction. More specifically, sup-
pose that the system L̂1 is obtained by the Lie reduction of the original system L with
respect to a one-dimensional subalgebra s1 = 〈Q0〉 of g, and vector fields Q1 and Q2

belong to the normalizer Ng(s1) of s1 in g, thus inducing elements Q̂1 and Q̂2 of a1. In
addition, suppose that the subalgebras 〈Q0, Q1〉 and 〈Q0, Q2〉 are G-equivalent and
the equivalence is established only by a transformation � ∈ G that does not belong
to the stabilizer StG(s1) of s1 in G. Then the transformation � does not induce a
point symmetry of L̂1, and thus the subalgebras 〈Q̂1〉 and 〈Q̂2〉 of a1 are in general
Ĝ1-inequivalent. In terms of reductions and solutions, this means that the inequivalent
two-step Lie reductions with the first step using the subalgebra s1 of g and the second
step using the subalgebras 〈Q̂1〉 and 〈Q̂2〉 of a1 result in the G-equivalent families of
the 〈Q0, Q1〉- and the 〈Q0, Q2〉-invariant solutions, respectively. See Remark 10 for
a nontrivial example of the described situation, which arises in the course of studying
Lie reductions of the dispersionless Nizhnik equation (1).

This is why the best strategy is to completely avoid multi-step reductions not involv-
ing hidden symmetries.

We do not include the classification of three-dimensional subalgebras of g in step 2
since in general, it is a much more complicated problem than those for dimensions
one and two and it is not required for the Lie reduction procedure in its entity. Only
a small number of three-dimensional subalgebras satisfy the selection criterion from
step 8, if they exist at all. This is why it is better to merely classify the selected
subalgebras directly in step 8. For example, the maximal Lie invariance algebra of the
dispersionless Nizhnik equation (1) contains no three-dimensional subalgebras that
are appropriate to step 8. In a similar way, we may also consider two-dimensional
subalgebras of g but the reached simplification is not essential in comparison with
their complete classification.

The system L can possess families of trivial or obvious solutions that can be easily
guessedwithout applyingLie reduction or othermethods.Moreover, these families can
contain solutions that are invariant with respect to subalgebras of gwhose dimensions
are greater thanor equal to the number of independent variables, and thus such solutions
can repeatedly arise in the course of performing the Lie reduction procedure for the
system L. It is beneficial to find these families of solutions before step 3 and exclude
their elements under the further listing of solutions. Similar solution families can
be constructed in step 3 and should be treated analogously. Section6, the solution
family (10) and the treatment of trivial solutions in Sect. 8 illustrate the above remark.

In addition to classical integration methods, a number of other techniques can
be applied to finding exact solutions of a reduced system R of ordinary differential
equations. An obvious approach is to use Lie symmetries of the systemR for at least
lowering its order, see Sect. 8.2. One can try to construct first integrals ofR by means
of the direct method [5, 6] supposing a certain ansatz for the associated integrating
multipliers, see [44, Section 6] for the application of this technique to reduced systems
of ordinary differential equations for the Boiti–Leon–Pempinelli system. One can
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also look for objects that are related to the original system L within the framework
of symmetry analysis of differential equations and induce analogous objects for the
system R. These objects include not only Lie and general point symmetries, first
integrals and integrating multipliers but also Lagrangian and Hamiltonian structures
and (linear and nonlinear) Lax representations. Induced objects can then be involved
in obtaining exact solutions ofR. See, e.g., Sect. 8.2 for using induced nonlinear Lax
representations.

3 Structure of Lie invariance algebra

The maximal Lie invariance (pseudo)algebra g of the dispersionless Nizhnik equa-
tion (1) is infinite-dimensional and is spanned by the vector fields

Dt (τ ) = τ∂t + 1
3τt x∂x + 1

3τt y∂y − 1
18τt t (x

3 + y3)∂u,

Ds = x∂x + y∂y + 3u∂u,

Px (χ) = χ∂x − 1
2χt x

2∂u, Py(ρ) = ρ∂y − 1
2ρt y

2∂u,

Rx (α) = αx∂u, Ry(β) = β y∂u, Z(σ ) = σ∂u,

(3)

where τ , χ , ρ, α, β and σ run through the set of smooth functions of t , cf. [48].
Moreover, the contact invariance algebra gc of Eq. (1) coincides with the first prolon-
gation g(1) of the algebra g, and generalized symmetries of this equation at least up
to order five are exhausted, modulo the equivalence of generalized symmetries, by its
Lie symmetries.

Up to the antisymmetry of the Lie bracket, the nonzero commutation relations
between the vector fields (3) spanning g are exhausted by

[Dt (τ 1), Dt (τ 2)] = Dt (τ 1τ 2t − τ 1t τ 2),

[Dt (τ ), Px (χ)] = Px(τχt − 1
3τtχ

)
, [Dt (τ ), Py(ρ)] = Py(τρt − 1

3τtρ
)
,

[Dt (τ ), Rx (α)] = Rx(ταt + 1
3τtα

)
, [Dt (τ ), Ry(β)] = Ry(τβt + 1

3τtβ
)
,

[Dt (τ ), Z(σ )] = Z(τσt ), [Ds, Px (χ)] = −Px (χ),

[Ds, Py(ρ)] = −Py(ρ), [Ds, Rx (α)] = −2Rx (α),

[Ds, Ry(β)] = −2Ry(β), [Ds, Z(σ )] = −3Z(σ ),

[Px (χ1), Px (χ2)] = −Rx (χ1χ2
t − χ1

t χ2),

[Py(ρ1), Py(ρ2)] = −Ry(ρ1ρ2
t − ρ1

t ρ
2),

[Px (χ), Rx (α)] = Z(χα), [Py(ρ), Ry(β)] = Z(ρβ).

(4)

The maximal Lie invariance (pseudo)algebra gL of the system (2) is obtained from
the algebra g in a predictable way. Each vector field from g is extended to the addi-
tional dependent variable v, and supplementing the extended algebra with the vector
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field P̄v := ∂v leads to the algebra gL. Thus, the latter algebra is spanned by the vector
fields

D̄t (τ ) = τ∂t + 1
3τt x∂x + 1

3τt y∂y − 1
18τt t (x

3 + y3)∂u,

D̄s = x∂x + y∂y + 3u∂u + 3
2v∂v,

P̄ x (χ) = χ∂x − 1
2χt x

2∂u, P̄ y(ρ) = ρ∂y − 1
2ρt y

2∂u,

R̄x (α) = αx∂u, R̄ y(β) = β y∂u, Z̄(σ ) = σ∂u, P̄v = ∂v,

where τ , χ , ρ, α, β and σ are again arbitrary smooth functions of t . Although the
vector fields D̄t (τ ), P̄ x (χ), P̄ y(ρ), R̄x (α), R̄ y(β) and Z̄(σ ) from the algebra gL are
formally of the same form as the vector fields Dt (τ ), Px (χ), Py(ρ), Rx (α), Ry(β)

and Z(σ ) from the algebra g, in fact they are defined in a different space. Up to the
antisymmetry of the Lie bracket, the nonzero commutation relations between vector
fields spanning gL are exhausted by the counterparts of the commutation relations (4)
and one more commutation relation involving the vector field P̄v , [P̄v, D̄s] = 3

2 P̄
v .

In [20], we recomputed the algebra g as well as first obtained the algebra gL using
the packages DESOLV [21] and Jets [9, 46] for Maple; the latter package was also
applied for computing the algebra gc and generalized symmetries of (1) up to order
five.

4 Point-symmetry pseudogroups

The point-symmetry pseudogroups G and GL of Eq. (1) and its nonlinear Lax repre-
sentation (2) were computed in [20] using the original megaideal-based version of the
algebraic method that was suggested in [44].

Theorem 1 The point-symmetry pseudogroup G of the dispersionless Nizhnik equa-
tion (1) is generated by the transformations of the form

t̃ = T (t), x̃ = CT 1/3
t x + X0(t), ỹ = CT 1/3

t y + Y 0(t),

ũ = C3u − C3Ttt
18Tt

(x3 + y3) − C2

2T 1/3
t

(X0
t x

2 + Y 0
t y

2)

+ W 1(t)x +W 2(t)y +W 0(t)

(5)

and the transformation J: t̃ = t , x̃ = y, ỹ = x, ũ = u. Here T , X0, Y 0, W 0, W 1 and
W 2 are arbitrary smooth functions of t with Tt �= 0, and C is an arbitrary nonzero
constant.

Moreover, it was also proved in [20] that the contact-symmetry pseudogroup Gc of
Eq. (1) coincides with the first prolongation G(1) of the pseudogroup G.

Each transformation� from the point-symmetry pseudogroup G of the dispersion-
less Nizhnik equation (1) can be represented as a composition of transformations from
subgroups each of which is parameterized by a single functional or discrete parameter,
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Dt (T ) : t̃ = T , x̃ = T 1/3
t x, ỹ = T 1/3

t y, ũ = u − 1
18Ttt Tt

−1(x3 + y3),

Ds(C) : t̃ = t, x̃ = Cx, ỹ = Cy, ũ = C3u,

Px (X0) : t̃ = t, x̃ = x + X0, ỹ = y, ũ = u − 1
6 X

0
t
(
3x2 + 3X0x + (X0)2

)
,

Py(Y 0) : t̃ = t, x̃ = x, ỹ = y + Y 0, ũ = u − 1
6Y

0
t
(
3y2 + 3Y 0y + (Y 0)2

)
,

Rx (W 1) : t̃ = t, x̃ = x, ỹ = y, ũ = u + W 1x,

Ry(W 2) : t̃ = t, x̃ = x, ỹ = y, ũ = u + W 2y,

Z(W 0) : t̃ = t, x̃ = x, ỹ = y, ũ = u + W 0,

J : t̃ = t, x̃ = y, ỹ = x, ũ = u, (6)

where T , X0, Y 0, W 0, W 1 and W 2 are arbitrary smooth functions of t with Tt �= 0,
and C is an arbitrary nonzero constant. We will call transformations from the
families (6) elementary point symmetry transformations of Eq. (1). Note that the sub-
groups {Dt (T )}, {Ds(C)}, {Px (X0)}, {Py(Y 0)}, {Rx (W 1)}, {Ry(W 2)} and {Z(W 0)}
of G are associated with the subalgebras {Dt (τ )}, 〈Ds〉, {Px (χ)}, {Py(ρ)}, {Rx (α)},
{Ry(β)} and {Z(σ )} of g, respectively. Here all the parameter functions run through
the specified sets of their values. A representation of a transformation� of the form (5)
as a composition of elementary point symmetry transformations of Eq. (1) is

� = Dt (T ) ◦ Ds(C) ◦ Px (X̃0) ◦ Py(Ỹ 0) ◦ Rx (W̃ 1) ◦ Ry(W̃ 2) ◦ Z(W̃ 0)

with

X̃0 = X0

CT 1/3
t

, Ỹ 0 = Y 0

CT 1/3
t

,

W̃ 0 = W 0

C3 + X0
t (X

0)2 + Y 0
t (Y 0)2

6C3Tt
, W̃ 1 = W 1

C3 + X0
t X

0

2C2T 2/3
t

,

W̃ 2 = W 2

C3 + Y 0
t Y

0

2C2T 2/3
t

.

Corollary 2 The identity component G id of the point-symmetry pseudogroup G of the
dispersionless Nizhnik equation (1) consists of the transformations of the form (5)
with Tt > 0 and C > 0. A complete list of discrete point symmetry transformations of
Eq. (1) that are independent up to composingwith each other andwith transformations
from G id is exhausted by three commuting involutions, which can be chosen to be the
permutation J of the variables x and y and two transformations Ii := Dt (−t) and
Is := Ds(−1) alternating the signs of (t, x, y) and of (x, y, u), respectively.

Therefore, the quotient group G/G id of the pseudogroup G with respect to its
identity component G id is isomorphic to the group Z2 × Z2 × Z2.
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Theorem 3 The point-symmetry pseudogroup GL of the nonlinear Lax representa-
tion (2) is generated by the transformations of the form

t̃ = T (t), x̃ = A2/3T 1/3
t x + X0(t), ỹ = A2/3T 1/3

t y + Y 0(t),

ũ = A2u − A2Ttt
18Tt

(x3 + y3) − A4/3

2T 1/3
t

(X0
t x

2 + Y 0
t y

2) + W 1(t)x+W 2(t)y+W 0(t),

ṽ = Av + B,

and the transformation J: t̃ = t , x̃ = y, ỹ = x, ũ = u, ṽ = v. Here T , X0, Y 0,
W 0, W 1 and W 2 are arbitrary smooth functions of t with Tt �= 0, and A and B are
arbitrary constants with A �= 0.

It follows from Theorem 3 that each elementary point symmetry transformation of
Eq. (1), except Ds(C), is trivially extended to an elementary point symmetry trans-
formation of the system (2) with the identity v-component, ṽ = v. The extension
of Ds(C) with C > 0 is given by ṽ = C3/2v, whereas the transformations Ds(C)

with C < 0 have no counterparts in GL. We denote the extension of an elementary
point symmetry transformation of Eq. (1) by the same symbol supplemented with bar.
The pseudogroup GL contains two kinds of elementary transformations that have no
counterparts in G, shifts with respect to v, P̄v(B): (t̃, x̃, ỹ, ũ, ṽ) = (t, x, y, u, v + B),
and the transformation Īv alternating the signs of v, (t̃, x̃, ỹ, ũ, ṽ) = (t, x, y, u,−v).
The point transformation Īs : (t̃, x̃, ỹ, ũ, ṽ) = (t,−x,−y,−u, v), which is the trivial
extension of the discrete point symmetry transformation Is of Eq. (1) to v, maps the
nonlinear Lax representation (2) of Eq. (1) to an equivalent nonlinear Lax representa-
tion of the same equation,

vt = −1

3

(
v3x + u3xy

v3x

)
+ uxxvx + uxyuyy

vx
, vy = uxy

vx
.

Corollary 4 Acomplete list of discrete point symmetry transformations of the system (2)
that are independent up to composing with each other and with continuous point
symmetry transformations of this system is exhausted by three commuting involutions,
which can be chosen to be the permutation J̄ of the variables x and y, (t̃, x̃, ỹ, ũ, ṽ) =
(t, y, x, u, v), and two transformations Īi and Īv alternating the signs of (t, x, y) and
of v, respectively, Īi : (t̃, x̃, ỹ, ũ, ṽ) = (−t,−x,−y, u, v) and Īv : (t̃, x̃, ỹ, ũ, ṽ) =
(t, x, y, u,−v).

Therefore, analogously to the pseudogroup G, the quotient group of the point-
symmetry pseudogroup GL of the nonlinear Lax representation (2) of the dispersion-
less Nizhnik equation (1) with respect to its identity component is isomorphic to the
group Z2 × Z2 × Z2.
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5 Classification of one-and two-dimensional subalgebras

To carry out Lie reductions of codimension one and two for Eq. (1) in the optimal
way, we should classify one- and two-dimensional subalgebras of the algebra g up
to G∗-equivalence. Instead of the classical approach for finding inner automorphisms
[50, Section 3.3], we act on g by G via pushing forward of vector fields by elements
ofG. Recall that this way ismore convenient for computing in the infinite-dimensional
case [10, 24]. Moreover, it also allows us to properly use the entire complete point-
symmetry group G and not be limited to its connected component of the identity
transformation. Thus the non-identity adjoint actions of elementary transformations
from G on vector fields spanning g are merely

Dt∗(T )Dt (τ ) = Dt (T̂−1
t τ(T̂ )

)
,

Dt∗(T )Px (χ) = Px (T̂−1/3
t χ(T̂ )

)
, Dt∗(T )Py(ρ) = Py(T̂−1/3

t ρ(T̂ )
)
,

Dt∗(T )Rx (α) = Rx (T̂ 1/3
t α(T̂ )

)
, Dt∗(T )Ry(β) = Ry(T̂ 1/3

t β(T̂ )
)
,

Dt∗(T )Z(σ ) = Z
(
σ(T̂ )

)
,

Ds∗(C)Px (χ) = Px (Cχ), Ds∗(C)Py(ρ) = Py(Cρ),

Ds∗(C)Rx (α) = Rx (C2α), Ds∗(C)Ry(β) = Ry(C2β), Ds∗(C)Z(σ ) = Z(C3σ),

Px∗(X0)Dt (τ ) = Dt (τ ) + Px (τ X0
t − 1

3τt X
0)

+ 1
2 R

x (X0(τ X0
t )t − 1

3τt t (X
0)2 − τ(X0

t )
2)

− 1
6 Z

(
(X0)2(τ X0

t )t − 1
3τt t (X

0)3 − τ X0(X0
t )

2),
P
y∗(Y 0)Dt (τ ) = Dt (τ ) + Py(τY 0

t − 1
3τt Y

0)

+ 1
2 R

y(Y 0(τY 0
t )t − 1

3τt t (Y
0)2 − τ(Y 0

t )2
)

− 1
6 Z

(
(Y 0)2(τY 0

t )t − 1
3τt t (Y

0)3 − τY 0(Y 0
t )2

)
,

Rx∗(W 1)Dt (τ ) = Dt (τ ) + Rx (τW 1
t + 1

3τtW
1),

R
y∗(W 2)Dt (τ ) = Dt (τ ) + Ry(τW 2

t + 1
3τtW

2), Z∗(W 0)Dt (τ ) = Dt (τ ) + Z(τW 0
t ),

Px∗(X0)Ds = Ds − Px (X0), Rx∗(W 1)Ds = Ds − 2Rx (W 1),

P
y∗(Y 0)Ds = Ds − Py(Y 0), R

y∗(W 2)Ds = Ds − 2Ry(W 2),

Z∗(W 0)Ds = Ds − 3Z(W 0),

Px∗(X0)Px (χ) = Px (χ) + Rx (χt X
0 − χX0

t

) − 1
2 Z

(
χt (X

0)2 − χX0X0
t

)
,

Px∗(X0)Rx (α) = Rx (α) − Z(αX0), Rx∗(W 1)Px (χ) = Px (χ) + Z(χW 1),

P
y∗(Y 0)Py(ρ) = Py(ρ) + Ry(ρt Y

0 − ρY 0
t ) − 1

2 Z(ρt (Y
0)2 − ρY 0

t Y
0),

P
y∗(Y 0)Ry(β) = Ry(β) − Z(βY 0), R

y∗(W 2)Py(ρ) = Py(ρ) + Z(ρW 2),

J∗Px (χ) = Py(χ), J∗Py(ρ) = Px (ρ), J∗Rx (α) = Ry(α), J∗Ry(β) = Rx (β),

where T̂ is the inverse of the function T . At the same time, a part of adjoint actions
can be computed via mimicking the classical approach if the corresponding Lie series
has a finite number of nonzero terms.
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Lemma 5 A complete list of G-inequivalent one-dimensional subalgebras of the alge-
bra g is exhausted by the following subalgebra families:

sδ
1.1 = 〈

Dt (1) + δDs〉, s1.2 = 〈
Ds〉,

s
ρ
1.3 = 〈

Px (1) + Py(ρ)
〉
, s

β
1.4 = 〈

Px (1) + Ry(β)
〉
,

s
β

1.5 = 〈
Rx (1) + Ry(β)

〉
, s1.6 = 〈

Z(t)
〉
, s1.7 = 〈

Z(1)
〉
,

where δ ∈ {0, 1} (mod G), and ρ and β run through the set of smooth functions of t
with ρ �= 0.

Proof Let s1 = 〈Q〉 be a one-dimensional subalgebra of g spanned by a nonvanishing
vector field Q = Dt (τ ) + λDs + Px (χ) + Py(ρ) + Rx (α) + Ry(β) + Z(σ ) from g.
Here τ , χ , ρ, α, β and σ are arbitrary smooth functions of t and λ is an arbitrary
constant that do not simultaneously vanish.

If the function τ is nonzero, then we use Dt∗(T ) with Tt = 1/τ to set τ = 1 and,
preserving the notation of the parameter functions, successively act on the (currently
modified) vector field Q by Px∗(X0) ◦ P

y∗(Y 0) with X0
t − λX0 = −χ and Y 0

t −
λY 0 = −ρ to set χ = ρ = 0, by Rx∗(W 1) ◦ R

y∗(W 2) with W 1
t − 2λW 1 = −α and

W 2
t − 2λW 2 = −β to set α = β = 0 and by Z∗(W 0) with W 0

t − 3λW 0 = −σ

to set σ = 0. Thus, we obtain Q = Dt (1) + λDs. If λ �= 0, we can set λ = 1 by
simultaneously scaling t and the entire Q and, if necessary, alternating their signs.
In other words, the subalgebra s1 with τ �= 0 is G-equivalent to a one in the family
{s01.1, s11.1}.

Suppose that τ = 0 and λ �= 0. Changing the basis element Q, we first set λ = 1.
Then, preserving the notation of the parameter functions and successively act on
the (currently modified) vector field Q by Px∗(χ) ◦ P

y∗(ρ) to set χ = ρ = 0, by
Rx∗( 12α) ◦ R

y∗( 12β) to set α = β = 0 and by Z∗( 13σ) to set σ = 0, which leads to the
subalgebra s1.2.

Let τ = 0, λ = 0 and χρ �= 0. Analogously to the above cases, a chain of
simplifying successive actions is Dt∗(T ) with Tt = χ−3, Px∗(X0) ◦ P

y∗(Y 0) with
X0
t = α and ρY 0

t − ρt Y 0 = β and by Rx∗(W 1) with W 1 = −σ , which gives χ = 1,
α = β = 0 and σ = 0. Thus, we have the subalgebra sρ

1.3.
Let τ = 0 and λ = 0 and exactly one of the parameter functions χ and ρ is nonzero.

Up to the permutation of x and y, we can assume without loss of generality that χ �= 0
and ρ = 0. Similarly to the previous case, we set χ = 1, α = 0 and σ = 0, and obtain
the subalgebra sβ

1.4.
Further we assume τ = 0, λ = 0 and χ = ρ = 0.
If (α, β) �= (0, 0), then due to the possibility of permuting x and y, we can assume,

without loss of generality, α �= 0 and set α = 1 and σ = 0 modulo the G-equivalence,
which gives the subalgebra sβ

1.5.
Otherwise, α = β = 0 and σ �= 0. The consideration splits into two cases σt �= 0

and σt = 0, where the subalgebra s1 is G-equivalent to s1.6 and s1.7, respectively. �	
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Lemma 6 A complete list of G-inequivalent two-dimensional subalgebras of the alge-
bra g is exhausted by the non-abelian algebras

sλ
2.1 = 〈

Dt (1), Dt (t) + λDs〉, sν
2.2 = 〈

Dt (1), Dt (t) − 1
3D

s + Px (1) + Py(ν)
〉
,

sν
2.3 = 〈

Dt (1), Dt (t) + 1
6D

s + Rx (1) + Ry(ν)
〉
, s2.4 = 〈

Dt (1), Dt (t) + Z(1)
〉
,

s
λμ
2.5 = 〈

Dt (1) + λDs, Px (e(λ−1)t ) + μPy(e(λ−1)t )
〉
,

sλδ
2.6 = 〈

Dt (1) + λDs, Px (e(λ−1)t ) + δRy(e(2λ−1)t )
〉
,

sλν
2.7 = 〈

Dt (1) + λDs, Rx (e(2λ−1)t ) + νRy(e(2λ−1)t )
〉
,

sλ
2.8 = 〈

Dt (1) + λDs, Z(e(3λ−1)t )
〉
,

s
ρ̃
2.9 = 〈

Ds, Px (1) + Py(ρ̃)
〉
, s

β
2.10 = 〈

Ds, Rx (1) + Ry(β)
〉
,

s2.11 = 〈
Ds, Z(t)

〉
, s2.12 = 〈

Ds, Z(1)
〉
,

and the abelian algebras

s2.13 = 〈
Dt (1), Ds〉, sδνδ′

2.14 = 〈
Dt (1) + δDs, Px (eδt ) + νPy(eδt ) + δ′Ry(e2δt )

〉
,

sδν
2.15 = 〈

Dt (1) + δDs, Rx (e2δt ) + νRy(e2δt )
〉
, sδ

2.16 = 〈
Dt (1) + δDs, Z(e3δt )

〉
,

s
ραβ
2.17 = 〈

Px (1) + Ry(β), Py(ρ) + Rx (ρβ)
〉
,

s
ρβσ
2.18 = 〈

Px (1) + Py(ρ), −Rx (ρβ) + Ry(β) + Z(σ )
〉
(β,σ ) �=(0,0),

s
β1β2

2.19 = 〈
Px (1) + Ry(β1), Ry(β2)

〉
β2 �=0, s

βσ
2.20 = 〈

Px (1) + Ry(β), Z(σ )
〉
σ �=0,

s
αβ1β2

2.21 = 〈
Rx (1) + Ry(β1), Rx (α) + Ry(β2)

〉
β2 �=αβ1 ,

s
αβσ
2.22 = 〈

Rx (1) + Ry(β), Rx (α) + Ry(αβ) + Z(σ )
〉
αt �=0,

s
βσ
2.23 = 〈

Rx (1) + Ry(β), Z(σ )
〉
σ �=0, sσ

2.24 = 〈
Z(t), Z(σ )

〉
σt t �=0,

sσ
2.25 = 〈

Z(1), Z(σ )
〉
σt �=0,

where ρ, ρ̃, α, β, β1, β2 and σ run through the set of smooth functions of t with ρ �= 0,
λ ∈ R, μ ∈ [−1, 1]\{0} and ν ∈ [−1, 1] (mod G), δ, δ′ ∈ {0, 1} (mod G), and the
conditions indicated after the corresponding subalgebras should be satisfied as well.

Proof Consider a two-dimensional subalgebra s2 = 〈Q1, Q2〉 of g spanned by two
(linearly independent) vector fields

Qi = Dt (τ i ) + λi Ds + Px (χ i ) + Py(ρi ) + Rx (αi ) + Ry(β i ) + Z(σ i ), i = 1, 2,

from g with arbitrary smooth functions τ i , χ i , ρi , αi , β i and σ i of t and arbitrary
constants λi such that the tuples (τ i , λi , χ i , ρi , αi , β i , σ i ), i = 1, 2, are linearly inde-
pendent. Moreover, since [Q1, Q2] ∈ 〈Q1, Q2〉, up to changing the basis (Q1, Q2),
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we can assume that either [Q1, Q2] = Q1 or [Q1, Q2] = 0 if the subalgebra s2 is
non-abelian or abelian, respectively. Consider these cases separately. For each of the
obtained families of subalgebras, we do not indicate a final tuning of its basis elements,
which involves permuting or scaling these elements or omitting superfluous indices.

I. The commutation relation [Q1, Q2] = Q1 implies λ1 = 0.
First suppose that the functions τ 1 and τ 2 are linearly independent. Then the pro-

jections τ i∂t of Qi , i = 1, 2 on the t-line span a two-dimensional Lie algebra of vector
fields on the real line with [τ 1∂t , τ 2∂t ] = τ 1∂t . In view of the classical Lie theorem,
there exists a point transformation t̃ = T (t) of t that pushes forward the vector fields
τ 1∂t and τ 2∂t to ∂t̃ and t̃∂t̃ . Thismeans that the action byDt∗(T ) allows us to set τ 1 = 1
and τ 2 = t . Following the first case of the proof of Lemma 5, we can further set χ1, ρ1,
α1, β1 and σ 1 to 0. Re-denote (λ2, χ2, ρ2, α2, β2, σ 2) as (λ, χ, ρ, α, β, σ ). Under
the derived constraints, the commutation relation [Q1, Q2] = Q1 is equivalent to the
equations χt = ρt = αt = βt = σt = 0, i.e., all these subalgebra parameters are
constants. The pushforward by a transformation � from G does not change the vector
field Q1 = Dt (1) up to its scaling if and only if T = at + b for some constants a
and b and the parameter functions X0, Y 0, W 0, W 1 and W 2 are constants, whereas
the constant C is not additionally constrained,

� : t̃ = at + b, x̃ = Cx + X0, ỹ = Cy + Y 0, ũ = C3u + W 1x + W 2y + W 0,

i.e.,� = Dt∗(at+b)◦Px∗(X0)◦Py∗(Y 0)◦Rx∗(W 1/C)◦Ry∗(W 2/C)◦Z∗(W 0)◦Ds∗(C).
Pushing forward s2 by such � with a = C = 1 in addition, we have �∗Q1 = Q1

and

�∗Q2 = Q2 − bQ1 − (λ + 1
3 )

(
Px (X0) + Py(Y 0)

) − (2λ − 1
3 )

(
Rx (W 1) + Ry(W 2)

)
− Z

(
αX0 + βY 0 − χW 1 − ρW 2 − (2λ − 1

3 )(W
1X0 + W 2Y 0) + 3λW 0).

The last equation implies that for general values of λ, we can set χ = ρ = α = β =
σ = 0, obtaining the subalgebra family {sλ

2.1}. Subalgebras of the considered kind that
are not G-equivalent to elements of the family {sλ

2.1} correspond to the special values
− 1

3 ,
1
6 and 0 of λ, where in addition (χ, ρ) �= (0, 0), (α, β) �= (0, 0) and σ �= 0,

respectively. In each of these cases, the other parameters in the tuple (χ, ρ, α, β, σ )

can be set to zero by �∗ as above. Using the permutation of x and y, we replace the
inequality (χ, ρ) �= (0, 0) by χ �= 0 and |ρ| � |χ | and the inequality (α, β) �= (0, 0)
by α �= 0 and |β| � |α|. Acting byDt∗(at) orDs∗(C), we scale the nonzero parameter
among χ , α or σ to 1, which leads to the subalgebras sρ

2.2 with |ρ| � 1, sβ
2.3 with

|β| � 1 or s2.4, respectively.
Now, let the functions τ 1 and τ 2 are linearly dependent but not simultaneously zero.

The commutation relation [Q1, Q2] = Q1 implies that τ 1 = 0 and τ 2 �= 0 in this
case. Following the first case of the proof of Lemma 5, we can set Q2 = Dt (1)+λDs,
wherewe re-denoteλ2 byλ. Recalling again the commutation relation [Q1, Q2] = Q1,
we obtain χ1 = ν1e(λ−1)t , ρ1 = ν2e(λ−1)t , α1 = ν3e(2λ−1)t , β1 = ν4e(2λ−1)t and
σ 1 = ν5e(3λ−1)t with constants ν1, …, ν5. For further simplification, we can apply
only the pushforwards that do not change the form of the basis element Q2 up to its
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linearly combining with Q1. The pushforward by an element � of G has this property
if and only if the transformation � or J ◦ � is of the form (5) with

T = t + b, X0 = κ1e
λt − κ0Cν1e

(λ−1)t , Y 0 = κ2e
λt − κ0Cν2e

(λ−1)t ,

W 1 = κ3e
2λt − (κ0C

3ν3 − λκ0C
2ν1κ1)e

(2λ−1)t − λ − 1

2
κ 2
0 C

3ν 2
1 e

2(λ−1)t ,

W 2 = κ4e
2λt − (κ0C

3ν4 − λκ0C
2ν2κ2)e

(2λ−1)t − λ − 1

2
κ 2
0 C

3ν 2
2 e

2(λ−1)t ,

W 0 = κ5e
3λt − κ0(C

3ν5 + ν1κ3 + ν2κ4)e
(3λ−1)t + 1

2
κ 2
0 C

3(ν1ν3 + ν2ν4)e
(3λ−2)t

−λ

2
κ 2
0 C

2(ν 2
1 κ1 + ν 2

2 κ2)e
(3λ−2)t + λ − 1

6
κ 3
0 C

3(ν 3
1 + ν 3

2 )e3(λ−1)t ,

where C , b and κ0, …, κ5 are arbitrary constants with C �= 0. In addition, we can
multiply Q1 by an arbitrary nonzero constant. As a result, we set

◦ ν1 = 1, |ν2| � 1, ν3 = ν4 = ν5 = 0 if ν1ν2 �= 0,
◦ ν1 = 1, ν2 = 0, ν3 = ν5 = 0, ν4 ∈ {0, 1} if ν1ν2 = 0, (ν1, ν2) �= (0, 0),
◦ ν3 = 1, |ν4| � 1, ν5 = 0 if ν1 = ν2 = 0, (ν3, ν4) �= (0, 0),
◦ ν5 = 1 otherwise.

After re-denoting the respective parameters, this corresponds to the subalgebras sλμ
2.5,

sλδ
2.6, s

λν
2.7 and sλ

2.8.
If τ 1 = τ 2 = 0, then λ2 �= 0 and we follow the second case of the proof of

Lemma 5 and set χ2 = ρ2 = α2 = β2 = σ 2 = 0, which gives Q2 = λ2Ds.
The commutation relation [Q1, Q2] = Q1 implies that there are three possible cases,
λ2 = 1 and α1 = β1 = σ 1 = 0, λ2 = 1

2 and χ1 = ρ1 = σ 1 = 0 or λ2 = 1
3 and

χ1 = ρ1 = α1 = β1 = 0. Permuting x and y if necessary and acting by Dt∗(T )

with an appropriate value of the parameter function T , we can set χ1 = 1, α1 = 1 or
σ 1 ∈ {t, 1} in the first, the second or the third cases, which leads to the subalgebras

s
ρ1

2.9, s
β1

2.10 or s2.11 and s2.12, respectively.

II. Suppose that the subalgebra s2 is abelian, [Q1, Q2] = 0. Then the functions τ 1

and τ 2 are necessarily linearly dependent.
Let in addition the tuples (τ 1, λ1) and (τ 2, λ2) are linearly independent. Linearly

combining Q1 and Q2, we can set τ 1 �= 0, λ1 = 0, τ 2 = 0 and λ2 �= 0. The
successive action by Dt∗(T ) with Tt = 1/τ 1 and the new value of τ 1 allows us
to set τ 1 = 1. Following the second case of the proof of Lemma 5, we set χ2 =
ρ2 = α2 = β2 = σ 2 = 0. Then the commutation relation [Q1, Q2] = 0 implies
χ1 = ρ1 = α1 = β1 = σ 1 = 0, and thus we have the subalgebra s2.13.

If the tuples (τ 1, λ1) and (τ 2, λ2) are linearly dependent and the functions τ 1 and
τ 2 do not simultaneously vanish, then we linearly combine Q1 and Q2 to set τ 1 �= 0,
τ 2 = 0 and λ2 = 0. According to the first case of the proof of Lemma 5, we can
reduce Q1 to the form Dt (1)+λ1Ds. In view of the commutation relation [Q1, Q2] =
0, the parameter functions in Q2 are χ2 = ν1eλt , ρ2 = ν2eλt , α2 = ν3e2λt , β2 =
ν4e2λt and σ 2 = ν5e3λt with constants ν1, …, ν5. The pushforward by an element �

of G, which is necessarily of the form (5), does not change the form of the basis
element Q1 up to its linearly combining with Q2 if and only if the parameters of �
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are

T = t + b, X0 = (κ1 + κ0Cν1t)e
λt , Y 0 = (κ2 + κ0Cν2t)e

λt ,

W 1 =
(

κ3 + κ0C
3ν3t − λκ0C

2ν1κ1t − κ 2
0 C

3ν 2
1 t − λ

2
κ 2
0 C

3ν 2
1 t

2
)
e2λt ,

W 2 =
(

κ4 + κ0C
3ν4t − λκ0C

2ν2κ2t − κ 2
0 C

3ν 2
2 t − λ

2
κ 2
0 C

3ν 2
2 t

2
)
e2λt ,

W 0 =
(

κ5 + κ0(C
3ν5 + ν1κ3 + ν2κ4)t + 1

2
κ 2
0 C

3(ν1ν3 + ν2ν4)t
2

−λ

2
κ 2
0 C

2(ν 2
1 κ1 + ν 2

2 κ2)t
2

−1

2
κ 3
0 C

3(ν 3
1 + ν 3

2 )t2 − λ

6
κ 3
0 C

3(ν 3
1 + ν 3

2 )t3
)
e3λt ,

where C , b and κ0, …, κ5 are arbitrary constants with C �= 0. We can also push
forward s2 by J or multiply Q2 by an arbitrary nonzero constant. Hence we can set

◦ ν1 = 1, |ν2| � 1, ν3 = 0, ν4 ∈ {0, 1}, ν5 = 0 if (ν1, ν2) �= 0,
◦ ν3 = 1, |ν4| � 1, ν5 = 0 if ν1 = ν2 = 0, (ν3, ν4) �= 0,
◦ ν5 = 1 otherwise,

which corresponds, up to re-denoting parameters, to the subalgebras sδνδ′
2.14, s

δν
2.15 and

sδ
2.16.
If τ 1 = τ 2 = 0, then it follows from the commutation relation [Q1, Q2] = 0 that

also λ1 = λ2 = 0 since otherwise the vector fields Q1 and Q2 are linearly dependent,
and χ1χ2

t − χ1
t χ2 = 0, ρ1ρ2

t − ρ1
t ρ

2 = 0, χ1α2 − χ2α1 + ρ1β2 − ρ2β1 = 0, i.e.,
the parameter functions χ1 and χ2 (resp. ρ1 and ρ2) are linearly dependent. Suppose
that the tuples (χ1, ρ1) and (χ2, ρ2) are linearly independent. Linearly combining Q1

and Q2, we make χ1ρ2 �= 0 and χ2 = ρ1 = 0. Then the action by Dt∗(T ) with
Tt = (χ1)−3 allows us to set χ1 = 1, after which α2 = ρ2β1, and we obtain
the subalgebra s

ραβ
2.17. If the tuples (χ1, ρ1) and (χ2, ρ2) are linearly dependent but

not simultaneously zero, then we linearly combine Q1 and Q2 and, if necessary,
permute x and y to make χ1 �= 0 and χ2 = ρ2 = 0. Successively acting by Dt∗(T )

with Tt = (χ1)−3, by Px∗(X0) with X0
t = α1 and by Rx∗(W 1) with W 1 = −σ 1,

we set χ1 = 1, α1 = 0 and σ 1 = 0, which results in α2 = −ρ1β2. The further
simplifications areβ1 = 0 if ρ1 �= 0, σ 2 = 0 if ρ1 = 0 andβ2 �= 0, and nomeaningful

simplification is possible if ρ1 = β2 = 0. This gives the subalgebras sρβσ
2.18, s

β1β2

2.19 and

s
βσ
2.20, respectively. In the case χ1 = ρ1 = χ2 = ρ2 = 0, the consideration splits
according to the additional conditions that

◦ α1β2 �= α2β1,
◦ α1β2 = α2β1 but the tuples (α1, β1) and (α2, β2) are linearly independent,
◦ the tuples (α1, β1) and (α2, β2) are linearly dependent but not simultaneously
zero,

◦ α1 = β1 = α2 = β2 = 0, and σ 1
t and σ 2

t are linearly independent,
◦ α1 = β1 = α2 = β2 = 0, and σ 1

t and σ 2
t are linearly dependent,
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and after obvious simplifications, we obtain the subalgebras sαβ1β2

2.21 , sαβσ
2.22, s

βσ
2.23, s

σ
2.24

and sσ
2.25. �	

Remark 7 The statements of Lemmas 5 and 6 should be interpreted in the following
way. Subalgebras from different families or within each of the families parameterized
only by constants are definitely G-inequivalent. At the same time, there is an inessen-
tial equivalence between subalgebras within each of the families parameterized by
functions that does not allow us to further simplify the general form of subalgebras
from the family. For example, subalgebras sρ

1.3 and s
ρ̃
1.3 are G-inequivalent if and only

if ρ̃(t) = ρ(at + b) for some a, b ∈ R or ρ̃ = (ρ(T̂ ))−1, where T̂ is the inverse of a
solution T of the equation Tt = cρ−3 for some c ∈ R.

Remark 8 For the purpose of Lie reduction of Eq. (1) to differential equations with less
number of independent variables, it would suffice to only classify one-dimensional
subalgebras of rank one and two-dimensional subalgebras of rank two. Nevertheless,
we decided to present the respective complete classifications since they require not
muchmore effort than the above partial classifications do.Moreover, this is instructive
given the fact that the number of correct classifications of subalgebras of Lie algebras
(especially infinite-dimensional ones) in the literature is not great.

Due to the analogy of the structures of (g,G) and (gL,GL), we can easily obtain
the classifications of one- and two-dimensional subalgebras of the algebra gL using
Lemmas 5 and 6, respectively. Here we consider only one-dimensional subalgebras
of gL.

Lemma 9 Acomplete list of GL-inequivalent one-dimensional subalgebras of the alge-
bra gL is exhausted by the following algebras:

s̄δδ′
1.1 = 〈

D̄t (1) + δ D̄s + δ′ P̄v
〉
δδ′=0, s̄1.2 = 〈

D̄s〉, s̄
ρδ
1.3 = 〈

P̄ x (1) + P̄ y(ρ) + δ P̄v
〉
,

s̄
βδ
1.4 = 〈

P̄ x (1) + R̄ y(β) + δ P̄v
〉
, s̄

βδ

1.5 = 〈
R̄x (1) + R̄ y(β) + δ P̄v

〉
,

s̄δ
1.6 = 〈

Z̄(t) + δ P̄v
〉
, s̄δ

1.7 = 〈
Z̄(1) + δ P̄v

〉
, s̄1.8 = 〈

P̄v
〉
,

where δ, δ′ ∈ {0, 1}, and ρ and β run through the set of smooth functions of t with
ρ �= 0.

6 Trivial solutions

It is obvious that the equation (1) is identically satisfied on the solution set of the
differential constraint uxy = 0 or, equivalently, on the set of functions of (t, x, y)with
additive separation of the variables x and y. In other words, the equation (1) has the
solutions of the form

• u = w(t, x) + w̃(t, y), (7)

where w and w̃ are sufficiently smooth functions of their arguments. Calling these
solutions trivial is justified by the fact that the equation (1) is a potential equation for
the dispersionless Nizhnik system
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Table 1 G-inequivalent Lie reductions with respect to one-dimensional subalgebras of g

⊂ g u z1 z2 Reduced equation

sδ1.1 e3δtw − 1
6 δ(x3 + y3) e−δt x e−δt y (w11w12)1 + (w12w22)2 = 3δw12

s1.2 x3w t y/x (z2w22 − 2w2)1 = (
(z2w22 − 2w2)w22

)
2

− (z2∂2 − 2)
(
(z2w22 − 2w2)(z

2
2 w22 −

4z2w2 + 6w)
)

s
ρ
1.3 w − 1

6ρtρ
−1y3 t ρ−1y − x w122 + 2(1 − ρ−3)w22w222 = 0

s
β
1.4 w + βxy t y βw222 = β1

pt = (h1 p)x + (h2 p)y, h1y = px , h2x = py

with the relation p = uxy , h1 = uxx , h2 = uyy , and thus a solution is of the form (7)
for Eq. (1) if and only if it corresponds to a solution of the dispersionless Nizhnik
system with zero principal component p.

Within the family (7), there is the subfamily of solutions satisfying the differential
constraints uxy = uxxxx = uyyyy = 0 and uxxx = uyyy and thus having the form

u = W 5(t)(x3 + y3) + W 3(t)x2 + W 4(t)y2 + W 1(t)x + W 2(t)y + W 0(t), (8)

where the coefficients W 0, …, W 5 are arbitrary sufficiently smooth functions of t .
The solutions from the subfamily (8) are even more trivial than general elements of
the family (7) since each solution of the form (8) is G-equivalent to the constant zero
solution u = 0.

The above trivial solutions of Eq. (1) often arise in the course of its Lie reductions.
Identifying such solutions among constructed ones and neglecting them in addition to
listing solutions up to the G-equivalence allow us to better arrange the found families
of invariant solutions. Note that modulo the G-equivalence, we can arbitrarily change
or neglect summands of the formW 1(t)x+W 2(t)y+W 0(t) in any solution of Eq. (1).

7 Lie reductions of codimension one

Among subalgebras listed in Lemma 5, only subalgebras sδ
1.1, s1.2, s

ρ
1.3 and s

β
1.4

are appropriate to be used for Lie reduction of Eq. (1). We collect G-inequivalent
codimension-one Lie reductions of Eq. (1) in Table 1. There, for each of the above
one-dimensional subalgebras of g, we present a constructed ansatz for u, the corre-
sponding reduced partial differential equation in two independent variables, where
w = w(z1, z2) is the new unknown function of the invariant independent vari-
ables (z1, z2). The subscripts 1 and 2 of w denote the differentiation with respect
to z1 and z2, respectively.

We study each of the listed reduced equations separately, indexing it by the number
of the corresponding one-dimensional subalgebra of g.
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1.1. sδ
1.1 = 〈

Dt (1) + δDs
〉
, δ ∈ {0, 1} (mod G). The maximal Lie invariance algebra

of reduced equation 1.1δ is4

a01.1 = 〈Dz, w∂w, ∂z1 , ∂z2 , z1∂w, z2∂w, ∂w〉 if δ = 0,

a11.1 = 〈D̃z, ∂z1 , ∂z2 , z1∂w, z2∂w, ∂w〉 if δ = 1.

Here Dz := z1∂z1 + z2∂z2 and D̃z := z1∂z1 + z2∂z2 + 3w∂w. All their elements are
induced by Lie symmetries of the original equation (1). Indeed, the normalizer of the
subalgebra sδ

1.1 in g is

Ng(s
0
1.1) = 〈Dt (1), Dt (t), Ds, Px (1), Py(1), Rx (1), Ry(1), Z(1)〉 if δ = 0,

Ng(s
1
1.1) = 〈Dt (1), Ds, Px (et ), Py(et ), Rx (e2t ), Ry(e2t ), Z(e3t )〉 if δ = 1,

see a similar computation in [61, Section 3]. The Lie-symmetry vector fields Dt (1) +
δDs, Ds, Px (eδt ), Py(eδt ), Rx (e2δt ), Ry(e2δt ), Z(e3δt ) and, for δ = 0, 3Dt (t) of
Eq. (1) induce the Lie-symmetry vector fields 0, D̃z , ∂z1 , ∂z2 , z1∂w, z2∂w, ∂w and, for
δ = 0, Dz of reduced equation 1.1, respectively.

Therefore, any two-step Lie reduction of Eq. (1) to an ordinary differential equation,
where the first step is reduction 1.1 and the second step is a Lie reduction of reduced
equation 1.1, is equivalent to a direct Lie reduction to an ordinary differential equation
using a two-dimensional subalgebra of g. This means that there is no need to carry out
Lie reductions of reduced equation 1.1.

For each δ ∈ {0, 1}, let us compute the point-symmetry group Gδ
1.1 of the reduced

equation 1.1δ by the algebraic method. Up to the antisymmetry of the Lie bracket, the
nonzero commutation relations between the basis vector fields of the algebra a := aδ

1.1
are exhausted by

[Dz, ∂z1 ] = −∂z1 , [Dz, ∂z2 ] = −∂z2 , [Dz, z1∂w] = z1∂w, [Dz, z2∂w] = z2∂w,

[w∂w, z1∂w] = −z1∂w, [w∂w, z2∂w] = −z2∂w, [w∂w, ∂w] = −∂w,

[∂z1 , z1∂w] = ∂w, [∂z2 , z2∂w] = ∂w,

and

[D̃z, ∂z1 ] = −∂z1 , [D̃z, ∂z2 ] = −∂z2 , [D̃z, z1∂w] = −2z1∂w,

[D̃z, z2∂w] = −2z2∂w, [D̃z, ∂w] = −3∂w, [∂z1, z1∂w] = ∂w, [∂z2 , z2∂w] = ∂w

if δ = 0 and δ = 1, respectively. We first find megaideals of the algebra a applying
techniques that do not require the knowledge of the automorphism group Aut(a)

4 In contrast to reduced equation 1.11, its counterpart with δ = 0 loses the property of maximal rank on
the submanifoldM0 of the manifoldM. Here the manifoldM is defined by this equation in the jet space
J3(R2

z1,z2 × Rw) and the submanifold M0 is singled out in M by the consistent system w11 = w12 =
w22 = 0,w112 = w122 = w111 +w222 = 0. It can be proved by the classical infinitesimal method that the
maximal Lie invariance algebra of the complementM\M0 ofM0 inM coincides with the algebra a01.1.
At the same time, the submanifoldM0 is also invariant with respect to this algebra. Therefore, the maximal
Lie invariance algebra of reduced equation 1.10 is indeed the algebra a01.1.
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[11, 57]. Then we use the constructed megaideals for simplifying the computation of
Aut(a) and obtain the remaining megaideals. As a result, the complete list of proper
megaideals of a is as follows:

m1 := a′ = 〈
∂z1 , ∂z2 , z1∂w, z2∂w, ∂w

〉
, m2 := a′′ = z(m1) = 〈

∂w

〉
,

m3 := Ca(m2) = 〈
Dz 〉 � m1, m4 := 〈

Dz + 2w∂w

〉
� m1 if δ = 0,

m3 := 〈
z1∂w, z2∂w, ∂w

〉
, m4 := 〈

∂z1 , ∂z2 , ∂w

〉
if δ = 1.

Denotem0 := a. Let a point transformation�: (z̃1, z̃2, w̃) = (Z1, Z2,W ) in the space
with the coordinates (z1, z2, w), where (Z1, Z2,W ) is a tuple of smooth functions
of (z1, z2, w) with nonvanishing Jacobian, preserve Eq. (1). Necessary conditions for
this are �∗mk ⊆ mk , k = 0, . . . , 4. Hereafter the indices i and j run from 1 to 2, and
we assume summation with respect to repeated indices. The conditions �∗∂w ∈ m2
and �∗(zi∂w) ∈ m1 imply that

Zi = ai j z j + ai0, W = cw + W 0(z1, z2),

where ai j , ai0 and c are constants with c det(ai j ) �= 0, and W 0 is a smooth func-
tion of (z1, z2). Then the conditions �∗∂zi ∈ m4 if δ = 1 or �∗∂zi ∈ m1 and
�∗Dz ∈ m3 if δ = 0 in addition give that W 0 = bi zi + b0 for some constants bi
and b0. Since no further constraints on � can be derived within the framework of
the algebraic method, we continue the computation with the direct method, obtaining
a11 = a22, a12 = a21, a11a12 = 0, (a11, a12) �= (0, 0) and, if δ = 1, c = a3, where
a is the nonzero value among a11 and a12. This means that there are exactly two
independent, up to composing with each other and with continuous point symmetry
transformations of Eq. (1), discrete point symmetry transformations of this equation
They are the involutions, the one that permutes the independent variables z1 and z2,
(z̃1, z̃2, w̃) = (z2, z1, w), and the one that simultaneously alternates the signs of all
the variables, (z̃1, z̃2, w̃) = (−z1,−z2,−w). These transformations are respectively
induced by the discrete point symmetries J and Is of the original equation (1). The
fact of inducing all Lie symmetries of reduced equations 1.1δ follows from that for
the corresponding Lie invariance algebras aδ

1.1. Therefore, for each δ ∈ {0, 1} the
group Gδ

1.1 is entirely induced by the stabilizer of sδ
1.1 in G.

The subalgebra sδ
1.1 of g is associated with the subalgebra(s) s̄

δδ′
1.1 of gL with δδ′ = 0.

The extension of ansatz 1.1 to v is v = e
3
2 δt q + δ′t . Here and in the next case,

q = q(z1, z2) is the invariant unknown function that replaces v, and, as for w, the
subscripts 1 and 2 of q denote the differentiationwith respect to z1 and z2, respectively.

The corresponding family of reduced systems for the nonlinear Lax representa-
tion (2) is associated with the subalgebra family s̄δδ′

1.1 from Lemma 9 and consists of
the systems

1

3
(q31 + q32 ) + q1w11 + q2w22 = 3

2
δq + δ′, w12 = −q1q2, (9)
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each of which can be interpreted as a nonlinear Lax representation for reduced equa-
tion 1.1 with the same value of δ, cf. the introductive part of [48, Section 4.1]. In
other words, reduced equation 1.1 is the compatibility condition of the system (9)
with respect to q. Note that for δ = 0 we thus construct two inequivalent nonlinear
Lax representations, with δ′ = 0 and with δ′ = 1.

Reduced equation 1.10 is just the stationary dispersionless Nizhnik equation. Note
that its counterpart with dispersion was studied in [47].

Remark 10 A complete list of G1
1.1-inequivalent one-dimensional subalgebras of the

algebra a11.1 is exhausted by the subalgebras

b1 = 〈D̃z〉, b
νκς
2 = 〈∂z1 + ν∂z2 + κz1∂w + ς z2∂w〉,

bν
3 = 〈z1∂w + νz2∂w〉, b4 = 〈∂w〉,

where ν ∈ [−1, 1], and ς �= 0 if ν ∈ {−1, 1} and (κ, ς) �= (0, 0), cf. [48, Proposi-
tion 2]. A further gauging of subalgebra parameters is possible only within the second
family {bνκς

2 }, where one of the parameters κ or ς , if nonzero, can be set to be equal
to 1 up to the G1

1.1-equivalence. At the same time, the subalgebra bνκς
2 is induced by

the subalgebra

b̌
νκς
2 = 〈Dt (1) + δDs, Px (eδt ) + νPy(eδt ) + κRx (e2δt ) + ςRy(e2δt )〉 of g,

which is G-equivalent to the subalgebra sδνδ′
2.14, where δ′ = 0 if κ = ς and δ′ = 1

otherwise. In other words, if ν̃ = ν, the tuples (κ, ς) and (κ̃, ς̃ ) are not proportional
with a nonzero multipliers and κ − ς and κ̃ − ς̃ are simultaneously either are equal
to zero or are not, then the subalgebras bνκς

2 and b
ν̃κ̃ ς̃
2 of a11.1 are G1

1.1-inequivalent,

whereas the associated subalgebras b̌
νκς
2 and b̌

ν̃κ̃ ς̃
2 are G-equivalent. This is why

the inequivalent two-step reductions, where the first step is reduction 1.11 and the
second step is based on subalgebras bνκς

2 and b
ν̃κ̃ ς̃
2 of a11.1 with the above constraints

on the subalgebra parameters, definitely results in G-equivalent families of invariant
solutions of the dispersionless Nizhnik equation (1), cf. [48, Section 4.1.1.2]. The
above phenomenon has not been described in the literature.

1.2. s1.2 = 〈
Ds

〉
. The same conclusion on the superfluousness of two-stepLie reduction

can be made for reduced equation 1.2. Its maximal Lie invariance algebra is

a1.2 = 〈
D̆(τ )

〉
with D̆(τ ) := τ∂z1 −

(
τ1w + 1

18
τ11(z

3
2 + 1)

)
∂w.

Here and in what follows the parameter function τ runs through the set of smooth
functions of z1. It is obvious that the normalizer of the subalgebra s1.2 ing isNg(s1.2) =
〈Dt (τ ), Ds〉. The Lie-symmetry vector field Dt (τ ) of Eq. (1) induces the element
of a1.2 with the same value of the parameter function τ , whereas Ds is mapped to 0.
In other words, the entire maximal Lie invariance algebra a1.2 of reduced equation
1.2 is induced by Ng(s1.2). Therefore, similarly to reduced equation 1.1, further Lie
reductions of reduced equation 1.2 are needless.



82 Page 24 of 56 O. O. Vinnichenko et al.

In fact, all point symmetries of reduced equation 1.2 are induced by point sym-
metries of the original equation (1). To show this, we compute the point-symmetry
group of reduced equation 1.2 using the most general version of the algebraic method.
Again, consider a point transformation �: (z̃1, z̃2, w̃) = (Z1, Z2,W ) in the space
with the coordinates (z1, z2, w), where (Z1, Z2,W ) is a tuple of smooth functions of
(z1, z2, w) with nonvanishing Jacobian. The algebra a := a1.2 is infinite-dimensional
and contains no proper megaideals. This is why the only convenient necessary con-
dition for the transformation � to preserve Eq. (1) is �∗a ⊆ a, which expands to
�∗ D̆(τ ) = D̆(τ̃ ). Componentwise splitting the latter condition with each of the
specific values τ = z i1, i = 0, . . . , 3, �∗ D̆(z i1) = D̆(τ̃ i ), and recombining the
derived determining equations for the components of �, we in particular obtain the
equation τ̃ 3 − 3z1τ̃ 2 + 3z 21 τ̃ 1 − z 31 τ̃ 0 = 0. Since at most one function among τ̃ i ,
i = 0, . . . , 3, can be constant, this equation can be solved with respect to Z1, giv-
ing Z1 = Z1(z1). It is obvious that reduced equation 1.2 admits the discrete point
symmetry Ĭ1: (z̃1, z̃2, w̃) = (−z1, z2,−w), which is induced by the discrete point
symmetry Ii ◦ Is of Eq. (1). Up to factoring out the transformation Ĭ1 and Lie sym-
metries of reduced equation 1.2, each of which is also induced, we can assume that
Z1 = z1. For this restricted form of �, we have �∗ D̆(τ ) = D̆(τ ). Splitting this
condition componentwise and with respect to the parameter function τ and its deriva-
tives τz1 and τz1z1 leads to the equations Z2

z1 = Z2
w = 0, Wz1 = 0, wWw = W and

(z 32 + 1)Ww = (Z2)3 + 1. Therefore, Z2 = Z2(z2) andW = W 1(z2)w with Z2
z2 �= 0

andW 1 := (
(Z2)3+1

)
/(z 32 +1). To derivemore constraints on�, we should continue

the computation with the direct method. This only gives two solutions, Z2 = z2 and
Z2 = 1/z2, which correspond to the identity transformation and the discrete point
symmetry J̆: (z̃1, z̃2, w̃) = (z1, z

−1
2 , z−3

2 w). The transformation J̆ is induced by the
discrete point symmetry J of Eq. (1). Therefore, the entire point-symmetry group of
reduced equation 1.2 is induced by the stabilizer of s1.2 in G.

The associated subalgebra ofgL for the subalgebra s1.2 ofg is s̄1.2. The v-component
of the extension of ansatz 1.2 is v = |x |3/2q. The corresponding reduced system for
the nonlinear Lax representation (2) is

q1 = ε

3

(
3

2
q − z2q2

)3

+ ε

3
q 3
2 + (z 22 w22 − 4z2w2 + 6w)

(
3

2
q − z2q2

)
+ w22q2,

εq2

(
3

2
q − z2q2

)
= z2w22 − 2w2

with ε = sgn x , which can be interpreted, after solving with respect to (q1, q2), as
a nonlinear Lax representation for reduced equation 1.2, cf. [48, Section 4.2] up to
typos.

1.3. sρ
1.3 = 〈

Px (1) + Py(ρ)
〉
with ρ = ρ(t) �= 0.

If ρ ≡ 1, then reduced equation 1.3 degenerates to w122 = 0, and its general
solution is w = f (z2) + �1(z1)z2 + �0(z1), where �0 and �1 are arbitrary functions
of z1 = t , and f is an arbitrary sufficiently smooth function of z2 = y − x , cf. [48,
Eq. (60)]. Up to the G-equivalence, the coefficients �0 and �1 can be assumed to
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vanish. The corresponding family of solutions of (1) is

• u = f (y − x). (10)

For any ρ with ρ �≡ 1, meaning that ρ �≡ 1 on each open interval of the domain
of ρ, we can use the change of independent variables z̃1 = 2

∫
(1− ρ−3) dz1, z̃2 = z2

for modifying ansatz 1.3ρ and reduced equation 1.3ρ to the form

u = w(z̃1, z̃2) − ρt

6ρ
y3, z̃1 = 2

∫
ρ3 − 1

ρ3 dt, z̃2 = y

ρ
− x,

wz̃1 z̃2 z̃2 + wz̃2 z̃2wz̃2 z̃2 z̃2 = 0. (11)

Thus, the class of reduced equations 1.3ρ associated with the subalgebra family
{sρ

1.3 | ρ �≡ 1} collapses to the unary class, whose single element is Eq. (11). In
other words, the G-inequivalent subalgebras sρ

1.3 with ρ �≡ 1 lead to pairwise similar
reduced equations, which take the same form (11) if appropriate ansatzes are chosen.
Nevertheless, we prefer to use ansatzes 1.3ρ from Table 1 since otherwise Case 1.3
splits into two cases, and without the above explanation, the modified ansatz looks
artificial.

The substitutionwz̃2 z̃2 = h maps the modified reduced equation (11) to the inviscid
Burgers equation

hz̃1 + hhz̃2 = 0,

which is the simplest nonlinear transport equation, called also Hopf’s equation.
An implicit representation of the general solution of this equation is well known,
F(h, z̃2 − hz̃1) = 0, where F is an arbitrary nonconstant sufficiently smooth function
of its arguments. Modulo the G-equivalence, we can assume that w is a fixed second
antiderivative of h with respect to z̃2. As a result, we construct a family of solutions
of (1) expressed in terms of quadratures with an implicitly defined function,

• u =
∫ (∫

h(z̃1, z̃2) dz̃2

)
dz̃2 − ρt

6ρ
y3,

z̃1 := 2
∫

ρ3 − 1

ρ3 dt, z̃2 := y

ρ
− x,

(12)

where ρ is an arbitrary sufficiently smooth function of t that does not coincide with
the constant functions 0 and 1, and the function h = h(z̃1, z̃2) is implicitly defined
by the equation F(h, z̃2 − hz̃1) = 0 with an arbitrary nonconstant sufficiently smooth
function F of its arguments.

Lie and generalized symmetries, cosymmetries, conservation-law characteristics
and conservation laws of the inviscid Burgers equation were exhaustively described
in Sects. 3 and 6 of [61], see also [8, Appendix] for the first computation of the
generalized symmetries of this equation. Via the substitution h(z̃1, z̃2) = w22(z1, z2)
with z̃1 = 2

∫
(1 − ρ−3) dz1, z̃2 = z2, this results in finding many hidden symmetry-

like objects for Eq. (1).
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The normalizer Ng(s
ρ
1.3) of the subalgebra s

ρ
1.3 in g depends on the value of ρ,

Ng(s
ρ
1.3) = 〈

Ds, Px (1), Py(ρ), Ry(β) − Rx (ρβ), Z(σ )
〉

if ρt �= 0,

Ng(s
ρ
1.3) = 〈

Dt (1), Dt (t), Ds, Px (1), Py(ρ), Ry(β) − Rx (ρβ), Z(σ )
〉

if ρt = 0,

whereβ andσ run through the set of smooth functions of t . Themaximal Lie invariance
algebra of the modified reduced equation (11) is

a1.3 = 〈
∂z̃1 , z̃1∂z̃1 − w∂w, z̃21∂z̃1 + z̃1 z̃2∂z̃2 + (z̃1w + 1

6 z̃
3
2 )∂w,

z̃2∂z̃2 + 3w∂w, ∂z̃2 , z̃1∂z̃2 + 1
2 z̃

2
2 ∂w, α̃(z̃1)z̃2∂w, σ̃ (z̃1)∂w

〉
,

where α̃ and σ̃ run through the set of smooth functions of z̃1. The vector fields Ds,
Px (1) + Py(ρ), Py(ρ), Ry(β) − Rx (ρβ), Z(σ ) and, if ρt = 0, Dt (1) and Dt (t)
from Ng(s

ρ
1.3) induce the Lie-symmetry vector fields z̃2∂z̃2 + 3w∂w, 0, ∂z̃2 , α̃z̃2∂w

with α̃(z̃1) = ρ(t)β(t), σ̃ ∂w with σ̃ (z̃1) = σ(t) and, if ρt = 0, ∂z̃1 and z̃1∂z̃1 + 1
3 z̃2∂z̃2

of the modified reduced equation (11), respectively. All the elements of a1.3 from the
set complement of the linear span of the above vector fields from a1.3 are genuinely
hidden symmetries of Eq. (1). Note that whether the vector fields z̃2∂z̃2 + 3w∂w and
z̃1∂z̃1 + 1

3 z̃2∂z̃2 are genuinely hidden symmetries of (1) depends on the value of the
parameter function ρ, which does not appear in the modified reduced equation (11)
and in its maximal Lie invariance algebra a1.3.

In view of the representation (12) for all sρ
1.3-invariant solutions of Eq. (1), we

do not carry out further Lie reductions of the modified reduced equation (11) with
respect to subalgebras of a1.3 although most of them are associated with hidden Lie
symmetries of (11). At the same time, in Sect. 8.1 we exhaustively study essential
direct Lie reductions of (11) with respect to two-dimensional subalgebras of g that
can be interpreted as two-step Lie reductions with reduction 1.3 as the first step.

1.4. sβ
1.4 = 〈

Px (1) + Ry(β)
〉
with β = β(t). Each reduced equation 1.4β is trivial,

see [48, Section 4.4]. Its general solution is an arbitrary sufficiently smooth function
of (z1, z2) if β = 0 andw = 1

6β1β
−1z32+�2(z1)z22+�1(z1)z2+�0(z1)with arbitrary

sufficiently smooth functions �0, �1 and �2 of z1 = t if β �= 0. The case β = 0
leads to the solution family u = w(t, y) of (1), which is parameterized by an arbitrary
sufficiently smooth function w of (t, y) and is hence a subfamily of the family (7). In
the caseβ �= 0, the coefficients �0, �1 and �2 can be assumed, up to theG-equivalence,
to vanish. This leads to the following simple solutions of Eq. (1):

• u = βt

6β
y3 + βxy, (13)

where β is an arbitrary sufficiently smooth function of t .
We can modify ansatz 1.4β with β �= 0 to u = w̃(z1, z2) + βxy + 1

6βtβ
−1y3 with

the same z1 = t and z2 = y, which simplifies reduced equation 1.4β to w̃222 = 0.
Therefore, analogously to the subalgebras sρ

1.3 with ρ �= 1, the subalgebras from the
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family {sβ
1.4 | β �= 0}, which is parameterized by an arbitrary nonvanishing function β

of t , also correspond, under this ansatz choice, to the same reduced equation.
Depending on the value of the parameter function β, the normalizer Ng(s

β
1.4) of the

subalgebra sβ
1.4 in g is

〈
Dt (1), Dt (t), Ds, Px (1), Py(ρ), Ry(β̆), Z(σ )

〉
if β = 0,〈

Dt (1), Dt (t)+ 2
3D

s, Px (1), Py(ρ)+Rx (ρβ), Ry(β̆), Z(σ )
〉
if β �= 0, βt = 0,〈

Dt (1) + κDs, Px (1), Py(ρ) + Rx (ρβ), Ry(β̆), Z(σ )
〉

if βt �= 0, βt = κβ,〈
Dt (t+μ) + (κ+ 2

3 )D
s, Px (1), Py(ρ) + Rx (ρβ), Ry(β̆), Z(σ )

〉
if βt �= 0, (t+μ)βt = κβ,〈

Px (1), Py(ρ) + Rx (ρβ), Ry(β̆), Z(σ )
〉

otherwise,

where ρ, β̆ and σ run through the set of smooth functions of t . In the second, the
third and the fourth cases, β = 1, (β, κ) = (et , 1) and (β, μ) = (|t |κ , 0) modulo the
G-equivalence, respectively.

For any value of the parameter function β, the vector fields Px (1) + Ry(β),
Py(ρ) + Rx (ρβ), Ry(β̆) and Z(σ ) from Ng(s

β
1.4) induce the Lie-symmetry vector

fields 0, ρ∂z2 − 1
2ρt z

2
2 ∂w, β̆z2∂w and σ∂w of reduced equations 1.4β , where β̆, ρ and

σ are arbitrary smooth functions of z1 = t . For particular values of β with extension
of Ng(s

β
1.4), there are the following additional independent inductions:

∂z1, z1∂z1 + 1
3 z2∂z2 , z2∂z2 + 3w∂w by Dt (1), Dt (t), Ds if β = 0,

∂z1, z1∂z1 + z2∂z2 + 2w∂w by Dt (1), Dt (t) + 2
3D

s if β �= 0, βt = 0,

∂z1 + κz2∂z2 + 3κw∂w by Dt (1) + κDs if βt �= 0, βt = κβ,

(z1 + μ)∂z1 + (κ + 1)z2∂z2 + (3κ + 2)w∂w by Dt (t + μ) + (κ + 2
3 )D

s

if βt �= 0, (t + μ)βt = κβ,

where κ and μ are arbitrary constants with κ �= 0. If we use the modified ansatz in
the case β �= 0, the expressions for the analogous induced Lie-symmetry vector fields
are formally the same up to replacing w by w̃, except the vector field ρ∂z2 − 1

2ρt z
2
2 ∂w

that should be replaced by ρ∂z2 − 1
2 (ρt + βtβ

−1ρ)z 22 ∂w̃.
Since reduced equation 1.40 is in fact the identity, it admits any point transformation

in the space with coordinates (z1, z2, w) as its point symmetry, and any vector field in
this space is its Lie-symmetry vector field. Themaximal Lie invariance of themodified
reduced equation w̃222 = 0 for the case β �= 0 coincides with the span of the vector
fields ∂z1 , ∂z2 , z2∂z2 , z

2
2 ∂z2 + 2z2w̃∂w̃, w̃∂w̃, ∂w̃, z2∂w̃ and z 22 ∂w̃ over the (pseudo)ring

smooth functions of z1. Moreover, it is obvious that these reduced equations also pos-
sess very wide sets of other symmetry-like objects. Hence for each β, the equation (1)
admits many hidden symmetry-like objects associated with reduction 1.4β but they
are not of interest in view of the triviality of reduced equations 1.4β .
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8 Lie reductions of codimension two

The subalgebras sλ
2.1 with λ = −1/3, sλν

2.7, s
λ
2.8, s

β
2.10, s2.11, s2.12, s

δν
2.15, s

δ
2.16, s

ρβσ
2.18,

s
β1β2

2.19 , sβσ
2.20, s

αβ1β2

2.21 , sαβσ
2.22, s

βσ
2.23, s

σ
2.24 and sσ

2.25 cannot be used for codimension-two
Lie reductions of Eq. (1) since the rank of these subalgebras is less than two.

The subalgebras s02.9 and s
ραβ
2.17 contain the subalgebras s01.4 and s

β
1.4, respectively,

and the one-dimensional subalgebras of sδ0δ′
2.14 and s

λδ
2.6 that are spanned by the respective

second basis elements are G-equivalent to sβ
1.4 for some β. All sβ

1.4-invariant solutions
were constructed in Sect. 7. This is why we can neglect the subalgebras sλδ

2.6, s
0
2.9, s

δ0δ′
2.14

and sραβ
2.17 in the course of carrying out codimension-two Lie reductions of Eq. (1). The

same claim is true for the subalgebras sλ1
2.5, s

1
2.9 and sδ1δ′

2.14 due to their relation to the
subalgebra s11.3.

For the subalgebras sλμ
2.5, s

ρ
2.9 and sδνδ′

2.14 with μ, ν �= 0, 1 and ρ �= 0, 1, the similar
claim is relevant only partially since the representation (12) for sρ

1.3-invariant solutions
is not explicit and involves quadratures of the general solution of the inviscid Burgers
equation. At the same time, the Lie reductions associated with these subalgebras
are simpler and essentially differ from the remaining G-inequivalent Lie reductions.
Moreover, wewere able to construct general solutions of all the corresponding reduced
equations either in an explicit form in terms of elementary functions and the Lambert
W function or in a parametric form. This is why we consider the above Lie reductions
first.

The remaining subalgebras from the list in Lemma 6 are sλ
2.1, s

ν
2.2, s

ν
2.3, s2.4 and

s2.13. They constitute the second collection of subalgebras to be considered within the
framework of Lie reductions. All the corresponding invariant solutions are stationary.
The integration of the involved reduced equations is more complicated, and the con-
struction of general or even particular solutions in certain closed form is possible only
for some of them. For each of the subalgebras in the second collection, we consider its
counterparts among inequivalent two-dimensional subalgebras of the algebra gL and
associated GL-inequivalent Lie reductions of the nonlinear Lax representation (2).
Some of these reductions help us in finding exact solutions to the associated reduced
equations.

Below, for each of the subalgebras sλμ
2.5 with μ �= 0, 1, sρ

2.9 with ρ �= 0, 1 and sδνδ′
2.14

with ν �= 0, 1 (the first collection) and sλ
2.1 with λ �= −1/3, sν

2.2, s
ν
2.3, s2.4 and s2.13

(the second collection), we present an ansatz for the related invariant solutions and
the corresponding reduced equation, where ϕ = ϕ(ω) is the new unknown functions
of the single invariant variable ω. We also compute the subalgebra normalizers and
induced symmetries (both infinitesimal and discrete) of reduced equations. In reduced
nonlinear Lax representations,ψ = ψ(ω) is onemore unknown functions of the single
invariant variable ω, which is associated with the unknown function q in the original
nonlinear Lax representation (2).
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8.1 The first collection of reductions

2.5. sλμ
2.5 = 〈

Dt (1)+λDs, Px (e(λ−1)t )+μPy(e(λ−1)t )
〉
, μ �= 0, 1, |μ| � 1 (mod G):

u = e3λtϕ − λ − 1

6
(x3 + y3), ω = e−λt (y − μx);

2(μ3 − 1)ϕωωϕωωω − ωϕωωω + (3λ − 2)ϕωω = 0.

For any value of the parameter tuple (λ, μ), the subalgebra s
λμ
2.5 has the same

normalizer in g,

Ng(s
λμ
2.5) = 〈

Dt (1), Ds, Px (e(λ−1)t ) + μPy(e(λ−1)t ),

−μRx (e2λt ) + Ry(e2λt ), Z(e3λt )
〉
.

Reduced equation 2.5λμ is invariant with respect to the algebra a2.5 = 〈ω∂ω +
3ϕ∂ϕ, ∂ϕ, ω∂ϕ〉 and the point transformation (ω̃, ϕ̃) = (−ω,−ϕ) and, therefore, with
respect to the Lie group G2.5 that consists of the point transformations ω̃ = a1ω,
ϕ̃ = a 3

1 ϕ + a2ω + a3, where a1, a2 and a3 are arbitrary constants with a1 �= 0. The
vector fields Dt (1)+λDs, Ds, Px (e(λ−1)t )+μPy(e(λ−1)t ), −μRx (e2λt )+ Ry(e2λt )
and Z(e3λt ) from Ng(s

λμ
2.5) induce the Lie-symmetry vector fields 0, ω∂ω + 3ϕ∂ϕ , 0,

ω∂ϕ and ∂ϕ of reduced equation 2.5λμ, respectively. This means that the entire alge-

bra a2.5 is induced by elements of Ng(s
λμ
2.5). Alternating the signs of (ω, ϕ) is a discrete

point symmetry of reduced equation 2.5λμ and is induced by the discrete point sym-
metry transformation Is := Ds(−1) of the original equation (1). Hence the groupG2.5
is entirely induced by the point symmetry group G of the original equation (1).

For any values of (λ, μ), reduced equation 2.5λμ is satisfied by all ϕ with ϕωω = 0
but such values of ϕ are G2.5-equivalent to 0 and, moreover, corresponds to solutions
of Eq. (1) that are G-equivalent to the zero solution u = 0. Further we assume that
ϕωω �= 0.

There are several values of λ, for which the general solutions of the corresponding
reduced equation 2.5λμ can be represented in the closed form. These are λ = 2/3,
λ = 1/3, λ = 5/6 and λ = 1.

Solving of reduced equation 2.5λμ with λ = 2/3 degenerates to the independent
consideration of two equations, the elementary equation ϕωωω = 0 and the equation
2(μ3 − 1)ϕωω = ω. Solutions of the first equation correspond to solutions of Eq. (1)
that are G-equivalent to the zero solution u = 0, whereas the second equation is a
particular case of the constraint 2(μ3 − 1)ϕωω = −3(λ − 1)ω, whose solution set is
contained in that of reduced equation 2.5λμ for any λ, and the associated solutions of
Eq. (1) take, modulo the G-equivalence, the form

• u = κ

4(μ3 − 1)
(y − μx)3 + κ

6
(x3 + y3) (14)



82 Page 30 of 56 O. O. Vinnichenko et al.

with κ := −(λ − 1). Note that the solution (14) with fixed values of κ and μ is in fact
invariant with respect to the three-dimensional subalgebra

〈
Dt (1), Ds, Px (e−κt ) +

μPy(νe−κt )
〉
of g.

Below λ �= 2/3. We can integrate reduced equation 2.5λμ once in two different
ways. The first way uses the fact that the left-hand side of this equation is a total
derivative with respect to ω, thus leading to the equation

(μ3 − 1)(ϕωω)2 − ωϕωω + (3λ − 1)ϕω + c1 = 0, (15)

where c1 is the integration constant. The second way is to consider reduced equa-
tion 2.5λμ as a first-order ordinary differential equation with respect to ϕωω, which
integrates to

ω = −2

3

μ3 − 1

λ − 1
ϕωω + c2|ϕωω| 1

3λ−2 if λ �= 1, (16)

ω = −2(μ3 − 1)ϕωω ln |ϕωω| + c2ϕωω if λ = 1,

where c2 is another arbitrary constant, and the integrated equations can be easily solved
as algebraic equations with respect to ϕωω for four values of λ, λ = 1/3, λ = 5/6,
λ = 4/3 and λ = 1. Some of these values are also singled out in the course of the
further integration.

Moreover, the case λ = 1/3 is singular from the point of view of gauging the
constant c1 by point symmetries of the corresponding reduced equation. To be specific,
in contrast to the other values of λ, we cannot set c1 to be equal to zero and can only
assume that c1 ∈ {−1, 0, 1}. The equation (15) with λ = 1/3 is easily solved. Its
general solution is

ϕ = ω3 + ε
√

(ω2 + c1)3

12(μ3 − 1)
+ εc1

4(μ3 − 1)

(
ω ln

∣∣ω +
√

ω2 + c1
∣∣ −

√
ω2 + c1

)
+c2ω + c3,

where ε = ±1, and c2 and c3 are integration constants, which can be set to be equal
zero modulo the G2.5-equivalence. The corresponding family of solutions of Eq. (1)
is

• u = et
(

ω3 + ε
√

(ω2 + c1)3

12(μ3 − 1)
+ εc1

4(μ3 − 1)

(
ω ln

∣∣ω +
√

ω2 + c1
∣∣ −

√
ω2+c1

))

+ x3 + y3

9
,

where ω = e−t/3(y − μx), ε = ±1, μ is an arbitrary constant with μ �= 0, 1, and
c1 ∈ {−1, 0, 1} (mod G2.5).

Forλ = 5/6,λ = 4/3 andλ = 1, the general solutions of the corresponding reduced
equations 2.5λμ can also be represented in closed form, where for convenience we use
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other integration constants b1, b2 and b3, and ε = ±1:

λ = 5

6
: ϕ = μ3 − 1

b1
ω2 + 4ε

15b 3
1

(
4(μ3 − 1)2 − b1ω

)5/2 + b2ω + b3,

λ = 4

3
: ϕ = − ω3

12(μ3 − 1)
+ b 2

1 ω2

16(μ3 − 1)2

+εb1

(
b 2
1 − 8(μ3 − 1)ω

)5/2
1920(μ3 − 1)4

+ b2ω + b3,

λ = 1 : ϕ = −ω3 18z
2 + 15z + 4

216(μ3 − 1)z3
+ b2ω + b3, z ∈ {

W0(ω̃),W−1(ω̃)
}
,

ω̃ := − b1ω

2(μ3 − 1)
,

where W0 and W−1 are the principal real and the other real branches of the Lambert
W function, respectively. The solutions with b1 = 0 correspond to solutions of Eq. (1)
that belong, up to the G-equivalence, to the family (14). Hence we can assume that
b1 �= 0 and thus set the gauges b1 = 1, b2 = b3 = 0 (mod G2.5). This leads to the
following G-inequivalent solutions of Eq. (1) with ε = ±1 and an arbitrary constant
μ �= 0, 1:

• u = (μ3 − 1)e
5
6 t (y − μx)2 + 4ε

15
e
5
2 t

(
4(μ3 − 1)2 − e− 5

6 t (y − μx)
)5/2

+ x3 + y3

36
,

• u = − (y − μx)3

12(μ3 − 1)
+ e

4
3 t

(y − μx)2

16(μ3 − 1)2

+εe4t
(
1 − 8(μ3 − 1)e− 4

3 t (y − μx)
)5/2

1920(μ3 − 1)4
− x3 + y3

18
,

• u = −(y − μx)3
18z2 + 15z + 4

216(μ3 − 1)z3
, z ∈ {

W0(ω̃),W−1(ω̃)
}
,

ω̃ := −e−t (y − μx)

2(μ3 − 1)
.

For any λ �= 2/3, 1/3, 1, the general solution of reduced equation 2.5λμ can be
represented in a parametric form in a uniform way. Considering the derivative ϕωω in
Eqs. (15) and (16) as a parameter and denoting it by s, we rewrite these equations as

ω = −2

3

μ3 − 1

λ − 1
s + c2|s| 1

3λ−2 , ϕω = − (μ3 − 1)s2 − ωs + c1
3λ − 1

.
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The associated parametric expression for ϕ = ∫
ϕω dω is given by

ϕ = (μ3 − 1)
4(μ3 − 1)s − 3ω

27λ(2λ − 1)
s2 − (μ3 − 1)s − ω

3λ(3λ − 1)
ωs − c1ω

3λ − 1
+ c3

if λ �= 0,
1

2
,
1

3
,

ϕ = 2

27
(μ3 − 1)2s3 − 5

9
c2(μ

3 − 1)|s|3/2 + c 22
2
sgn(s) ln |s| + c1ω + c3 (17)

if λ = 0,

ϕ = 8

27
(μ3 − 1)2s3 + 4

3
c2(μ

3 − 1) ln |s| + 4c 22
3s3

+ 2c1ω + c3 if λ = 1

2
.

Note that the value c2 = 0 corresponds to solutions of the form (14) and can be
excluded from the consideration. Thus, we can assume c2 �= 0 and thus set c2 = 1,
c1 = c3 = 0 (mod G2.5). This leads to the following G-inequivalent solutions of
Eq. (1):

• u = e3λtϕ − λ − 1

6
(x3 + y3),

where λ �= 2/3, 1/3, 1, μ �= 0, 1, ϕ is defined by the appropriate equation from (17)
with c2 = 1, c1 = c3 = 0, ω := e−λt (y −μx) and the function s = s(ω) is implicitly
defined as a solution of the Lambert’s transcendental equation

|s| 1
3λ−2 − 2

3

μ3 − 1

λ − 1
s = ω. (18)

In fact, the elementary solvability of this equation for λ ∈ {5/6, 4/3} as a quadratic
equation with respect to a degree of s has been used above for deriving explicit solu-
tions of Eq. (1). The equation (18) can also be solved for some other values of λ

as algebraic equations with respect to certain degrees of s, which results in explicit
expressions for the general solutions of the corresponding reduced equation 2.5λμ.
Thus, (3λ − 2)−1 = −1/2,−2, 3, 1/3 for λ = 0, 1/2, 7/9, 5/3, respectively, and the
corresponding equation (18) are cubic equations with respect to certain degrees of s
and, therefore, can be solved, e.g., using the Cardano formula.

2.9. sρ
2.9 = 〈

Ds, Px (1)+ Py(ρ)
〉
, ρ �≡ 1 for any open interval in the domain of ρ and

ρ(t) �= 0 for any t in this domain:

u = (y − ρx)3

ρ3 ϕ − ρt

6ρ
y3, ω = t; ϕω = −12

ρ3 − 1

ρ3 ϕ2.

The normalizer of the subalgebra sρ
2.9 in g is

Ng(s
ρ
2.9) = 〈

Ds, Px (1) + Py(ρ)
〉

if ρt �= 0,

Ng(s
ρ
2.9) = 〈

Dt (1), Dt (t), Ds, Px (1) + Py(ρ)
〉

if ρt = 0.
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Since reduced equation 2.9ρ is a first-order ordinary differential equation, its maximal
Lie invariance algebra aρ

2.9 is infinite-dimensional. The normalizer Ng(s
ρ
2.9) induces

merely the zero subalgebra of the algebra aρ
2.9 and its subalgebra 〈∂ω, ω∂ω − ϕ∂ϕ〉 if

ρt �= 0 and ρt = 0, respectively. Therefore, the original equation (1) admits an infinite
number of linearly independent hidden symmetries that are associated with reduced
equation 2.9ρ . Nevertheless, these hidden symmetries are not of great interest in view
of the trivial integrability of reduced equation 2.9ρ . Separating the variables in the
reduced equation, we integrate it and substitute the obtained expression for ϕ into the
ansatz, which gives the following a family of solutions of (1) (cf. reduction 1.3):

• u =
(∫

ρ3 − 1

ρ3 dt

)−1
(y − ρx)3

12ρ3 − ρt

6ρ
y3.

2.14. sδνδ′
2.14 = 〈

Dt (1)+δDs, Px (eδt )+νPy(eδt )+δ′Ry(e2δt )
〉
, δ, δ′ ∈ {0, 1}, ν �=0, 1,

|ν|�1 (mod G):

u = e3δtϕ − δ

6
(x3 + y3) + δ′

2ν
eδt y2, ω = e−δt (y − νx);

2ν(ν3 − 1)ϕωωϕωωω = δ′ϕωωω − 3νδϕωω.

Depending on values of (δ, δ′), the normalizer of the subalgebra sδνδ′
2.14 in g is one of

the following:

Ng(s
0ν0
2.14) = 〈Dt (1), Dt (t), Ds, Px (1), Py(1), −νRx (1) + Ry(1), Z(1)〉,

Ng(s
0ν1
2.14) = 〈Dt (1), Dt (t) + 2

3D
s, Px (1), Py(1) + Rx (1),

−νRx (1) + Ry(1), Z(1)〉,
Ng(s

1ν0
2.14) = 〈Dt (1), Ds, Px (et ), Py(et ), −νRx (e2t ) + Ry(e2t ), Z(e3t )〉,

Ng(s
1ν1
2.14) = 〈Dt (1) + Ds, Px (et ), Py(et ) + Rx (e2t ),

−νRx (e2t ) + Ry(e2t ), Z(e3t )〉.

Therefore, the vector fields Dt (1)+δDs, Px (eδt ), Py(eδt )+δ′Rx (e2δt ),−νRx (e2δt )+
Ry(e2δt ) and Z(e3δt ) belong to Ng(s

δνδ′
2.14) with the corresponding value of (δ, δ′) and

induce the Lie-symmetry vector fields 0, −ν∂ω, ∂ω − δ′νω∂ϕ , ω∂ϕ and ∂ϕ of reduced
equation 2.14δνδ′

, respectively. For any values of (δ, ν, δ′), reduced equation 2.14δνδ′
is

invariant with respect to the algebra a2.14 = 〈∂ω, ∂ϕ, ω∂ϕ〉 and, therefore, with respect
to the corresponding Lie group G2.14, which consists of the point transformations
ω̃ = ω + a1, ϕ̃ = ϕ + a2ω + a3, where a1, a2 and a3 are arbitrary constants.
The group G2.14 is entirely induced by the point symmetry group G of the original
equation (1). For any values of (δ, ν, δ′), reduced equation 2.14δνδ′

is satisfied by all ϕ
with ϕωω = 0 but such values of ϕ areG2.14-equivalent to 0 and, moreover, correspond
to solutions of Eq. (1) that are G-equivalent to the zero solution u = 0. Further we
can consider only solutions with ϕωω �= 0.

Consider the case δ = 0. Reduced equation 2.140νδ′
degenerates to the elementary

equation ϕωωω = 0 whose maximal Lie invariance algebra is well known, a0νδ′
2.14 =
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〈∂ω, ω∂ω, ω2∂ω + 2ωϕ∂ϕ, ∂ϕ, ω∂ϕ, ω2∂ϕ, ϕ∂ϕ〉. In addition to the Lie-symmetry
vector fields ∂ω, ∂ϕ and ω∂ϕ , which are induced as in the general case, elements of
the normalizer Ng(s

0νδ′
2.14) induce ω∂ω + 2ϕ∂ϕ if δ′ = 1 and ω∂ω and ϕ∂ϕ if δ′ = 0.

Any element of a0νδ′
2.14 involving at least one of the basis vector fields ω2∂ω + 2ωϕ∂ϕ ,

ω2∂ϕ and, if δ′ = 1, ω∂ω + aϕ∂ϕ with a �= 2 is a hidden symmetry of Eq. (1). All the
corresponding solutions of Eq. (1) are G-equivalent to either the zero solution u = 0
or solutions of the form (13) with β = const.

Reduced equation2.141ν0 is factoredout to
(
2(ν3−1)ϕωωω+3

)
ϕωω = 0.Therefore,

its solution set is the disjoint union of the solution sets of the equations 2(ν3−1)ϕωωω+
3 = 0 and ϕωω = 0. This implies that the maximal Lie invariance algebra a1ν02.14 of
reduced equation 2.141ν0 is the intersection of the maximal Lie invariance algebras of
the above equations, a1ν02.14 = 〈∂ω, ∂ϕ, ω∂ϕ, ω∂ω + 3ϕ∂ϕ〉. The entire algebra a1ν02.14 is
induced byNg(s

1ν0
2.14). Thus, the case (δ, δ′) = (1, 0) leads, modulo theG-equivalence,

to the solutions of Eq. (1) that are of the form (14) with κ = −1 and μ = ν.
Consider the case δδ′ �= 0. Thus, δ = 1. We neglect the gauge δ′ = 1, set δ′ to

another value, δ′ = −ν(ν3 − 1), and denote κ := −3(ν3 − 1)−1. As a result, we need
to solve the equation

(
(ϕωω)2 + ϕωω − κϕω

)
ω

= 0. We integrate it once, deriving
(ϕωω)2 + ϕωω − κϕω − c1 = 0, c1 is an integration constant, and solve the integrated
equation with respect to ϕωω,

ϕωω = −1

2
± 1

2

√
4κϕω + 1 + 4c1.

The maximal Lie invariance algebra of reduced equation 2.141νδ′
coincides with the

common invariance algebra a2.14 of case 2.14.Modulo the inducedG2.14-equivalence,
we can set 1 + 4c1 = 0. Separating the variables in the resulting equation, denoting
z := −1 ± √

4κϕω and integrating once more, we obtain z + ln |z| = κ(ω + c2),
where c2 is another integration constant that also can be set to be equal zero up to the
G2.14-equivalence. In other words, we derive the equation

ω = F(ϕω) := z + ln |z|
κ

∣∣∣∣
z=−1±√

4κϕω

,

and its general solution can be represented in parametric form as

ω = F(ζ ) with ζ := (z + 1)2

4κ
,

ϕ =
∫

ζ
dF

dζ
(ζ ) dζ =

∫
(z + 1)3

4κ2z
dz = 1

4κ2

(
z3

3
+ 3

2
z2 + 2z

)
+ ω

4κ
+ c3,

where c3 is one more integration constant that also can be set to be equal
to zero up to the G2.14-equivalence. The summand ω/(4κ) can be neglected
using the G2.14-equivalence as well. Since zez = ±eκω, we have that z ∈{
W0(eκω), W0(−eκω), W−1(−eκω)

}
, where W0 and W−1 again denote the princi-

pal real and the other real branches of the Lambert W function, respectively. As a
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result, we show that any solution of reduced equation 2.14δνδ′
with δδ′ �= 0 is G2.14-

equivalent to one of the solutions

ϕ = 1

4κ2

(
z3

3
+ 3

2
z2 + 2z

)
, z ∈ {

W0(e
κω), W0(−eκω), W−1(−eκω)

}
.

The corresponding G-equivalent solutions of Eq. (1) take the form

• u = (ν3 − 1)2

36
e3t

(
z3

3
+ 3

2
z2 + 2z

)
− 1

6
(x3 + y3) − ν3 − 1

2
et y2,

where z ∈ {
W0(eκω), W0(−eκω), W−1(−eκω)

}
with ω := e−t (y − νx) and κ :=

−3(ν3 − 1)−1.

8.2 The second collection of reductions

The reduced ordinary differential equations that are obtained from Eq. (1) by Lie
reductions using the two-dimensional subalgebras from the second selected collection
are cumbersome and among them there are three one-parameter families of equa-
tions, which complicates the computation of Lie and, moreover, point symmetries
of these equations. At the same time, there is a more essential obstacle even for
computing Lie symmetries just using the standard Lie approach augmented with spe-
cialized computer-algebra packages. The general form of the above reduced equations
is M(ω, ϕ, ϕω, ϕωω)ϕωωω + N (ω, ϕ, ϕω, ϕωω) = 0, where M and N are respectively
specific first- and second-degree polynomials in (ϕ, ϕω, ϕωω) with coefficients poly-
nomially depending on ω that in addition satisfy the conditions

Mϕωω �= 0 or

Mϕωω = 0, Mϕω(3Mϕω + Nϕωωϕωω)(6Mϕω + Nϕωωϕωω) �= 0.
(19)

Some of these equations cannot be represented in normal form due to their degenera-
tion, and the solution set of each of them splits into two parts that are singled out by
the constraints M �= 0 and M = N = 0, respectively. The left-hand sides of several
of them even admit algebraic factorizations. Therefore, the maximal Lie invariance
algebra of such an equation Mϕωωω + N = 0 is the intersection of the maximal
Lie invariance algebras of the equation ϕωωω = −N/M with M �= 0 and of the
(overdetermined) system M = N = 0. We prove that under the conditions (19), any
Lie-symmetry vector field of the equation ϕωωω = −N/M is necessarily of the form
ξ∂ω + (η1ϕ + η0)∂ϕ , where ξ , η1 and η0 are functions of ω, and then the computation
of the maximal Lie invariance algebra of this equation can be easily completed with a
computer-algebra system even in the case of presence of a parameter. After reducing
the corresponding system M = N = 0 to a passive form, we also find its maximal Lie
invariance algebra if its solution set is nonempty. For each family of reduced equations
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under study in this section, the construction of its point symmetry group is specific
and is carried out using the algebraic method by Hydon [29–31].

2.1. sλ
2.1 = 〈

Dt (1), Dt (t) + λDs
〉
, λ �= −1/3:

u = |x |κϕ, ω = y

x
, κ := 9λ

3λ + 1
;(

2ω(ω3 − 1)ϕωω − (κ − 1)(3ω3 − 1)ϕω + κ(κ − 1)ω2ϕ
)
ϕωωω

−(κ − 2)
(
(5ω3 − 1)ϕωω

2 − (κ − 1)ω(11ωϕω − 3κϕ)ϕωω

+(κ − 1)2(5ωϕω − 2κϕ)ϕω

) = 0.

In view of its definition, the parameter κ cannot be equal to 3 but we can neglect
this fact by uniting reduction 2.1 with reduction 2.13, which can be considered as
corresponding to the values λ = ±∞ and κ = 3, see below. Note that it is convenient
to assume the family of reduced equations 2.1 to be parameterized κ instead of λ.

The associated system M = N = 0 is equivalent to the equation

ϕω = 0 if κ = 0,

ϕωω = 0 if κ = 1,

2ω(ω3 − 1)ϕωω − (3ω3 − 1)ϕω + 2ω2ϕ = 0 if κ = 2,

(w3 + 1)ϕω = 3ω2ϕ if κ = 3,

(w6 − 10w3 + 1)ϕω = 6ω2(w3 − 5)ϕ if κ = 6,

ϕ = 0 otherwise.

The corresponding solutions of the original equation (1) belong to the family of trivial
solutions (7), except the cases κ = 2, see the consideration of this case below, and
κ = 6, with the polynomial solutions u = c1(x6 − 10x3y3 + y6) of (1), where c1 is
an arbitrary constant.

The normalizer of the subalgebra sλ
2.1 in g is

Ng(s
λ
2.1) = 〈

Dt (1), Dt (t), Ds〉 if λ �= 0, 1/6,

Ng(s
0
2.1) = 〈

Dt (1), Dt (t), Ds, Z(1)
〉
,

Ng(s
1/6
2.1 ) = 〈

Dt (1), Dt (t), Ds, Rx (1), Ry(1)
〉
.

For a general value λ �= −1/3, the vector fields Dt (1), 3Dt (t) and Ds induce the Lie-
symmetry vector fields 0, −κϕ∂ϕ and (3 − κ)ϕ∂ϕ of reduced equation 2.1κ , whereas
for λ = 0 and λ = 1/6 (i.e., κ = 0 and κ = 1) we in addition have inductions
∂ϕ by Z(1) and ∂ϕ and ω∂ϕ by Rx (1) and Ry(1), respectively. The discrete point
symmetry transformations J and Is of Eq. (1), see Corollary 2, induce the discrete
point symmetry transformations (ω̃, ϕ̃) = (ω−1, |ω|−κϕ) and (ω̃, ϕ̃) = (ω,−ϕ) of
reduced equation 2.1κ for any κ , respectively, whereas the discrete point symmetry
transformation Ii of Eq. (1) corresponds to the identity transformation of (ω, ϕ).
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For a general value λ �= −1/3, the subalgebra sλ
2.1 has, up to the GL-equivalence,

a single counterpart among subalgebras of the algebra gL, s̄λ
2.1 = 〈

D̄t (1), D̄t (t) +
λD̄s

〉
. This is why ansatz 2.1 is extended to v as v = |x |κ/2ψ , and the nonlinear Lax

representation (2) reduces to the system

12(κ − 1)
(
2(ω3 + 1)ψω − κω2ψ

)
ϕω − 12κ(κ − 1)ω

(
2ωψω − κψ

)
ϕ

+ 16ω(ω3 − 1)ψ 3
ω − 12κ(ω3 − 1)ψψ 2

ω + κ3ωψ3 = 0,

ωϕωω − (κ − 1)ϕω + ωψ 2
ω − κ

2
ψψω = 0.

(20)

For each of the values λ = 0 and λ = 2/3, where κ = 0 and κ = 2, there is
another counterpart of the subalgebra sλ

2.1 among subalgebras of the algebra gL that

is GL-inequivalent to the subalgebra s̄λ
2.1, s̄

0
2.1′ = 〈

D̄t (1), D̄t (t) + 1
3 P̄

v
〉
and s̄

2/3
2.1′ =〈

D̄t (1) + P̄v, D̄t (t) + 2
3 D̄

s
〉
, respectively. This results in one more GL-inequivalent

extension of ansatz 2.1 to v for each of these values ofλ, v = ψ+ln |x | and v = xψ+t .
The corresponding reduced systems are

3
(
(ω3 + 1)ψω − ω2)ϕω − 2ω(ω3 − 1)ψ 3

ω + 3(ω3 − 1)ψ 2
ω − ω = 0,

ωϕωω + ϕω + ωψ 2
ω − ψω = 0

and

3
(
(ω3 + 1)ψω − ω2ψ

)
ϕω − 6ω(ωψω − ψ)ϕ

+ 2ω(ω3 − 1)ψ 3
ω − 3(ω3 − 1)ψψ 2

ω + ωψ3 − 3ω = 0,

ωϕωω − ϕω + ωψ 2
ω − ψψω = 0.

For the specific values κ ∈ {0, 1, 2} or, equivalently, λ ∈ {0, 1/6, 2/3}, we are able
to construct more solutions than for the other values.

κ = 2. The solution set of reduced equation 2.1κ with κ = 2, i.e., λ = 2/3, is a
union of the solution sets of the equations ϕωωω = 0 and 2ω(ω3 − 1)ϕωω − (3ω3 −
1)ϕω + 2ω2ϕ = 0, whose intersection consists only of the zero solution ϕ = 0. It
can be proved that the maximal Lie invariance algebra a22.1 of reduced equation 2.12

is the intersection of the maximal Lie invariance algebras of the above equations,
a22.1 = 〈ϕ∂ϕ〉, and thus it is induced by Ng(s

2
2.1).

The solutions of the first equation are not interesting since each related solution
of Eq. (1) is G-equivalent to either the zero solution u = 0 or the solution (13) with
β = 1. The general solution of the second equation is

ϕ = c1(ω
3/2 + 1)4/3 + c2(ω

3/2 − 1)4/3 for ω � 0,

ϕ = (1 − ω3)2/3
(
c1 cos

(
4

3
arctan |ω|3/2

)
+ c2 sin

(
4

3
arctan |ω|3/2

))
for ω � 0,

where c1 and c2 are arbitrary constants, and one of them, if nonzero, can be set to one
by induced symmetries of reduced equation 2.12. This leads to the following solutions
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of Eq. (1):

• u = c1(|x |3/2 + |y|3/2)4/3 + c2(|y|3/2 − |x |3/2)4/3 for xy � 0,

• u = (x3 − y3)2/3
(
c1 cos

(
4

3
arctan

∣∣∣ y
x

∣∣∣3/2) + c2 sin

(
4

3
arctan

∣∣∣ y
x

∣∣∣3/2))
for xy � 0,

where c1 and c2 are arbitrary constants, and one of them, if nonzero, can be set to one
up to the G-equivalence.

κ = 1. The solution set of reduced equation 2.1κ with κ = 1, i.e., λ = 1/6, coincides
with that of the equation 2ω(ω3 − 1)ϕωωω + (5ω3 − 1)ϕωω = 0 and thus consists of
the functions

ϕ = c1ϕ
0(ω) + c2ω + c3 with ϕ0(ω) := |ω|3/2 3F2

(
1

6
,
1

2
,
2

3
; 7
6
,
3

2
;w3

)
,

where pFq(a1, . . . , ap; b1, . . . , bq ; z) is the generalized hypergeometric function.
Hence the maximal Lie invariance algebra of reduced equation 2.11 is a12.1 =
〈∂ϕ, ω∂ϕ, ϕ0(ω)∂ϕ, ϕ∂ϕ〉, and its subalgebra induced by Ng(s

1
2.1) is 〈∂ϕ, ω∂ϕ, ϕ∂ϕ〉,

i.e., any element of a12.1 with nonzero coefficient of ϕ
0(ω)∂ϕ is a hidden Lie-symmetry

of Eq. (1) that is associated with reduction 2.11.
Up to induced symmetries of reduced equation 2.11, we can set c1 = 1, and c2 =

c3 = 0. Thus, the only corresponding G-inequivalent solutions of Eq. (1) is

• u =
√∣∣∣∣ y3x

∣∣∣∣ 3F2

(
1

6
,
1

2
,
2

3
; 7
6
,
3

2
; y3

x3

)
.

κ = 0. The maximal Lie invariance algebra a02.1 of reduced equation 2.10 is equal to
〈∂ϕ, ϕ∂ϕ〉, and thus it is entirely induced by Ng(s

0
2.1). The reduced system (20) with

κ = 0 degenerates to

ψω

(
3(ω3 + 1)ϕω − 2ω(ω3 − 1)ψ 2

ω

) = 0, ωϕωω + ϕω + ωψ 2
ω = 0. (21)

It is obvious that the integration of the system (21) splits into two cases. If ψω = 0,
then it is equivalent to the equation ωϕωω + ϕω = 0, whose general solution is
ϕ = c1 ln |ω| + c0 and gives only trivial solutions of Eq. (1) from the family (7).
Under the constraint ψω �= 0, we easily exclude ψω from the system (21) and derive
the equation 2ω(ω3−1)ϕωω +(5ω3+1)ϕω = 0. The general solution of this equation
is

ϕ = c1 ln

∣∣∣∣ω3/2 + 1

ω3/2 − 1

∣∣∣∣ + c2 for ω � 0, ϕ = c1 arctan |ω|3/2 + c2 for ω � 0.
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Up to induced symmetries of reduced equation 2.10, we can set c1 = 1, and c2 = 0.
This leads to the following solutions of Eq. (1):

• u = ln

∣∣∣∣ |x |3/2 + |y|3/2
|x |3/2 − |y|3/2

∣∣∣∣ for xy � 0, • u = arctan
∣∣∣ y
x

∣∣∣3/2 for xy � 0.

The independent variable ω and the ratio ϕωω/ϕω are the lowest-order differential
invariants of the solvable algebra a02.1. Therefore, the change of dependent variable
p = ϕωω/ϕω lowers the order of reduced equation 2.10 by two. The derived equation

(2ω(ω3 − 1)p + 3ω3 − 1)pω + 2ω(ω3 − 1)p3 + (13ω3 − 3)p2 + 22pω2 + 10ω = 0

integrates to

(
ω(ω3 − 1)2 p2 + (3ω3 − 1)(ω3 − 1)p + ω2(2ω3 − 5)

)3(
2ω(ω3 − 1)p + 5ω3 + 1

)4(
ωp + 1

)2 = c1.

Substituting ϕωω/ϕϕ for p into the last equation, we obtain the first integral of reduced
equation 2.10. We are not able to integrate further for the general value of c1. Never-
theless, setting c1 = 0 simplifies the equation into be integrated to the equation

ω(ω3 − 1)2ϕ 2
ωω + (3ω3 − 1)(ω3 − 1)ϕωωϕω + ω2(2ω3 − 5)ϕ 2

ω = 0,

which is easily solved as a quadratic equation with respect to ϕωω/ϕω and integrated
twice. As a result, we construct the following solution of reduced equation 2.1κ with
κ = 0:

ϕ =
∫ |s + 7 + K |1/6|7s + 1 + K |1/6(2s + 2 − K )2/3

3s(s − 1)

∣∣∣∣
K=√

s2+14s+1
ds

∣∣∣∣
s=ω3

.

The corresponding solution of the original equation (1) is

• u =
∫ |s + 7 + K |1/6|7s + 1 + K |1/6(2s + 2 − K )2/3

3s(s − 1)

∣∣∣∣
K=√

s2+14s+1
ds

∣∣∣∣
s=(y/x)3

.

For the general value of κ , κ �= 0, 1, 2, all Lie and discrete point symmetries of the
associated equation ϕωωω = −N/M are symmetries of the system M = N = 0. This
is why the maximal Lie invariance algebra aκ

2.1 of reduced equation 2.1κ is equal to
〈ϕ∂ϕ〉, and thus it is entirely induced by Ng(s

κ
2.1).

We compute the point symmetry group Gκ
2.1 of reduced equation 2.1κ with an

arbitrary nonsingular value κ �= 0, 1, 2 by the algebraic method. Let�: ω̃ = �(ω, ϕ),
ϕ̃ = F(ω, ϕ) with �ωFϕ − �ϕFω �= 0 be a point symmetry transformation of this
equation. From the condition �∗a2.1 ⊆ a2.1, we only derive the equations �ϕ = 0
and ϕFϕ = aF , which mean that � = �(ω) with �ω �= 0 and F = g(ω)ϕa + f (ω)

with a nonzero constant a, a nonvanishing function g of ω and a function f of ω.
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The further computation by the direct method is the most complicated among such
computations in the present paper. The left-hand side L[ϕ] of reduced equation 2.1κ

is a homogeneous second-degree polynomial with respect to the unknown function ϕ

and its derivatives with coefficients depending on ω. After expanding the transformed
equationwith taking into account the obtained formof� and collecting the coefficients
of ϕωω

3ϕω, we first derive the equation a = 1, which means that the transformation �

is affine with respect to ϕ. Then the condition of preserving reduced equation 2.1κ

by � can be written in the form L[�∗ϕ] = K (ω)L[ϕ], where K is a nonvanishing
function ofω. Collecting, in the last equality, coefficients of the terms that are of degree
two with respect to the unknown function ϕ and its derivatives leads to a system of
determining equations for the functions�, g and K , whose general solution consists of
two families, (�, g, K ) = (ω, c1, c 21 ) and (�, g, K ) = (ω−1, c1ω−κ , c 21 ω−2κ−11),
where c1 is an arbitrary nonzero constant. For each of the found solutions for (�, g, K ),
the system for f derived by collecting coefficients of the remaining terms only has
the zero solution. As a result, for any value of κ the entire group Gκ

2.1 is induced by
the stabilizer of sλ

2.1 in G with the corresponding value of λ.
Polynomial solutions of reduced equations 2.1κ whose degree is not greater thanfive

and that result in nonpolynomial solutions of the original equation (1) are exhausted
by ϕ = cω for κ = 5/2 and ϕ = c(ω3 − 8/21) for κ = 9/2, where c = 1 modulo the
induced G1.1-equivalence. The first solution corresponds to the solution u = |x |3/2y
of (1), which can also be obtained and, moreover, generalized using the multiplicative
separation of variables; make the permutation J of x and y in the last solution of
Sect. 10. The first solution gives a new solution of (1),

• u = |x |9/2
(
y3

x3
− 8

21

)
.

2.2. sν
2.2 = 〈

Dt (1), Dt (t) − 1
3D

s + Px (1) + Py(ν)
〉
, |ν| � 1 (mod G):

u = e−xϕ, ω = y − νx;(
2ν(ν3 − 1)ϕωω + (3ν3 − 1)ϕω + ν2ϕ

)
ϕωωω

+ (5ν3 − 1)ϕωω
2 + ν(11νϕω + 3ϕ)ϕωω + 5νϕ 2

ω + 2ϕϕω = 0.

The associated system M = N = 0 (see the beginning of this section) is equivalent
to the equation ϕω = 0 if ν = 0, 2ϕω = ϕ if ν = −1 or ϕ = 0 otherwise; the
corresponding solutions of the original equation (1) belong to the family of trivial
solutions (7) or to the family (10). All Lie and discrete point symmetries of the asso-
ciated equation ϕωωω = −N/M are symmetries of the system M = N = 0. This is
why for any value of ν, the maximal Lie invariance algebra of reduced equation 2.2ν

is the algebra a2.2 = 〈∂ω, ϕ∂ϕ〉, and this equation is invariant with respect to the
group G2.2, which consists of the point transformations ω̃ = ω + c̃1, ϕ̃ = c̃2ϕ, where
c̃1 and c̃2 are arbitrary constants with c̃2 �= 0. All the subalgebras sν

2.2 have the same
normalizer Ng(s

ν
2.2) = 〈Dt (1), Dt (t) − 1

3D
s, Px (1), Py(1)〉 in g. The vector fields

Dt (1), Dt (t)− 1
3D

s, Px (1) and Py(1) fromNg(s
ν
2.2) induce the Lie-symmetry vector

fields 0, −ϕ∂ϕ , −ν∂ω + ϕ∂ϕ and ∂ω of reduced equation 2.2ν , respectively, and thus
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the algebra a2.2 is entirely induced by elements of Ng(s
ν
2.2). The discrete point sym-

metry transformation Ii ◦ Is: (t̃, x̃, ỹ, ũ) = (−t, x, y,−u) of (1) induces the discrete
point symmetry transformation (ω̃, ϕ̃) = (ω,−ϕ) for any of reduced equations 2.2ν .
Therefore, the entire group G2.2 is induced by the point symmetry group G of the
original equation (1).

We construct the point symmetry group Gν
2.2 of reduced equation 2.2ν with an

arbitrary fixed ν using the algebraic method. Let �: ω̃ = �(ω, ϕ), ϕ̃ = F(ω, ϕ) with
�ωFϕ−�ϕFω �= 0 be a point symmetry transformation of this equation. The necessary
condition �∗a2.2 ⊆ a2.2 implies the equations �ω = a11, ϕ�ϕ = a21, Fω = a12F
and ϕFϕ = a22F , where a11, a12, a21 and a22 are constants with a11a22 −a12a21 �= 0.
Therefore,

� = a11ω + a21 ln |ϕ| + c̃1, F = c̃2e
a12ωϕa22 ,

where c̃1 and c̃2 are arbitrary constants with c̃2 �= 0. We continue the computation
with the direct method using the derived form for �, which leads to a cumbersome
overdetermined system of determining equations for the parameters a11, a12, a21 and
a22, whose solution depends on the value of ν. For ν �= ±1, we obtain the single
solution a12 = a21 = 0, a11 = a22 = 1, i.e., the complete point symmetry group Gν

2.2
of reduced equation 2.2ν with such values of ν coincides with the common point
symmetry group G2.2. For each ν ∈ {−1, 1}, there is exactly one more solution
a11 = −1, a21 = 0, a12 = ν, a22 = 1, i.e., in addition to the elements of G2.2, the
complete point symmetry group Gν

2.2 of reduced equation 2.2
ν with ν = ±1 contains

the transformations ω̃ = −ω + c̃1, ϕ̃ = c̃2eνωϕ, where c̃1 and c̃2 are again arbitrary
constants with c̃2 �= 0. This means that the group Gν

2.2 with ν = 1 or ν = −1 is
generated by the elements of G2.2 and the discrete point symmetry transformation
(ω̃, ϕ̃) = (−ω, eνωϕ), which is induced by the discrete point symmetry J or J ◦ Is of
the original equation (1), respectively. Therefore, for any value of ν the group Gν

2.2 is
entirely induced by the stabilizer of sν

2.2 in G.
Up to the GL-equivalence, the subalgebra sν

2.2 with any value of ν is prolonged
in a unique way to v, which leads to the subalgebra s̄ν

2.2 = 〈
D̄t (1), D̄t (t) − 1

3 D̄
s +

P̄ x (1) + P̄ y(ν)
〉
of the algebra gL. Therefore, up to the GL-equivalence, there is a

unique extension v = e−x/2ψ of ansatz 2.2 to v, and the corresponding reduced
system is

24ψωϕωω − 12(2νψω + ψ)(νϕω + ϕ) + 8(2ν3 + 1)ψ 3
ω + 12ν2ψψ 2

ω − ψ3 = 0,

νϕωω + ϕω + νψ 2
ω + 1

2
ψψω = 0.

It is obvious that an arbitrary function of the form ϕ = c1e−ω/ν + c2 if ν �= 0 or an
arbitrary constant if ν = 0 is a solution of reduced equation 2.2ν , and these solutions
lead to trivial solutions of Eq. (1) from the family (7). Further we ignore the above
trivial solutions.

Reduced equation 2.20 is especially short, ϕωϕωωω + ϕωω
2 = 2ϕϕω, and integrates

twice to ϕ 3
ω = ϕ3+c1ϕ+c2, where c1 and c2 are the integration constants. Separating
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the variables and integrating further, we construct the general solution of reduced
equation 2.20 in an implicit form with one quadrature,

∫
dϕ

(ϕ3 + c1ϕ + c2)1/3
= ω + c3, (22)

where c3 is one more integration constant. The corresponding solutions of the original
equation (1) are of the form

• u = e−xϕ(y), (23)

where the function ϕ = ϕ(y) is implicitly defined by (22), where ω = y, c3 = 0
(mod G), and, up to the G-equivalence, the constant c1, if it is nonzero, can be set
to be equal ±1 or the constant c2, if it is nonzero, can be set to be equal one. The
solution family (23) can be extended using the multiplicative separation of variables,
see Sect. 10. The formula (22) obviously leads to explicit solutions of reduced equa-
tion 2.20 only if c1 = c2 = 0, which gives ϕ = c̃3eω with an arbitrary constant c̃3. All
the corresponding solutions of Eq. (1), u = c̃3ey−x , belong to the family of simple
solutions (10).

For several specific values of (c1, c2), when the integral in the left-hand side
of (22) is reduced to cases of the Chebyshev theorem on the integration of bino-
mial differentials, it be expressed in terms of elementary functions. This gives the
following G2.2-inequivalent parametric solutions (without quadratures) of reduced
equation 2.20:

◦ ϕ = s3 + 2

s3 − 1
with

1

2
ln

s2 + s + 1

(s − 1)2
− √

3 arctan
2s + 1√

3
= y,

◦ ϕ = |s3 − 1|−1/2 with
1

2
ln

s2 + s + 1

(s − 1)2
− √

3 arctan
2s + 1√

3
= 2y,

◦ ϕ = (s3 − 1)−1/3 with
1

2
ln

s2 + s + 1

(s − 1)2
− √

3 arctan
2s + 1√

3
= 3y

(24)

if 4c31 = −27c22, (c1 �= 0, c2 = 0) and (c1 = 0, c2 �= 0), respectively; cf. [48,
Section 4.1.1.2], where there are several typos and a needless involvement of complex
numbers. In the first case, the polynomial ϕ3 + c1ϕ + c2 has a root λ of multiplicity
two and can thus be factorized to (ϕ+2λ)(ϕ−λ)2, i.e., c1 = −3λ2 and c2 = 2λ3. It is
then obvious that we can set λ = 1 up to G2.2-equivalence, more precisely, by scaling
of ϕ. In the second and the third cases, we analogously can set c1 = sgn(s3 − 1) and
c2 = 1, respectively. For c1 �= 0, the integral in the left-hand side of (22) was reduced
in [48, Eqs. (33)–(34)] to an integral that, as stated therein, can be expressed in terms
of elliptic functions but the corresponding representation of the solution (22) does not
seem useful.

For general values of ν, the order of reduced equation 2.2ν can be lowered by
the differential substitution z = ϕω/ϕ, p = ϕωω/ϕ inspired by the Lie invariance
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algebra a2.2. This leads to a first-order ordinary differential equation with respect
to p = p(z),

(
2ν(ν3 − 1)p + 3ν3z − z + ν2

)
(p − z2)pz

+ (
2ν(ν3 − 1)z + 5ν3 − 1

)
p2 + (

(3ν3 − 1)z2 + 12ν2z + 3ν
)
p

+ 5νz2 + 2z = 0.

(25)

Looking for solutions of (25) that are at most quadratic with respect to z, we con-
struct only the solutions p = −z/ν if ν = 0, p = 4 if ν = 1/2 and p = z−1 if ν = −1.
For reduced equation 2.2ν , this gives the above trivial solutions ϕ = c1e−ω/ν + c2 if
ν = 0 as well as ϕ = c1e−2ω + c2e2ω if ν = 1/2 and ϕ = c1eω/2 cos( 12

√
3ω + c2)

if ν = −1. As a result, up to G-equivalence we construct the following new solutions
of the original equation (1):

• u = ey−x ± e−y, • u = ey−x cos
(√

3(x + y)
)
.

If ν = 1, the equation (25) becomes the Abel equation of the second kind,

(2z + 1)(p − z2)pz + 4p2 + (2z2 + 12z + 3)p + 5z2 + 2z = 0,

which is reduced by the point transformation s = z + 1
2 , r = (z + 1

2 )
2(p − z2) to the

simpler Abel equation

16rrs + 4s(28s2 − 1)r + s3(4s2 − 1)(12s2 + 1) = 0,

whose general solution in implicit form is

(4r + 4s4 − s2)2
(
(144r + 144s4 − 1)2 − (12s2 + 1)3

)
(
3
(
32r + (8s2 + 1)(4s2 − 1)

)2 − (8s2 + 1)(4s2 − 1)2
)2 = c1.

The latter equation has two polynomial solutions up to degree four,
r = − 1

4 s
2(4 s2 − 1) and r = − 1

64 (4 s
2 − 1)(12 s2 + 1), which correspond to the

values c1 = 0 and c1 = 1/256 and the solutions

p = −z and p = z(z3 − 2z2 − 3z − 1)

(2z + 1)2

of the former Abel equation, respectively. After the inverse differential substitution,
we respectively obtain two ordinary differential equations. The integration of the first
one only results in trivial solutions of the original equation (1), whereas solving the
second equation, we construct, up to the G-equivalence, the following parametric
solution of (1):

• u = e−(x+y)/2 (3z2 + 3z + 1)−1/6

|z|1/2|z + 1|1/2
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with ln

∣∣∣∣ z + 1

z

∣∣∣∣ − 2√
3
arctan

(√
3(2z + 1)

) = y − x .

2.3. s̃ν
2.3 = 〈

Dt (1), 2Dt (t)+ 1
3D

s+ Rx (1)+ Ry(ν)
〉
, |ν|�1 (mod G) (we replace the

subalgebra sν
2.3 by the G-equivalent subalgebra s̃ν

2.3 for convenience of the reduction
procedure):

u = xϕ + (y + νx) ln |x |, ω = y/x;(
2ω(ω3 − 1)ϕωω − 2ω3 + νω2 + 1

)
ϕωωω + (5ω3 − 1)ϕωω

2

−ω(8ω − 3ν)ϕωω + 3ω − 2ν = 0.

For any values of ν, reduced equation 2.3ν can be represented in normal form since
the coefficient of ϕωωω in it does not vanish on its solutions. Its maximal Lie invari-
ance algebra is the algebra a2.3 = 〈∂ϕ, ω∂ϕ〉. The corresponding Lie group G2.3
consists of the point transformations ω̃ = ω, ϕ̃ = ϕ + c̃1ω + c̃2, where c̃1
and c̃2 are arbitrary constants. All the subalgebras s̃ν

2.3 have the same normalizer
Ng(s̃

ν
2.3) = 〈Dt (1), 2Dt (t) + 1

3D
s, Rx (1), Ry(1)〉 in g. The vector fields Dt (1),

2Dt (t)+ 1
3D

s, Rx (1) and Ry(1) from Ng(s̃
ν
2.3) induce the Lie-symmetry vector fields

0,−(ω+ν)∂ϕ , ∂ϕ andω∂ϕ of reduced equation 2.3ν , respectively, i.e., the algebra a2.3
is entirely induced, and thus the entire group G2.3 is induced by the stabilizer of s̃ν

2.3
in G.

Using the algebraic method, we compute the point symmetry groupGν
2.3 of reduced

equation 2.3ν for any fixed value of ν. Let �: ω̃ = �(ω, ϕ), ϕ̃ = F(ω, ϕ) with
�ωFϕ−�ϕFω �= 0 be a point symmetry transformation of this equation. The condition
�∗a2.3 ⊆ a2.3, implies the equations �ϕ = 0, Fϕ = a11 + a12� and ωFϕ = a21 +
a22�, where a11, a12, a21 and a22 are constants with a11a22 −a12a21 �= 0. Therefore,

� = −a11ω + a21
a12ω − a22

, F = −a11a22 − a12a21
a12ω − a22

ϕ + f (ω)

with a function f of ω. Taking into account the derived form for �, we continue the
computation with the direct method. As a result, we obtain a cumbersome overdeter-
mined system of determining equations for the parameters a11, a12, a21, a22 and f ,
whose solution depends on the value of ν. For ν �= ±1, we obtain that a12 = a21 = 0,
a11 = a22 = 1 and f = c̃1ω + c̃2 with arbitrary constants c̃1 and c̃2. In other words,
the complete point symmetry group Gν

2.3 of reduced equation 2.3
ν with ν �= ±1 coin-

cides with the common Lie symmetry group G2.3. For ν = ±1, we have additional
solutions, a11 = a22 = 0, a12 = a21 = ν, f = −(ν + ω−1) ln |ω| + c̃1ω−1 + c̃2,
where c̃1 and c̃2 are again arbitrary constants. Hence the complete point symmetry
group Gν

2.3 of reduced equation 2.3
ν with ν = ±1 is generated by the elements of the

common Lie symmetry group G2.3 and the discrete point symmetry transformation
ω̃ = ω−1, ϕ̃ = νω−1ϕ − (ν + ω−1) ln |ω|, which is induced by the discrete point
symmetries J and J◦ Is of the original equation (1) if ν = 1 and ν = −1, respectively.
Therefore, for any value of ν the groupGν

2.3 is entirely induced by the stabilizer of s̃
ν
2.3

in G.
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For each value of ν, the subalgebra s̃ν
2.3 has, up to the GL-equivalence, a single

counterpart among subalgebras of the algebra gL, s̄ν
2.3 = 〈

D̄t (1), 2D̄t (t) + 1
3 D̄

s +
R̄x (1) + R̄ y(ν)

〉
. This is why ansatz 2.3 is extended to v in a unique way up to the

GL-equivalence as v = |x |1/2ψ , and the nonlinear Lax representation (2) reduces to
the system

16εω(ω3 − 1)ψ 3
ω − 12ε(ω3 − 1)ψψ 2

ω − 24(νω2 − 1)ψψω + εωψ3 + 12νωψ = 0,

ωϕωω + εωψ 2
ω − ε

2
ψψω − 1 = 0,

(26)

where ε := sgn x .
Reduced equation 2.3ν is an Abel equation of the second kind with respect to ϕωω.

Its particular solution ϕ = ω ln |ω| corresponds to a solution of the system (26) with
ψ = 0 and the trivial solution u = y ln |y| + νx ln |x | of (1) from the family (7). The
differential substitution ϕωω = p + ω−1 maps reduced equation 2.3ν to the simpler
Abel equation of the second kind

(
2ω(ω3 − 1)p + νω2 − 1

)
pω + (5ω3 − 1)p2 + 3νωp = 0.

2.4. s̃2.4 = 〈
Dt (1), 3Dt (t)+Z(1)

〉
(we replace the subalgebra s2.4 by theG-equivalent

subalgebra s̃2.4 for convenience of the reduction procedure):

u = ϕ + ln |x |, ω = y/x;(
2ω(ω3 − 1)ϕωω + (3ω3 − 1)ϕω − ω2)ϕωωω

+ 2(5ω3 − 1)ϕωω
2 + 2ω(11ωϕω − 3)ϕωω + 2(5ωϕω − 2)ϕω = 0.

The normalizer of the subalgebra s̃2.4 in g is Ng(s̃2.4) = 〈Dt (1), Dt (t), Z(1)〉. The
Lie-symmetry vector fields Dt (1), 3Dt (t)+ Z(1) and Z(1) of Eq. (1) induce the Lie-
symmetry vector fields 0, 0 and ∂ϕ of reduced equation 2.4, respectively. This equation
can be represented in normal form since the coefficient of ϕωωω in it does not vanish
on its solutions. The maximal Lie invariance algebra a2.4 of reduced equation 2.4 is
one-dimensional, a2.4 = 〈∂ϕ〉, and thus it is entirely induced by Ng(s̃2.4).

We compute the point symmetry groupG2.4 of reduced equation 2.4 by the algebraic
method. Let �: ω̃ = �(ω, ϕ), ϕ̃ = F(ω, ϕ) with �ωFϕ − �ϕFω �= 0 be a point
symmetry transformation of this equation. From the condition �∗a2.4 ⊆ a2.4, we
derive the equations �ϕ = 0 and Fϕϕ = 0, which mean that � = �(ω) and F =
aϕ + f (ω) with �ω �= 0, a nonzero constant a and a function f of ω. Taking into
account the derived form for �, we continue the computation with the direct method
and obtain a cumbersome overdetermined system of determining equations for the
parameters �, a and f , which can nevertheless be solved, giving a = 1 and either
� = ω and f = c or � = ω−1 and f = ln |ω| + c with an arbitrary constant c.
Therefore, the groupG2.4 is generated by the one-parameter subgroup of the shiftswith
respect to ϕ and the discrete point symmetry transformation ω̃ = ω−1, ϕ̃ = ϕ+ ln |ω|.
The last transformation is induced by the permutation J of the variables x and y in the
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original equation (1). Therefore, the group G2.4 is entirely induced by the stabilizer
of s̃ν

2.4 in G.
The subalgebra s̃2.4 has the family of GL-inequivalent counterparts s̄εν

2.4 =〈
D̄t (1), 3D̄t (t) + Z̄(ε) + ν P̄v

〉
among subalgebras of the algebra gL. Here ε = ±1

and ν � 0 (mod GL).5 This results in a family of GL-inequivalent extensions of
ansatz 2.4 to v that are parameterized by ε and ν, u = ϕ + ε ln |x |, v = ψ + ν ln |x |.
The corresponding reduced systems are

3
(
(ω3+ 1)ψω − νω2)ϕω − 2ω(ω3− 1)ψ 3

ω + 3ν(ω3− 1)ψ 2
ω

− 3εωψω − ν(ν2− 3ε)ω = 0,

ωϕωω + ϕω + ωψ 2
ω − νψω = 0.

(27)

The condition of vanishing the coefficient of ϕω in the first equation of (27) is
consistent with (27) only if ν = 0 and thus ψω = 0, which implies in view of the
second equation of (27) that ωϕωω + ϕω = 0. The associated family of particular
solutions ϕ = c1 ln |ω| + c2 of reduced equation 2.4, which are parameterized by
the arbitrary constants c1 and c2, corresponds to the subfamily of the trivial solutions
u = c1 ln |y| + (c1 + 1) ln |x | + c2 from the family (7).

Further (ω3+1)ψω −νω2 �= 0. Solving the first equation of (27) with respect to ϕω

and excluding ϕ from the second equation of (27), we derive a first-order ordinary
differential equation with respect to ζ := ψω,

(
4ω(ω6 − 1)ζ 3 − 3ν(ω3 − 1)(3ω3 + 1)ζ 2 + 6ν2ω2(ω3 − 1)ζ

−νω(ν2ω3 + ν2 − 3ε)
)
ζω + (7ω6 + 18ω3 − 1)ζ 4 − 6νω2(3ω3 + 5)ζ 3

+3ω(5ν2ω3 + 3ν2 + 3ε)ζ 2 − 2ν(2ν2ω3 − ν2 + 3ε)ζ = 0. (28)

Let ν = 0 and thus ζ �= 0. Then the equation (28) reduces to the simple Bernoulli
equation

4ω(ω6 − 1)ζ ζω + (7ω6 + 18ω3 − 1)ζ 2 + 9εω = 0,

which integrates to ζ = ±(ω3 − 1)−1
√
c̃1|ω|−1/2(ω3 + 1) + 3εω. The first equation

of (27) with this value of ζ implies that

ϕ = ε

3
ln |ω3 − 1| + c1 ln

∣∣∣∣ |ω|3/2 + 1

|ω|3/2 − 1

∣∣∣∣ + c2 for ω � 0,

ϕ = ε

3
ln |ω3 − 1| + c1 arctan |ω|3/2 + c2 for ω � 0,

5 The discrete point symmetry Is := Ds(−1) of Eq. (1), which alternates the signs of (x, y, u) and of
the vector fields Z(σ ) from the algebra g, has no counterpart among point symmetries of the nonlinear
Lax representation (2). As a result, in contrast to the subalgebra s̃2.4, the parameter ε in the subalgebra
family {s̄εν2.4} can be gauged, up to the GL-equivalence, merely to ±1 but not to 1.
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where c1 and c2 are arbitrary constants, and the constants c2 and ε can be set to 0 and 1
up to the G2.4-equivalence, respectively. The corresponding solutions of Eq. (1) are

• u = 1

3
ln |y3 − x3| + c1 ln

∣∣∣∣ |x |3/2 + |y|3/2
|x |3/2 − |y|3/2

∣∣∣∣ for xy � 0,

• u = 1

3
ln |y3 − x3| + c1 arctan

∣∣∣ y
x

∣∣∣3/2 for xy � 0.

For ν = √
3, the equation (28) can be integrated implicitly,

4 ln
∣∣(ω3 − 1)ζ − √

3ω2
∣∣ − 2 ln

∣∣(ω3 + 1)ζ − √
3ω2

∣∣ + ln
∣∣ωζ − √

3
∣∣ + ln

∣∣ζ ∣∣ = c1.

Then the function ϕ is defined by the first equation of (27) with ψω = ζ and ν = √
3.

2.13. s2.13 = 〈
Dt (1), Ds

〉
: u = x3ϕ, ω = y/x;

(
2ω(ω3 − 1)ϕωω − 2(3ω3 − 1)ϕω + 6ω2ϕ

)
ϕωωω

− (5ω3 − 1)ϕ 2
ωω + 2ω(11ωϕω − 9ϕ)ϕωω − 4(5ωϕω − 6ϕ)ϕω = 0.

The normalizer of the subalgebra s2.13 in g is Ng(s2.13) = 〈Dt (1), Dt (t), Ds〉, and
the entire maximal Lie invariance algebra a2.13 = 〈ϕ∂ϕ〉 of reduced equation 2.13 is
induced by this normalizer.

Reduced equation 2.13 can be included in the family of reduced equations 2.1κ as
the element with κ = 3, which corresponds to the limit values λ = ±∞.

Simple solutions of reduced equation 2.13, ϕ = |ω|3/2 and the family of solutions
that are cubic polynomials in ω, were found in [48], see the equations (24) and (25)
therein, respectively. The solution u = |xy|3/2 of the original equation (1), which
corresponds to the solution ϕ = |ω|3/2, is essentially generalized in Sect. 10 using
multiplicative separation of the variables x and y. The above family of polynomial
solutions in ω is associated with the family of solutions of (1) that are homogeneous
cubic polynomials in (x, y) with constant coefficients.

9 Lie reductions to algebraic equations

For any three-dimensional subalgebra s3 of the algebra g, either its rank r is less than
three and thus it cannot be used for Lie reduction of Eq. (1) to an algebraic equation or
all the corresponding invariant solutions are, up to the G-equivalence, just particular
elements of parameterized families of solutions that have been constructed in Sects. 7
and 8. To show this, we present an outline of the classification of three-dimensional
subalgebras of g.

Consider a three-dimensional subalgebra s3 = 〈Qi , i = 1, 2, 3〉 of g spanned by
three (linearly independent) vector fields

Qi = Dt (τ i ) + λi Ds + Px (χ i ) + Py(ρi ) + Rx (αi ) + Ry(β i ) + Z(σ i )
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from g with arbitrary smooth functions τ i , χ i , ρi , αi , β i and σ i of t and arbitrary
constants λi such that the tuples (τ i , λi , χ i , ρi , αi , β i , σ i ) are linearly indepen-
dent. Here and in what follows the index i runs from 1 to 3. The consideration
splits into cases mainly depending on two values, k1 = k1(s3) := dim〈τ i 〉 and
k2 = k2(s3) := dim〈(τ i , λi )〉. For brevity, we use transitions to G-equivalent subal-
gebras, basis changes and hints from the proofs of Lemmas 5 and 6 without referring
to this. Below, κ1, κ2, κ3 and ν denote constants.

k1 = 3. In view of the classical Lie theorem on Lie algebras of vector fields on
the real line,6 we can set τ 1 = 1, τ 2 = t and τ 3 = t2, which implies s3 ⊂ g′,
and thus λi = 0. The vector fields Q1 and Q2 reduce to Dt (1) and Dt (t) + Z(δ)

with δ ∈ {0, 1}, respectively. We successively derive from the commutation relations
[Q1, Q3] = 2Q2 and [Q2, Q3] = Q3 that χ3, ρ3, α3, β3 = const, σ 3

t = δ and hence
χ3, ρ3, α3, β3 = 0. Therefore, r = 2.

k1 = 2, k2 = 3. We can make τ 1 = 1, τ 2 = t , τ 3 = 0, λ1 = λ2 = 0, λ3 = 1, and then
Q3 = Ds. The commutation relations [Q1, Q3] = [Q2, Q3] = 0 imply Q1 = Dt (1)
and Q2 = Dt (t), i.e., r = 2.

k1 = k2 = 2. Setting Q1 = Dt (1), τ 2 = t , τ 3 = 0, λ3 = 0, we derive from the
commutation relations [Q j , Q3] = κ j Q3, j = 1, 2, [Q1, Q2] = Q1 + κ3Q3 that
χ3
t = κ1χ

3, tχ3
t = κ2χ

3, ρ3
t = κ1ρ

3, tρ3
t = κ2ρ

3, and thus, if r = 3, (χ3, ρ3) �=
(0, 0), κ1 = κ2 = 0, which further implies that χ3

t = ρ3
t = αt = βt = σt = 0. In

other words, the subalgebra s3 contains, up to G-equivalence, a subalgebra from the
family {s0νδ′

2.14}.

k1 = 1, k2 = 2. We make τ 1 = 1, τ 2 = τ 3 = 0, λ1 = λ3 = 0, λ2 = 1 and then
Q2 = Ds. The commutation relations [Q1, Q2] = 0, [Q j , Q3] = κ j Q3, j = 1, 2,
imply Q1 = Dt (1) and, if r = 3, then κ2 = −1 and Q3 = Px (eκ1t ) + νPy(eκ1t ),
i.e., the subalgebra s3 contains a subalgebra that is G-equivalent to one from the
family {sρ̃

2.9}.

k2 � 1. If r = 3, then up to G-equivalence, the subalgebra s3 contains a subalgebra
from the family {sραβ

2.17} and, therefore, a subalgebra from the family {sβ
1.4}.

As a result, we conclude that Lie reductions of Eq. (1) to algebraic equations give
no new G-equivalent solutions in comparison with those that have been constructed
in a closed explicit form in Sects. 7 and 8.

10 Multiplicative separation of variables

The equation (1) is identically satisfied under the additive separation of the variables x
and y, and the solutions from the corresponding family (7) are trivial.

6 See [13, 17–19, 42, 43, 51] and references therein for applications of this theorem to classifying subal-
gebras of various algebras of vector fields.
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Consider solutions of Eq. (1) with nontrivial multiplicative separation of the vari-
ables x and y. They are represented in the form u = ϕ(t, x)ψ(t, y) with ϕx �= 0
and ψy �= 0.7

Substituting themultiplicative ansatz u = ϕ(t, x)ψ(t, y) intoEq. (1) and separating
the variables x and y, we obtain the equation

ϕt x

ϕx
+ ψt y

ψy
= (ϕxxϕx )x

ϕx
ψ + (ψyyψy)y

ψy
ϕ,

which we further simultaneously differentiate with respect x and y and derive

1

ϕx

(
(ϕxxϕx )x

ϕx

)
x

+ 1

ψy

(
(ψyyψy)y

ψy

)
y

= 0.

These two equations imply that

(ϕxxϕx )x

ϕx
= αϕ + β,

ϕt x

ϕx
= γ ϕ + δ and

(ψyyψy)y

ψy
= −αψ + γ,

ψt y

ψy
= βψ − δ

for some sufficiently smooth functions α, β, γ and δ of t . These systems with respect
to ϕ and ψ integrate to

ϕ 3
x = α

2
ϕ3 + 3

2
βϕ2 + ζ 1ϕ + ζ 0, ϕt = γ

2
ϕ2 + δϕ + ζ 2, (29)

ψ 3
y = −α

2
ψ3 + 3

2
γψ2 + θ1ψ + θ0, ψt = β

2
ψ2 − δψ + θ2, (30)

where ζ 0, ζ 1, ζ 2, θ0, θ1 and θ2 are also sufficiently smooth functions of t , and for
solutions to be nontrivial,we should impose the conditions that the tuples (α, β, ζ 1, ζ 0)

and (α, γ, θ1, θ0) are nonzero. Due to the indeterminacy of (ϕ, ψ), we set δ = 0
without loss of generality.

We exclude the derivatives of ϕ and ψ in view of the systems (29) and (30) from
their compatibility conditions (ϕx )t = (ϕt )x and (ψy)t = (ψt )y and split the obtained
equalities with respect to ϕ andψ , which gives the following systems for the parameter
functions depending on t :

αβ = αγ = βγ = 0, αt = 0, βt = 5

3
γ ζ 1 − αζ 2, γt = 5

3
βθ1 + αθ2,

ζ 1
t = 3γ ζ 0 − 3βζ 2, θ1t = 3βθ0 − 3γ θ2, ζ 0

t = −ζ 1ζ 2, θ0t = −θ1θ2.

7 The functions ϕ and ψ are defined up to the transformations ϕ̃ = ϕ/ f , ψ̃ = f ψ with an arbitrary
nonzero function of t . If ϕx = 0 or ψy = 0, then one can set ϕ = 1 or ψ = 1, respectively, and thus
the separation of the variables x and y is trivial; moreover, then the corresponding solutions belong to the
family of trivial solutions (7).
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Consider possible cases separately.

1. α �= 0. Then α = const, β = γ = ζ 2 = θ2 = 0, and thus ζ 0, ζ 1, θ0 and
θ1 are constants. Integrating the systems (29) and (30) with these parameters’
values and simplifying the result by transformations from G, we derive a family
of G-inequivalent solutions of Eq. (1) that generalizes the solutions (23),

• u = ϕ(x)ψ(y),
∫

dϕ

(ϕ3 + c1ϕ + c2)1/3
= x,

∫
dψ

(ψ3 + c3ψ + c4)1/3
= −y.

Up to the G-equivalence, one of the constants c1 and c3, if it is nonzero, can be
set to be equal ±1 or one of the constants c2 and c4, if it is nonzero, can be set to
be equal one. Both quadratures here are the same as in (22). Hence they can be
computed explicitly for certain values of the tuples (c1, c2) and (c3, c4), see (24).

2. β �= 0. Thenα = γ = 0, and thus θ0 = θ1 = 0,which contradicts the nontriviality
condition ψy �= 0. The case γ �= 0 reduces to the case β �= 0 by permutation of x
and y.

3. α = β = γ = 0, and thus ζ 1 and θ1 are constants, ζ 0 = − ∫
ζ 1ζ 2dt and

θ0 = − ∫
θ1θ2dt . Rearranging the solution sets of the systems (29) and (30) with

these parameters’ values up to theG-equivalence and in view of the indeterminacy
of (ϕ, ψ), we construct the solutions of Eq. (1) of the form

• u = (|x |3/2 + ζ(t)
)(|y|3/2 + θ(t)

)
, • u = (

x + ζ(t)
)|y|3/2

and the solution u = xy, which belongs to the family (13). Here ζ and θ are
arbitrary sufficiently smooth functions of t . The first and the second families of
solutions generalize the s2.13-invariant solution u = |xy|3/2 and s

5/3
2.1 -invariant

solution u = |x |3/2y, see [48, Eq. (26)] and the last paragraph related to reduc-
tion 2.1 in Sect. 8.2, respectively.

Remark 11 For any ν, the sν
2.2-invariant solutions can be interpreted as those with mul-

tiplicative separation of variables after their linear change. Following the consideration
in this section, one can try to carry out a comprehensive study of such separation of
variables. Maybe, the most interesting is the multiplicative separation of the variables
x̃ = x+ y and ỹ = x− y, cf. the last (parametric) solution obtained by reduction 2.21.

11 Conclusion

In the present paper,we have constructedwide families of new exact invariant solutions
of the dispersionless Nizhnik equation (1) in closed form in terms of elementary,
Lambert and hypergeometric functions as well as in parametric or implicit form. The
main tool for this purpose was the optimized procedure of Lie reduction. A rigorous
description and a proper substantiation of this procedure is in fact the main attainment
of the paper.

Using the results of [20] on the maximal Lie invariance algebras g and gL of
Eq. (1) and of its nonlinear Lax representation (2) and their point-symmetry pseu-
dogroups G and GL, we have classified one- and two-dimensional subalgebras of the
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algebra g and one-dimensional subalgebras of the algebra gL up to the G- and GL-
equivalences, respectively. We could only classify subalgebras that are appropriate for
Lie reduction but this would not result in an essential simplification in comparison
with the classification of all one- and two-dimensional subalgebras and the further
selection of the appropriate ones among the listed inequivalent subalgebras. Instead
of the standard equivalences within the algebras g and gL up to their inner automor-
phisms, which coincide with the G id- and GL,id-equivalences, where G id- and GL,id
are the identity components of G and GL, respectively, we have used the stronger G-
and GL-equivalences. In this way, we have also taken into account the discrete point
symmetry transformations of (1), which has allowed us to reduce the optimal lists
of subalgebras. Moreover, as explained in Sect. 2, it has also made the Lie reduction
procedure consistent with the natural G-equivalence on the solution set of Eq. (1).
The above arguments clearly confirm that the correct computation of G and GL in
[20] was important. Note that in fact the algebras g and gL are infinite-dimensional
Lie pseudoalgebras of vector fields. In general, the classification of (low-dimensional)
subalgebras of such an algebra is complicated, in particular, by the necessity of con-
sidering differential [28] or even functional [23, 45] equations in the course of this
classification.

The algebra g is injectively mapped into the algebra gL via extending the vector
fields from g to the variable v. The vector fields (3), which span g, are extended trivially
and formally coincide with their counterparts in gL. The only exception is the vector
field Ds, which extends to D̄s = x∂x + y∂y +3u∂u + 3

2v∂v . Moreover, gL = ḡ ∈ 〈P̄v〉,
where ḡ is the image of g under the above mapping, and P̄v = ∂v . Although the cor-
responding homomorphism8 of the pseudogroup G into the pseudogroup GL is not
injective, its kernel is generated by the discrete involution Is := Ds(−1) from G,
which of course involves the restrictions of Is as well, and the quotient pseudogroups
G/{id, Is} and GL/{P̄v(B), Īv ◦ P̄v(B) | B ∈ R} are isomorphic, see the paragraph
after Theorem 3. As a result, the classifications of one- and two-dimensional subal-
gebras of the algebra gL up to the GL-equivalence can be easily derived from the
respective classifications for the algebra g up to the G-equivalence, cf. Lemmas 5
and 9 for the case of dimension one. Nevertheless, we have not presented the clas-
sification of two-dimensional subalgebras of the algebra gL since we needed only a
few of these subalgebras, which are given directly when using them for Lie reductions
of the nonlinear Lax representation (2) in Sect. 8.2. The correspondence between the
equivalence classes of one-dimensional (resp. two-dimensional) subalgebras of the
algebras g and gL is injective but not one-to-one. The list of inequivalent subalge-
bras of g of any fixed dimension can be trivially embedded in the corresponding list
for the algebra gL via the above extension of elements of g to the variable v. The
bijection breaking is related to the disappearance of Is and the appearance of P̄v in
the course of the transition from (G, g) to (GL, gL), see the subalgebras s̄02.1′ , s̄

2/3
2.1′

and s̄εν
2.4 in Sect. 8.2. The last family of subalgebras is the most interesting since, in

8 For this homomorphism and the isomorphism below, we should replace G by its trivial prolongation to v,
considering the restriction of elements of the prolongation on open subsets of the space with the coordinates
(t, x, u, v).
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contrast to the corresponding coefficient in the second basis vector field of s̃2.4 and the
G-equivalence, the parameter ε in s̄εν

2.4 cannot be set to 1 up to the GL-equivalence.
The described relation between the lists of inequivalent subalgebras of g and of gL

can be reformulated in terms of the relation between the corresponding collections of
inequivalent Lie reductions of Eq. (1) and of the nonlinear Lax representation (2).

If subalgebras of g are G-equivalent, then the corresponding reduced equations
are necessarily similar with respect to point transformations of the invariant vari-
ables. Consider a class C of reduced equations for Eq. (1) that is associated with a
parameterized family F of subalgebras of g, and thus the arbitrary elements of C are
expressed in terms of the subalgebra parameters. Then the stabilizer ofF inG induces
a (pseudo)subgroup G∼

C,ind of the equivalence (pseudo)group G∼
C of the class C. The

proper inclusion G∼
C,ind � G∼

C , which happens quite commonly, means that some
elements of G∼

C are not induced by transformations from G, and hence we call them
hidden equivalence transformations of the classC. If the subalgebras from the familyF
are G-inequivalent to each other, then transformations from the group G can induce
only point symmetries of equations from the class C but not point transformations
between different elements of this class. At the same time, in the case of the presence
of hidden equivalence transformations, a wide subset of the action groupoid of G∼

C
can still be used for mapping the class C to its proper subclass C′, which formally has
less number of (significant) arbitrary elements.9 Then the correspondence between the
parameters of the family F and the arbitrary elements of the subclass C′ is definitely
not injective. We can select ansatzes associated with subalgebras of F such that the
corresponding class of reduced equations is minimal up to the described mappings
by hidden equivalence transformations. Nevertheless, this is not always convenient as
shown by reductions 1.3 and 1.4. The classes of reduced equations 2.5, 2.9 and 2.14
are also not minimal in the above sense. In this context, the family F of subalgebras
{sρ

1.3} is especially demonstrative. After excluding the singular subalgebra s11.3 fromF
and properly modifying the corresponding ansatzes from Table 1, we have derived the
single simple reduced equation (11) instead of a class of reduced equations with the
functional parameter ρ = ρ(t) of F as its arbitrary element.

We have paid considerable attention to the selection of optimal ansatzes and thus
simplified the further consideration but the simplification is not as significant as, e.g.,
that achieved for the Navier–Stokes equations in [27, 28, 59]. Most of the reduced
equations for Eq. (1) are quite cumbersome, and this is not the only feature of them
that complicates the computation of their Lie and discrete point symmetries. Thus,
each of reduced equations 1.10, 2.1κ (including 2.13), 2.2ν and 2.140νδ′

is not of
maximal rank on the entire associated manifold in the corresponding jet space.10

Even if a reduced equation is of maximal rank, it is not necessarily can be represented
in the normal form, see reduced equation 2.5λμ with λ = 2/3. As far as we know,
Lie and general point symmetries of such unusual differential equations have not been
considered in the literature. For some reductions of codimension two, even under

9 See [53] and references therein for mappings between classes of differential equations that are generated
by families of point transformations.
10 Each of the reductions 2.1κ (including 2.13), 2.2ν and 2.140νδ′

can be considered as a two-step Lie
reduction with reduction 1.10 as its first step.
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the optimal choice of ansatzes, the permutation J of x and y, which is a simple and
obvious discrete point symmetry of Eq. (1), induces more complicated and nontrivial
discrete point symmetries of the corresponding reduced equations, and this leads to
the complexity of general elements of the point symmetry groups of some reduced
ordinary differential equations. There is no similar phenomenon for Lie symmetries
of reduced equations obtained from Eq. (1). Nevertheless, we have comprehensively
studied point symmetries and their induction for all the reduced equations selected in
the course of applying the optimized Lie reduction procedure to Eq. (1). This study
itself is a necessary ingredient of the reduction procedure. It has helped us to cut down
the number of Lie reductions to be considered and to integrate or at least to lower
the order of reduced ordinary differential equations. Note that discrete symmetries
of reduced equations have been computed for the first time in the present paper, and
in view of the above reasons such as the complexity of reduced equations and their
point symmetries and the simplicity of their Lie-symmetry vector fields, the algebraic
method by Hydon and its various modifications are especially efficient and convenient
for this computation.

For finding exact solutions of reduced ordinary differential equations, we have also
used the associated reduced systems for the nonlinear Lax representation (2). Due to
properly arranging the hierarchy of Lie reductions of Eq. (1) and accurately selecting
a low number of reduced ordinary differential equations to be integrated, we were
able to deeply analyze them and construct wider families of exact solutions of Eq. (1)
than those presented in the literature. Of course, there are a number of possibilities for
extending and generalizing the results of the present paper. In particular, since most of
Lie symmetries of the reduced equation (12) are hidden for the original equation (1),
one can actually represent more solutions from the family (11) in an explicit form by
means of Lie reductions of (12) than those found in Sect. 8.1. In addition, the results
of Sect. 10 onmultiplicative separation of variables for Eq. (1) and of [48] on solutions
of (1) that are polynomial in (x, y) show that more closed-form solutions of (1) can
be constructed using other tools of symmetry analysis of differential equations.

We have checked all the obtained solutions and have selected G-inequivalent ones
among them. Checking constructed solutions and their inequivalence to known solu-
tions is the last but most important step of any procedure of finding exact solutions of
differential equations. Unfortunately, this step is commonly disregarded, which led to
many papers containing only incorrect or known solutions, see the discussion of such
papers in [41, 58].
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